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WELL-POSEDNESS AND STABILITY RESULT FOR

TIMOSHENKO SYSTEM WITH THERMODIFFUSION

EFFECTS AND TIME-VARYING DELAY TERM

A. RAHMOUNE, Ou. KHALDI, D. OUCHENANE, F. YAZID

Abstract. The main aim of the present paper is to investigate a new Timoshenko beam
model with thermal and mass diffusion effects combined with a time-varying delay. Heat
and mass exchange with the environment during a thermodiffusion in the Timoshenko
beam, where the heat conduction is given by the classical Fourier law and acts on both
the rotation angle and the transverse displacements. The heat conduction is given by
the Cattaneo law. Under an appropriate assumption on the weights of the delay and the
damping, we prove a well-posedness result, more precisely, we prove the existence of the
weak solution. Then we proceed to the strong solution using the classical elliptic regularity
and we get the result by applying the Lax-Milgram theorem, the Lumer-Phillips corollary
and the Hille-Yosida theorem. We show the exponential stability result of the system in the
case of nonequal speeds of wave propagation by using a multiplier technique combined with
an appropriate Lyapunov functions. Our result is optimal in the sense that the assumptions
on the deterministic part of the equation as well as the initial condition are the same as in
the classical PDEs theory. To achieve our goals, we employ of the semigroup method and
the energy method.

Keywords: Timoshenko beam, diffusion, time varying delay, existence and uniqueness,
exponential stability.
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1. Introduction

The shear deformation and rotational bending effects on the beam are described mathe-
matically by the Timoshenko system. S. P. Timoshenko first introduced the following system
[10]: {︂

𝜌𝜙𝑡𝑡 = (𝐾(𝜙𝑥 − 𝜓)𝑥 in (0, 𝐿)×R+,

𝐼𝜌𝜓𝑡𝑡 = (𝐸𝐼𝜓𝑥)𝑥 +𝐾(𝜙𝑥 − 𝜓) in (0, 𝐿)×R+,

where 𝜓 is the rotation angle of the beam’s filament and 𝜙 is the transverse displacement of
the beam. The coefficients 𝜌, 𝐼𝜌, 𝐸, 𝐼 and 𝐾 represent repsectively for the following quantities:
the density (the mass per unit length), the polar moment of inertia of a cross section, Young’s
modulus of elasticity, the moment of inertia of a cross section and the shear modulus.

In [8] Rivera and Racke examined the following system⎧⎪⎨⎪⎩
𝜌1𝜙𝑡𝑡 − 𝑘 (𝜙𝑥 + 𝜓)𝑥 = 0,

𝜌2𝜓𝑡𝑡 − 𝛼𝜓𝑥𝑥 + 𝑘 (𝜙𝑥 + 𝜓) = 0,

𝜌3𝜃𝑡 − 𝑘𝜃𝑥𝑥 + 𝛾𝜓𝑡𝑥 = 0.

Using the energy approach, they established that this system is exponentially stable.
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Time delays appear in many applications of the majority of phenomena naturally governed
by partial differential equations problems relying not only on the present state but also on some
past occurrences. The delay can cause an instability. To the best of our knowledge, Said Houari
was the first who discussed the Timoshenko system with a time delay [9]. More precisely, in [9]
the Timoshenko system{︂

𝜌1𝜙𝑡𝑡 (𝑥, 𝑡)−𝐾 (𝜙𝑥 + 𝜓)𝑥 (𝑥, 𝑡) = 0,

𝜌2𝜓𝑡𝑡 (𝑥, 𝑡)− 𝑏𝜓𝑥𝑥 (𝑥, 𝑡) +𝐾 (𝜙𝑥 + 𝜓) (𝑥, 𝑡) + 𝜇1𝜓𝑡 (𝑥, 𝑡) + 𝜇2𝜓𝑡 (𝑥, 𝑡− 𝜏) = 0,

and under the assumption 𝜇1 ⩾ 𝜇2 they proved the well-posedness and exponential decay. The
work was extended upon by Kirane et al. [5], who also introduced the case of time-varying
delay and established several estimates of general decay.

In [2], Apalara considered a one-dimensional Timoshenko system with linear friction damping
and a constant delay operating on the displacement equation.{︂

𝜌1𝜙𝑡𝑡 (𝑥, 𝑡)−𝐾 (𝜙𝑥 + 𝜓)𝑥 (𝑥, 𝑡) + 𝜇1𝜙𝑡 (𝑥, 𝑡) + 𝜇2𝜙𝑡 (𝑥, 𝑡− 𝜏) = 0,

𝜌2𝜓𝑡𝑡 (𝑥, 𝑡)− 𝑏𝜓𝑥𝑥 (𝑥, 𝑡) +𝐾 (𝜙𝑥 + 𝜓) (𝑥, 𝑡) = 0.

Under appropriate assumptions on the weight of the delay and the wave speeds, the well-
posedness and asymptotic stability results of the system were established. The stability results
also showed that the dissipation through the frictional damping is strong enough to uniformly
stabilize the system even in the presence of delay. This paper is similar to the one by Said
Houari [9], but it includes a delay in the first equation, like the one considered in the manuscript.

We may believe that the dissipation cannot be fully explained by the thermal conduction
in the Timoshenko beam and the area of diffusion in solids cannot be neglected. A natural
question appears on what happens when the thermal effect and diffusion effect are included
in Timoshenko beams. The diffusion is a random movement of a group of particles from high
concentration areas to low concentration regions. The domains of strain, temperature, and
mass diffusion cause the thermodiffusion in an elastic solid. Recently, Aouadi et al., in [1]
studied the following problem⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜌1𝜙𝑡𝑡 (𝑥, 𝑡)−𝐾 (𝜙𝑥 + 𝜓)𝑥 (𝑥, 𝑡) = 0,

𝜌2𝜓𝑡𝑡 − 𝛼𝜓𝑥𝑥 + 𝑘 (𝜙𝑥 + 𝜓)− 𝛾1𝜃𝑥 − 𝛾2𝑃𝑥 = 0,

𝑐𝜃𝑡 + 𝑑𝑃𝑡 − 𝜅𝜃𝑥𝑥 − 𝛾1𝜓𝑡𝑥 = 0,

𝑑𝜃𝑡 + 𝑟𝑃𝑡 − ℏ𝑃𝑥𝑥 − 𝛾2𝜓𝑡𝑥 = 0.

Under different boundary conditions, they proved that the system is exponentially stable if and
only if

𝑘

𝜌1
̸= 𝛼

𝜌2
. (1.1)

Being inspired by previous works, the main goal of this paper is to demonstrate the well-
posedness and establish a general energy decay, which results in the usual exponential decay.
Our result is dependent on the kernel of the time varying delay term and the construction of
an appropriate Lyapunov functional, which allows us to estimate the energy of the system.
However, the study of the asymptotic behavior of the solution for various types of problems,
such as the Timoshenko system [7], remains crucial. The study the exponential behavior of
solutions to a variety of problems, such as the Timoshenko system [7], is still important.

In this article, we are intersted with the following problem⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝜌1𝜙𝑡𝑡 (𝑥, 𝑡)−𝐾 (𝜙𝑥 + 𝜓)𝑥 (𝑥, 𝑡) + 𝜇1𝜙𝑡 (𝑥, 𝑡) + 𝜇2𝜙(𝑥, 𝑡− 𝜏(𝑡)) = 0,

𝜌2𝜓𝑡𝑡 − 𝛼𝜓𝑥𝑥 + 𝑘 (𝜙𝑥 + 𝜓)− 𝛾1𝜃𝑥 − 𝛾2𝑃𝑥 = 0,

𝑐𝜃𝑡 + 𝑑𝑃𝑡 − 𝜅𝜃𝑥𝑥 − 𝛾1𝜓𝑡𝑥 = 0,

𝑑𝜃𝑡 + 𝑟𝑃𝑡 − ℏ𝑃𝑥𝑥 − 𝛾2𝜓𝑡𝑥 = 0

(1.2)
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subject to the initial conditions{︃
𝜙(𝑥, 0) = 𝜙0(𝑥), 𝜓(𝑥, 0) = 𝜓0(𝑥), 𝜃(𝑥, 0) = 𝜃0(𝑥) for 𝑥 ∈ (0, 𝐿),

𝑃 (𝑥, 0) = 𝑃 0(𝑥), 𝜙𝑡(𝑥, 0) = 𝜙1(𝑥), 𝜓𝑡(𝑥, 0) = 𝜓1(𝑥) for 𝑥 ∈ (0, 𝐿),
(1.3)

and a Dirichlet boundary conditions:{︂
𝜙(0, 𝑡) = 𝜓(0, 𝑡) = 𝜃(0, 𝑡) = 𝑃 (0, 𝑡) = 0, 𝑡 > 0,

𝜙(𝐿, 𝑡) = 𝜓(𝐿, 𝑡) = 𝜃(𝐿, 𝑡) = 𝑃 (𝐿, 𝑡) = 0, 𝑡 > 0.
(1.4)

We assume that the symmetric matrix Λ =

(︂
𝑐 𝑑
𝑑 𝑟

)︂
is positive definite, that is,

𝛿 = 𝑐𝑟 − 𝑑2 > 0. (1.5)

We note that the above relation implies

𝑐𝜃2 + 2𝑑𝜃𝑃 + 𝑟𝑃 2 > 0 (1.6)

for 𝜃, 𝑃 ̸= 0. We also observe that condition (1.5) is needed to stabilize the system, when the
diffusion effects are added to thermal effects.
In our opinion, the concept of the mass diffusion introduced into Timoshenko equations could

have very significant physical effects other than body deformations. For example, recent studies
focused on the effect of mass diffusion on the damping ratio in microbeam resonators, see, for
instance, [9]. Moreover, the mass diffusion introduces a new critical thickness in addition to
the conventional critical thickness of thermoelastic damping.

The explanations above indicate that the mass diffusion plays an important role in the
clarification of the thermomechanical behaviour of Timoshenko model. To the best of the
authors’ knowledge, no theoretical or numerical simulation of the mass diffusion effects on
the thermal vibration of the Timoshenko beam was done. And the goal of this work is to
examine the effect of mass diffusion alongside the effect of temperature on the behaviour of the
Timoshenko beam.

The paper is organized as follows. In Section 2 we demonstrate the well-posedness of our
problem using the semi-group technique. We establish a general stability under a suitable
conditions in Section 3.

2. Well-posedness

In this section we prove that the considered problem is well-posed. We introduce a new
variable

𝑧 (𝑥, 𝜌, 𝑡) = 𝜙𝑡 (𝑥, 𝑡− 𝜏(𝑡)𝜌) , 𝑥 ∈ (0, 1) , 𝜌 ∈ (0, 1) , 𝑡 > 0,

and get following equation:

𝜏(𝑡)𝑧𝑡 (𝑥, 𝜌, 𝑡) + (1− 𝜏 ′(𝑡)𝜌)𝑧𝜌 (𝑥, 𝜌, 𝑡) = 0, (𝑥, 𝜌, 𝑡) ∈ (0, 1)× (0, 1)× (0,+∞) .

Then problem (1.2) can be rewritten as⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝜌1𝜙𝑡𝑡 (𝑥, 𝑡)−𝐾 (𝜙𝑥 + 𝜓)𝑥 (𝑥, 𝑡) + 𝜇1𝜙𝑡 (𝑥, 𝑡) + 𝜇2𝑧 (𝑥, 1, 𝑡) = 0,

𝜌2𝜓𝑡𝑡 − 𝛼𝜓𝑥𝑥 + 𝑘 (𝜙𝑥 + 𝜓)− 𝛾1𝜃𝑥 − 𝛾2𝑃𝑥 = 0,

𝑐𝜃𝑡 + 𝑑𝑃𝑡 − 𝜅𝜃𝑥𝑥 − 𝛾1𝜓𝑡𝑥 = 0,

𝑑𝜃𝑡 + 𝑟𝑃𝑡 − ℏ𝑃𝑥𝑥 − 𝛾2𝜓𝑡𝑥 = 0,

𝜏(𝑡)𝑧𝑡 (𝑥, 𝜌, 𝑡) + (1− 𝜏 ′(𝑡)𝜌)𝑧𝜌 (𝑥, 𝜌, 𝑡) = 0, (𝑥, 𝜌, 𝑡) ∈ (0, 𝐿)× (0, 1)× (0,+∞) ,

(2.1)
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subject to the initial conditions⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝜙(𝑥, 0) = 𝜙0(𝑥), 𝜓(𝑥, 0) = 𝜓0(𝑥), 𝜃(𝑥, 0) = 𝜃0(𝑥) for 𝑥 ∈ (0, 𝐿),

𝑃 (𝑥, 0) = 𝑃 0(𝑥), 𝜙𝑡(𝑥, 0) = 𝜙1(𝑥), 𝜓𝑡(𝑥, 0) = 𝜓1(𝑥) for 𝑥 ∈ (0, 𝐿),

𝑧 (𝑥, 0, 𝑡) = 𝜙𝑡 (𝑥, 𝑡) , 𝑥 ∈ (0, 𝐿) , 𝑡 > 0,

𝑧 (𝑥, 𝜌, 0) = 𝑓0 (𝑥, 1− 𝜌𝜏(0)) , (𝑥, 𝜌) ∈ (0, 𝐿)× (0, 1) ,

(2.2)

and the Dirichlet boundary conditions{︂
𝜙(0, 𝑡) = 𝜓(0, 𝑡) = 𝜃(0, 𝑡) = 𝑃 (0, 𝑡) = 0 for 𝑡 > 0,

𝜙(𝐿, 𝑡) = 𝜓(𝐿, 𝑡) = 𝜃(𝐿, 𝑡) = 𝑃 (𝐿, 𝑡) = 0 for 𝑡 > 0.
(2.3)

Here the function 𝜏(𝑡) is supposed to satisfy the condition

0 < 𝜏0 ⩽ 𝜏(𝑡) ⩽ 𝜏 for all 𝑡 > 0. (2.4)

𝜏 ′(𝑡) ⩽ 𝑚 < 1 for all 𝑡 > 0, (2.5)

𝜏 ∈ 𝑊 2,∞[0,+∞), (2.6)

We are going to study the well-posedness of the above problem. Namely, we provide sufficient
conditions that ensuring the well-posedness. In order to do this, we follow procedures from
recent paper [9], in which the Thimoshenko problem with a frictional damping was studied.

We rewrite system (2.1), (2.2), (2.3) as a first order system in order to apply the semigroup
approach. Namely, we let 𝑈(𝑡) = (𝜙(𝑡), 𝑣(𝑡), 𝜓(𝑡), 𝜑(𝑡), 𝜃(𝑡), 𝑃 (𝑡), 𝑧(𝑡))𝑇 , and rewrite (2.1),
(2.2), (2.3) as{︃

𝑈
′
= A 𝑈,

𝑈 (0) = 𝑈0 :=
(︀
𝜙0(𝑥), 𝜙1(𝑥), 𝜓0(𝑥), 𝜓1(𝑥), 𝜃0(𝑥), 𝑃 0(𝑥), 𝑓0 (𝑥, 1− 𝜌𝜏(0))

)︀𝑇
,

where A is an operator defined as

A

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝜙
𝑣
𝜓
𝜑
𝜃
𝑝
𝑧

⎞⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣
𝐾

𝜌1 (𝜙𝑥𝑥 + 𝜓𝑥)
− 𝜇1
𝜌1𝑣 − 𝜇2

𝜌1𝑧 ( · , 1)
𝜑

𝜌−1
2 (𝛼𝜓𝑥𝑥 − 𝑘 (𝜙𝑥 + 𝜓) + 𝛾1𝜃𝑥 + 𝛾2𝑃𝑥)

−𝛿−1 ((𝑑𝛾2 − 𝑟𝛾1)𝜑𝑥 − 𝑟𝜅𝜃𝑥𝑥 + 𝑑ℏ𝑃𝑥𝑥)
−𝛿−1 ((𝑑𝛾1 − 𝑐𝛾2)𝜑𝑥 + 𝑑𝜅𝜃𝑥𝑥 − 𝑐ℏ𝑃𝑥𝑥)

(𝜏 ′(𝑡)𝜌− 1)𝑧𝜌
𝜏(𝑡)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
on the domain

𝐷 (A ) =
{︁
(𝜙, 𝑣, 𝜓, 𝜑, 𝜃, 𝑝, 𝑧)𝑇 ∈ 𝐻 : 𝑣 ≡ 𝑧 ( · , 0) , in (0, 𝐿)

}︁
,

where

𝐻 :=
(︀
𝐻2 (0, 𝐿) ∩𝐻1

0 (0, 𝐿)
)︀
×𝐻1

0 (0, 𝐿)×
(︀
𝐻2 (0, 𝐿) ∩𝐻1

0 (0, 𝐿)
)︀
×𝐻1

0 (0, 𝐿)

×
(︀
𝐻2 (0, 𝐿) ∩𝐻1

0 (0, 𝐿)
)︀
×

(︀
𝐻2 (0, 𝐿) ∩𝐻1

0 (0, 𝐿)
)︀
× 𝐿2

(︀
(0, 𝐿);𝐻1 (0, 𝐿)

)︀
.

The energy space H is defined as

H :=𝐻1
0 (0, 𝐿)× 𝐿2 (0, 𝐿)×𝐻1

0 (0, 𝐿)× 𝐿2 (0, 𝐿)× 𝐿2 (0, 𝐿)

× 𝐿2 (0, 𝐿)× 𝐿2
(︀
(0, 𝐿) ;𝐿2 (0, 𝐿)

)︀
.

For 𝑈𝑗 = (𝜙𝑗, 𝑣𝑗, 𝜓𝑗, 𝜑𝑗, 𝜃𝑗, 𝑃𝑗, 𝑧𝑗)
𝑇 ∈ H and 𝑗 = 1, 2, and a positive constant 𝜉 obeying

𝜇2√
1−𝑚

⩽ 𝜉 ⩽ 2𝜇1 −
𝜇2√
1−𝑚

, 𝜇2 <
√
1−𝑚𝜇1, (2.7)
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the inner product in H is defined as

(𝑈1, 𝑈2)H =

𝐿∫︁
0

[︁
𝜌1𝑣1𝑣2 + 𝜌2𝜑1𝜑2 + 𝛼𝜓1,𝑥𝜓2,𝑥 + 𝑘 (𝜙1,𝑥 + 𝜓1) (𝜙2,𝑥 + 𝜓2)

+Λ

(︂
𝜃1
𝑃1

)︂
·
(︀
𝜃2𝑃2

)︀]︂
𝑑𝑥+ 𝜉𝜏(𝑡)

𝐿∫︁
0

1∫︁
0

𝑧 (𝑥, 𝜌) 𝑧1 (𝑥, 𝜌) 𝑑𝜌𝑑𝑥.

The solvability result is formulated in the following theorem.

Theorem 2.1. Assume that 𝜇2 <
√
1−𝑚𝜇1, then for any 𝑈0 ∈ H there exists a unique

solution 𝑈 ∈ 𝐶 ([0,+∞) ,H ) of system (2.1), (2.2), (2.3). Moreover, if 𝑈0 ∈ 𝐷 (A ) , then

𝑈 ∈ 𝐶 ([0,+∞) , 𝐷 (A )) ∩ 𝐶1 ([0,+∞) ,H ) .

Proof. We use the semigroup approach in the proof. In other words, we show how the operator
A produces a 𝐶0-semigroup in H . We are going to demonstrate that the operator 𝐵(𝑡) =
A − 𝛽(𝑡)𝐼 is dissipative with

𝛽(𝑡) =

√︁
𝜏 ′(𝑡)2 + 1

2𝜏(𝑡)
.

Indeed, for 𝑈 = (𝜙, 𝑢, 𝜓, 𝑣, 𝜃, 𝑞, 𝑧)𝑇 ∈ 𝐷(A ), we have

⟨A 𝑈,𝑈⟩H =𝑘

𝐿∫︁
0

(𝜙𝑥 + 𝜓)𝑥 𝑣 𝑑𝑥+

𝐿∫︁
0

(𝛼𝜓𝑥 + 𝛾1𝜃 + 𝛾2𝑃 )𝑥 𝜑 𝑑𝑥

− 𝜇2

𝐿∫︁
0

𝑧 (𝑥, 1) 𝑣 𝑑𝑥− 𝑘

𝐿∫︁
0

(𝜙𝑥 + 𝜓)𝜑 𝑑𝑥+ 𝛼

𝐿∫︁
0

𝜑𝑥𝜓𝑥 𝑑𝑥

+ 𝑘

𝐿∫︁
0

(𝑣𝑥 + 𝜑) (𝜙𝑥 + 𝜓) 𝑑𝑥+

𝐿∫︁
0

Λ

(︂
Θ
Φ

)︂
·
(︂
𝜃
𝑃

)︂
𝑑𝑥

+ 𝜉

𝐿∫︁
0

1∫︁
0

(𝜏 ′(𝑡)𝜌− 1)𝑧 (𝑥, 𝜌) 𝑧𝜌 (𝑥, 𝜌) 𝑑𝜌𝑑𝑥,

(2.8)

where

Θ = −𝛿−1 ((𝑑𝛾2 − 𝑟𝛾1)𝜑𝑥 − 𝑟𝜅𝜃𝑥𝑥 + 𝑑ℏ𝑃𝑥𝑥) , Φ = −𝛿−1 ((𝑑𝛾1 − 𝑐𝛾2)𝜑𝑥 + 𝑑𝜅𝜃𝑥𝑥 − 𝑐ℏ𝑃𝑥𝑥) .

The last term in the right-hand side of (2.8) can be rewritten as

𝐿∫︁
0

1∫︁
0

(𝜏 ′(𝑡)𝜌− 1)𝑧 (𝑥, 𝜌) 𝑧𝜌 (𝑥, 𝜌) 𝑑𝜌𝑑𝑥 =

𝐿∫︁
0

1∫︁
0

(𝜏 ′(𝑡)𝜌− 1)
1

2

𝜕

𝜕𝜌
𝑧2 (𝑥, 𝜌) 𝑑𝜌𝑑𝑥

=
1

2

𝐿∫︁
0

{︀
𝑧2 (𝑥, 1) (𝜏 ′(𝑡)− 1)− 𝑧2 (𝑥, 0)

}︀
𝑑𝑥

− 𝜏 ′(𝑡)

2

𝐿∫︁
0

1∫︁
0

𝑧2 (𝑥, 𝜌) 𝑑𝜌𝑑𝑥.
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As a result, (2.8) becomes

⟨A 𝑈,𝑈⟩H =− 𝑘

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥− ℏ
𝐿∫︁

0

𝑃 2
𝑥𝑑𝑥− 𝜇1

𝐿∫︁
0

𝑣2 𝑑𝑥

− 𝜇2

𝐿∫︁
0

𝑧 (𝑥, 1) 𝑣 𝑑𝑥− 𝜉𝜏 ′(𝑡)

2

𝐿∫︁
0

1∫︁
0

𝑧2 (𝑥, 𝜌) 𝑑𝜌𝑑𝑥

+
𝜉

2

𝐿∫︁
0

(𝜏 ′(𝑡)− 1)𝑧2 (𝑥, 1) 𝑑𝑥− 𝜉

2

𝐿∫︁
0

𝑣2 (𝑥) 𝑑𝑥.

(2.9)

By using Young inequality and (2.9) we obtain

⟨A 𝑈,𝑈⟩H ⩽− 𝑘

𝐿∫︁
0

𝜃2𝑥𝑑𝑥− ℏ
𝐿∫︁

0

𝑃 2
𝑥𝑑𝑥+

(︂
−𝜇1 +

𝜇2

2
√
1−𝑚

− 𝜉

2

)︂ 𝐿∫︁
0

𝑣2 (𝑥) 𝑑𝑥

+

(︂
𝜇2

√
1−𝑚

2
− 𝜉

(1−𝑚)

2

)︂ 𝐿∫︁
0

𝑧2 (𝑥, 1) 𝑑𝑥+ 𝛽(𝑡)⟨A 𝑈,𝑈⟩H .

In view of condition (2.7) we have

−𝜇1 +
𝜇2

2
√
1−𝑚

− 𝜉

2
⩽ 0,

𝜇2

√
1−𝑚

2
− 𝜉

(1−𝑚)

2
⩽ 0.

Hence, the operator A is dissipative.
Now we are going to prove that the operator 𝜆𝐼 − A is surjective for 𝜆 > 0. We take an

element 𝐹 = (𝑓1, 𝑓2, 𝑓3, 𝑓4, 𝑓5, 𝑓6, 𝑓7)
𝑇 ∈ H and we seek a solution 𝑈 = (𝜙, 𝑣, 𝜓, 𝜑, 𝜃, 𝑝, 𝑧)𝑇 ∈

𝐷 (A ) to the equation

𝜆𝑈 − A 𝑈 = 𝐹

or equivalently ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜆𝜙− 𝑣 = 𝑓1,

𝜆𝑣 − 𝐾

𝜌1
(𝜙𝑥𝑥 + 𝜓𝑥) +

𝜇1

𝜌1
𝑣 +

𝜇2

𝜌1
𝑧 ( · , 1) = 𝑓2,

𝜆𝜓 − 𝜑 = 𝑓3,

𝜆𝜌2𝜑− 𝛼𝜓𝑥𝑥 + 𝑘 (𝜙𝑥 + 𝜓)− 𝛾1𝜃𝑥 − 𝛾2𝑃𝑥 = 𝜌2𝑓4,

𝜆𝛿𝜃 + (𝑑𝛾2 − 𝑟𝛾1)𝜑𝑥 − 𝑟𝑘𝜃𝑥𝑥 + 𝑑ℏ𝑃𝑥𝑥 = 𝛿𝑓5

𝜆𝛿𝑃 + (𝑑𝛾1 − 𝑐𝛾2)𝜑𝑥 + 𝑑𝜅𝜃𝑥𝑥 − 𝑐ℏ𝑃𝑥𝑥 = 𝛿𝑓6

𝜆𝑧 − (𝜏 ′(𝑡)𝜌− 1)

𝜏(𝑡)
𝑧𝜌 = 𝑓7.

(2.10)

Assume that we have found 𝜙 and 𝜓 with the needed regularity. Then the first and third
equations in (2.10) give {︂

𝑣 = 𝜆𝜙− 𝑓1,

𝜑 = 𝜆𝜓 − 𝑓3.
(2.11)

It is clear that 𝑣 ∈ 𝐻1
0 (0, 1) , and 𝜑 ∈ 𝐻1

0 (0, 1) . Moreover, we can find 𝑧 as

𝑧 (𝑥, 0) = 𝑣 (𝑥) for 𝑥 ∈ (0, 1) .
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Following the lines of [6], by using the last equation in (2.10) we obtain

𝑧 (𝑥, 𝜌) = 𝑣 (𝑥) 𝑒−𝜆𝜌𝜏(𝑡) + 𝜏(𝑡)𝑒−𝜆𝜌𝜏(𝑡)

𝜌∫︁
0

𝑓7 (𝑥, 𝑠) 𝑒
𝜆𝑠𝜏(𝑡) 𝑑𝑠 if 𝜏 ′(𝑡) = 0,

and

𝑧(𝑥, 𝜌) = 𝑣(𝑥)𝑒𝑟𝜌(𝑡) + 𝑒𝑟𝜌(𝑡)
1∫︁

0

𝑓7(𝑥, 𝑠)𝜏(𝑡)

1− 𝜏 ′(𝑡)𝑠
𝑒−𝑟𝑠(𝑡) 𝑑𝑠 if 𝜏 ′(𝑡) ̸= 0,

where

𝑟𝜌(𝑡) = 𝜆
𝜏(𝑡)

𝜏 ′(𝑡)
ln(1− 𝜏 ′(𝑡)𝜌).

Using (2.11), we then get

𝑧 (𝑥, 𝜌) = 𝜆𝜙 (𝑥) 𝑒−𝜆𝜌𝜏(𝑡) − 𝑓1𝑒
−𝜆𝜌𝜏(𝑡) + 𝜏(𝑡)𝑒−𝜆𝜌𝜏(𝑡)

1∫︁
0

𝑓7 (𝑥, 𝑠) 𝑒
𝜆𝑠𝜏(𝑡) 𝑑𝑠 if 𝜏 ′(𝑡) = 0,

and

𝑧(𝑥, 𝜌) = 𝜆𝜙𝑒𝑟𝜌(𝑡) − 𝑓1𝑒
𝑟𝜌(𝑡) + 𝑒𝑟𝜌(𝑡)

1∫︁
0

𝑓7(𝑥, 𝑠)𝜏(𝑡)

1− 𝜏 ′(𝑡)𝑠
𝑒−𝑟𝑠(𝑡) 𝑑𝑠 if 𝜏 ′(𝑡) ̸= 0.

By the above identities we have

𝑧(𝑥, 1) = 𝑔(𝑡)𝜙(𝑥) + 𝑧0(𝑥),

𝑔(𝑡) =

{︃
𝜆𝑒−𝜆𝜏(𝑡) if 𝜏 ′(𝑡) = 0,

𝜆𝑒𝑟𝜌(𝑡) if 𝜏 ′(𝑡) ̸= 0.

and

𝑧0(𝑥) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

− 𝑓1𝑒
−𝜆𝜏(𝑡) + 𝜏(𝑡)𝑒−𝜆𝜏(𝑡)

1∫︁
0

𝑓7 (𝑥, 𝑠) 𝑒
𝜆𝑠𝜏(𝑡) 𝑑𝑠 if 𝜏 ′(𝑡) = 0,

− 𝑓1𝑒
𝑟𝜌(𝑡) + 𝑒𝑟𝜌(𝑡)

1∫︁
0

𝑓7(𝑥, 𝑠)𝜏(𝑡)

1− 𝜏 ′(𝑡)𝑠
𝑒−𝑟𝑠(𝑡) 𝑑𝑠 if 𝜏 ′(𝑡) ̸= 0,

(2.12)

where 𝑥 ∈ (0, 𝐿) . According to the above formula, 𝑧0 depends only on 𝑓𝑖, 𝑖 = 1, . . . , 7. The
following system can be satisfied by employing (2.10) and (2.11) with the functions 𝜙, 𝜓, 𝜃 and
𝑝: ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(︂
𝜆2 +

𝜇1

𝜌1
𝜆+ 𝑔(𝑡)

𝜇2

𝜌1

)︂
𝜙− 𝐾

𝜌1
(𝜙𝑥𝑥 + 𝜓𝑥) = 𝑓2 +

(︂
𝜆+

𝜇1

𝜌1

)︂
𝑓1 −

𝜇2

𝜌1
𝑧0(𝑥),

𝜆2𝜌2𝜓 − 𝛼𝜓𝑥𝑥 + 𝑘 (𝜙𝑥 + 𝜓)− 𝛾1𝜃𝑥 − 𝛾2𝑃𝑥 = 𝜌2 (𝜆𝑓3 + 𝑓4) ,

𝜆𝛿𝜃 + (𝑑𝛾2 − 𝑟𝛾1)𝜓𝑥 − 𝑟𝜅𝜃𝑥𝑥 + 𝑑ℏ𝑃𝑥𝑥 = 𝛿𝑓5 + (𝑑𝛾2 − 𝑟𝛾1) 𝑓3,𝑥,

𝜆𝛿𝑃 + (𝑑𝛾1 − 𝑐𝛾2)𝜓𝑥 + 𝑑𝜅𝜃𝑥𝑥 − 𝑐ℏ𝑃𝑥𝑥 = 𝛿𝑓6 + (𝑑𝛾1 − 𝑐𝛾2) 𝑓3,𝑥.

(2.13)

Solving system (2.13) is equivalent to finding

(𝜙, 𝜓, 𝜃, 𝑝) ∈ 𝐻2 (0, 𝐿) ∩𝐻1
0 (0, 𝐿)×𝐻2 (0, 1) ∩𝐻1

0 (0, 𝐿)×𝐻1 (0, 𝐿)×𝐻1
0 (0, 𝐿)
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such that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝐿∫︁
0

(︀(︀
𝜆2𝜌1 + 𝜇1𝜆+ 𝑔(𝑡)𝜇2

)︀
𝜙𝑤 +𝐾 (𝜙𝑥 + 𝜓)𝑤𝑥

)︀
𝑑𝑥

=

𝐿∫︁
0

(𝜌1𝑓2 + (𝜆𝜌1 + 𝜇1) 𝑓1 − 𝜇2𝑧0(𝑥))𝑤 𝑑𝑥,

𝐿∫︁
0

(︀
𝜆2𝜌2𝜓 − 𝛼𝜓𝑥𝑥 + 𝑘 (𝜙𝑥 + 𝜓)− 𝛾1𝜃𝑥 − 𝛾2𝑃𝑥

)︀
𝜒𝑑𝑥 =

𝐿∫︁
0

𝜌2 (𝑓4 + 𝜆𝑓3)𝜒𝑑𝑥,

𝐿∫︁
0

(𝜆𝛿𝜃 + (𝑑𝛾2 − 𝑟𝛾1)𝜓𝑥 − 𝑟𝜅𝜃𝑥𝑥 + 𝑑ℏ𝑃𝑥𝑥)𝑤1 𝑑𝑥 =

𝐿∫︁
0

(𝛿𝑓5 + (𝑑𝛾2 − 𝑟𝛾1) 𝑓3,𝑥)𝑤1 𝑑𝑥,

𝐿∫︁
0

(𝜆𝛿𝑃 + (𝑑𝛾1 − 𝑐𝛾2)𝜓𝑥 + 𝑑𝜅𝜃𝑥𝑥 − 𝑐ℏ𝑃𝑥𝑥)𝜒1 =

𝐿∫︁
0

(𝛿𝑓6 + (𝑑𝛾1 − 𝑐𝛾2) 𝑓3,𝑥)𝜒1 𝑑𝑥,

(2.14)

for all (𝑤, 𝜒,𝑤1, 𝜒1) ∈ 𝐻1
0 (0, 𝐿) × 𝐻1

0 (0, 𝐿) × 𝐻1 (0, 𝐿) × 𝐻1
0 (0, 𝐿). Hence, problem (2.14) is

equivalent to
𝜁 ((𝜙, 𝜓, 𝜃, 𝑝) , (𝑤, 𝜒,𝑤1, 𝜒1)) = 𝑙 (𝑤, 𝜒,𝑤1, 𝜒1) , (2.15)

where a bilinear from

𝜁 :
(︀
𝐻1

0 (0, 𝐿)×𝐻1
0 (0, 𝐿)×𝐻1 (0, 𝐿)×𝐻1

0 (0, 𝐿)
)︀2 → R

and a linear form

𝑙 : 𝐻1
0 (0, 𝐿)×𝐻1

0 (0, 𝐿)×𝐻1 (0, 𝐿)×𝐻1
0 (0, 𝐿) → R

are defined as

𝜁 ((𝜙, 𝜓, 𝜃, 𝑝) , (𝑤, 𝜒,𝑤1, 𝜒1)) =

𝐿∫︁
0

(︀(︀
𝜆2𝜌1 + 𝜇1𝜆+ 𝑔(𝑡)𝜇2

)︀
𝜙𝑤 +𝐾 (𝜙𝑥 + 𝜓)𝑤𝑥

)︀
𝑑𝑥

𝐿∫︁
0

(︀
𝜆2𝜌2𝜓 − 𝛼𝜓𝑥𝑥 + 𝑘 (𝜙𝑥 + 𝜓)− 𝛾1𝜃𝑥 − 𝛾2𝑃𝑥

)︀
𝜒𝑑𝑥

𝐿∫︁
0

(𝜆𝛿𝜃 + (𝑑𝛾2 − 𝑟𝛾1)𝜓𝑥 − 𝑟𝜅𝜃𝑥𝑥 + 𝑑ℏ𝑃𝑥𝑥)𝑤1𝑑𝑥

𝐿∫︁
0

(𝜆𝛿𝑃 + (𝑑𝛾1 − 𝑐𝛾2)𝜓𝑥 + 𝑑𝜅𝜃𝑥𝑥 − 𝑐ℏ𝑃𝑥𝑥)𝜒1,

and

𝑙 (𝑤, 𝜒,𝑤1, 𝜒1) =

𝐿∫︁
0

(𝜌1𝑓2 + (𝜆𝜌1 + 𝜇1) 𝑓1 − 𝜇2𝑧0(𝑥))𝑤 𝑑𝑥+

𝐿∫︁
0

𝜌2 (𝑓4 + 𝜆𝑓3)𝜒𝑑𝑥

+

𝐿∫︁
0

(𝛿𝑓5 + (𝑑𝛾2 − 𝑟𝛾1) 𝑓3,𝑥)𝑤1 𝑑𝑥+

𝐿∫︁
0

(𝛿𝑓6 + (𝑑𝛾1 − 𝑐𝛾2) 𝑓3,𝑥)𝜒1 𝑑𝑥,
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where 𝑧0 (𝑥) satisfies the equation in (2.12). The continuous and coercive character of 𝜁 is easily
verified, and 𝑙 is continuous, so applying the Lax-Milgram theorem, we deduce that for all

(𝑤, 𝜒,𝑤1, 𝜒1) ∈ 𝐻1
0 (0, 𝐿)×𝐻1

0 (0, 𝐿)×𝐻1 (0, 𝐿)×𝐻1
0 (0, 𝐿)

problem (2.15) possesses a unique solution

(𝜙, 𝜓, 𝜃, 𝑝) ∈ 𝐻1
0 (0, 𝐿)×𝐻1

0 (0, 𝐿)×𝐻1 (0, 𝐿)×𝐻1
0 (0, 𝐿) .

Applying the classical elliptic regularity, by (2.14) we find that

(𝜙, 𝜓, 𝜃, 𝑝) ∈ 𝐻2 (0, 𝐿)×𝐻2 (0, 𝐿)×𝐻1 (0, 𝐿)×𝐻1
0 (0, 𝐿) .

The operator 𝜆𝐼 − A is hence surjective for each 𝜆 > 0. Now the statement of the theorem
follows from the Hille-Yosida theorem. The proof is complete.

3. Exponential stability for 𝜇2 <
√
1−𝑚𝜇1.

In this section we show the exponential stability of system (2.1), (2.2), (2.3) under the
assumption

√
1− 𝑑𝜇1 > 𝜇2 and the condition of nonequal wave speeds of propagation

𝑘

𝜌1
̸= 𝛼

𝜌2
. (3.1)

Our approach is based on an appropriate Lyapunov functional using the energy technique,
which results in the needed exponential decay.

We first observe that (𝜙, 𝜓, 𝜃, 𝑝, 𝑧) satisfies the same system (2.1), (2.2) and (2.3) and 𝜉 still
satisfies

𝜇2√
1−𝑚

⩽ 𝜉 ⩽ 2𝜇1 −
𝜇2√
1−𝑚

. (3.2)

The functional energy of the problem(2.1), (2.2) reads as

𝐸(𝑡) =
1

2

𝐿∫︁
0

[︀
𝜌1𝜙

2
𝑡 + 𝜌2𝜓

2
𝑡 + 𝛼𝜓2

𝑥 + 𝜅 (𝜙𝑥 + 𝜓)2 + 𝑐𝜃2 + 2𝑑𝜃𝑃 + 𝑟𝑃 2
]︀
𝑑𝑥

+
𝜉𝜏(𝑡)

2

𝐿∫︁
0

1∫︁
0

𝑧2(𝑥, 𝜌, 𝑡) 𝑑𝜌𝑑𝑥.

(3.3)

We multiply the first equation in (2.1) by 𝜓𝑡, the second equation by 𝜓𝑡, the third equation in
(2.1) by 𝜃, and the fourth equation in (2.1) by 𝑞. Then we integrate by parts and we get

1

2

𝑑

𝑑𝑡

1

2

𝐿∫︁
0

[︀
𝜌1𝜙

2
𝑡 + 𝜌2𝜓

2
𝑡 + 𝛼𝜓2

𝑥 + 𝜅 (𝜙𝑥 + 𝜓)2 + 𝑐𝜃2 + 2𝑑𝜃𝑃 + 𝑟𝑃 2
]︀
𝑑𝑥

= −𝜅
𝐿∫︁

0

𝜃2𝑥 𝑑𝑥− ℏ
𝐿∫︁

0

𝑃 2
𝑥 𝑑𝑥− 𝜇1

𝐿∫︁
0

𝜙2
𝑡 (𝑥, 𝑡) 𝑑𝑥− 𝜇2

𝐿∫︁
0

𝜙𝑡 (𝑥, 𝑡) 𝑧 (𝑥, 1, 𝑡) 𝑑𝑥.

(3.4)
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We multiply the last equation in (2.1) by 𝜉𝑧 and 𝑧 and integrate the result over (0, 𝐿)× (0, 1)
with respect to 𝜌 and 𝑥 respectively. This gives

𝜉

2

𝑑

𝑑𝑡

𝐿∫︁
0

1∫︁
0

𝜏(𝑡)𝑧2 (𝑥, 𝜌, 𝑡) 𝑑𝜌𝑑𝑥 =𝜉

𝐿∫︁
0

1∫︁
0

(𝜏 ′(𝑡)𝜌− 1)𝑧𝑧𝜌 (𝑥, 𝜌, 𝑡) 𝑑𝜌𝑑𝑥

+
𝜉

2
𝜏 ′(𝑡)

𝐿∫︁
0

1∫︁
0

𝑧2 (𝑥, 𝜌, 𝑡) 𝑑𝜌𝑑𝑥

=
𝜉

2

𝐿∫︁
0

1∫︁
0

𝜕

𝜕𝜌
(𝜏 ′(𝑡)𝜌− 1)𝑧2 (𝑥, 𝜌, 𝑡) 𝑑𝜌𝑑𝑥

=
𝜉

2

𝐿∫︁
0

(︀
𝑧2 (𝑥, 0, 𝑡)− 𝑧2 (𝑥, 1, 𝑡)

)︀
𝑑𝑥

+
𝜉𝜏 ′(𝑡)

2

𝐿∫︁
0

𝑧2 (𝑥, 1, 𝑡) 𝑑𝑥.

(3.5)

By (3.3), (3.4) and (3.5) we find

𝑑𝐸 (𝑡)

𝑑𝑡
=− 𝜅

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥− ℏ
𝐿∫︁

0

𝑃 2
𝑥 𝑑𝑥−

(︂
𝜇1 −

𝜉

2

)︂ 𝐿∫︁
0

𝜙2
𝑡 (𝑥, 𝑡) 𝑑𝑥

+

(︂
−𝜉
2
+
𝜉𝜏 ′(𝑡)

2

)︂ 𝐿∫︁
0

𝑧2 (𝑥, 1, 𝑡) 𝑑𝑥− 𝜇2

𝐿∫︁
0

𝜙𝑡 (𝑥, 𝑡) 𝑧 (𝑥, 1, 𝑡) 𝑑𝑥.

(3.6)

Using the Young inequality, we rewrite (3.6) as

𝑑𝐸 (𝑡)

𝑑𝑡
⩽− 𝜅

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥− ℏ
𝐿∫︁

0

𝑃 2
𝑥 𝑑𝑥−

(︂
𝜇1 −

𝜉

2
− 𝜇2

2
√
1−𝑚

)︂ 𝐿∫︁
0

𝜙2
𝑡 (𝑥, 𝑡) 𝑑𝑥

+

(︂
𝜉

2
(𝜏 ′(𝑡)− 1) +

𝜇2

√
1−𝑚

2

)︂ 𝐿∫︁
0

𝑧2 (𝑥, 1, 𝑡) 𝑑𝑥.

In view of (3.2), (2.4), (2.5) and (2.6) we conclude there exists 𝐶 > 0 such that

𝑑𝐸 (𝑡)

𝑑𝑡
⩽ −𝜅

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥− ℏ
𝐿∫︁

0

𝑃 2
𝑥 𝑑𝑥− 𝐶

⎧⎨⎩
𝐿∫︁

0

𝜙2
𝑡 (𝑥, 𝑡) 𝑑𝑥+

𝐿∫︁
0

𝑧2 (𝑥, 1, 𝑡) 𝑑𝑥

⎫⎬⎭ .

According to the last inequality, the function 𝐸 does not increase in 𝑡.
Now we are in position to formulate our main result.

Theorem 3.1. Assume (1.1), (3.1), (2.5), (2.6) and 𝜇2 <
√
1−𝑚𝜇1. Then, for any solution

to problem (1.2), (1.3), (1.4) there are two positive constants 𝐶 and 𝛾 independent of 𝑡 such
that

𝐸 (𝑡) ⩽ 𝐶𝑒−𝛾𝑡 for all 𝑡 ⩾ 0.
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To establish the exponential decay of the solution, it is sufficient to construct a functional
L (𝑡) , which is equivalent to the energy 𝐸 (𝑡) and satisfies

𝑑L (𝑡)

𝑑𝑡
⩽ −ΛL (𝑡) for all 𝑡 ⩾ 0

with some constant Λ > 0.
In order to find such functional, we first introduce another functional defined as

ℐ(𝑡) =
𝐿∫︁

0

(𝜌1𝜙𝑡𝜙+ 𝜌2𝜓𝑡𝜓) 𝑑𝑥+
𝜇1

2

𝐿∫︁
0

𝜙2 𝑑𝑥. (3.7)

We then have the following estimate.

Lemma 3.1. Assume that conditions (1.6) and (3.1) hold and (𝜙, 𝜙𝑡, 𝜓, 𝜓𝑡, 𝜃, 𝑃 ) is the so-
lution to problem (2.1), (2.2), (2.3). If 𝜀1 > 0, we then have the estimate

𝑑

𝑑𝑡
ℐ(𝑡) ⩽𝜌1

𝐿∫︁
0

𝜙2
𝑡 𝑑𝑥+ 𝜌2

𝐿∫︁
0

𝜓2
𝑡 𝑑𝑥+

(︂
−𝑘 + 𝜇2𝐶

′𝜀1
2

)︂ 𝐿∫︁
0

𝜙2
𝑥 𝑑𝑥

− 𝛼

2

𝐿∫︁
0

𝜓2
𝑥 𝑑𝑥+ 𝐶1

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥+ 𝐶2

𝐿∫︁
0

𝑃 2
𝑥 𝑑𝑥− 𝑘

𝐿∫︁
0

𝜓2 𝑑𝑥

− 2𝑘

𝐿∫︁
0

𝜓𝜙𝑥 𝑑𝑥+
𝜇2

2𝜀1

𝐿∫︁
0

𝑧2 (𝑥, 1, 𝑡) 𝑑𝑥.

(3.8)

Proof. We calculate the derivative of ℐ(𝑡):

𝑑

𝑑𝑡
ℐ(𝑡) = 𝜌1

𝐿∫︁
0

(︀
𝜙2
𝑡 + 𝜙𝜙𝑡𝑡

)︀
𝑑𝑥+ 𝜌2

𝐿∫︁
0

(︀
𝜓2
𝑡 + 𝜓𝜓𝑡𝑡

)︀
𝑑𝑥+ 𝜇1

𝐿∫︁
0

𝜙𝜙𝑡 𝑑𝑥.

It follows from (2.1) and (2.1) that

𝑑

𝑑𝑡

𝐿∫︁
0

𝜌1𝜙𝑡𝜙𝑑𝑥 =𝜌1

𝐿∫︁
0

𝜙2
𝑡 𝑑𝑥− 𝑘

𝐿∫︁
0

𝜙2
𝑥 𝑑𝑥− 𝑘

𝐿∫︁
0

𝜓𝜙𝑥 𝑑𝑥

− 𝜇1

𝐿∫︁
0

𝜙𝜙𝑡 𝑑𝑥− 𝜇2

𝐿∫︁
0

𝜙𝑧 (𝑥, 1, 𝑡) 𝑑𝑥,

(3.9)

and

𝑑

𝑑𝑡

𝐿∫︁
0

𝜌2𝜓𝑡𝜓 𝑑𝑥 =𝜌2

𝐿∫︁
0

𝜓2
𝑡 𝑑𝑥+

𝐿∫︁
0

(𝛼𝜓𝑥𝑥 − 𝑘 (𝜙𝑥 + 𝜓) + 𝛾1𝜃𝑥 + 𝛾2𝑃𝑥)𝜓 𝑑𝑥

=𝜌2

𝐿∫︁
0

𝜓2
𝑡 𝑑𝑥− 𝑘

𝐿∫︁
0

𝜓𝜙𝑥𝑑𝑥− 𝑘

𝐿∫︁
0

𝜓2 𝑑𝑥− 𝛼

𝐿∫︁
0

𝜓2
𝑥 𝑑𝑥−

𝐿∫︁
0

(𝛾1𝜃 + 𝛾2𝑃 )𝜓𝑥 𝑑𝑥.
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Summing (3.9) and (3.8), we get

𝑑

𝑑𝑡
ℐ(𝑡) =𝜌1

𝐿∫︁
0

𝜙2
𝑡 𝑑𝑥+ 𝜌2

𝐿∫︁
0

𝜓2
𝑡 𝑑𝑥− 𝛼

𝐿∫︁
0

𝜓2
𝑥 𝑑𝑥− 𝜇2

𝐿∫︁
0

𝜙𝑧 (𝑥, 1, 𝑡) 𝑑𝑥

−
𝐿∫︁

0

(𝛾1𝜃 + 𝛾2𝑃 )𝜓𝑥 𝑑𝑥− 𝑘

𝐿∫︁
0

𝜓2 𝑑𝑥− 𝑘

𝐿∫︁
0

𝜙2
𝑥 𝑑𝑥− 2𝑘

𝐿∫︁
0

𝜓𝜙𝑥 𝑑𝑥.

(3.10)

Using the Young and Poincaré inequalities, we arrive at

−
𝐿∫︁

0

(𝛾1𝜃 + 𝛾2𝑃 )𝜓𝑥 𝑑𝑥 ⩽ 𝐶1

𝐿∫︁
0

𝜃2𝑥𝑑𝑥+ 𝐶2

𝐿∫︁
0

𝑃 2
𝑥 𝑑𝑥+

𝛼

2

𝐿∫︁
0

𝜓2
𝑥 𝑑𝑥, (3.11)

− 𝜇2

𝐿∫︁
0

𝜙𝑧 (𝑥, 1, 𝑡) 𝑑𝑥 ⩽
𝜇2𝐶

′𝜀1
2

𝐿∫︁
0

𝜙2
𝑥 𝑑𝑥+

𝜇2

2𝜀1

𝐿∫︁
0

𝑧2 (𝑥, 1, 𝑡) 𝑑𝑥. (3.12)

Substituting (3.11), (3.12) into (3.10), we arrive at (3.14). The proof is complete.

Now, we define one more functional:

𝒥 (𝑡) = 𝜌2

𝐿∫︁
0

𝜓𝑡𝜔 𝑑𝑥, (3.13)

where

−𝛾1𝜔𝑥 = 𝑐𝜃 + 𝑑𝑃, 𝜔(0) = 𝜔(𝐿) = 0.

Lemma 3.2. Let the assumptions of Lemma (3.1) hold true. Then the functional 𝒥 defined
by (3.13) satisfies

𝑑𝒥
𝑑𝑡

(𝑡) ⩽− 𝜌2
2

𝐿∫︁
0

𝜓2
𝑡 𝑑𝑥+

𝛼

16

𝐿∫︁
0

𝜓2
𝑥 𝑑𝑥+

𝑘

8

𝐿∫︁
0

𝜙2
𝑥 𝑑𝑥+

𝑘

4

𝐿∫︁
0

𝜓2 𝑑𝑥

+
𝑘

2

𝐿∫︁
0

𝜓𝜙𝑥 𝑑𝑥+ 𝐶3

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥+ 𝐶4

𝐿∫︁
0

𝑃 2
𝑥 𝑑𝑥.

(3.14)

Proof. We take the derivative of (4.7) and we get

𝑑𝒥
𝑑𝑡

(𝑡) =

𝐿∫︁
0

𝜌2𝜓𝑡𝜔𝑡 𝑑𝑥+

𝐿∫︁
0

𝜌2𝜓𝑡𝑡𝜔 𝑑𝑥 := 𝒥1(𝑡) + 𝒥2(𝑡). (3.15)

Employing (3.15) and Young inequality, we find:

𝒥1(𝑡) :=

𝐿∫︁
0

𝜌2𝜓𝑡𝜔𝑡 𝑑𝑥 = −𝜌2
𝛾1

𝐿∫︁
0

𝜓𝑡𝜕
−1
𝑥 (𝜅𝜃𝑥𝑥 + 𝛾1𝜓𝑥𝑡) 𝑑𝑥

= −𝜌2

𝐿∫︁
0

𝜓2
𝑡 𝑑𝑥−

𝜌2𝜅

𝛾1

𝐿∫︁
0

𝜓𝑡𝜃𝑥 𝑑𝑥 ⩽ −𝜌2
2

𝐿∫︁
0

𝜓2
𝑡 𝑑𝑥+ 𝐶(1)

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥.
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It follows from (3.15) that

𝒥2(𝑡) :=

𝐿∫︁
0

𝜌2𝜓𝑡𝑡𝜔 𝑑𝑥 =

𝐿∫︁
0

(𝛼𝜓𝑥𝑥 − 𝑘 (𝜙𝑥 + 𝜓) + 𝛾1𝜃𝑥 + 𝛾2𝑃𝑥)𝜔 𝑑𝑥

=− 𝛼

𝐿∫︁
0

𝜔𝑥𝜓𝑥 𝑑𝑥− 𝑘

𝐿∫︁
0

(𝜙𝑥 + 𝜓)𝜔 𝑑𝑥+

𝐿∫︁
0

𝜔 (𝛾1𝜃𝑥 + 𝛾2𝑃𝑥) 𝑑𝑥.

By using Young and Poincaré’s inequalities, we arrive at

−𝛼
𝐿∫︁

0

𝜔𝑥𝜓𝑥 𝑑𝑥 ⩽
𝛼

16

𝐿∫︁
0

𝜓2
𝑥 𝑑𝑥+ 𝐶(2)

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥+ 𝐶(3)

𝐿∫︁
0

𝑃 2
𝑥 𝑑𝑥. (3.16)

𝐿∫︁
0

𝜔 (𝛾1𝜃𝑥 + 𝛾2𝑃𝑥) 𝑑𝑥 ⩽ 𝐶(4)

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥+ 𝐶(5)

𝐿∫︁
0

𝑃 2
𝑥 𝑑𝑥, (3.17)

and

−𝑘
𝐿∫︁

0

(𝜙𝑥 + 𝜓)𝜔 𝑑𝑥 ⩽
𝑘

8

𝐿∫︁
0

(𝜙𝑥 + 𝜓)2 𝑑𝑥+ 𝐶(6)

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥+ 𝐶(7)

𝐿∫︁
0

𝑃 2
𝑥 𝑑𝑥

=
𝑘

8

𝐿∫︁
0

𝜙2
𝑥 𝑑𝑥+

𝑘

8

𝐿∫︁
0

𝜓2 𝑑𝑥+
𝑘

4

𝐿∫︁
0

𝜓𝜙𝑥 𝑑𝑥

+ 𝐶(6)

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥+ 𝐶(7)

𝐿∫︁
0

𝑃 2
𝑥 𝑑𝑥

⩽
𝑘

8

𝐿∫︁
0

𝜙2
𝑥 𝑑𝑥+

𝑘

4

𝐿∫︁
0

𝜓2 𝑑𝑥+
𝑘

2

𝐿∫︁
0

𝜓𝜙𝑥 𝑑𝑥

+ 𝐶(6)

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥+ 𝐶(7)

𝐿∫︁
0

𝑃 2
𝑥 𝑑𝑥.

(3.18)

Substituting (3.16), (3.17) and (3.18) into (3.15), we obtain (3.14) with

𝐶3 = 𝑐(1) + 𝑐(2) + 𝑐(4) + 𝑐(6), 𝐶4 = 𝑐(3) + 𝑐(5) + 𝑐(7).

The proof is complete.

Our next step is to define a Lyapunov functional L (𝑡) (t) and prove that it is equivalent to
an energy functional 𝐸.

Lemma 3.3. Under the assumptions of Lemma 3.1, there exists a constant 𝛽0 > 0 such that

(𝑁 − 𝛽0)𝐸(𝑡) ⩽ L (𝑡) ⩽ (𝑁 + 𝛽0)𝐸(𝑡), for all 𝑡 ⩾ 0, (3.19)

where L (𝑡) is a Lyapunov functional defined by

L (𝑡) = 𝑁𝐸(𝑡) + ℐ(𝑡) + 4𝒥 (𝑡), (3.20)

and 𝑁 > 𝛽0 is a sufficiently large constant.
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Proof. Young, Poincaré, and Cauchy-Schwarz inequalities show that

|ℐ(𝑡)| ⩽ 𝜌1
2

𝐿∫︁
0

𝜙2
𝑡 𝑑𝑥+

𝜌2
2

𝐿∫︁
0

𝜓2
𝑡 𝑑𝑥+

𝜌1𝐿
2

2

𝐿∫︁
0

𝜓2
𝑥 𝑑𝑥+

𝜇1

2

𝐿∫︁
0

𝜙2 𝑑𝑥,

|𝒥 (𝑡)| ⩽ 𝜌2
2

𝐿∫︁
0

𝜓2
𝑡 𝑑𝑥+ 𝑐1

𝐿∫︁
0

𝜃2 𝑑𝑥+ 𝑐2

𝐿∫︁
0

𝑃 2 𝑑𝑥.

Hence, there exists a constant 𝛽0 > 0 such that

|L (𝑡)−𝑁𝐸(𝑡)| = |ℐ(𝑡) + 4𝒥 (𝑡)| ⩽ 𝛽0𝐸(𝑡),

and this implies estimate (3.19). The proof is complete.

Theorem 3.2. Let the assumptions of Lemma 3.1 hold. Then there exist positive constants
𝜐0, 𝜐1 such that the energy functional satisfies

𝐸(𝑡) ⩽ 𝜐1𝐸(0)𝑒
−𝜐0𝑡 for all 𝑡 ⩾ 0. (3.21)

Proof. It follows from (3.7), (3.14) and (3.20) that for each 𝑡 > 0 we have the inequality

𝑑

𝑑𝑡
L (𝑡) ⩽− (𝜅𝑁 − 𝐶1 − 4𝐶3)

𝐿∫︁
0

𝜃2𝑥 𝑑𝑥− (ℏ𝑁 − 𝐶2 − 4𝐶4)

𝐿∫︁
0

𝑃 2
𝑥 𝑑𝑥

− 𝜌2

𝐿∫︁
0

𝜓2
𝑡 d𝑥−

(︂
𝑘

2
− 𝜇2𝐶

′𝜀1
2

)︂ 𝐿∫︁
0

𝜙2
𝑥𝑑𝑥−

𝛼

4

𝐿∫︁
0

𝜓2
𝑥 𝑑𝑥

− (𝐶𝑁 − 𝜌1)

1∫︁
0

𝜙2
𝑡𝑑𝑥−

(︂
𝐶𝑁 − 𝜇2

2𝜀1

)︂ 1∫︁
0

𝑧2 (𝑥, 1, 𝑡) 𝑑𝑥.

We choose 𝜀1 small enough such that

𝑘

2
⩾
𝜇2𝐶

′𝜀1
2

.

Then we choose 𝑁 large enough such that

𝑁 > sup

{︂
𝐶1 − 4𝐶3

𝜅
,
𝐶2 − 4𝐶4

ℏ
,
𝜌1
𝐶
,
𝜇2

2𝐶𝜀1

}︂
.

Then there exists a positive constant 𝜍 such that

𝑑

𝑑𝑡
L (𝑡) ⩽ −𝜍𝐸(𝑡)

and by using (3.19) it yields

𝑑

𝑑𝑡
L (𝑡) ⩽ −𝜁L (𝑡)

with some positive constant 𝜁. Now estimate (3.21) follows by using (3.19) and this completes
the proof.
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