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INVARIANT AND PARTIALLY INVARIANT SOLUTIONS
WITH RESPECT TO GALILEAN SHIFTS AND DILATATION

E.V. MAKAREVICH

Abstract. In the work we consider a three-dimensional subalgebra embedded in a four-
dimensional subalgebra in order to find the set of solutions and to adjoint them with the
solutions on subalgebras of higher dimension. Although the aim is not reached yet, we
obtain invariant solutions of the rank 1 and partially invariant solutions of the rank 1 and
defect 1. We obtain two submodels being invariant and partially invariant, seven solutions
depend on arbitrary function and nineteen exact solutions.

Keywords: gas dynamics, hierarchy of submodels, invariant solution, partially invariant
solution.
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1. INTRODUCTION

The equations of gas dynamics (EGD)
pDi+Vp=0,Dp+pV-u=0,DS =0, (1)

where D = 0, + @ - V is the total derivative w.r.t. the time, @ is the speed vector, p is the
pressure, p is the density, ¢ = g—ﬁ is the square of the sonic speed and the state equation with

the separated density
p = h(p)S, S is the entropy function, (2)

admit twelve-dimensional Lie algebra of operators Lis [I]. The optimal system of dissimilar
sublalgebras for EGD with state equation is given in [2 Table 3]. By the example of a
five-dimensional self-normalized subalgebra, the hierarchy of EGD submodels was considered
and the graph of all embedded subalgebras was composed. The submodels were embedded one
into another in such a way that the solution of invariant submodel for overalgebra is a partial
one to an invariant submodel of overlagebra [3]. In work [4], we constructed and studied a
partially invariant solution on a four-dimensional subalgebra from graph I's [3].

In the present paper we consider a three-dimensional subalgebra embedded into the four-
dimensional subalgebra from work [4]. Our aim is to find the set of solutions to adjoin them
with solutions on subalgebras of higher dimensions. Although this aim is not attained yet, we
however obtain an invariant submodel of rank 1 and all possible partially invariant solutions
of rank 1 and defect 1. We obtain 23 solutions depending on several constants denoted by the
letters vy, wo, po, Ko, Po, ho, xo, n, C, C;, © = 0,1,2. All the solutions are written up to the
transformations admitted by EGD.
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There is a general fact on the existence of the hierarchy of embedded submodels being
invariant, partially-invariant, or differentially-invariant [5].

2. INVARIANT SOLUTIONS

Consider a three-dimensional subalgebra 3.23 [2] Table 3] with the basis in the cartesian
coordinate system: {t0,+ 0,,t0, + Oy, b(t0, + 0, + y0, + 20,) + t0; — ud, — v0, — WO, +2p0, },
b # 0, b # —1. The point invariants are calculated in work [3| Table 1]. The solution is
represented as

w =t ([ Tu (21)), 0 = (v (1) + ), w = ¢ ([T w (21) + 2), 5

p =t pi(z1),S = ’ﬂ”%sl(iﬁ),p = p(x1), 21 = \ﬂ_”%iﬁ-
Hereinafter we assume p; # 0, otherwise the solution has no physical meaning. State equation
becomes

p1 = h(p)Si. (4)
We introduce the notation
i =uy —b(b+ 1)y, (5)
then substituting , into EGD gives the invariant submodel

Pz, = P1 ((1 —b)(1+b) My — Uy, + b(b+ 1)’2951) ,

U115, = —b(b+ 1) oy,

Wiy, = —b(b+ 1) twy, (6)
Urprg,p1 4 Uiz = —(3b+4)(b+1)71,

U151, = —2(b+1)71S;.

In studying the submodel, several cases appear. If u; = 0, then p; = 0 and the solution has
physical meaning. Let u; # 0. We introduce a new variable s (up to an additive constant) by
the formula

ds = iy "da;. (7)

Integrating system , @, , we obtain the set of integrals depending on five constants vy,
Wo, Po, SO7 h07

3b+4

b b
— =S — =S5 — s
V1 = f()oe b+1 7u)l = woe b+1 ’plxls = ,006 b+1 ,

) (8)
S = Soe_”%sa h(p)xis = hoe_sbb++1 %

If in the latter identity h(p) # const, then the system is reduced to a second order ordinary
nonlinear differential equation

3b+ 2 n T1gs _3bb_:r48 b—1 n b ho _Sbb_:rQS (9)
— = poe 17| ——=x Tigs — 75 e~ o
bt 1, Po b 1lls 1ss b+ 1)? 1P T1s ,

where we introduce the superposition of functions ¢ = (K’h™') o R=Y | and py is an essential

constant which can be made equal to 1 by a dilatation in z;.
3b+2
If h(p) = const, then 1, = zpe” b1 and three cases are possible.
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2 4
1)b#—=,b# —3 Then by means of a shift in s we make zy = 1. The solution to system

@ is determined by the formulae

3b+2
Uy = —21)1 —+ b—|——+107 v = ?)0|1'1 — C]Ti?,wl = w0|x1 — C‘ﬁ,
| C|ﬁ 3b+ 2 | |% (b+2)(3b—|—2)0 (10)
= T1 — = xr1 — - .
4
2) b = ——. By means of a shift in s we obtain o = 1. The solution is determined by the
formulae
Uy = —21’1 -+ 60, V1 = Uo(l'l — C)g,wl = w0($1 — C)%7 (11)
p1 = po(r1 — C) 1 p=—6ppxs — 12poCIn |z, — C|.
2
3) b= -3 Then z;, = C,h = hyC~!. The solution is given by the formulae
uy = —2x1+C v = voe%xl,wl = woe%xl,
(12)

2
p1 = poe” ¢ p = poCe 0 (zy — 39).

Solutions to EGD in terms of physical variables are provided by formulae , in which we
substitute with some solution to equation of submodel @D or ,,. In what follows
we write only the formulae for uy, vy, wy, p1, p.

3. REGULAR PARTIALLY INVARIANT SOLUTIONS OF RANK 1 AND DEFECT 1 DEPENDING
ON ALL SPATIAL VARIABLES

On subalgebra 3.23 we construct a partially invariant solution of rank 1 and defect 1. By the
expressions for the invariants we find the speed and density, at that, the pressure is assumed
to be a general function. The representation for the solution reads as

u=t7 ()0 = () Sy = @) 2,

ey _ b
pP = |t|b+1pl<l’1),p = p([E, Y, Z,t), xr| = |t’ b+1 .
State equation determines the entropy
2
‘t’b+lp1($1) = h(p)S. (14)

Substituting representations and into EGD ({1)), we determine all the derivatives for
the pressure that yields

p =175 (Cay + Coz) + Pla1) + K(2). (15)
After that, EGD casts into the form of an equations system with one independent variable x;
p1((0+ 1) tuy + (b(b+ 1) tay — ug) ury,) = Py, (16)
p1(=b(b+ 1) oy 4+ (b(b+ 1) ey — wy) vi,,) = Ch, (17)
p1(=b(b+ 1) wy + (b(b+ 1)tz — ug) wy,,) = Co, (18)
proypr (b0 + 1) e — ) — 26+ 1)1 = wry, +2, (19)
and the functionally overdetermined identity
WRH((b+ 1) 7Yt 71 (Chy + Coz) — (b(b+ 1)z — uy) Py, + tK+ (20)

+01U1 + ngl) = 2([) + ]_)_1 - plxlpl_l (b(b + 1)_11'1 — Ul) .
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where P is an arbitrary function of z;, K is an arbitrary function of ¢. Consider the case when
the solution depends on all spatial variables: C}? 4+ Cy? # 0. Then by means of identity
we exclude the expression

#7551 (Chy + Coz) = p — P(x1) — K ()

valid due to . We obtain the identity w.r.t. the independent variables ¢, x1, p. We differen-
tiate w.r.t. ¢ to obtain the identity

W (=(b+1)"'K+tK;), = 0. (21)

Suppose the first multiplier in (21) is non-zero, h’ # 0. In this case, by , we determine
the function K = K0|t]b%1 — Co(b+ 1), Ky, Cy are constants. The pressure is written as
p= |t|7b%1(01y + Coz) + P(z1) + K0|t|b%1 — Cy(b+1). Equation becomes

b+1)"(p—P)+Co— (b(b+ 1) a1 — wy) Py, + Crog + Cowy =

= hh/ 20+ 1) = prg o (B0 + 1) —w)) . 22

Here 2(b+ 1)™' — p1,,p1 71 (b(b+ 1) "2y —uy) # 0 since otherwise we get a contradiction in
identity (22). We differentiate (22)) w.r.t. p,
/ J—
(hh/_1> = (b + 1)_1 (2(b + 1)_1 — plxlpl_l (b(b + 1)_11‘1 — Ul)) !
In this identity, the variables x1, p separate and thus, both sides of the identity are constant.
1
By the latter identity we find h = ho(p+ Fy)~, v # 0. If we replace p+ Py by p and hoS by S,
1 1
then h = p~, the state equation becoms p = p~+.S. In EGD , instead of entropy equation, we

can write the equation for the pressure, Dp + ypV - 4 = 0. We substitute function h into (22))
and collect the coefficients at the powers of p. It leads us to overdetermined equations system

, , , as well as

(b(b -+ 1)_11'1 — ul) le + (b + 1)_1P = Chv; + Cowy + Co, (23)
prop (OO +1) ey —wy) = (22—~ +1)7, (24)
Uy, = —(2b+ 24+ H(b+ 1)1 (25)

By we find uy = —(20+ 24+~ 1) (b+1)"'x; + C(b+1)~!, C is a constant. Then equation
(24) can be rewritten as

P, ((Bb+24+y e —C) =277 (26)

4
Suppose now that 3b +2+ 1 =0 in 1) If yv~! =2, then b = ~3 and reduces to
p1,C = 0. The case C' # 0 leads one to a non-physical solution p = 0. As C' = 0, the solution
is determined by the formulae
144(—3312 -+ .CEOQ) ’

1 1
uy = 4xy, v = —101p1_1,w1 = —10201_1,01
1 1)
P = t_4(C'1y + CQZ) + 5(012 -+ 022)p1_1 + K0|t|_3, T = t_4l’.
If v~ # 2, by integrating we arrive at the contradiction C; = Cy = 0.

Let 3b+2+~"1 # 0. As v~ ! = 2, we obtain four solutions with different values of parameter
b.
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1) b = —2. The solution is determined by the formulae
1 1
Uy = —20, V1 = Uo(xl + C) — §Clp071,w1 = wo(l’l + C) - 502/)071,

1
P1 = Po,P = t_Q(C’ly + CQZ) + 2p00(1‘1 + C) + K()t_l + §p0_1(012 + 022),

where z; = t 2z, Civg + Cowy = 2pC.

8
2) b= ~z The solution is given by the formulae

4 3 N 3 _
Uy = ;21,01 = 1203512 — =Cipo 1,w1 = "LU09312 — =Chypo 1,
3 8 8
_8 2 5 9
pr=po,p = [t|73(Cry + Ca2) — 5,0021712 + Kolt] 5 + 07 LC2 + Oy2).

2
where 1, = |t|_§m, Chivg + Cowg + §p0 =0.

3
3) b= —5 The solution is determined by the formulae

1 1
_ _ 3 1 _ 3 1
up = 221,71 = v — 501/)0 , W1 = WoT1” — 502/)0 ;

1
p1 = po,p = [t|?(Cry + Ca2) — pox1® + Kolt| % + 600_1(012 + Cy?).

where 1 = |t| 3z, Civg + Cowg = 0.

5
4) b= -3 The solution is given by the formulae

3
Uy = T, — 50, v1 = vo(z1 + C)

wlot
wlot

C2P0_17

(G2 NI\

2
- g@ﬂo_l, wy = wo(z1 + CO)
4

s 15 3 _
p1=po,p = |t| 3 (Cry + Caz) + — PC(1+ ) + Kot 2+ —po H(Ci2 + C?).

15

where 7, = |t|_gx, Civy + Cowg = 0.

(28)

(29)

(30)

(31)

As y71 #£ 2, the system is solvable only for the following values of parameters b and v~

5) b= —5 vyl = 3 The solution is determined by the formulae

1
Uy =y — 20, v = U0|ZE1 + C|% — 501p0_1|1‘1 + Olé,
3 1 _1 1 _1
wy = wolz1 + CfF = £ C2p0™ |21+ CJ%, p1 = polan + €72,
p=t|(Cry + Co2) + 1200C1 + C2 + Kolt| 2,
where Ir1 = |t|_335, 01"00 + 02w0 = 0, 012 + 022 = 24p02c.

13
6) b= —9 vl = 3" The solution is given by the formulae
7 3 2
Uy = —T1 — —C, V1 = ’UO|ZE1 + C|% — —Clp0_1|$1 + C|%,
4 2 5
1 2 _ 1 1
wy = wolz1 + C v - gczﬂo Yoy + C|2, p1 = polzy + O] 2,
1
p=t|" % (Cry+ Caz) + gpolon + C|2(110C — Ta1) + Kolt| 1,
y 1755
where 7, = |t|’73:)3, Crvg + Cowg = 0, C + C3 = ——piC.

32

(33)



INVARIANT AND PARTIALLY INVARIANT SOLUTIONS... 123

6
Nb=——,7vt= £ The solution is determined by the formulae

8 3 1
Uy = —507 v =vo(z1 +C) — 101/?071’551 + O,
3 1 _1
wy = wo(z1 + C) — ZC2P0_1|$1 + C|57P1 = polz1 + C| é, (34)

80 .
p=|t|75(Cy + Coz) + 5 Clrs + C|2 + Kolt| 3,

320
where T = |t|_§x, 017)0 + CQU)(] = 0, 012 + 022 = 8—1,0020.

Let h(p) = ho be constant, then (21)) is identically satisfied. In this case we obtain system

" " 7 and up = —2r1 + C?
pra, o1 ((Bb+2)(b+ 1)y —C) =2(b+ 1)
There appear extra four cases with different values of parameter b.

2
8) If b= —3 the latter equation implies C' # 0. The solution is given by the formulae

2 1 2 1
up = —2x1 + C,v; = vpec™ — chﬂo_legwl,m = wpec™ — Zczpo_legma
(35)
2
p1 = poe” &7 p = t3(Cry + Coz) + poCe ™ () — 30+ K@),
where z; = t?z, K (t) is an arbitrary function.
9) If b= —3 we replace C' by 6C. The solution is determined by the formulae
1
uy = =22, + 6C,v1 = |1 — O3 (vy + 501P0_1|$1 — ),
1 _
wr = [o1 = CJ3 (wo + 5Capo~' a1 = C1}), pr = polar = O) 7, (36)
p=t*Cry+ Cyz) — 6por; — 12pCIn |z — C| + K (t).
where z; = t4z.
10) b = —2. Replace C by 4C. The solution is given by the formulae
1 1
uy = =2y +4C, v = |71 — C|2 (vg + 101;0071 In|z; — CY),
1 1
wy = |z — CJ2 (wy + 102/’0_1 In |z — C), p1 = polas — C| 72, (37)
= t_Q(Cly + CQZ) — 4p0|I1 - C|%$1 + K(t),
where x; = t 2.
4 3b+ 2
11) b # —= b #* —= b # —2. Replace C' by b—C’ The solution is determined by the
formulae
3b+ 2 b+1
Uy = =211 + —— b i C U1 = vo|T1 — C]Sbl;? - b1201p0_1|:1:1 - C’Fﬁ,
b+ 2 2
wy = wolzy — (j|m i 202P0_1|$1 — C|7 342, py = polzy — C|5+2, (38)

3b+ 2 w((b+2)(36+2)
polx1 — Clsv+2

T (b + 1)(36+4)C_x1)+K(t)'
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4. REGULAR PARTIALLY INVARIANT SOLUTIONS DEPENDING ON ONE SPATIAL VARIABLE

Let C; = Cy =0, p = P(z1) + K(t). If K(t) = const, we obtain the invariant submodel
considered in Section 2 and this is why we let K(t) # const. We introduce the notation by
formula , then EGD yield the differential equations

Poy = p1 (1 =0)(b+ 1)ty — Uyting, +b(b+1)"22y), (39)
U101, = —b(b+ 1) tuy, (40)
Ugwiy, = —b(b+ 1) twy, (41)
WPy, 1"+ lg, = —(30+4)(b+1)7! (42)
and also the overdetermined identity
Wh i Py +tKy) = tiprg,pi +2(b+1)7% (43)

If P=PF,is constant then in 1 3|) the variables t, z; separate and are determined K (t) :
h(K (t) + Py) = holt|?7. By ) it follows @ = —b(b+1)"'a1 or @ = (b+1)"'z;. In the
former case, solution to ) read as

ulz(),vl:voxl,wlzwoxl,pl = b;—4,p:K(t)+P0. (44)
In the latter we get
w = 21,01 = volz1 |’ wi = wolz1 |7, p1 = polz |70 p = K(t) + B (45)

In what follows, we assume P # const. We have 4y P,, + tK; # 0 in equation , overwise
we arrive at the contradiction K (t) = const. If at the same time h(p) = ho is constant, then
this case coincides with the similar one in Section 3 as C; = Cy = 0. If A’ # 0, it follows from

that ﬂlplxlpl_l +2(b+ 1)_1 £ 0. We differentiate w.r.t. t and zq,

AN W Ky
AN W, _ pig,
(E) (ulpxl + th)le + E (U1Px1>z1 = <U1 ) ) . (47)
1

We substitute , into , divide by P,, and differentiate w.r.t. xy,

_Px:rl __1 x1)x1 _l T1/)T1
(Bfa) (ool ) (il Y g
Por ), \u(lnpr)e, +200+1)71, \ P (a(Inpr)s, +2(0+1)71) /)
The variables in separate.
Suppose the coefficient at tK; is non-zero, then K(t) = In|t| and the variables in

separate. By change @ (as u; # 0) we obtain integrals and a submodel from one second order
nonlinear ordinary differential equation

3b+4

b b
— =S — =S — s
v = er b+1 ’wl = 'woe b+1 ,/)133'13 = poe b+1 ,

49
h=hee™,p=Mnlt| —n 'In|z| — ((Bb+2)n " (b+1)"" +1)s (49)
L (3b+2 s, (b—1 b
1 R i 1 — S o )
( b—|—1 + IL‘13> + Po€ b+1 (b+1x18+x185 (b+1)2$1) (50)

If the coefficient at tK; in (48] vanishes, then (In p;)ss = C1Ps((Inp1)s +2(b+1)~1). System
— is solvable if and only if C'} = 0, otherwise by complicated arguments we would arrive
at the contradiction. If u; # 0, we introduce variable s by formula (7)), and then by —

c=2, _ _ 3b+24C )
we find p; = poe 1% 4y = uge” 11 °) and vy, wy are found by the formulae in 1’
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_ 3b+2+C

If3b+2+C #0, then z;y = —(b+1)(3b+ 2+ C) e #+1 ° + x4 and thus

i = —(3b+2+C) b+ 1) (w1 — @), 01 = volas — wo| T, 1)

w; = wo‘xl — x0’3b+g+(]’p1 = po‘xl — .770’_3173'%

U1 Py, ) K
with new constants vy, wg, po. Due to 1} 1} we get the identity (U1P—1)1 = 1+t% = Cp,
x1 t

Co is a constant. If Cy # 0, then p = Cy|z; — x0|792’0+(gilcz + C’ﬂo‘) + Py, and by we find
(39

C
h(p) = ho|p— Py| %@ . We substitute the found solution into

to obtain three solutions/.
6b+6+C
1)Cp=———7——

) Co b+ 1

9) and study the compatibility

. The solution is determined by the formulae

w = —(2b+ 24 C)(b+ 1) a1, v; = vz |55, wy = wola, |FrC,
__C—-2 6b+6-+C _ 6b+6+C (52)
p1 = polr1| B0 p = Cy|xy|30r20C + Colt|” v + Py,

where C| is given by the identity C}(6b+6+C)(b+1)? = po(2b+2+C)(3b+3+C)(3b+2+C).
2) C'= —2(b+1). The solution is determined by the formulae

Uy = b(b + 1)711‘0, V1 = 'Uo(l’l — :1:0), w, = U}(](‘Tl — Io), (53)
Cob+1)
p1 = polz1 — x| T p = Chlay — xo] " + Colt]% + R,
where C is given by the identity C1Cy(b+ 1) = bpozo(3b+ 2 + C).
3) C'= —3(b+1). The solution is determined by the formulae
Uy =T — (b + 1)711’0, v = 'U0|.§L’1 — $0|7b, w, = U)O‘l’l — .fL’(]|7b, (54)
p1 = polar — ol 70 p = Cufwy — 20| PV 4 Coft| P + Py,
where C is given by the identity C1Cy(b+ 1) = bpozo(3b+ 2 + C).
If Co =0, then p = —-Cy(b+1)(3b+ 2+ C) 'n|zy — zo| + Coln || + Py. By we find
C
h(p) = hoe®DC1+%) . We substitute the found functions into 1) and consider the solvability
to get extra three solutions.
4) C' = —6(b+ 1). The solution is determined by the formulae

3b+4 b b
u = 4wy — o, V1 = Vo|@1 — To| T, wi = wolwy — x| P,
b+1
(55)
= polz1 — 20| 2,0 = Mlnu —zo| + Coln|t| + R
P1 = Po|T1 ol »P= 3b+4 1 0 2 0
where C1(b+ 1) = 12p0(3b+ 4).
4
5) b= —3 C = -3 The solution is determined by the formulae
uy = 4o, vy = vo(21 — o), wy = wo(x1 — o), p1 = po(w1 — 20) ',
1 (56)
P = —101 In ’.’El — 33'0‘ + Cg In ‘t’ + Po,
4
6) b= —3 C = —1. The solution is determined by the formulae
uy = 1 + 3x0,v1 = volT1 — l’0|%;w1 = wo|z1 — $0|%ap1 = polzr — xo| 7",
(57)

1
p= —§01 1n|:r1 —x0| —|—C'21n]t| +P0
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If 3b + 2 4+ C' = 0, then x; = const, the contradiction.
4
If w; =0, then b = —3 We obtain the solution

uy =4z, vy = 0,wy = 0,p=In|t| + P(x1),p1 = ——xl_lel, (58)

where P, is an arbitrary function.

5. CONCLUSION

On subalgebra 3.23, by the optimal system in work [2], we obtain two submodels: @ is an
invariant one of rank 1 and (H0) is partially invariant submodel of rank 1 and defect 1. We

also obtain seven solutions (35), (36), (37), (38), (44), (45), (58), depending on one arbitrary
functions and exact solutions f, f, , , f depending on several

constants. The minimal amount of the constants is four, the maximal one is eight.
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