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ON NONLINEAR HYPERBOLIC SYSTEMS
RELATED BY BACKLUND TRANSFORMS

M.N. KUZNETSOVA

Abstract. In this work we describe pairs of nonlinear hyperbolic system of equations
Uzy = f(u,ug,uy), where u;y = f% i =1,2,...n, the linearizations of which are related
by the first order Laplace transform. On the base of this Laplace transform we construct
Bécklund transforms relating the solutions of nonlinear systems.

The classical Backlund transform is defined for a second-order nonlinear differential equa-
tion whose solution is a function of two independent variables. The Béacklund transform for a
pair of nonlinear equations is a system of relations involving functions and their first deriva-
tives and it provides a transform of a solution of one equation into the solution of another
and vice versa. The Bécklund transforms preserve integrability. The Bécklund problem is
to list possible Backlund transforms and the equations admitting such transforms.

The Laplace cascade integration method is one of the classical methods for integrating
linear partial differential equations. The Laplace transform is a special case of the Backlund
transform for linear equations. The method used in this paper was previously applied to
nonlinear hyperbolic equations. In this paper, this method is employed to describe systems
associated with Backlund transforms.

Keywords: nonlinear hyperbolic system, Laplace transform, Bicklund transform, lin-
earization
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1. INTRODUCTION

In the present work we make a classification of nonlinear hyperbolic systems of equations of
form
Uzy = f (U, Uy, uy), (uy, = f*, i=1,2,...n), (1.1)
Qxy:F(QanquJ)v (Q;y :Fl7 1= 1,2,...,71) (12)
under the condition that their linearizations are related by the first order Laplace transform.
On the base of the Laplace transform relating the solutions of linearized system, we construct
a Bécklund transform relating the solutions of nonlinear systems (1.1]), (1.2)).
The Laplace cascade integration method is a classical one for integrating linear equations of
form, see [1]-[4],
Uy + a(x,y)vy + bz, y)v, + c(z, y)v = 0.
The Laplace transform is a differential substitution (a change involving an unknown function
and its derivative) transforming an original equation into an equation of the same form. A pair
of differential substitutions gives a transform from one equation to the other and vice versa. A
detailed description of the method can be found in [3], [6].
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In works [7], [8], [9], [5], there were considered nonlinear hyperbolic equations. As a definition
of exactly integrable equation of Liouville type, there was chosen a property of two-sided break
of the Laplace invariants for a linearized equation. In survey [5] there was provided a procedure
of finding a general solution to nonlinear hyperbolic equations based on using the Laplace
invariants. In works [10], [II] there were described the properties of the Laplace invariants of
nonlinear equations possessing differential substitutions.

In work [12] a generalization of the Laplace cascade integration method was proposed for the
case of linear hyperbolic systems of equations. On this base, it was proved that the system of
equations with a vanishing product of Laplace invariants possesses a complete set of solutions
depending on arbitrary functions.

Let us clarify the notion of the Bécklund transform by a particular example. The equations

Ugy = sinu, Vgy = vy /1 — 02 (1.3)

are related by the Béicklund transform
UV = Uy, vy = sinu.

The latter relations ensure the following passage: if u is a solution to first equation ,
then v is a solution to second equation and vice versa. In other words, this is a pair
of differential substitutions relating solutions to non-linear equations. For the history of the
Bécklund problem, see [13]. A special case of the Bécklund transform is the Laplace transform
for linear equations. The Bécklund transform preserving the original equation are used to
construct exact solutions. For instance, soliton-type solutions were found for the sine-Gordon
equation [I4]. In papers [15], [16], Backlund transforms were employed to solve boundary value
problems and construct exact solutions to evolution equations.

A wide class of examples of differential substitutions relating pairs of non-linear second-order
hyperbolic equations can be found in [5], [I0], [T1], [I7], [18]. In work [19], there were described
non-linear hyperbolic equations, the linearizations of which were related by Laplace transforms,
and there were constructed Backlund transforms relating solutions of non-linear equations.

This work consists of the following sections. In Section 2 we describe the systems u,, = f(u)
and , the linearizations of which are related by the first-order Laplace transform. We
construct a Bécklund transform, which relates solutions of nonlinear systems. In Section 3 we
solve the same problem for a pair of systems , . In Section 4 we provide examples.

2. SYSTEMS OF EQUATIONS u,, = f(u) AND ¢y = F(q, ¢z, qy)
In this section we describe all nonlinear hyperbolic systems of equations of form
Ugy = f(u), (ul, =f, i=1,2,...n), (2.1)
Qoy = F(q, ¢, qy), (q;y:Fi, i=1,2,...,n) (2.2)

under the condition that their linearizations are related by the first order Laplace transforms.

First we introduce notation and formulate the assumptions that we will use below. In order to
do this, we consider a scalar equation of form . All identities involving the function u must
be satisfied on any solution of equation . In other words, the letter u everywhere denotes
an arbitrary solution of equation (1.1)). The latter allows to express each mixed derivative of u

by means of system in terms of the variables u, u; = %, U; = g;qf. Therefore, we assume
that all functions are infinitely differentiable and depend on a finite number of these variables.
It is easy to see that these variables cannot be related to each other using equation and
this is why we treat them as independent.

By D and D we denote the operators of total differentiation with respect to the variables

and vy, respectively. The differentiations D and D are defined by the relations

D(UZ) = Uj41, D(I_LZ) :ﬂi+1, UOZZ_L():U, i:O,l,Q,...,
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DDu = f(u,us, ), [D, D] = 0.

On functions depending on finitely many variablezs u, u;, @;, the operators D and D acts as
follows:

b= ZouZ+1 +ZDZl 8uz

The action of D and D on the vectors and matrices is defined by applying this operator to each
their entry.
We consider a linear system of hyperbolic equations
Uzy + a(@, y) vz + bz, y)v, + c(z,y)v = 0. (2.3)

Here v is an n-dimensional vector, a, b and ¢ are matrices of size n x n. System (2.3) can be
rewritten as

Vay + a0, + buy, + v = vy + av, + bvy + (by + ab — k)v = (683/+a) (%—l—b)v—kv:().

Here
k=b,+ab—c. (2.4)
Now it is easy to see that system ([2.3)) is equivalent to system

0 0
(8_35 + b) v_1, (83/ + a) vy = kv. (2.5)

The first equation defines a so-called Laplace z-transform for system (2.3)), which consists in
passing from the unknown v to the unknown v_;. If det(k) # 0, then by second formula ([2.4))

we find:
v=Fk! 0 +a|v_
— 8y L.

We substitute the latter function into original system (12.3)

0 o

Differentiating the identity kk~! = F in the variable z, we obtain k&~ + k(k~ ) = 0, which
implies (k71), = —k~'k,k~!. By using the latter formula we transform system (2.6)) to

kot ((ul)w +a(v_1)y + (kbk™" — kok™") (vo1)y + (ax + (kbk™" — kok™")a — k) vl> = 0.

Thus, by applying Laplace z-transform to system ([2.3]), we obtain system of the same form as
the initial one:

(V=1)ay + a—1(v-1)g + b1 (v_1)y + c1v_1 =0,
where
a_, = a, b_, = (kb — k:z)k:_l, c=a, +b_ja_1 — k. (2.7)

Suppose that the solutions u(x,y,7) and g(z,y,7) of systems (2.1) and (2.2)), respectively,
depend on some parameter 7 and we define functions v = u, and p = ¢,. Then the functions v
and p satisfy linearized systems

DDv = Cu, (2.8)
(DD - A_lD - B_lD - C_l)p = 0. (29)
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Here we have introduced the following notation:

C = <ag§?)> L dg=1,....n, (2.10)

aFl z an y Yz 8F1 , 4z,
A_IZ(M) B_1=( (4,9 qy)>7 0_1:( (4.9 Qy)).
Oqz oqy, g’
Suppose that system (2.9) is obtained from system (2.8]) by applying the Laplace a-transform.

The problem is to describe corresponding nonlinear systems (2.2)) and (2.1). By formulas ([2.7))
the following relations hold:

A_l == 0, B_1 = D(l{?)kil, C_l == k’, (211)
where, in accordance with formula (2.4)),

k=C. (2.12)
According to formulas (2.5)), solutions to system (2.8)), (2.9) are related by the identities
Dv = p, Dp = kv. (2.13)

Theorem 2.1. Let linearized system (2.9)) be a result of applying the Laplace x-transform to
system (2.8)). Then systems (2.1) and (2.2)) are of the form:

Upy = (), oy =C(f (@), (2.14)
where the matriz C(u) is defined by formula and det C' # 0.
Proof. We consider relations . We observe that if
Uy = q, (2.15)

then first formula (2.13) is true. We apply the differentiation D to the both sides of relation
@.15):

flu) = qy. (2.16)
We note that differentiation of identity (2.16)) in the parameter 7 leads us to second formula
(2.13). Applying then the operator D to both sides of relation (2.16)), we obtain

i i1 i 2 ion i
Ty = Jorty + frpuy + -+ funuy, 1=1,2,... n.

Here the vector u', u?, ... u™ should be treated as a solution of algebraic systems (2.16)). Taking
into consideration notation (2.10)), we obtain that ¢ satisfies second equation (2.14]). The proof

is complete. O
Remark 2.1. In the proof of the theorem we have found the Bdicklund transform
q = Uyg, Qy:f<u)7
relating the solutions of system (2.14]).
3. SYSTEM OF EQUATIONS OF FORM Uy = f(u, Uy, Uy)

We suppose that solutions u(z,y,7) and g(x,y,7) to systems (1.1)) and (1.2), respectively,
depend on some parameter 7 and we define the functions v = u, and p = ¢.. Then the functions
v and p satisfy the linearized systems

(DD—AD—BD—C)’U:O, (3.1)
(DD —AD — BD — C)p=0. (3.2)
Here A, B, C, A, B, C are square matrices of nth order:

)
ou) ow) Ou’
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B Fz’ _ Fi _ Fi
A:(a.) B:(a.) c;(a‘), hi=1,...n
g oq] 0q’

Suppose that system (3.2)) is obtained from system (3.1)) as a result of applying the Laplace
z-transform. The problem is to describe corresponding nonlinear systems (1.2) and (1.1)). Then
the following relations

(D — B)v=np, (D—A)p=Hv (3.3)
hold. Here H = —D(B) + AB + C, det H # 0. By formulas (2.7) the coefficients of system
(3.1), (3.2)) should satisfy the following relations:

A=A, B=(HB+DH)H', C=D(A) -BA+H. (3.4)
Theorem 3.1. Let linearized system (3.2)) be a result of applying the Laplace x-transform to
system (3.1). Then systems (1.1)) and (1.2) read as follows:

Uy = ©(u, ur) + N (u)a,
%yzawaﬁng“”>%+«q+Aan)(a@“‘%ZA“”)+8@“‘;ZA“”>xan>-

Here o = (@', ..., o7, A= (\,..., )T, 22 = (890?), Do _ (8_‘Pi>7 N(U) = (fW(U)). At

7 Ou ouJ Ou Bu{ oud

the same time, the vector-function U(q,q1) = (Ul(q,cjl), . .,U"(q,(jl))T is determined by the
system

p(U,q+AU)) = a@.
Remark 3.1. We have constructed the Bécklund transform
q=uy — Au), ¢ = p(u, ur),
relating the solutions to the given systems.
Proof. We apply the differentiation in the parameter 7 to first relation (3.4)):
F;{qkpk + Fqi{q,fplf + F;{-q,,fﬁ]f = fijl-uk.vk + fijl-u,fvf + fijl-ﬂ,f@f.

Hereinafter ¢, 7 = 1, ..., n, we make a summation over repeating indices from 1 to n. We rewrite
the latter relations by using identities ((3.3))

’ k k ] k k k

i =k k i k i k i —k
o s (oo™ [l (v = ")) = Sy a0+ flg g + S0

1

Here hys are the entries of the matrix H. We collect the coefficients at the variables v and of:

Fij r =0, f;Ju% = 0.

91491 1%1

By this we specify the functions f* and F:
Fz(q7 qi, QI) = OZ;;(Q, Cj)qlf + /Bz(Q7 671)a

P, @) = 9, ) + 9 (). (3.6)
We substitute functions (3.5)), (3.6) into third relation (3.4) and we obtain that
Bl + (ap) gt = D(SOZJI-) — ((ap)asat + (B")a) e + hij. (3.7)

The entries of the matrix H are given by the following formulas:

. 7 —r 7 —r 7 r 7 7
hij = =, ay — U Uy + @b + prs +
1u ulul 1 'LLI

u
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Then we substitute h;; into (3.7)), differentiate the left and right sides of the obtained relation
in the parameter and we collect the coefficients at independent variables v5:

P =0, i,j,r=1,...,n.
uyty
Then ‘ ‘ '
V' (u, ) = gi(w)ay + ' (u).
The functions f* defined by formulas ([3.6) become
filu,u,an) = @' (u,w) + gy (w)ay + ' (u).
Denoting ¢* + r® by ¢!, we reduce the latter function to the form:
fi(u’uhdl) = @i(uaul) +g;€(u)ﬂlf (38)
We then observe that if A ' '
¢ =uy = X(u), (3.9)
where X', (u) = gj(u), then the first of formulas (3.3) holds true. Then, by formula (3.8)), first
sought system ([1.1)) becomes
ul, = f' = o (u,uy) + Ny (u)ay (3.10)
or, in the matrix form,

O (u)

Uuq.

Uzy = QO(U, ul) +
We apply the operator D to the left and right sides of relation (3.9)):
(ﬁ = Sol(ua U1>-
In the latter formula we replace u; according to (3.9):
7 = ¢ (u, g+ A(w)). (3.11)
We observe that the differentiation of identity (3.11)) in the parameter 7 leads us to the formula

coinciding with the second of formulas (3.3). And finally, applying the operator D to the left
and right hand sides of relation (3.11)) and expressing u} by (3.9), we get:

qfcy =F'= ¢!, (u, q—+ )\(u)) (qk + )\k(u)) + wi;f (u, q-+ )\(u)) (q’f + M (u) (qS + As(u))) (3.12)

Here the vector function u(q, q;) = (ul(q, Q). u™(q, cjl))T should be treated as a solution to
system (3.11)). In the vector form system (3.12)) can be written as

o = 2l i MOD o+ (g ) (W(U» i MU)) |, (U, i D)) X(U)> |

Here U(q, 1) = (U'(q. @), ..., U(q,@)) " is expressed from system ¢, = @(U,q + A(U)). The
proof is complete. O

4. EXAMPLES OF NONLINEAR SYSTEMS AND
BACKLUND TRANSFORM RELATING THEIR SOLUTIONS

In the present section we provide examples of nonlinear systems, the linearizations of which
are related by the first order Laplace transforms, as well as the Bécklund transform for each
such nonlinear pair.

Example 4.1. A Toda chain of series Ay

Upy = —2e" + €', Ugy = € — 2¢"
and a system

) 1 1 )
Qoy = g(py +2qy)q — g(Qy + 2py)p, Pay = —§(py + 2qy)q + g(qy + 2p,)p
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are related by the Bécklund transform

q = Uy, P = Uy,
qy = —2€" + ", py = e — 2e".

Example 4.2. We consider a system

and a system
Gy =0 -0,  4&,=0(-2¢+2¢), &,=3"q+dd —7).
System (|4.1]) possesses a soliton solution [20]. The Bécklund transform is defined by formulas:

1 _ 1 _ 3 _ .3
q 7u(]j7 q 7uaj7 q 7ux7

1 ul—u 2 —2ul4242 3 _ 3 ul—qy?
q, =¢€ ) q,=e , q, = 3u’e .

Example 4.3. It is known that the following system a soliton solution [20]:

1 ul—u? 2wt
Uy, =€ , Uy, =€ ,
3 (33 — 4) ul—u? 4 _(3 4 3) uZ—ul
Uy, = (3u” —u’)e , Uy, = (3u” —u’)e .
This system is related with a system
1 112 2 20,2 1
UGy =90 —0), Gy=a, —q),

¢, =06 —dYa+ (@ -, ah, =06~ + (¢ —d")g)

by the Bécklund transform

1_ 1 2 _ 2 3_ .3 4_ 4
q _uq;7 q _ux? q _uam q _ucw
1 ul—u? 2 u?—ul
g =e""", g =er,
1_,2 2,1
@ = (3u® —ut)e 7, g, = (3u* —u?)e” .

Example 4.4. As an example we also provide a system
n
() g
Uy, = Uy E a;ju’.
j=1

This system is related with

n
¢, = exp(>_ aiq’)

j=1
by the Bécklund transform
qt Inul
— Al
q" In u?
Q:Z = u,L?Z = 17 7n

Here A = (a;j), i,j =1,2,...,n, is a matrix.
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