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WELL-POSEDNESS AND STABILITY RESULT FOR
TIMOSHENKO SYSTEM WITH THERMODIFFUSION
EFFECTS AND TIME-VARYING DELAY TERM

A. RAHMOUNE, Ou. KHALDI, D. OUCHENANE, F. YAZID

Abstract. The main aim of the present paper is to investigate a new Timoshenko beam
model with thermal and mass diffusion effects combined with a time-varying delay. Heat
and mass exchange with the environment during a thermodiffusion in the Timoshenko beam,
where the heat conduction is given by the classical Fourier law and acts on both the rotation
angle and the transverse displacements. The heat conduction is given by the Cattaneo law.
Under an appropriate assumption on the weights of the delay and the damping, we prove
a well-posedness result, more precisely, we prove the existence of the weak solution. Then
we proceed to the strong solution using the classical elliptic regularity and we get the
result by applying the Lax-Milgram theorem, the Lumer-Phillips corollary and the Hille-
Yosida theorem. We show the exponential stability result of the system in the case of
nonequal speeds of wave propagation by using a multiplier technique combined with an
appropriate Lyapunov functions. Our result is optimal in the sense that the assumptions
on the deterministic part of the equation as well as the initial condition are the same as in
the classical PDEs theory. To achieve our goals, we employ of the semigroup method and
the energy method.

Keywords: Timoshenko beam, diffusion, time varying delay, existence and uniqueness,
exponential stability.
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1. INTRODUCTION

The shear deformation and rotational bending effects on the beam are described mathe-
matically by the Timoshenko system. S. P. Timoshenko first introduced the following system
[10]:

{P@tt = <K<90$ - w)iﬁ in (07 L) x Ry,
Iy = (ElYy), + K(gp, — ) in (0,L) x Ry,
where 1 is the rotation angle of the beam’s filament and ¢ is the transverse displacement of
the beam. The coefficients p, I,, F/, I and K represent repsectively for the following quantities:
the density (the mass per unit length), the polar moment of inertia of a cross section, Young’s
modulus of elasticity, the moment of inertia of a cross section and the shear modulus.
In [8] Rivera and Racke examined the following system

prow — k(g +10), =0,
p2¢tt - Oﬂ/)xz + k (Spaﬂ + ?/}) = 07

Using the energy approach, they established that this system is exponentially stable.
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Time delays appear in many applications of the majority of phenomena naturally governed
by partial differential equations problems relying not only on the present state but also on some
past occurrences. The delay can cause an instability. To the best of our knowledge, Said Houari
was the first who discussed the Timoshenko system with a time delay [9]. More precisely, in |9
the Timoshenko system

{plgott (I,t) - K (9090 + 1/))35 (l’,t) = 07
P2y (2, t) — bihyy (2,8) + K (0r + ) (2, t) + )y (2, 1) + pothy (x,t —7) = 0,

and under the assumption 1 > po they proved the well-posedness and exponential decay. The
work was extended upon by Kirane et al. [5], who also introduced the case of time-varying
delay and established several estimates of general decay.

In [2], Apalara considered a one-dimensional Timoshenko system with linear friction damping
and a constant delay operating on the displacement equation.

{plgott (z,t) — K (pz + ), (x,t) + e (,t) + popr (x,t —7) =0,
pathy (2, 1) — bibyy (2,1) + K (@5 + 1) (x,t) = 0.

Under appropriate assumptions on the weight of the delay and the wave speeds, the well-
posedness and asymptotic stability results of the system were established. The stability results
also showed that the dissipation through the frictional damping is strong enough to uniformly
stabilize the system even in the presence of delay. This paper is similar to the one by Said
Houari [9], but it includes a delay in the first equation, like the one considered in the manuscript.

We may believe that the dissipation cannot be fully explained by the thermal conduction
in the Timoshenko beam and the area of diffusion in solids cannot be neglected. A natural
question appears on what happens when the thermal effect and diffusion effect are included
in Timoshenko beams. The diffusion is a random movement of a group of particles from high
concentration areas to low concentration regions. The domains of strain, temperature, and
mass diffusion cause the thermodiffusion in an elastic solid. Recently, Aouadi et al., in [1]
studied the following problem

pripw (x,t) — K (¢ + 1), (2,1) =0,

patbu — Qe + K (00 +10) = 110, — 2P = 0,
by + dF; — ke — 111 = 0,

db; + 1Py — WPy — Yot = 0.

Under different boundary conditions, they proved that the system is exponentially stable if and
only if
LA (1.1)
P1 - P2
Being inspired by previous works, the main goal of this paper is to demonstrate the well-
posedness and establish a general energy decay, which results in the usual exponential decay.
Our result is dependent on the kernel of the time varying delay term and the construction of
an appropriate Lyapunov functional, which allows us to estimate the energy of the system.
However, the study of the asymptotic behavior of the solution for various types of problems,
such as the Timoshenko system [7], remains crucial. The study the exponential behavior of
solutions to a variety of problems, such as the Timoshenko system [7], is still important.
In this article, we are intersted with the following problem

prow (2,1) — K (0r +00), (2, 8) + paspr (2, 1) + pasp(a, T — 7(1)) = 0,
p2tbie — Qg + K (02 + ) — N6y — 2P = 0,

by + dP; — K0z — N1 = 0,

dby + 1Py — WPy — Y2thye = 0

(1.2)
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subject to the initial conditions

p(,0)="(x), (2,00 =¢x), 0(z,0)=0) for z€(0,L), (13
P(x,0) = P°(z),  ¢i(2,0) = ¢'(2),  i(2,0)=¢'(z) for z€(0,L), '
and a Dirichlet boundary conditions:
2(0,8) = (0,4) = 6(0,8) = P(0,£) =0, ¢ >0, y
{¢w¢wﬂmaw=9w¢w:maw:o, £ 0 (14)
We assume that the symmetric matrix A = (cci f) is positive definite, that is,
§=cr—d*>0. (1.5)
We note that the above relation implies
ch? +2dOP +rP* > 0 (1.6)

for 0, P # 0. We also observe that condition (1.5) is needed to stabilize the system, when the
diffusion effects are added to thermal effects.

In our opinion, the concept of the mass diffusion introduced into Timoshenko equations could
have very significant physical effects other than body deformations. For example, recent studies
focused on the effect of mass diffusion on the damping ratio in microbeam resonators, see, for
instance, [9]. Moreover, the mass diffusion introduces a new critical thickness in addition to
the conventional critical thickness of thermoelastic damping.

The explanations above indicate that the mass diffusion plays an important role in the
clarification of the thermomechanical behaviour of Timoshenko model. To the best of the
authors” knowledge, no theoretical or numerical simulation of the mass diffusion effects on
the thermal vibration of the Timoshenko beam was done. And the goal of this work is to
examine the effect of mass diffusion alongside the effect of temperature on the behaviour of the
Timoshenko beam.

The paper is organized as follows. In Section 2 we demonstrate the well-posedness of our
problem using the semi-group technique. We establish a general stability under a suitable
conditions in Section 3.

2. WELL-POSEDNESS

In this section we prove that the considered problem is well-posed. We introduce a new
variable

2@, p,t) =g (@t —7(t)p), 2€(0,1), pe(0,1), ¢>0,

and get following equation:

T(t)z (x, p,t) + (1 — 7' (t)p)z, (x, p, t) = 0, (x,p,t) € (0,1) x (0,1) x (0,+00) .
Then problem (1.2) can be rewritten as
P1Pt (xat) - K (90:0 + ¢)x (xat) + H1Pt (37’ t) + M2z (l’, Lt) = 07
ptht - Oﬂvzjxac +k ((p:c + sz) - 71'9x - 'VQPx = 07
cty +dP, — KOy — ’Y1¢m =0, (21)
dby + 1Py — hPpy — Yo, = 0,
702 (@) + (1= P (Op)2p (3, 1) =0, (2,p,8) € (0,) x (0,1) x (0,+00).
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subject to the initial conditions

90(*%7 O) = 900<x)? ?ﬁ(l’a O) = wo(x>7 (9(33, O) = eo(m) for =€ (07 L>7

P.0) = Pa).  ale0) =), wle0) =) for @D,
2 (2,0,t) = ¢4 (z,1), xe (0,L), t>0,
2(,0,0) = fo (x,1 = p7(0)), (2,p) € (0,L) x (0,1),
and the Dirichlet boundary conditions
{go(O,t) =(0,t) =60(0,t) = P(0,t) =0 for t>0, 2.3)
o(L,t) =(L,t) =0(L,t) = P(L,t) =0 for t¢>0. '
Here the function 7(¢) is supposed to satisty the condition
O<m<7(t)<7 forall t>0. (2.4)
7ty <m<1 for all ¢t >0, (2.5)
T € W>*[0, +-00), (2.6)

We are going to study the well-posedness of the above problem. Namely, we provide sufficient
conditions that ensuring the well-posedness. In order to do this, we follow procedures from
recent paper [9], in which the Thimoshenko problem with a frictional damping was studied.

We rewrite system (2.1), (2.2), (2.3) as a first order system in order to apply the semigroup
approach. Namely, we let U(t) = (o(t),v(t),¥(t), p(t),0(t), P(t), 2(t))T, and rewrite (2.1),
(2.2), (2.3) as

{U’ = U,

U (0) = Uy = (¢°(x), " (2), 4 (2), ¥ (), 6°(x), P°(x), fo (2,1 = p7(0)))" ,
where 7 is an operator defined as

v
L_&__L
P1 (prx+wm) ¢p1v plz('al)

pat (os — K (90 +¥) + 1105 + 72P)
—07 1 ((dya — 171) b — TKOze + dAP,,)
=07 ((dyy — ¢y2) ¢y + dKOyy — chPyy)
(T/(t)p — ]->Zp
7(t)

ISERSEESSRSEURSEESAS
Il

on the domain

D (o) = {(gp,v,w,¢,¢9,p,z)T €EH: v=2z(-,0), in (O,L)},
where

H:=(H?*(0,L)N Hy (0,L)) x Hy (0,L) x (H*(0,L) N Hy (0,L)) x Hy (0, L)
x (H*(0,L) N Hy (0,L)) x (H*(0,L) N Hy (0,L)) x L*((0,L); H' (0, L)) .

The energy space ¢ is defined as

A =Hg (0,L) x L* (0, L) x Hy (0, L) x L*(0, L) x L*>(0, L)

x L*(0,L) x L* ((0,L); L*(0,L)).

For U; = (¢j,v;,v;, ¢;,6;, P}, zj)T € # and j = 1,2, and a positive constant & obeying

2 H2
<E< 2y — : < V1= mp, 9.7
m 5 H1 m H2 H1 ( )
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the inner product in 7 is defined as
L

(U1, Us) 4 Z/ |:plvlv_2 + paida + athr p o + K (10 + V1) (P20 + U2)

0
L 1

+A (19311) . (m)] dx—i—fT(t)//z(x,p)z_l(x,p) dpda.

The solvability result is formulated in the following theorem.

Theorem 2.1. Assume that ps < /1 — muq, then for any Uy € F€ there exists a unique
solution U € C ([0, +00), 7)) of system (2.1), (2.2), (2.3). Moreover, if Uy € D (&), then

U e C([0,+0c0),D ()N C ([0, +00), ).

Proof. We use the semigroup approach in the proof. In other words, we show how the operator
o/ produces a Cy-semigroup in . We are going to demonstrate that the operator B(t) =
o/ — [(t)I is dissipative with

T’t2+1
- Y0

Indeed, for U = (¢, u,1,v,0,q,2)" € D(</), we have

L L

@vaUpf:@/@%+w>UMwy/«w%+me+wPu¢dx

L
x,1) vdx—k;/ Oz + ) qbd:p—ka/quwxdx
0

A
M/LW M)dﬁ/A(g).(g) i
[0

(2.8)

+¢ 2 (@, 0) 2 (2, p) dpda,

where
O = 6" ((dyo — 1) ¢p — 7KO4e + dRP,,), O = 0" ((dy1 — c72) ¢p + dibyy — ChPy,) .
The last term in the right-hand side of (2.8) can be rewritten as

1
// z(x,p) 2z, (z, p) dpdx :// —1——2 (x,p) dpdx
/ dp
L

:%/{32 () — 1) — 22 (2,0)} do

1

- T/S) /L / 2 (z, p) dpda.
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As a result, (2.8) becomes

(AU U)p =—k

L
(92 dr — /P2d:c — I /’1}2 dx

2 (2, 1) vde — /L/ (z, p) dpdzx (2.9)

(7(6) = )2 (2.1) do = /

By using Young inequality and (2.9) we obtain

—= O\

+

DN |y
St~—r o

L

L
(%U,U}%é—k/Qidx—h/Pﬁdx—i- (—M1+
0

0

L
M2 £ 2
%ﬂ—m_é)!U

L
V=
+C”2 o )/zaﬂcm+ﬁﬂdaw%
0
In view of condition (2.7) we have
v1-— 11—
L - ==
2v/1—m 2 2 2

Hence, the operator o is dissipative.

Now we are going to prove that the operator A\l — 7 is surjective for A > 0. We take an
element F' = (fl,fz,fg,f4,f5,f6,f7>T € A and we seek a solution U = (¢, v,%,¢,0,p, z)T €
D (&) to the equation

N — U =F
or equivalently
)\SD — U= fla
K
)\U__(Soxx_'_wz) &U—F&Z( ):f27
P1 P1 P1
M) — ¢ = [,
Ap2d — gy + k (02 + ) — 110z — V2P0 = pafa, (2.10)

A0 + (dyy —1y1) pp — TkOpy + dRPyy = O f

AP + (dyy — ¢y2) ¢p + dibyy — chPypy = 0 fs
(r"(p—-1)
K)\z (1) zp = f7.

Assume that we have found ¢ and ¢ with the needed regularity. Then the first and third
equations in (2.10) give

{vZA@_ﬁ’ (2.11)

o= — fs.
It is clear that v € H} (0,1), and ¢ € H} (0,1). Moreover, we can find z as

z(x,0) =v(x) for xe€(0,1).
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Following the lines of [6], by using the last equation in (2.10) we obtain

P
z(x,p) = v (x) e O 4 7 (t)e O / fr(z,8)e™™Wds if 7'(t) =0,
0

and

1
z(x) p) — U(a’:)erp(t) + eTp(t) MG_TS(t) dS lf T/(t) % 0’

where

1—17'(t)s

o

Using (2.11), we then get

1
2(x,p) = Xp (z) e ™0 — fe7 MmO o7 (t)emAer® / fr(z,8)e™™Wds if 7'(t) =0,
0

and

1

t
Z(.’,U, p) f— A(perp(t) —_ flerﬂ(t) + erp(t) MB_TS(“ ds 1f T’(t) # O

1 —7/(t)s
0

By the above identities we have

and

(

\

Z(xa 1) = g(t)g@(l') + Zo(l'),
b Ae MO if () =0,
6(t) = Ae W if (1) £ 0.

1

— [1e7O o (t)e W /f7 (z,5) MW ds if 7/(t) =0,
(2.12)

— f1e?® 4 ere® e () dg if 7'(t) #0,

where z € (0,L). According to the above formula, 2y depends only on f;, i = 1,...,7. The
following system can be satisfied by employing (2.10) and (2.11) with the functions ¢, ¢, § and

D
K
(V + 52+ g(t)@) 0= = (Pan +Vs) = fo + (A + &> fi = Pay(a),
P1 P1 P1 P1 P1
N poth — oy + k (0 + 1) = 110, — 7P = p2 (M3 + fa) (2.13)

AOO + (dryy — 1y1) Yy — 1ROy + APy = 0 f5 + (dy2 — 171) fa.a,
\)\5P + <d71 - 072) Yﬁz + dl{emc - Chpa:z = 5f6 + (d71 - 072) f3,x-

Solving system (2.13) is equivalent to finding

(¢,9,0,p) € H*(0,L) " H} (0,L) x H*(0,1) N Hy (0, L) x H' (0, L) x Hy (0, L)
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such that
(L

/ ((Np1+ A+ g(t) o) pw + K (¢, + V) w,) dz

L
/ pifo+ (Ap1 + 1) f1 — pozo(x)) wdz,
0

L
(Npath — athus + k(9 + &) — 10s — 12Py) xdo = / o (F1+ Ms) x da. (2.14)

= S —e T

L
(N0 + (dya — ry1) ¥y — 7ROy + dRPyy) wy dx = / Ofs + (dye — ry1) fa.) wr dx,
0

/ (ASP + (dyr — ¢32) U + dibas — chPa) X / 5f6 + (dn — c12) fon) Y1 da,
0 0

\
for all (w,x,wy,x1) € H (0,L) x H} (0,L) x H' (0, L) x H} (0,L). Hence, problem (2.14) is
equivalent to

C((g, 10, 0,p), (w, x, w1, x1)) =1 (w, x, w1, X1) , (2.15)
where a bilinear from

¢: (HY(0,L) x Hy (0,L) x H'(0,L) x H} (0,L))* = R
and a linear form
l:H}(0,L) x H} (0,L) x H'(0,L) x H} (0,L) — R

are defined as
C ((907 Y% eap) ’ (’LU, X5 Wi, Xl)) = (()‘2p1 + ﬂ’l)\ + g(t):UQ) pYw + K (pr + ¢) wx) dx
(Npath — thag + k (02 + 1) — MO — 12 P) x da

(A0 + (dve — ry1) Yy — 7RO + dRP,,) wyidx

(/\5P + (d/yl - CIYQ) ’QZ);B + dl{gwx - Chan;) X1,

St —r T —n TT—r TT—

and

L L
[ (w, x,wi, x1) / pirfo+ (Ap1 + 1) fi —ugzo(x))wd$+/p2 (fa+Af3) xdx
0 0

L
+ / (0fs + (dyva — 1) f32) wida + / (0fs + (dy1 — ¢72) f3.2) x1 d,
0 0
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where zg () satisfies the equation in (2.12). The continuous and coercive character of ( is easily
verified, and [ is continuous, so applying the Lax-Milgram theorem, we deduce that for all

(w, x, w1, x1) € Hy (0,L) x Hy (0,L) x H' (0,L) x Hy (0, L)
problem (2.15) possesses a unique solution

(¢,,0,p) € Hy (0,L) x Hy (0,L) x H' (0, L) x Hj (0,L).
Applying the classical elliptic regularity, by (2.14) we find that

(¢, 10, 0,p) € H*(0,L) x H*(0,L) x H' (0,L) x Hy (0,L).

The operator A\l — &7 is hence surjective for each A > 0. Now the statement of the theorem
follows from the Hille-Yosida theorem. The proof is complete. O

3. EXPONENTIAL STABILITY FOR o < v/1 —mpu;.

In this section we show the exponential stability of system (2.1), (2.2), (2.3) under the
assumption v/1 — du; > ps and the condition of nonequal wave speeds of propagation

k «
E % g. (3.1)

Our approach is based on an appropriate Lyapunov functional using the energy technique,
which results in the needed exponential decay.

We first observe that (¢, 1,0, p, z) satisfies the same system (2.1), (2.2) and (2.3) and & still
satisfies

1Mi —SES2m fbi — (3.2)
The functional energy of the problem(2.1), (2.2) reads as
L
B(t) :% / (P17 + paty + a2 + k(0o + ¥)° + c0° + 2dOP + rP?] da
(3.3)

L 1
t)
572( // x,p,t)dpdx.
0

We multiply the first equation in (2.1) by 9, the second equation by 1), the third equation in
(2.1) by 0, and the fourth equation in (2.1) by ¢q. Then we integrate by parts and we get

DN | —

4
dt

N | —

L
/ (0107 + poy + otk + K (¢ + V) + cf% 4 2dOP + rP?| dx

L L L L
:—R/Hidx—h/Pﬁdx— 1/@ dm—ug/got z(z,1,t) du.
0 0 0 0

(3.4)
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We multiply the last equation in (2.1) by £z and z and integrate the result over (0, L) x (0,1)
with respect to p and z respectively. This gives

2dt// 2(z, p,t) dpdx 5// p—1)zz,(z,p,t) dpdx

L1

= 't)//22 (x,p,t) dpdx
0 0

1

0/

(z (2,0,t) — 2% (z,1,1)) dz

L
/22 x,1,t) d
0

Q>|Q3

2 (x,p,t) dpdx (3.5)

l\DIm
O\h

DN |y

o\

By (3.3), (3.4) and (3.5) we find

L

o [ /pgdx_@_g)j@g(x,t)dx

L

N (_g N 577(”) /z2 (2.1,1) dme/L% (2.1) 2 (2,1, 1) da.

0

(3.6)

Using the Young inequality, we rewrite (3.6) as

L L L

dE (t) 2 2 § H2 / 2
< — — — U
S K/@xdx h/Pmdx =g SN oy (x,t) dz
0 0 0

n (E(T/(t) 1)+ @) /Lz2 (z,1,t) da.

2 2

In view of (3.2), (2.4), (2.5) and (2.6) we conclude there exists C' > 0 such that

L L L L

E
ddt(t) <—/€/9§d:ﬁ—h/P§d$—C /so?(x,t>dx+/22<:v,1yt>df

0 0 0 0

According to the last inequality, the function £ does not increase in t.
Now we are in position to formulate our main result.

Theorem 3.1. Assume (1.1), (3.1), (2.5), (2.6) and ps < /1 —mpuy. Then, for any solution
to problem (1.2), (1.3), (1.4) there are two positive constants C' and v independent of t such
that

E({)<Ce™™ foral t>0.
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To establish the exponential decay of the solution, it is sufficient to construct a functional
Z (t), which is equivalent to the energy F (t) and satisfies

aL() _

o —ANZ(t) forall t>0

with some constant A > 0.
In order to find such functional, we first introduce another functional defined as

L

L
— / (p1pep + pathet)) da + % / ©* du. (3.7)
0

0

We then have the following estimate.

Lemma 3.1. Assume that conditions (1.6) and (3.1) hold and (p, v, ¥, ¢y, 0, P) is the so-
lution to problem (2.1), (2.2), (2.3). If e, > 0, we then have the estimate

L
jtz() ,0/ d:c+p2/w§da:+( k+“2§51>

0

gpi dx

St~

L

L
/¢ dx+C’1/ dx—i—C’g/Pfdx—k:/@/)de (3.8)
0
L

0
2 2
—Qk/z/fgoxdx+ /z (x,1,t) d
281
0

0

Proof. We calculate the derivative of Z(t):

d

dtI( ) =P

L L
(62 + pon) dz+ ps / R+ i) dr+ / pu da.
0 0

ot~

It follows from (2.1) and (2.1) that

L L

d

E/msotwd:rzpl/w?dx— / Sdr—k /de:c
0 0

L
—ul/wtd:ﬁ—ﬂz/w(ﬂc,l,t) dz,
0

0

and

L L

d
dt p2¢tw dx p2/wt dx + / (mem - (901 + 1/}) + ’}/1990 + ’}/2Px> wdm

0 0

L L L
=p2/w?dw—k/mdx—k/wgda:—a/widx—/mewmwwdx.
0 0 0 0 0
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Summing (3.9) and (3.8), we get

L
—pl/go w+p2/wt m—a/dex—,ug/ z(z,1,t) dz
0

L

L
—/(710+72P)¢xdx— /¢ dx — k O/%d;c—zk/zp%dx

0 0
Using the Young and PoincarI'(C) inequalities, we arrive at

L L L

L
—/(719+72P)@/)$dxgCl/Qde—i—Cg/Pde—i—g/dex,
0

L

L C’/ L
19
/soz z,1,t) de < B2 1/ o> 2/z2 z,1,t) d
2 51
0 0

0

Substituting (3.11), (3.12) into (3.10), we arrive at (3.14). The proof is complete.

Now, we define one more functional:

L
:p2/¢th:E7
0

—Y1w, = b + dP, w(0) =w(L) = 0.

where

101

(3.10)

(3.11)

(3.12)

(3.13)

Lemma 3.2. Let the assumptions of Lemma (3.1) hold true. Then the functional J defined

by (3.13) satisfies

dd{(K_%

L
Q k k
U7 dx _6/ g/%zcderz/Wdﬁ
0

/dea:+05/9 dx+04/P§dx.
0 0

Proof. We take the derivative of (4.7) and we get

L L

/pthwt dx + /pgwttw dx == J1(t) + Ja(t).

0 0

S St~

+

N |

dJ
5 =

Employing (3.15) and Young inequality, we find:

L

Ji(t) == /Pz%% doe = —— /%a (KOpz + 11Vgt) d

L L
—P2/¢t2dﬂ7—@/¢t9xdx<—%/wtgdx—l—C(l)/Qidx.
4!
0 0 0 0

(3.14)

(3.15)
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It follows from (3.15) that

L L

Jo(1) :=/,02%:w dr = / (O)yy — k (0p + ) + 710, + V2 Py) wdx

0

L L
= /wxwmdx—k/ ) wdx—l—/w (M0 + 2 Py) dx.
0 0

0

By using Young and Poincarl'(©)’s inequalities, we arrive at

L L L L
—a/wxwx dzx < %/ d:c—l—C’(z)/@f: d:c—i—C(?’)/Pﬁ dz. (3.16)
0 0 0 0
L L L
/w(vﬂx + 79 Py) da < C<4>/9§ dx+0<5>/P§ dz, (3.17)
0 0 0

and

OOI?v

L L L L
k/(%me Ywdz < /%wp dx+c<6>/9§dx+c<7>/dex
0 0 0 0

’;/%dx+ /¢ do + = /dex

0
L

6>/9§ da:+c<7>/P§ dx (3.18)
0

L L
+ ) / 0% dx 4+ O / P2 dzx.
0 0

Substituting (3.16), (3.17) and (3.18) into (3.15), we obtain (3.14) with
Cy=cW4c® 4™y O 0 =c® 4 O 40,
The proof is complete. O

Our next step is to define a Lyapunov functional Z(t) (t) and prove that it is equivalent to
an energy functional E.

Lemma 3.3. Under the assumptions of Lemma 5.1, there exists a constant By > 0 such that
(N — Bo) E(t) < ZL(t) < (N + o) E(t), forall t>0, (3.19)

where £ (t) is a Lyapunov functional defined by
ZL(t)=NE({t)+Z(t)+4T(t), (3.20)

and N > By is a sufficiently large constant.
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Proof. Young, Poincarl'(C), and Cauchy-Schwarz inequalities show that

L L
L2
|I(t)\<p21/ 2de 4+ 2 /¢td + 12 /wgdw% ©* dz,
0 0
L
| T ()] g%/wfdx+cl/02dm+02/]32dx.
0 0

Hence, there exists a constant 35 > 0 such that
| Z(t) = NE(t)| = |Z(t) + 4T ()| < BoE(1),
and this implies estimate (3.19). The proof is complete. O

Theorem 3.2. Let the assumptions of Lemma 5.1 hold. Then there exist positive constants
Vo, U1 such that the energy functional satisfies

E(t) < v E(0)e™™"  forall t>0. (3.21)
Proof. 1t follows from (3.7), (3.14) and (3.20) that for each ¢ > 0 we have the inequality
; L

0

L
—pg/wfdx—<— MZOEl)/widl’ /¢ do
0 0

1 1
— (CN — pl)/gp,?dx - (CN — 2%) /z2 (x,1,t) dx.
1
0 0

We choose £; small enough such that

k C'e
> M22 1‘

Do |

Then we choose N large enough such that

C1 —4Cs; Cy —4Cy pr o
N>sup{ k h TC20e [

Then there exists a positive constant ¢ such that

d

420 < ~<B0)

and by using (3.19) it yields
d
- < _
(1) < ~20)

with some positive constant (. Now estimate (3.21) follows by using (3.19) and this completes
the proof. O
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