ISSN 2304-0122 Ufa Mathematical Journal. Vol. 14. No 3 (2022). P. 97{116]

doi:10.13108/2022-14-3-97

ONE-DIMENSIONAL L,-HARDY-TYPE INEQUALITIES FOR
SPECIAL WEIGHT FUNCTIONS AND THEIR APPLICATIONS

R.G. NASIBULLIN

Abstract. We establish one-dimensional L,-Hardy inequalities with additional terms and
use them for justifying their multidimensional analogues in convex domains with finite
volumes. We obtain variational inequalities with power-law weights being generalizations
of the corresponding inequalities presented earlier in papers by M. Hoffmann-Ostenhof,
T. Hoffmann-Ostenhof, A. Laptev and J. Tidblom. We formulate and prove inequalities
valid for arbitrary domains, and then we simplify them substantially for the class of convex
domains. The constants in the additional terms in these spatial inequalities depend on
the volume or on the diameter of the domain. As a corollary of the obtained results we
get estimates for the first eigenvalue of the p-Laplacian subject to the Dirichlet boundary
conditions.
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1. INTRODUCTION

The present paper is devoted to the generalizations of a Hardy type inequality proved by
V.I. Levin in paper [I]. Namely, this is the following sharp inequality
1

/%dt < /y’Q(t) dt, (1.1)

0 0

valid for each not identically zero absolutely continuous function y such that y(0) = 0 and
y' € L*0,1]. We are going to establish L,-analogues of (L.1).
An interest to inequality (1.1)) is due to the fact that it is a strengthening of the classical

Hardy inequality
1

/@dt < 4/y’2(t)dt (1.2)

0 0
on the unit segment for the same class of functions. The constant 1 in inequality and
constant 4 in (1.2]) are sharp but there exists no extremal function, on which these inequalities
become identities.

It should be noted that close to inequalities are also employed to establish sufficient
conditions for the univalence of meromorphic in a circle functions in terms of an estimate
for the absolute value of the Schwartz derivative. At a first glance, it is rather complicated
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to understand how the Hardy inequalities for absolutely continuous functions are applied in
justifying the sufficient conditions for the univalence of analytic functions. It turns out that
there exists a relation, see [2]-[5], of the univalence of the function with a non-oscillating of a
solution to special differential equations, which is close to Hardy type inequalities.

We can easily transform the weight function ¢t72(2 — ¢)~2 and rewrite (1.1) as

/ ytgt)dt+ 2/ t(y2 %d”/ (2y _(?)2 <4/ v, —

which clearly shows how inequality is strengthened: by means of additional terms. In
recent decades, plenty of works were published devoted to inequalities with additional terms,
see, for instance [6]-[24], but in the literature, and even in paper [I], this results by V.I. Levin is
almost not mentioned as a strengthening of the Hardy inequality by means of additional terms.

An analogue of inequality ) on the segment [0,2b] for absolutely continuous functions
such that y(0) = y(2b) = 0 is rather interesting by its form and meaning. Namely, this is the
inequality

2bm 2b 20 2b () 2b i |
0/pQ(t)dt+20/—p(t)u(t)dt+0/u2(t) <40/y (t)dt, )

where p(t) = min{t,2b — t} and p(t) = 2b — p(t). A weaker version of (L.1])

[0, [ 0 [
O/pz(t)dt+0/p(t)u(t)dt<4o/y (t)dt (1.3)

was implicitly employed by M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, A. Laptev in paper
[13] for proving the following multidimensional inequality

’gggl d 4|Q|2/n/| z)f*dz < /|Vg(rv)l2dx, (1.4)

valid for all g from a known family of continuously differentiable functions Cj(£2) with compact
supports in an open convex domain 2 C R" with a finite volume ||, where [S"7!| is the area
n — 1-dimensional unit sphere and

‘Sn—l‘:|2/"

n

K(n):n{

Multidimensional inequality has a series of differences from the one-dimensional case:
the integration is made over an n-dimensional domain €2 of the Euclidean space R", the powers
t are replaced by the powers of the function §(z), which the distance from the point z € € to
the boundary 92 of the domain €2, that is,

d(z) = dist(x, 0Q),
while the derivative of the function is replaced by its gradient

V() = (8gg>, - Ggg) |

It is clear that if we succeed to strengthen inequality (L.1/"), then employing an approach from
paper [13] (see also [23], [24]), we can obtain inequalities of type (L.4) with sharper constants.
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In paper [1I] H. Brezis and M. Marcus showed that if Q@ C R™ is a bounded domain with a
finite diameter D(Q then for each function g € Cj(Q) the inequality holds:

0 o+ e [l < [ 199t fas (15)

We also mention a result by F.G. Avkhadiev and K.-J. Wirths from paper [6]. They proved
that for all continuously differentiable functions g with compact supports in a convex domain
Q2 with a finite inner radius 50(9) a sharp inequality

s?2 —v2g? lg(x X 92($) ‘Vg(l’)P }
/ SH T Q) Q/ S()rrima il S Q/ Sy ¢ (1.6)

holds, where s >0, ¢ >0, v € [O, g] and a constant A is a solution to the following Lamb type

equation for the Bessel function J, of order v:

sJ,(A) + gAJL(A) = 0.

The constants (s? — v2¢%)/4 and ¢*A?/4 in this inequality are sharp. We just mention that as

v > 0 there exists an extremal function, on which the identity is attained, while for v = 0
F.G. Avkhadiev and K.-J. Wirts constructed a minimizing sequence, by which they showed the
sharpness and unattainability of the constant.

Following papers [6]-[8], we call the quantity A a Lamb constant, see also [16]-[I18]. Let us
clarify the name “Lamb constant” and “Lamb equation”. The matter is that a particular case
of this equation was first considered by H. Lamb in paper [26]. Later it was developed and
called in this way by F.G. Avkhadiev and K.-J. Wirts in paper [6]. This is the reason why we
call general equations of such form parametric Lamb equations, while its roots are called Lamb
constants.

A problem on adding an additional term in the Hardy inequality is related with classical
estimates for the first eigenvalue A;(Q2) for the Dirichlet Laplacian and the following Poincaré
inequality:

) [lg@)Pds < [19g@)Pds vy e Clie)

Poincaré estimate () > 72/D?*(Q) and a famous isoperimetric Rayleigh-Faber-Crane in-
equality are well known:
w?/n

A(€) > |Q|—2/n¢7}21/271,

where j, is the first zero of the Bessel function J, of order v, see |28§].

As a corollary of this result by M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, A. Laptev,
the first eigenvalue A;(Q2) of the Laplacian in the case of convex domains with a fixed volume
can be estimated as follows:

1 K(n)
AM(Q) > - :
1(©) > 4102/
In the present paper we improve the constant in the previous estimate more than in three times.
Namely, we obtain that

5X2K(n)

AM(Q) > —=5,

where A\; =~ 1.25578.
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Avkhadiev-Wirths inequality (L.6) in the case of n-dimensional convex domain is a second
way of proving well-known estimates for the first eigenvalue A;(Q2) of the Laplacian, see [27]:

2 2

= .
403() — D*(Q)
In paper [22] J. Tidblom established L,-analoigues of the results by M. Hoffmann-Ostenhof,

T. Hoffmann-Ostenhof, A. Laptev. For each function g in an appropriate Sobolev space as
p > 1 the following inequality was proved in a convex domain )

(29;1): |§£2|)p \Q\p/n /’9 IPdr < /!Vg(x)lpdx, (1.7)

wp gy = PP (ISTTINT VAL (5)
o0 =25 (50) Femrey

The symbol I' denotes the Euler Gamma function. In particular, as p = 2, J. Tidblom has the
constant from inequality (|1.4)):

A () >

where

1 K(n)
40P/

It was shown in work [12] by S. Filippas V.G. Maz’ya, A. Tertikas that in convex domain
QCR'asl<p<nandp<g¢g< a sharp constant C'(€2) in L,-inequality

a(2,n) =

np’

(2%) Eﬁ@’)pd“am / lg(w)|"da pq< / Vg(x)[de

can be estimated from two sides by the inner radius as follows:

n—p_ 1P n—p_ "2
c1(p, ¢,m)(00(2))"" 0 = C(Q) = calp, q,1)(60(R2))" " 7,
where ¢;(p, q,n) and cs(p, g, n) are some constants, the existence of which was justified.
Similar to the Ls-case, the problem on adding an additional term in L,-inequality is related
with estimates for the first eigenvalue A,(2) for the Dirichlet p-Laplacian and with the following
Poincaré inequality:

Q) / 9(e)Pdz < / Vg(x)Pdz Vg € CHQ).

As a corollary of the result by J. Tidblom we obtain

(p— 1P /ISP VAT (B2) 1
() 2 pP ( >

) TEDT R

It is interesting to the compare the results of this paper with inequalities from [20], [23]
and [24]. For instance, in paper [24] there were obtained a generalization and strengthening of
inequality , but as a corollary the authors obtain the same constant a(p, n) in the additional
term. In paper [20] the constant a(p,n) is strengthened as p > 2. As a corollary of our main
results in the case p € [2,pg] with py ~ 2.314, we obtain sharper estimates for \,(£2). Namely,
we show that

X (p— 1P (SN VAT (BE) 1
MO 2T ( n ) (2T () 10

where \; is a first positive root of Lamb type equation
(p—1)Jo (M) = 2M 1 (M) =0, Ay € (0, jo).
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Thus, in the present paper we establish L,-versions of (l.1) and apply them for justifying
spatial inequalities of form (1.4]), (1.5)) and (1.7]) with better constants in the additional terms.
As a corollary of the multidimensional inequalities we obtain estimates for the first eigenvalue
Ap(€2) of the Dirichlet p-Laplacian.

2. LAMB EQUATION AND LAMB CONSTANT

In this section we provide needed preliminary facts. They mostly concern the properties of
two special functions.

2.1. First function. Suppose that ¢ € (0,00), s € (0,00) and v > 0. We consider a function
F, s 4 introduced as follows:

Froalt) = /@ = 1), (A (55) ) C te

where the constant A is a first positive solution of Lamb type equation
(s —1)J, (\) +2g T (N) =0, Xe(0,7,), (2.1)

for the Bessel function J, of order v. We recall that the Bessel function can be defined by a
converging series

> (_1)]€t2]€+l/
J(t) = .
103 g

Hereinafter byh j, we denote the first positive root of the Bessel function J,. A detailed infor-
mation on the properties of the Bessel functions and its zeroes can be found in the monograph
by G.N. Watson [25].

We mention just some properties of this function, which we shall use in what follows. For
instance, it is known that

a) u(t) = J,(t) is a canonical solution of the Bessel differential equation:

U (t) + td (8) + (8 = v?) u(t) = 0;
b) for sufficiently small ¢, the following asymptotic formula holds:

gt (3

We proceed to some properties of the function F), ;.. In view of the definition of the Bessel
function, we have F, ; ,(t) > 0 for sufficiently small ¢ and

A (ﬁ) € (0,5,)

for ¢ € (0,1]. This is why F, ,,(t) is strictly positive also for ¢ € (0, 1].
Straightforward calculations give the following expression for the derivative of this function:

_s 3(2 — t) —t ¢ : —t% —t :
tl QF, t:— v )\ P >\ , )\ ’
voall) = =5 5= ( (2—t> >+q (2—t)é+é“]”< (2—15) )

For the convenience we rewrite this identity in a more compact form:
V(E)F), o (t) = w(t)J, (2(1)) + 22(2)J, (2(1)) ,

where

N

v(t) ¢ w(t) = — . t+;

2—-1

2t1=3,/2 — 1 2
= b t S+ 5 and z(t):)\( t )
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For each fixed ¢ € (0, 1] we consider a Lamb type equation
w(t)d, (2(t)) + 2z(¢)J,, (2(t)) = 0.

In paper [6] F.G. Avkhadiev and K.-J. Wirths showed that the solution z(¢) of this equation
increases monotonically as w(t) increases and z(t) < j,. Since the function w(t) is decreasing,
we obtain that the solution z(1) = A of the equation

w(1)J, (2(1)) +22(1)J, (2(1)) = 0

is minimal and lies in the interval (0, j,). This fact will be employed essentially in what follows.
For instance, this implies that F,  (t) >0ast € (0,1) and F,_ (1) = 0.

V787q V787q

Indeed, we have F,  (t) > 0 for sufficiently small ¢. If we suppose the opposite, that
F! . (t) < 0 for some ¢, then there exists a point ¢, € (0, 1), for which F) (ty) = 0, i.e., there

l/’s)q V?'s?q
exists a solution z(tg) < z(1) = A of the equation

This contradicts the minimality of A.
Employing a formula relating the Bessel function with its derivative, see, for instance, [25],

v

T(2) = Jor(2) = Z(2),

we obtain:
Foag®) _s@-t)—t . " T <)\(2L_t)5)
Fuad®) ~ 20 =0T 5 (3 (0))
seen-t_ 2ot ot La(AEH))
22—t Tt T e, ()Y

Therefore, Lamb equation (2.1)) can be rewritten as follows:
(S - 21/(] - 1)‘]1/()‘) + 2(])\J,,_1()\) = 07 A€ (Ovju)

Applying property a) of the Bessel function, we also have an identity for the second derivative
of the function F, ; ;:

F;/s t F;s t 2 _ .22 4 —1¢ 4)\22
F,s4(1) tF, 54(t) t t(2—1t) (2 —t)2ta
Finally, employing the expansion of the Bessel into a series, we obtain:
tE (t
veqll)  s+ug (2.3)

1 =
0 Fuagt) 2
see also [6]-[8] for more details.

2.2. Second function. Now assume that ¢ € (0,00) and s € (0,00). We shall also need a
function ®,, defined as follows:
) , tel0,1],

s t
S, (t)=t2Jyp | M | ——
A1) 0(1(2_t)

where a constant )\ is a first positive solution of the equation

sJo(A) —2gAJ1 (M) =0, Ay € (0, Jo)-

N
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) e (v (55) )

We rewrite the latter identity as follows:

Straightforward calculation give:

22 — DI ED (1) = 5(2 — 1)y ()\1 (L>

2 —t
)

N

Here we have employed that Jj(z) = —Ji(2).

v(t)D (1) = w(t)Jo (2(t)) — 22(£)J1 (2(1)) ,

where

I \G]

v(t) =
For each fixed ¢ € (0,1

q q’
we consider the equation

w(t)Jo (2(t)) — 22(t)J1 (2(t)) = 0.
By analogy with the function F, ,, since the function w(t) is decreasing, we obtain that the
solution A; = z(1) of the equation

w(l)Jo (2(1)) — 22(1)J; (2(1)) =0

Q-3 wit)=—"t+= )=\ (—) :

—

is minimal.
It is clear that @, ,(0) = 0, ®,,4(t) > 0 and @ () > O for sufficiently small #. Employing the
definition of the Lamb constant \;, we have
DL (1) =0, P(t)>0 as te(0,1], @ (t)>0 as te(0,1).

It should be also noted that applying property a) of the Bessel function, we can obtain the
following identity

T T (T
| +<1_S)7—:___——A1q2 ST v
( - ) JO ()\1 (ﬁ)2>

1D, () A2 1292 — f)2H
in which, as we shall show, an increasing as z € [0, 2] function J;(2)/(2Jy(2)) is involved.
The following statement holds true.

Ji(t)
tJo(t)

Lemma 2.1. A continuous function h(t) = is increasing as t € [0,2] and

1
inf h(t) = =.
telfég] *) 2

Proof. Let us show that A/(t) > 0 as t € [0,2]. Employing the following known identities for
the Bessel function and its derivative, see, for instance, [25],

Jo(t) = — (1), tJ{()—J1<)=—th( )
JE(t) — Z 2 + 25) J3 (1),

we get

tJy(t) Jo(t) — Ju(t)Jo(t) — tJo(t) i () Jo(t) (tJ1(t) — Ji(t)) + tJE (1)
t2Jg(t) N t2J2(t)

h'(t) =

Therefore, the function h(t) is increasing and taking into consideration property b), we find:

inf h(t) =limh(t) = =

te€(0,2] t—0
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In view of this lemma we obtain:

o7, (1) Poglt) 8 Mg Mg !

1-— < - ——
5,0 TV, m S T T i 2 @i
Employing also the expansion of the Bessel function into a series, we have
1@, s

im —4+2- = —.
=0 Dy (1) 2
3. ONE-DIMENSIONAL INEQUALITIES

In this section we obtain one-dimensional inequalities on the unit segment [0,1] and on a
segment of form [0, 2b]. We shall essentially employ the properties of the functions defined in
the previous section.

The following statement holds.

Lemma 3.1. Letp > 2, s > 0, ¢ € (0,+00), v € [0,s/q] and an absolutely continuous on
the segment [0, 1] function y be such that y(0) =0,

Y (O € 170, 1],

Then the inequality holds:

1

v YO, [WOF (| 1-rep-or e e

(s2 — L2q2)P/? ps—pt1 07 [ sl 22— 12222 —1)2 ' 2 — 122 (2 —t)Hd ’
0 0

where X is the first positive root of the equation
JV,1<Z) _
Ju(2)

Proof. Without loss of generality we can assume that y is a positive non-decreasing function.
Indeed, if g is an arbitrary absolutely continuous function such that ¢g(0) = 0 and

= [l yar

—1—-2vqg+ s+ 2qz

and the identity holds:

with some constant C'; and weight functions w and v, then due to the identity

) < / @l =y(), (1) =190,

we have an inequality for an arbitrary case:

/! )[Pw(t) /yp Cl/by’p(t)v(t)dtzCl/b\g'(t)lpv(t)dt
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It is easy to show that

1
2
v (o 2 F,4(0)
0K P:= 2B Ly (t) ) dt
!t“ yW)pmMm“)
1 1 1
_/M%)” " {/ ”q +4/yp H@tt
o ys 1 E z/sq ts 1 y E ts—1 ngqt ’
0 0 0

Integrating by parts, we obtain:

p:jﬁi@iﬂﬁ_wmﬂmﬂpm 1) a0

S FroaD) 0 671 Foug (0
1
1[0 (Flglt £
+—/y§) q(>+(1—) al¥) dt.
# ) T\ Foy®) Foall)
0

Employing the definition of the constant A\, we find:

yp(l)i:z,zgi = ypél) (—1 —2vq+ s+ 2q>\J3;(1§\;\)) = 0.

For each absolutely continuous function y : [0,1] — R such that y(0) = 0 and
[y @O0 e 17[0,1]

by applying the Hélder inequality we obtain:

t p—1

t p t t
-1 ,
, s—pt1 ()P (p=1\"" ., [ ()]
Jwenar | < | [ | [ B - () e [ 2
0 0

0 0

Therefore, taking into consideration (2.3]), we get:
y(t) Flsqt) _
im 2\ — =
50 1571 F g q(t)
Employing identity ({2.2]), we obtain:

1

1
p—2 2 D 2 _ .22 4 — 422
pQ/y it)zl/ (t)dt>/y(t)(s V41— t | § Nq )dt
0 0

ts-1 2 t2—t)2 " 279(2 — 1)+

Thus,
1

1
/y / yP(t) 1 — 2?4t N 4N2q2t12 it
_ 1/2 2 ts— 2 ts— 1 2 _ 1/2 2 t(2 _ t>2 (82 _ 1/2q2)(2 _ t)2+q :
0

0

Applying a theorem on arithmetic mean written in the following form [29]
p1+p.
aplbm < (pla +p2b) 1TP2 |
P1+ D2
for the quantity
p— P y" ()

ts (82 _ V2q2>p/2 tst+1-p’

2
pp=1—— and py,=-—
p
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we have

1 1
P / v 4y s / y (1 1= 4t N
- 2 22— 2t(2—1)2 (2 —v3A)(2—1t)%te)

(s2 — 12g2)p/2 | ts—pHl ps—1
0 0
This completes the proof. O
As s=p—1and ¢ =1, by Lemma we obtain the following statement.

Corollary 3.1. Letp > 2, v € [0,p— 1] and an absolutely continuous on the segment [0, 1]
function y be such that y(0) =0, |y/(t)| € LP[0,1]. Then the inequality holds:

1 1
P 1 -2 4 — 2pA\2
o [ [ U0 (L, o ‘. P\ )a
0 0

w2 \ & oy D A2 02 (p— 1) — 2@z — 1)

where ¢, = pP((p — 1)2 — v2)"% and X is a first positive root of the equation

Jp_l(Z)
—-1-2 2 =
v+ s+ sz(z) 0

We proceed to inequalities on a segment [0, 2b] in terms of the functions
p(t) =min{t,2b — t} and p(t) =20 — p(t).
The following theorem holds.

Theorem 3.1. Assume that 0 < b < oo, p € [2,00) and v € [0,p—1]. Ify:[0,2b] — R is
an absolutely continuous function such that y(0) = y(2b) = 0 and |y (t)| € LP[0,2b], then the
following inequality holds:

/w . ry<>r (I — -

)\ p@ut) - prt)  2((p— 1) —v?) Rt
where
P p(2+ %) — 212 p(1+2X?) — 202
cp = 7 C , Co =
T R (R VAR %)
and X is the first positive root of the equation
J?_l(Z)
19 2 -
V+s+ 2z 7.(2)
Proof. The inequality in Corollary [3.1] can be transformed as follows:
1 1
P (1 C1 Co pA? t
o [ W) 2\ ie—0 T 2- T AGp-1 - -0
0 0

By means of the Change of variable t = 7/b in the latter inequality we obtain

ar s [P (1@ e P '
/'y i [E55 (54 i m o  a— mae)

Comblmng the latter inequality with the following corresponding inequality on the interval
[b, 20]

2b
. ly(T)|P 1 c1 o pA? 2b— 1
Pir > -
o [Worar> [ G (Gt rmm 5wt )
b b
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for a function y € C'(b, 20) such that y(20) = 0, we arrive at the statement of the theorem. [

In what follows we shall apply the properties of the above introduced second function for
justifying the following auxiliary statement.

Lemma 3.2. Letp > 2, s > 0, g € (0,400) and an absolutely continuous on the segment
0, 1] function y be such that y(0) = 0,

Y (O € 17[0,1].
Then the inequality

1 1
WO, s [l@F ( 20ep 1 pAg
fs—ptl = PP tstl s2 (2 _ t)2+q 52 (2 — t)2+q

0

holds, where \i s the first positive root of the equation
sJo (A1) —2gA1J1 (A1) =0, A1 € (0, jo)-

The proof is similar to that of Lemma [3.1]
For ¢ = 1 we have:

Corollary 3.2. Let s > 0, p > 2 and an absolutely continuous on the segment [0, 1] function
y be such that y(0) =0,

|y (1) € L*[0,1].
Then the inequality

1
t8+1—p /
0

holds, where X\ is the first positive root of the equation
sJo (A1) = 2M1 1 (M) =0, A1 € (0, Jo)

Theorem 3.2. Assume that 0 < b < oo, p € [2,00) and v € [0,p—1]. Ify:[0,2b] — R is
an absolutely continuous function such that y(0) = y(2b) = 0 and |y'(t)| € L?[0,2b], then the
following inequality holds:

2 2
'(t)[P O (1 1 1 2p(t
<E>p/ |y1( )| dt > |y(1)| ( . —i-]izl[ n 23 n ;g( )})dt,
N U R DAV O ES VOO ORI
where A\ 1s a first positive root of the equation

SJO ()\1) — 2)\1J1 ()\1) = 0, )\1 € (O,jo)

1

G
| V)

1 2>\2 2
_ 1]?; + Z& 1 dt
s2 t(2—1)3 52 (2—1)3

Proof. The inequality in Corollary B.2] can be transformed as follows:

/' HiFde > ‘yt( e (t12 - Zﬁ L(zl— 0 (21)2 e itt)?’}) d.

In the latter inequality we make the change of the variable t = 7/b and we get:

o) [ [0 (10 [ 2 ]
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Combining this inequality with the following corresponding inequality on the interval [b, 20]

%
I / ly' ()| / ly(7)[? 1 pAT 1 3 2(2b—1)
WL s PA_ - 2 AT
2b — T)sti-p 4 (20 — 7)s=1 \ (2b—7)? * 252 | 7(2b— 1) + T2 + T3 T
b

for a function y € C'(b, 2b) such that y(2b) = 0, we arrive at the statement of the theorem. [J

4. MULTIDIMENSIONAL INEQUALITIES

In this section we obtain multidimensional analogues of Hardy type inequalities in arbitrary
domains in terms of the mean distance. The mean distance are sometimes called Davies dis-
tance. The obtained inequalities become simpler in convex domains.

We first introduce main notations used in the present section. Let {2 be an open connected

proper subset in the Euclidean space R", n > 2, dS" ' (v) be an area differential of the unit
dsn— 1

T 1‘ ) be a normed measure on the unit sphere. For each point x € €,

sphere and dw(v) =
v e S by

7,(z) :=min{s > 0:x +sv & Q}
we denote the distance from a point x to the boundary of the domain {2 along the vector v,

d(z) = inf 7,(2)

vesn—1

is the distance from a point x to the boundary of the domain €2,

pu(x) := min{r,(z), 7_,(z)}, () := max{r,(z), 7_,(z)},
D,(x) :=7,(x) + 7_,(x), D(Q) = GQSUE%TH D,(x),

and the mean distance is the quantity, see, for instance, [23]

—\/EF(”TJFP) Pr)dw(v
rEmr J e

Sn—1

By || we denote the volume of the domain 2 and €, stands for the elements in the set €,
which are visible from the point .

In what follows, for proving the theorems, we apply an approach from paper [13], see also [22]-
[24].

Assume that g € Cj(2) is a real-valued function. By 0, we denote a partial derivative
along the direction v. The arguing by E.B. Davies, see [3()], together with the one-dimensional
inequality in Theorem [3.2] give

(WM 9@l pA o) (L e,

AR prti(@) T 252 ) pyi(a) \pu(@)m(z)  pd(z) (@)
Q Q

We integrate this inequality with respect to the normed measure dw(rv) and use the definition
of the derivative along the direction

09| = |v - Vg| = [Vg| cos(v, Vg)|

and we obtain

5 flowr [ B [ | b

2;/' /‘sim(m@mxw+u£w+z%;)““””

(4.1)
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In [22] J. Tidblom showed that as p > 1, the relations hold:

B(n,p) / | cos(v, Vg)[Pdw(v) =

Sn—1

/1 (%(gj)ydw(u) > [|S” 1||Q |] _p/n,

Sn—

and A.A. Balinsky, W.D. Evans, R.T. Lewis established in [23] the following estimates

S > ] [ > 3 [

Below for p > s+ 1 we consider four cases.
Case 1: s € (0,1]. Employing the definitions of the functions p,, i, and applying previous
four formulae, we obtain

—2/n

dew(v) o) s [0 g ]
Sn[l P () o () >Sn[1 pu(x)ul,(x)d (v) = 0(x) _’Sn,”mx!_ ’
dw(v) py (@), v 80@) | 1°m
SKPT@M@Vilﬁ%ﬂdU> T
Py "(x) > () 2 \* 25 (x) [ n -2
/ wlep 2 / (mm) w2 52 [
Therefore,

() oreisen [19sepas o [ pﬁf&dw

5pA3 (1SN [ lg(@)P8'(x) \pa“ A3 (SN 5%()
2 452 < n / 10, [2/7 T+ ]2 n /|g< )P Q. |3/nd :
Q

Case 2: s € (1,2]. Similar to Case 1 we have:

[ wone / <py<i?fifix»2dw<v>> / (DV2<Q>)S+1d“<”)’

S

sn—1 sn— sn—1
/ T ‘11/ (o) dw('/)’s/l o s LU

We hence obtain

(&) o ”p/ Vele 'pdf”‘/ ol / G

TpAL (ISPTHN [ lg(@) P PAL (IS M\ " 0> (z)
> - - — - —
~ 852 ( n J et 852 n Q/|g( )" [e |3/nd

3

|Qa]
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Case 3: s € (2,3). Since the estimates hold

[ e | wisugro [ (o) o)

sn-1 sn-1 sn—1
Jwonmi) mm) o0 | moemsleme]

in this case we have the inequality

() o) ”p/ Vele 'pd””‘/ st [ St

S§n—1
2 n—1 T p
21121(@ |> [t
S n J Q|

Case 4: s € [3,400). Similar to the previous cases we obtain

/ #L)U >/ <py<i§isifix>>2d“<“> g / (Dim) ),

Sn—1 sn—

/ %) 2/ <pygf>pis}fil>>4dw(”> >/ ( DVQQ)) ),

S/ %i/ )2 ¢ |l
Therefore,

(2) e r@ ) [19gtards = [l [ L5

Q Q §n—1
lg(z)|P
rdx

s+1
S 9PAT (IS
7 4g2 n

Thus, we have established a theorem.

Theorem 4.1. Let Q be an arbitrary domain in the Euclidean space R™, g € C(Q), p > 2
andp > s+ 1. If s € (0,1], then the inequality

(2) o) ”p/ Voo 'pdx‘/ ol / ek

[P e
Q

3

L AT (18" 1\ ”/\g )5t ( +pA2 s" ]
> 4 |, |2/ 852 n
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holds. If s € (1,2], then the inequality

(B) D@ [ Wawrds - [lor [ 25

S
Q Q Sn—

A2 /Sl sl P ARG 2 525
Q

=
852 n 852 n

holds. If s € (2,3), then the inequality
E P s+1— p p . ( )
(5P ”p/'vg P /'g /mﬂ()df"

S
2 n—1 7 p
04 (1 \) lo@)p

/ 52 n ‘Q s+1

holds. If s € [3,+00), then the inequality
p P ysti- p p — ( )
()P “’/’Vg e /’9 /pw()dx

S
2 n—1 P
2y (|S |) )l

452 n ’Q’n

holds. Here Ay is the first positive root of a Lamb type equation
sJo (A1) —2gA1J1 (A1) =0, A1 € (0, jo)-

If we let p < s+ 1, similar to the proof of Theorem we get the following statement.

Theorem 4.2. Let Q be an arbitrary domain in the Euclidean space R™, g € C3(Q), p = 2
andp < s+ 1. If s € (1,2], then the inequality

() o [ 55505 / ot / Gok

0
¥ (s oo ¥ gy 2 (15 /| 7
~ 8s2 n \Q ‘sj{l 832 192, |3/"

holds. If s € (2,3), then the inequality

@)pB(”’p)Q ke / o / e (5 1’) /

Q

holds. If s € [3,+00), then the inequality

(%) B, 2 ;Z‘?p de _/| /pi*l((y>>dx>gfj<gn 1|) /

S
Q

w
=
=

holds. Here Ay 1is the first positive root of a Lamb type equation
SJO (/\1) — 2(]/\1J1 (/\1) = 0, )\1 € (0,]0)
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Previous theorems can be considered in narrower classes of domains. We can suppose that
the domain €2 is regular in the Davies sense or to impose the external cone condition or the
convexity condition. In these cases the formulae simplify essentially, see for more details [20],
[23]. For instance, if Q is a convex domain, then |Q2,| = || and, as it was shown in [22], the
inequality holds:

dw(v) _ B(n,s+1)
/ pifa) ~ )

As corollaries of Theorems [1.1] and [1.2] we respectively obtain the following statements.

Theorem 4.3. Let Q be a bounded conver domain in the Euclidean space R™, g € C3(Q),
p=2andp>s+1. If s € (0,1], then the inequality

(5) prr@)Bnp) / Vg(@)Pde — B(n,s+1) éfffilf) da

2 3
5pAT (IS" N\ [ lg(=)f? AT (IS [ lg(@) P
> de + P21 d
152 \ njQ)] 5 1(0) " T’ \ 5—2(x) "

Q Q

holds. If s € (1,2], then the inequality

(1—9>pDS“’p(Q (n,p /]Vg )|Pdx — B(n,s + 1)

S
A (157 / pv SN L gl
> )|Pdz d
852 (nym g(@)lde + o5\ T 5 2(x) ™"
Q

holds. If s € (2,3), then the inequality

(1—9>pD5+1_p(Q (n,p /]Vg )Pdz — B(n,s+1)

S
2 |Sn 1|
2_1 pd
(TLIQI) /|gx| !
Q

holds. If s € [3,+00), then the inequality

@)p D177 (Q) B(n, p) / IVg(z)[Pdz — B(n,s + 1) (lgif()ﬁ; da
Q

9pAT (IS"7
> )|Pd
452\ n|Q| /\g fde

holds. Here A\ is the first positive root of a Lamb type equation

sJo (A1) —2qM\iJi (M) =0, A € (0, jo)-
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Theorem 4.4. Let Q be a bounded conver domain in the Euclidean space R", g € C3(Q),
p=2andp<s+ 1. Ifs € (1,2], then the inequality

(g)p B(n, p) V(@) dx — B(n,s + 1) lg(@)l? dx
Q

o5+1-p(x) 5s+1( )

TpAL (18" Skl lg(x)”
> )|Pdx ——d
852 \ n|Q)] /‘ Pz +5 5 ol /58—2(@ !
Q
holds. If s € (2,3), then the inequality

P\? [Vg(z)” g(x)[” pAL (ISP

L4 AN S P P

<S) B(n,p) 5S+1_p(x)dm B(n,s+1) 5S+1(x)dx > 2 (G |g )|[Pdx
Q Q

holds. If s € [3,+00), then the inequality

P\? [Vg(x)[” |g(x)|” 9pAT (1S /
-] B ———~—dx — B +1 > —— P
(2) B [ £ s = Blus+1) [ issde > S5 (S l9(a)"da
Q Q Q
holds. Here Ay is the first positive root of a Lamb type equation
sdo (M) —2MJ1 (M) =0, Ay € (0, jo).

To compare with known results, we consider the case s = p — 1. The following statement
holds.

Corollary 4.1. Let Q be a bounded conver domain in the Euclidean space R™, g € C}(Q),
p = 2. If p € (2,3], then the inequality

(-25) Bon) [ ot - Beep) [ 1404,

p or ()

p 3
pAT (IS"Y ”/ pPAY (IS [ lg(@) P
> Pd d
so-17 \nia ) ) O T ) e
Q 0
holds. If p € (3,4), then the inequality

520) e et [ 2 (B o

holds. If p € [4,400), then the inequality

(%) B / Ey by ) / gt

Q

holds.
Using the definiftion of A,(£2) and Corollary we obtain one more corollary.
Corollary 4.2. In conver domains Q with a fixed volume as p € (2, 3|, the estimate holds:

TN <p—1>p(|s"—1|>p/” VAl (52) 1
n) TR () e

2

() > 8(p—1)2 pr

where Ay s the first positive root of a Lamb type equation
(p—1)Jo (M) = 2M 1 (M) =0, A1 € (0, Jo).
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Remark 4.1. Numerical calculations show that

2
7p—)\1 >p—1
8(p—1)?
as p € [2,po], where py ~ 2.314.
In in Theorem we let s = 1 and p = 2, we get a result strengthening inequality (1.4

by M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, A. Laptev. The following statement holds
true.

Corollary 4.3. Let Q be a bounded conver domain in the Euclidean space R", g € C3(Q).
Then the inequality holds:

9°(z) BAMIK(n) [ 5 NMO)EMm)n [,
/|Vg /52(x)d$—|— W/g (i)dI—l—W/g (:)3)5(93)d93,

where A\; = 1.25578.

Corollary 4.4. In convexr domains ) with a fived volume
5A2K (n)
Q) > i Sl )

where \; ~ 1.25578.

There is also an inequality with additional terms depending only on the diameter of the
domain. The following theorem is true.

Theorem 4.5. Let Q) be a bounded conver domain in the Fuclidean space R™ and p > 2.
Then for each function g € C}(Q) the inequality holds:

B (2) [ 199 - Bn.p) ‘g,i?';’dx

Q
7p)\2 P p)\2 P

Here )\ is the first positive root of a Lamb type equation
(p—1)Jo (A1) = 2A 1 (M) =0, Ay € (0, o).

Proof. Employing inequality (4.1) and the definition of the diameter of the domain D(f2),
as s = p — 1 by obvious inequalities

1 4 4
Sn/l —Py(x)ﬂy(x)dw(y> >Sn/1 (pl,(x)—i—,uy(x))de(V) P DQ(Q)’
1 1
J > i
we obtain
B(n.p) / Vg(a) Pz — B(n,p) %c@
Z e _7117)2‘Dp /|g |pdx—|— p)Z\Dp /|g )P (2

This implies the statement of the theorem. O
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Corollary 4.5. In convexr domains ) with a fived diameter
Tp\2
2(p —1)°DP(Q)B(n, p)’

Ap(Q) =

where \; ~ 1.25578.

Inequalities similar to the results of this section can be also obtained by using Theorem [3.1]
The arguing and jusfitication are almost the same but the constants in inequalities will be
different. These results sometimes have certain advantages. For instance, in convex domains {2
with a fixed volume one can obtain the estimate

73 K(n)
2 |2/

() >
where j'; &~ 1.84118 is the first positive root of the derivative J;" of the Bessel function J;.
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