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Ob OJHOM KPUTEPUN IIEPNOJMNYHOCTU
KBA3UITIOJINMHOMA

H.II. TUP4, C.IO. PABOPOB

Awnnorarusi. Mb1 paccmarpuBaeMm GyHKIun u3 Kjiaacca A, Begennoro M.I. KpeitHoMm u
B.4. Jlepunbim B 1949 romy. 9T0T KJIacC COCTOUT U3 IEJIBIX IMOUYTH IMEPUOJMIECKUAX (PYHK-
[ SKCIIOHEHIINAJILHOTO TUIIA, HYJIU KOTOPBIX JIEZKAT B TOPU30HTAJIBHON I10JI0CE KOHETHOMN
MIUPUHBI. B 9aCcTHOCTH, 9TOT KJIACC COAEPAKUT KOHETHBIE SKCIIOHEHIINAILHBIE CYMMBI C TUCTO
MHHUMBIME TTOKazarejsiMu. [pyroe onucanne Kjaacca A — 3TO aHAJUTUIECKHE TPOJIOJIKE-
HUAS B KOMILIEKCHYIO IIJIOCKOCTD IIOYTH MEPUOANIECKNX (DYHKIUI HA OCH C OrpAHUYEHHBIM
CIIEKTPOM, Y KOTOPBIX TOYHBbIC BEPXHSIS U HUKHSS TPAHU CIEKTPA €My IMPUHAJICXKAT.

B samerke jokazano, arto ecim y hbyHKIUN Kiaacca A MHOYXKECTBO pas3HOCTEll HyJjeil jiuc-
KpeTHO, TO (yHKIWMs ¢ TOYHOCTBIO 10 MHOXKHUTeNsA C exp{ifz}, [/ BelecTBeHHO sIBIISIETCsI
KOHEYHBIM IIPOU3BEMICHUEM CJIBUTOB (PYHKITUHU Sin wz.

Kurouessbie cioBa: [lourn nepuopnieckasi (pyHKIuS, 11e/1ast PyHKIINS SKCIIOHEHIINATBHOTO
THUIIa, MHOXKECTBO HYJIEH, JIMCKPETHOE MHOYKECTBO.

B 1949 roxy M.I. Kpeiin u B.41. Jlepun B crarbe [1] (em. rakxke [2], n.2, ri.6 u IIpuioxe-
Hue 6) BBEJM M MCCIIEIOBAMM KaacC A IEJbIX MOYTH MePHOMIeCKIX (DYHKIMH SKCIOHEHIH-
AJIbHOTO THIIA C HYJISIMU B TOPH30HTAJILHOl 110JI0CE KOHEYHON MUPUHBL. DTOT KJIACC SIBJISETCS
eCTECTBEHHBIM PACIIUPEHUEM KJIaCCa KOHEUHBIX IKCIIOHEHIINAIbHBIX CYMM BUJIA

N
E ane™*. A\, €R, a,cC. (1)
n=1

M.I". Kpeita u B.4. JleBun mosiydusn 1mojiHoe ONUCAHWE HYJIEBBIX MHOXKECTB (DYHKITHI 9TOro

KJIACCA, B YACTHOCTH, MOKA3aJ1, YTO MHOXKECTBO HyJel (byHKIMT Kiracca A SBISETCS B HEKO-

TOPOM CMBIC/IE TIOYTU TIEPUOITICCKIM.

Ecmu aynun dyukmun f € A 06pasyoT mepuogunieckoe MHOYKECTBO ¢ epuoaom 1, To dpyHK-
IUs IMeeT BU]T

K
f(z) = Ce” []sin(wz+bx), BER, C, beC, w=n/T (2)

Jj=1

(em. Jlemmy 1 nacrosimeii 3aMeTKn).

BameTuM, UTO MEPHOJNIECKOEe JIMCKPETHOE MHOMKECTBO B II0J0CE 00S3aTEIHHO MMEET BH
E + TZ, tne E — koneunoe MHOKecTBO. OCHOBHBIM HAIIMM DE3YJILTATOM SIBJISIETCS [IPOCTOE
YCJIOBHE, KOTJa TaKoil BHUJ MMeeT MHOXKEeCTBO HyJseil (pyHKImu Kiaacca A, U, CIeJ0BaTeIbHO,
cama QyHKIHs uMeer B (2).

[Tpexkie BCero HAIIOMHUM HEKOTOPBIE olpejieenus (cM., nanpumep, [2], [3]).
Muoxkectso E C R Ha3blBaeTCss OTHOCUTENLHO TJIOTHBIM, €CJIM CYIIECTBYeT Takoe L < 00,
aro E N [a,a+ L] # 0 aua moboro a € R.
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HenpepoiBaas dbyuknus f(xr) na R #HasbiBaercs nowmu nepuoduveckot, ecan Jijis Jr0bOro
e > 0 MHOXKeCTBO £-nouwmu nepuodos f

E.={reR:sup|f(x+7)— f(x)] <&}

z€R
ABJIAdE€TCA OTHOCUTE/IBbHO ITJIOTHBIM.

HeupepbiBras dbyukuus f(z) Ha3bBaeTCst nowmu nepuoduyeckots B moJI0ce
Sap =12 a <Im z < b},

ecim i J1o0oil Menbieit mosocel S' = S5, @ < a < 3 < b, u moboro € > 0 MHOKECTBO
(S, €)-nowmu nepuodos f

Ege={reR:sup|f(z+7) - f(2)] <&}

zeS!

SIBJISIETCS] OTHOCUTEJILHO TIOTHBIM; B YACTHOCTH, €CJIn @ = —00, b = 400, 10 f(z) Gymer mouru
nepuogndeckoit dpynxmueit B C.

Cnexmpom nioaru nepuounaeckoii yukimn f(z), © € R, Ha3pIBaeTCsT MHOXKECTBO

spf ={AeR: a(A f) # 0},

e
. T
— —iAx
a(A, f) Tl_r)go—2T/f(x)e dx
-

ko3bdurmenT Pypbe HYHKINNT, COOTBETCTBYIOIIMI TOKA3aTEII0 .

Hanpumep, crieKTpoM KOHEUHOI 9KCIHOHEHIHAIbHOI cyMMbl (1) (mpu yesoBum A, # Ay, Jist
m # n) ABJseTCs MHOXKECTBO {A1, Ao, ..., ANy}, a a, gBiagiorca koaddununenramu Pypoe, co-
OTBETCTBYIOIIMMU ITOKA3ATEIIAM A,,.

Crextp 060§t TOYTH TIepronIecKoil GyHkiwn He 6oiee dem cueren ([3]).

Teopema 1 ([2], T1.6, (3], 4.2, [u1.1). Jlobas nowmu nepuoduveckasn dynruus na R ¢ oepa-
HUYEHHBLM CNEKMPOM NPOAoANCAEMCs D0 Ueotl noumu nepuodudeckot: GyHKyUuL IKCNOHeHUU-
aAbHO20 MUNA, U Haobopom, cyocenue A000T maxol uyerol Gyrrkuuu Ha R umeem oeparu-
wennuli cnekmp. Ilpu amom wysu amotl ueaotl GyHKyuL AeHcam 6 20pU30HMAALHOT NOAOCE
02paHuMenHol wupurv, (m.e. Pynryua npunadaescum xaaccy A) mozda u moavko moada,
K020a MOYHYLE BEPTHAA U HUNCHAA 2DAHU CNEKMPA EMY NPUHAOAEHCAM.

Takum obpazom, QyHKIMH Kiracca A sIBJIAIOTCA €CTECTBEHHBIM O0bEKTOM UCCJIeIOBAHUIA.

MmuoxectBo A C D, rine D obsacts B C, Oy1eMm Ha3bIBATH JIUCKPETHBIM, €CJIU OHO HE UMEET
npeJebHbIX Todek B D. Bimskum K Hemy sBjserTcsd MoHATHE Jususopa B ID — 9T0 MHOKe-
CcTBO HyJseil HeKoTopoil rosomopduoit B D dyuknun. Toukn auBuszopa, B OTJIAYHE OT TOYEK
MHOKEeCTBa, MOI'YT UMEThb KOHEUYHYIO KPATHOCTh, T.€. JUBU30P ABJISIETCS MYJIbTUMHOMKECTBOM.
B30 MOKHO TaKzKe IIPEJICTABIATh KaK MOCIEeI0BATEIbHOCTD {a, } C D 6e3 ToueK cryIieHns
B D. JluckperHoe MHOXKECTBO MOXKHO PACCMaTPUBATh KaK YACTHBIN CJIydail JIMBU30PA.

MuozxkectBo (min auBu3op) Z = {a,}, ABIAIONIEECH HYJIEBBIM MHOMKECTBOM TOJIOMOPGHOl
(YHKIMN B TOPU30HTATBLHOMN TI0TI0CE S|4 ), HA3BIBACTCH HOUTH IIEPHOIMICCKIM, €CJIH JJId JIIo-
boro € > 0 u moboit MenbIeit momockl S' = S(a.5), a < a < 3 < b, HaliJeTCA OTHOCUTETHHO
IJIOTHO® MHOKeCTBO F(gr .y C R, uTo mng kaxaoro 7 € Eg .y cymecrsyer bueknus o @ N — N,
IIPU KOTOPOIl CIIpaBeI/INBa WMILTUKAIUST

a, € S'\/aa(n) €S = l|an+7T—a,m| <e.

(ea. [4]).
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B ciyuae, Korjia a = —00, b = 00, T.e. S(ap) = C, a IUBU30D J12KNT B TOPU3OHTAIBLHOI IOJI0CE
OIPAHUYEHHON INMUPUHBI, OIPEIEICHIE HOUTH NEPUOAUICCKOIO AUBU30Pa MOABUIOCH DaHee B
caenyroreit popme: jist 106010 € > () HAlIEeTCs OTHOCUTEIBHO TIOTHOE MHOXKecTBO F. C R
TaKoe, 4TO JIJIsd KaxKJ10oro 7 € F. upu Hekoropoii oueknuu o : N — N BbIIIOJIHSIETCS HEPABEHCTBO

SUp |an + T — om)| < €

neN
(em. 2], punoxenwne 6, n. 2). pyroe ompejeneHue MOYTH HEPHOIMIECKOIO JTUBH30pa, UC-
HOJIB3YIOIIee TOHsATHE 0000IIeHHON QYHKINK, paccMaTpuBaioch B [5], [6]. DkBuBaIeHTHOCTD
onpejieseHnii gokasana B |7].

BameTum, 94To ecyu mouTn nepuognydeckuii qusu3op B C Bech momnajiaer B Kakyo-HUOY b TOPH-
B0HTATBHYTO T0JIOCY KOHETHOM! NMPUHBI, TO KOJTMIECTBO TOUEK JUBU30pa (C yIeTOM KPATHOCTH )
Ha muO)KecTBe {z @ 19 < Re 2z < 29 + 1} orpanunveno pasroMepHo 1o g € R. JleiicrBuresbHo,
9TO KOJIMYECTBO HE IPEBOCXOJIUT KOJMYECTBA TOUeK Ha MHOKecTBe {2z : —1 < Re z < L+1}, re
L BBIOpaHO Tak, 4TO JIIOOOH CerMEHT BEIIEeCTBEHHONH OCH JIUHBLL L CONEPKUT 1-IIOUTH IepUOIbl
JIMBU30PA.

Teopema 2 ([2|, IIpuioxenue 6, 1. 2). JTusuzop 10600 dynryuu xaacca A ssasemes no-
YMU NepuodudeckuM.

B narmeit 3aMeTKe MBI JOKa3bIBaeM CJICAYIOIIYIO T€OPpEMY.

Teopema 3. Ecau das dususopa Zy = {z,} pynwyuu f € A mnoocecmso pasnocmets 2, — 2,
asazemca duckpemmnvim, mo f umeem eud (2).

SamMeTnM, 9TO 0OpaTHOE YTBEPXKIEHNE SBJISIETCA OTE€BUIHBIM.

CaenctBue 1. Ecau daa dususopa {z,} oxcnonenyuansvrozo noiunoma

N
P(z) = Zanei)‘”z, M €ER, a,eC

n=1

MHOHCECTNBO pasuocmezj Zn — Zm ABAAEMCA Oucnpemnum, mo

K
P(z) = CeP* Hsin(wz +b), w,beER, C, b eC.

J=1
,HOK&)KGM BHa4daJie CjieAyloniue JIeMMBbI.

Jlemma 1. Jlaa 060 dpynkuyuu f € A natidemesa wucao R < 0o makoe, wmo aobas 3a-
MEHYMAA 8EPMUKANDHAA NOAOCG wupurb, R codeporcum nwyau dyrryuu f.

HokaszarenbcTBo jemMbl. [lo Teopeme 2 nuBuzop Z¢ Gynknun f Ho4TH IEPHOITICCKUIL.
[TosTomy Haiigercs dncio L < 00 Takoe, YTO KasK/IbIil CErMEHT BEIeCTBEHHOW OCH JJIMHBI L
colepxkuT l-nourn nepuox aususopa gyukuuu f. s mo00sx Todek a € Zy u xy € R MoxkHO
Hajitn 1-nourw nepuon 7 € [zg — Rea — L/2, xp — Rea + L/2], u nosroMmy TOUKa JUBH30DA,
HAXOJIAIIAsICA Ha PACCTOSHUU He OoJbie 1 OT a + 7, Imomnaier B BEPTUKAJIBHYIO OJIOCY

{z: 20— (L/241)<Rez<uzo+ (L/2+1)}.
Takum 06pa3oM, yTBEpIKIEHHUE JeMMbI BbIIOJIHseTCst it R = L + 2.

Jlemma 2. Ecau mnoorcecmeo nwyaet Z gynxyuu f € A umeem nepuod T, mo dynryus
umeem 6ud (2).

JokazaTesbCcTBO JjeMMbl. Tak Kak Hyan (QYHKIUE [ JekKaT B TOPU30HTAIBLHOM I0JIO-
ce KOHEeYHOl MIMPUHBI U HE MMEIOT TOYeK CIYIIEHUsI, TO MHOXKecTBO {z =z + iy : 0 <z < T}
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COJIEP2KHUT KOHEYHOe 4YHUCjI0 KopHeil dyukiun f, myctb 9T0 OyJIyT TOYKH Cip,...,Cx. 1O-
rjJa MHOXKECTBO KOpHell MoxKer ObITh 3ammcaHo B Buje {ci,...,cx} + TZ. Tlonoxum
—_ — —
= T’bk = —wck,k‘— 1,2,--- ,K.
O yHKIUA

f(2)

K
[] sin(wz + by)
k=1

(3)

sIBJIIeTCs 11e10it 6e3 HyJeil. Tak Kak 3HaMeHATe b PABHOMEPHO OTTPAHUYCH OT HYJIsl BHE KPYTOB
OJIMHAKOBOTO MAJIOTO PAJINyca € IEHTPAMU B KODHSIX, & U3 MOYTH HePUOAUIHOCTH (DYHKIUH f
CJIeJIyeT ee OTPAHUIEHHOCTD B JIIOOOW NOPU30HTAIBHON MMOJI0CE KOHETHOW MUPUHBI, TO (DYHKITHS
(3) mMeer SKCIOHEHIMATBHBII POCT B IIJIOCKOCTH, OTPAHNYEHA Ha BEIeCTBEHHONW OCH U MTOTOMY
pasra Ce?*, 3 € R, C € C.

okazareabcTBO TeopeMbl. Bribepem ducio H Tak, 9To s JIOOBIX HYIEH 2, 2, DYHK-
muu f BeiosiHgAeTcs HepaBeHCTBO |Im (2, — zp,)| < H, u nycrs R aucso u3 Jlemmsbr 1.

ITo ycoBHIO MHOZKECTBO, COCTOIIEE U3 pa3HOCTeil Touek u3 Z, nuckperHo. [Tosromy MoxKHO
BBIOPATh CTOJIb MaJleHbKoe € > (), 9T00OBI 1yid JIIOOBIX TOYEK a, b, ¢, d € Zy TaKux, 4To

la—b<R+H+2, |c—d <R+H+2 a—b#c—d,

BCETr/[a BBIIOJIHATIOCH HepaBeHCTBO € < |(¢ — d) — (a — b)|. Moxkno Takke cauTarh, 910 € < 1.
B wacrrocTH, npu ¢ = d norydaeM, 910 € < |a — b|, ecam TosbKO @, b € Zy u a # b.

Badukcupyem a € Zy, u nycts 7 € R npousBosbHblil (£/2)-mourn nepuox Zy. 3aMeTHM, 9TO
CYIIECTBYET eMHCTBEHHOE ¢ € Zy Takoe, 910 |a + 7 — ¢| < /2. JleficTBUTEIBHO, B IIPOTUBHOM
cJlydae Mbl UMeeM

lc—d|<la+T—¢|+]a+T-|<¢,

9TO HEBO3MOYKHO BBUJLY BBIOODA €.

Hanee, nomoxxum 1T = ¢ — a. Hua moboro ¢ € Zy mnaiinerca a” € Z; rtakoe, 410
la’" + 71 —d"| < €/2, n nosTOMYy

d+T—d"|<|d+7—d"|+]c—a—T|<e.

Takum obpazom, T’ SIBJIETCS €-10YTH IePHOAOM JuBu3opa Zr. [lokaxkem, 410 B JeiicTBUTE b
HOCTH ' SIBJISIETCSL IEPHOJIOM 9TOTO JIUBU30DA.

Ilycts b € Zf Takoe, uro b # a u |Re (b—a)| < R+1. Tak kak T IBIAETCH €-II0YTH IEPHOJOM
Zy, Haiinercs Touka d € Zy taxasd, uaro |b+ T — d| < e, u mosromy

[(la=b)—(c—d)|=|d=T —-b| <e.

Tax kak
la—b] <|Re(a—0b)|+|Im(a—0)] < R+ H+1

lc—d| <la—0b+|b+T—-d <R+ H+2,

MBI BBHUJLY BBIOOpa € mojiydaeM, uto a — b = ¢ — d, cienoBarenbuo, d = b+ T'. IloBropum st
paccyzkaenus i Beex b € Zy takux, 1ro |[Re (b—a)| < R+ 1. Ilocse sroro, as Beex b € Z;
taknx, 910 |Re (b’ — b)| < R+ 1 a1 xakoit-mbo touxu b, BeiGpanoit pamee. Ilocste komewnoro
MJIM CYETHOI'O YHCIa IIaroB MbI IIOCTPOMM MHOXKecTBO Z' C Zj Takoe, uto a+ 1 € Z' nus Beex
a€ 7.

[TokazkeM, uro Z' = Zy. Eciu pastocts Zf \ Z' HellycTOe MHOXKECTBO, TIOJIOKIM

Ry =inf{|[Re(a—b)|: a€ Z',be Z;\ Z'}.

Msr nmeem Ry > R + 1, HOCKOJIBbKY B IPOTUBHOM CJIydae XOTs Obl ofHa Touka u3 Ly \ Z'
ydacTBOBaJia Obl B Hallleil Ipoleaype U Mo3TOMY IpuHaexana o6bl Z'. Beibepem o' € Z' n
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b € Zp\ Z' rak, ato Ry < |Re(d — V)| < Ry + 1 n nonoxxum xyp = Re (¢’ +b')/2. Torna s
noboit Toukn ¢ € Z' umeem

= R, +1
Re ¢ — 2| = [Re (c— #) — Re "~ >R1—%2R/2,
u Jts J1o6oit Toukn d € Zy \ Z' nmeem
b —d 1
Re d— o] = |Re (d— ') —Re = >Rl—RlT+zR/2.

[TosTomy mostoca

{z: 29— R/2<Re z<1x¢+ R/2}
He IIepeceKaeTcs ¢ Ly, 49To, KakK Obu1o orMedeno B Jlemme 1, neBosmoxkuo. Urak, Zy = Z' u T
AaBjgercsa nepuojom Zy. Ilpumenus Jlemmy 2, nmosmy4aem yTBepzK/ieHIE TEOPEMBI.

3ameuanue. Tak Kak JUBU30D Zf JI€KUT B TOPU3OHTAJIBHOI 110/10C€ KOHEYHON MIMPHUHBI, TO
nepuost, 1’ ¢ HeoOXOIMMOCTBIO OY/IET BEIeCTBEHHBIM.

OrmeTuM, 9TO B JIOKA3ATE/IHLCTBE TEOPEMbI 3 yIACTBOBAJIA HE BCE BOZMOYKHBIE PA3HOCTU HYJIeH
dyHKIN, a TOJBKO pa3HocTu, He bosbiue, yeM R+ H + 2. [losromy yciioBue TeopeMbl MOXKHO
0CJIAOUTh.

Teopema 4. [Tycmv dan wyaet {z,} dynkyuu f € A (uau xonewnotd skcnonenyuaivHol
CYMMbL) MHONHCECTNEO
{z=2n—2m, |2| <R+ H+2}
Koneuno; 3decv H wupuna 20pu3onmansvhoti noaocsl, 6 komopoti aesicam 6ce nyau, a R maxoe,
Ymo M0bas 6EPMUKANLHAA Noaoca wupurv, R codeporcum xomsa 6w, 0dun wyav. Tozda das f
cnpasedauso npedcmasaenue (2).

SaMeTnM, 9TO yCJIOBHE MTPUHAIEZKHOCTH (DYHKIINN KIaccy A CHATH HEJIb3sI, KAK TTOKA3bIBAET
CJEAYIOIUNA IIpuMep.

[Tyctn

Z ={znp=2"1+1i3" neZ keN}

JCKPETHOE MHOXKECTBO B HOJIOCE S(_so,00) = C. Jlerko BujeTb, 4TO 3TOT AUBU30D ABJIACTCS
[MOYTH IEPUOSMICCKUM, IIPUIEM Pa3HOCTU €ro TOUYeK 00pas3yioT JUCKPETHOE MHOXKECTBO. 3aMe-
THM, 9TO IIPOEKIINA MHOXKECTBa / Ha MHHMYIO OCh He ILJIOTHA B Heil, mosromy 1o Teopeme 1
paboTsl |7| Haiiercs 1etas moYTH TepuoAnvdecKas (PYHKI ¢ TUBU30POM 7, He SIBJISIONIASICS
dyuknnmeit n3 kiaacca A. Jljs Hee, 09eBUIHO, IPEJICTABICHIE B BUAJIE KOHETHOT'O TTPOU3BEICHUST
CUHYCOB HE UMEET MECTA.
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