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ON A CLASS OF HYPERBOLIC EQUATIONS
WITH THIRD-ORDER INTEGRALS

Yu.G. VORONOVA, A.V. ZHIBER

Abstract. We consider a Goursat problem on classification nonlinear second order hy-
perbolic equations integrable by the Darboux method. In the work we study a class of
hyperbolic equations with second order y-integral reduced by an differential substitution
to equations with first order y-integral. It should be noted that Laine equations are in
the considered class of equations. In the work we provide a second order y-integral for the
second Laine equation and we find a differential substitution relating this equation with one
of the Moutard equations.

We consider a class of nonlinear hyperbolic equations possessing first order y-integrals and
third order z-integrals. We obtain three conditions under which the equations in this class
possess first order and third order integrals. We find the form of such equations and obtain
the formulas for z- and y-integrals. In the paper we also provide differential substitutions
relating Laine equations.
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1. INTRODUCTION
For a complete classification of nonlinear hyperbolic equations

Ugpy = f(xvyvuu Ug, “y)

one needs to classify equations in a special class, which were not studied in work [I], namely, the
following equations:
Ugy = Py + L\ ity (1.1)
Puy Puy
Here p, q are the functions of the variables x, y, u, while ¢ is a function of the variables x, y, u, u,.
In 1926 Laine constructed two equations |2]-[4]

u u u
Ugy = <u—y:v + u—yy> Uy + u_‘l/w\/ux, (1.2)
Uy + Uy Uy
Upy =2 |(u+ Y)Y +uy+ (u+Y u+Y2+u]~ - — ; 1.3
=2 |0 YRy e e Y [V |y

where Y = Y (y), which possessed a second order y-integral w = w(x,y, u, uy, uyy) and a third order
z-integral w = w(z, y, U, Uz, Ugs, Ugee) (D =0, Dw = 0). Here D (respectively, D) is an operator
of total differentiation in x (respectively, in y).

We note that equations and are in the class of equations . Indeed, as

1 1 1

9 p: + I ‘P:]nuy
uU—x U—T UuU—y

q:

YUu.G. VORONOVA, A.V. ZHIBER, ON A CLASS OF HYPERBOLIC EQUATIONS WITH THIRD-ORDER INTE-
GRALS.

© VORONOVA YU.G., ZHIBER A.V. 2023.

Submitted September 13, 2022.

20


https://doi.org/10.13108/2023-15-2-20

ON A CLASS OF HYPERBOLIC EQUATIONS ... 21

equation (|1.2)) coincides with equation (1.1]), while as

pzq:uim, (p:ln{(u+Y)+\/m]

equation (|1.1)) becomes (|1.3]).

In work [5] the following statement was proved.

Lemma 1.1. If equation (1.1)) possesses a second order y-integral, then the function ¢ is indepen-
dent of the variable x.

Hence, the y-interal can be represented as
V_V = DT —l—ﬁ(l',y,T)
and this is why the differential substitution

r= 90(y7 u7uy) - h<x7y7u)7 b= hua (14)
maps solutions of equation (L.1)) into solutions of the equation
DDr+ DB =0. (1.5)

Let us provide differential substitutions (1.4)), equations (1.5 and integrals for Laine equations, see
[2]-[4]. The differential substitution
u

r=In——%4 —— 1.6
(w—z)(u—) o
relates equation (1.2) with the Moutard equation
1 1 .
Tey + 5(33 - y)rxer + 567 =0. (17)
The above equation possesses a third order z-integral
w= o e T b L9
Tog — T2
Then equation (1.2)) possesses an z-integral of form
W="2242 (1.9)
z
where
_ Uy . Uy + /Ug
2(ug + \/uz) u—x
Equation (1.2 also possesses a second order y-integral:
woltw M Lo, 3 ), L
Uy 2 \u—x u—y U —y
A differential substitution
Y Y 2
u—x
maps solutions of equation ([1.3]) into the solutions of the equation
d
oy~ [ (@ Y ()] = 0. (1)

Equation (1.11)) possesses a third order z-integral (1.8)), while equation (1.3]) possesses integral (1.9),
that is, it coincides with the a-integral of equation (1.2)).

It was also found an y-integral of equation (1.3) in the form

V_V:M 1 u+Y
2uy Uy + (u+Y)?

_uy—l—(u—i—Y)Q—l—(u—{—Y) uy+(u+Y)2+u+ (u—i—Y)Q—i—Quy—i—Y"
u—z uy + (u+Y)?
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The aim of the present work is the description of equations ([1.5)) possessing first order y-integral
and a third order z-integral.

2. 2-INTEGRALS OF EQUATION (/1.5

Let us study equation (1.5]) possessing third order z-integrals. We make the change r — u, 8 — —p.
Then equation (1.5)) is rewritten in the form

DDu = Dp, p=p(z,y,u). (2.1)
For the sake of convenience of the presentation we introduce the notations
U] = Uy, U9 = Uy, ce, U] = Uy, U = Uyy,
We note that an y-integral of equation is given by the formula
W =1 — p.
Let W = W(x,y,u,ui,uz, us) be a z-integral of equation . In view of the expression
DW =W, + W, -ty + Wy, - Dp+ Wy, - D*p+ Wy, - D?p =0, (2.2)

it is clear that W,, = 0. It is known that if there exists an integral of order n, n > 2, we can suppose
that it is linear in the higher variable. We let

W = A(z,y,u1,u2) - ug + B(x,y,ui, ug).
Expression is rewritten as
A (pu - u3 + 3puu - rug + 3us - puz + U3 - Puyu + 33 + Puue + 31 Prou + Pews) + DB =0
or
DA+ p,A =0, (2.3)
A (3puuur s + 3uspuz + UiPuuu + 33 Puus + 3U1Prau + Pras) + DB = 0. (2.4)
We consider equation and the first case when A = A(x,y). Then by expression we find that

A
p=——-u+E(x,y).

A
By means of the change u = v 4+ Q(x,y), where —%Q +FE — @y, = 0, we obtain the equation
DDv = D (a(x,y) - v), (2.5)
in which a(z,y) = —%.

Now we proceed to the case when A = A(z,y,u1), Ay, # 0. Differentiating expression in ug,
we obtain
DAy, +2Ay, pu=0
and taking into consideration that DA + p,A = 0, we have
DA 1DA,
i

that is,

Ay, _o
A?
Since we consider a third order x-integral, then

1?47“&21 =a(x), a(x)#0.

Dln

This yields
a(z)

- uy + b(fE, y) ‘
We can suppose that a(z) = 1, and the change u — u — [ b(z, y) dz allows us to represent A as
1
A=—

ul'
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By identity (2.3) we find p, = 0, that is, in this case we have
1 _
A=—, DDu = Dp(y,u).
u1
It remains to consider the case A = A(z,y,u1,u2), Ay, # 0. Differentiating expression (2.3)) in the
variable uo, we find that -
DA, +2p, - Ay, = 0.
This implies B B
DA 1DA,,
pu = - = — = .
A 2 Ay,

Then )
A= uz + b(z,y,u1) (256)
Substituting the found A into (2.3)), we obtain
Puw U3 + 2U1 - Pug + Paw + by + by, - Dp —py - b= 0. (2.7)
Differentiating this identity in the variable u;, we find
2Puu - w1 + 2Puz + Dby, = 0.

Then

Dbu1u1u1 + 2pu : bu1u1u1 =0.
If byyuyu, # 0, then p, = —%Dln buyuiu,- And since p, = —D1In A, we get

_ 1 1
D (ln b 2 In bululm) =0.

Hence, there exists a second order integral, which contradicts to the assumption that the order of the
x-integral is three. Thus, by vy, = 0 and

b:%-u%—i—fy'ul—i—é, (2.8)

where «, 7, ¢ are the functions of the variables z and y. We substitute function (2.8) into equation
(2.7) and we obtain the identities

Pt L5 P =0, (2.9)
2Puz + vy + @ pr =0, (2.10)
Puz + 0y +7 D — 8-y = 0. (2.11)
A solution to equation (2.9)) is given by the formula
p= —206_%“ T k(y), (2.12)
o o

as o # 0.
If a =0, then pyy, =0, py, = M(xa y) and

D(lnA—i—/udy) =0,

that is, there exists a second order x-integral. Thus, if A = A(z,y,u1,u2), then formulas (2.6]), (2.8)),

(2.9)—(2.12) hold true.

To simplify the function p in , in equation we make the change
u=pBy) v+ p,y).
After simple transformations we obtain an equation (v — u)
DDu = D(e" + d(z,y)),
where p = € + d(z,y). Then conditions (2.9)-(2.11) become
1

a= =2, 6 =0, Yoy = =7 Yy dy = 57@/-
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Thus, we have proved the following statement.
Lemma 2.1. Let equation (2.1) has a third order x-integral
W = A(z,y, w1, u2) - uz + B(z,y, u1, us).

Then of the following conditions hold:
A

A=A@y), p=al®y) u a=-— (2.13)
1

A=—, p=py,u), (2.14)
Ui

1 u
A=, b= —uf +qur, p=e’+d(z,y), (2.15)
1
Yoy ==Yy, o= 3

Under conditions (2.13)—(2.15)), identity (2.3)) is true and vice versa, condition (2.3)) is reduced to one
of [213), @.14), (2.13).

We then consider equation in case :
A (Bug - ag + 3uy - agy + Agze - u) + DB = 0. (2.16)
Differentiating by the variable us, we obtain
3a; - A+ DBy, +a- By, =0,

DBy, + 20 - Byyuy = 0.

We note that a, # 0. If a, = 0, then B = B(x) and there exists a first order z-integral W = A - uy.
We also have B,, # 0, otherwise a, = 0.
If Byyu, =0, then

B = a(x,y,u1) - us + Bz, y, u1). (2.17)
By substituting into expression we obtain the relation
BA-az +a-a+ oy + ay (az-u+a-u) =0, (2.18)
A gy + - gy + ag - Buy =0, (2.19)
3A - agy - ur 4+ 200 ag - uy + By + Buy ca-up = 0. (2.20)
Since a, # 0, then «y,, = 0, that is, @ = a(x,y) and expression is rewritten as
3A-a; +a-a+ oy =0. (2.21)
By we find
=L (h e -t 420 o)
Then expression becomes
34 ag, + 20 a, — 6’83/ [alx (Aagys + aam)} —a [alz (Aazyr + aag,)| =0 (2.23)

and v, = 0. Since W = Ausz + aus + 3, we can suppose that v = 0.
By equation ([2.23)) we find « in the form

(60— (32), ) -4

a=— ; , (2.24)
e (1)
Ty

/
the denominator satisfies 2a, — (%) # 0 since otherwise there exists a second order z-integral

W:A<u2—%u1).
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Thus, it follows from (2.21)), (2.22]) and (2.24)) that in the case By, = 0 a third order z-integral
can be represented as

—b E Qzrx
W=¢e"[us— (azus — agzur) — uy |,
Fa, Ay

Qg

/ /
where by = a, ' = 6a;, — (“I”) , F'=2a, — (‘f;”) and the condition
Y *y

E
T 3by + k(z) =0 (2.25)

holds true, where x(x) is an arbitrary function.
Now let By,y, # 0. Then

_ A
DIn By, = —2a = 2Zy

or
Bu2u2 - 7(33) ’ Aza
or
X
B = ")/(Q)AQU% + 5($a Yy, u, Ul)’LLQ + M(IE? Yy, u, u1)7
~v # 0. Then

W = Ausz + %AZM% +eus +
and using the change v- A — A, we can rewrite the integral as
1
W = Aug + §A2u% + cug + U,

where €, p are the functions of the variables x, y, u, u;. Thus,

A2
B = 7u§ + eug + p. (2.26)

Now we write condition (2.16|) for the above function B. We obtain the relations
gy =0, oy =0,

AQG/JTCE + ey az =0, (2.27)
3A4a, + 2A%a,uq + gy + e aur +ea =0, (2.28)
Agry + €0gp + fyy 0z = 0, (2.29)
3Aagzur + 2eazur + puy + oy, aur = 0. (2.30)
We note that a, # 0. By (2.27) we find
e=—A2. 2 4 8(z,y), (2.31)
Qg
while by (2.29) we get
% 2 A2 2 Aa:mv:v + amx(s + ( ) (2 32)
=|—) —uj-— —6 | u z,y). :
M g 2 1 g t 1 YL, Y
In view of (2.31), (2.32)) relations (2.28)), (2.30) are rewritten as
3Aag + 6y +ad =0, (2.33)
azz a
2A%a, — (A2”> — 20 A* " =0, (2.34)
a /, ay
/
3Aags + 20,6 — (A“m n a”a) —a (A“m n “”5) —0, (2.35)
Ay Qg v Ay Qg
1 a 21’ a 2
—2A%a,, + = <”A> +a (“A) =0, (2.36)
2 Ay Qg
y
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vy = 0. We can suppose that y(x) = 0. After simple transformations, relations (2.33)—(2.36) can be
represented as

3Aa, + 0y +ad =0,

/
2a, — (am> =0,
az /,

But if .
2a, — <am> =0,
az /,

original equation (2.1)) possesses a second order z-integral

Since we seek a third order z-integral, such scenario can not be realized.
We proceed to the case (2.14]). Equation (2.4) is written as

3Puua + u%puuu + By + Bu1 (puul) + Buz (puu2 + puuu%) = 0. (237)
By differentiating in the variable uo, we obtain
3puu + DBy, + py - By, = 0. (2.38)

If By, = 0, then py, = 0, that is, p = a(y)u + B(y). In this case there exists a first order z-integral
W =~(y) - uy, where v/ +~-a = 0.
Now let By, # 0, By,u, = 0, that is,

B = a(z,y,u1) - uz + Bz, y,u1).
Expression becomes
3Puu + ay + oy Pyt + apy =0, (2.39)
Ui Puuu + aPuni + DB = 0. (2.40)
Differentiating in the variable u1, we obtain:
Daul + 2py - oy, = 0.
If a, =0, then a = a(x,y) and

3puu + ay + - py = 0. (2.41)
A solution to equation (2.41)) is given by the formula
D= Oy u— 3/1'(1'73/) . e—%au + M(iﬂ,y).
! !
Since p, = 0, we have either
a
k=0, —L=0(y), n=ply)
p=—0(y) u+tpy), (2.42)
or
Q@
R=r(y) 70, —L=0y), a=aly), p=py),
KY) g
p=—0(y) u—3—==-e 3%+ uy). 2.43
) a3 () (243)

In case (2.39)), (2.40)), (2.42)) there exists a first order a-integral W = ~(y) - u;. And in case ([2.39),
. . there exists a second order z-integra. = = 4+ = - Uuy. us, both these situations
(2:40), @2:433) there exi d order a-integral W = 2 + 2@ .4y, Thus, both these situati

are not realized.
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If oy, # 0, then
DlInoy, +2p, =0
or
Dlnozu1 +2Dlnu; =0.
This implies

e(x)

a=— ) (2.44)
U1
In view of the above identity relation (2.44) becomes
3puu + vy + ypu = 0. (2.45)

Since p, = 0, then v = v(y). Equation (2.45]) coincides with (2.41) (o« — 7). Hence, this case also is
not realized.

We finally consider the case By, # 0. Differentiating equation ([2.38)) in the variable ug, we find

DB,,uy + 2Dy - Bugu, =0
or

Dln Byyu, +2DInu; = 0.
This yields

2
u
B =a(x) - (uj) + Bz, y,ur) - ug + y(z,y,u1). (2.46)
Substituting (2.46|) into (2.37), we obtain
(3+20) - puu + (B + u1fuy) - Pu + By = 0, (2.47)
u%'puuu+7y + Pu - UL Yy +puu'U%'5:0- (2.48)
Then 8%1 (B + u1 By, ) = 0, otherwise py,, = 0 and B,, = 0. We find
o(x,
B=c(x,y)+ oy)
U

and substitute the expression for 8 into (2.47). This gives §, = 0 and
(3 +20(x)) - puu +(x,y) - Py + ey = 0.
If3+2a=0,thene=0and g = %af). Now we consider (2.48]):

'LL% * Puuu +7y + Yuq UL Py Py UL 0=0.

For §(z) # 0 we have
Puu = C1Pu + €2,  DPuyuu = 1Py + A2, ¢ = Ci(y), a; = Gz’(y% 1=1, 2.
Since py # 0, then c% = a1, c1c2 = ag and
Puu = C1Pu + €2,  DPuyuu = C%pu + cico. (249)

Substituting (2.49) into identity (2.48)), we obtain the following relations

Yuy = —c%ul — 615, Yy = —01C2U% - 02(5U1.
This implies ¢j = c2. Then

/ 2 /
Puu = C1Pu + €1, Puuu = C1Pu + C1C7.

In this case equation (2.1)) possesses a second order z-integral W = Z—f — ¢1(y) - u1 and this case can

not be realized.
Let §(x) = 0, then 8 = 0 and relation (2.48) becomes

Pu + % + 11
ul (51

“pu = 0.
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Then

v Y,
= p(z,y), 5 =k(z,y), (2.50)

Puvu + /i(fﬂay) + M(l‘a y) “py = 0.

Since p, = 0, then p, = 0 and K, = 0. It follows from (2.50)) that u/ = 2k, v = @u% and
1

Puuu + U(y) “Pu T+ §M/(y) =0.

In this case we represent a third order z-integral in the form
2
us 3 (ug my) o
W=——-—-.[— — - uf.
(/51 2 <u1) + 2 1
Let 3 + 2a # 0. Then by equation (2.47) we obtain

m =1y s — W) (2.51)
Puu + 1Y) - pu + K(y) = 0.

By relations (2.51) we find 4/(y) = k(y). This case is not realized since equation (2.1)) possesses a
x-integral

By

W=y u.
Uy

We finally consider case (2.15). We make the change B = A-C, and then by (2.3), DB = A-(DC —
e" - C) and equation (2.4) becomes

3e - ujug 4+ ul - € + dyyy + DC —e* - C = 0. (2.52)
This yields

DCyyuy +€" - Cuguy, = 0. (2.53)

If Cyupu, =0, that is, C = a(z,y,u1) - ue + S(z,y,u1), by relation we obtain the identity
3ui 4+ uy - oy =0, (2.54)
ul 4o ui+ur By, — B =0, (2.55)
ay + ay, - dy =0, (2.56)
dyzz + @ dgg + By + By, +dz = 0. (2.57)

By (2.54)), (2.56) we find « in the form
a=—3u; +3- /da;(a:,y) dy.
By equation (2.55)), (2.57)) we easily get

B=ui—c ui+p(z,y) u,

where p p
=T 372 [ 4, d
I o T (z,y) dy,

d:ESC !
() 2, o
r/y

and also the relation

holds. Then a third order z-integral becomes

1 d
= R <U3 — Buqug + uf — ;M u1> + 3/d$(x, y) dy
U2 — Uy — Tul x

T

and at the same time,
dpy +2d - dy = €(y) - dy.
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It remains to treat the case Cy,y, # 0. By identity (2.53) we find

()
C’LL2U2 - u2 + b’ SD([L‘) 7é 0

Then

C = (@) ((u2 +0) - In(uz +b) —u2) + a(z,y, ur)uz + Bz, y, w1).
We substitute the latter expression for C' into equation (2.54) and we get ¢(z) = 0, which is a
contradiction. Thus, this case is not realized. As a result, we have proved the following theorem.

Theorem 2.1. If equation [2.1)) possesses a third order z-integral and a first order y-integral W =
u1 — p, then one of the following three cases is realized:

FE
1) p= a(m,y) " u, W = e_b : <U3 - (axu2 - amcul) _ fooe ul) ,

Fa, Ay
/ /
where by, =a, F =6a., — oz , F=2a, — Gaz and condition (2.25) holds;
Yy
az /, ax /,

1 ug 3 (us\?  ply
2)Puuu+ﬂ(y)'pu+§,u/(y):07 W:ul_Q'(> +Q'u%;

3) p=e" +d(z,y), Aoy +2d - dy = €(y) - dz,
1 dyaa
<U3 — 3ujug + U? - le U1> + 3/dz($7y) dy7

2 _ dy
uQ—ul—ful x

W =

where 1(y), €(y) are arbitrary functions.

3. DIFFERENTIAL SUBSTITUTIONS OF LAINE EQUATIONS ((1.2]), (1.3)

In this section we consider differential substitutions relating equations ([1.2)), (1.3). In order to do
this, in equation (|1.2)) we change the variable y by z:

u u u
Ups = <u—zx+u—zz) ux+uj$\/ux. (3.1)

By the differential substitution

Uy

=ln— 2 3.2
" n(u—x)(u—z) (32)
this equation is reduced to the Moutard equation
_ 1
DDr = §D [€"(z —x)]. (3.3)
The second Laine equation
Vg + VU v
Vgy =2 [+ Y2 oy + (v +Y) (U—{—Y)2+vy:| X \/1?—;10 z (v—l—;)2+v (3.4)
y
is reduced by the differential substitution
Y Y (y))?
oo | PHY W) Ve + (0 Y () (3.5)
v—x
to the equation B
DDs=Dl[e’(x+Y(y))]. (3.6)

Let us show that equations (3.6) and (3.3) are mutually related. We let z = =Y (y), then
s(z,y) = q(, 2).
We rewrite equation (3.6) as
Grz =D {(Z —z)et YW

We let InY'(y) = a(2),
r=q—a(z)+In2. (3.7)
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Then we obtain equation (3.3
1

Tey = §D [eT<Z - .%')} :
We substitute (3.2) into expression (3.7)
Uy ,
In——— =¢g—InY' +1n2
n(u—x)(u—z) g- i +ing
make the change z = —Y (y) and we get
s = Yy

2z —u)(u+Y)’
In view of (3.5) we obtain

uy 0+ Y(y) + oy + (v +Y(y))?
20z —u)(u+Y(y) v—7 : (3.8)

We differentiate expression (3.8]) in = and replace u,, and v,y by equations (3.1)) and (3.4). We obtain

the relation
u—x  v—x '

Thus, we have obtained that equations (3.1) and (3.4)) are related by differential expression ({3.8)),
)
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