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ON SPACE OF HOLOMORPHIC FUNCTIONS WITH
BOUNDARY SMOOTHNESS AND ITS DUAL

A.V. LUTSENKO, I.KH. MUSIN

Abstract. We consider a Fréchet-Schwartz space Ay (£2) of functions holomorphic in a
bounded convex domain ) in a multidimensional complex space and smooth up to the
boundary with the topology defined by means of a countable family of norms. These
norms are constructed via some family H of convex separately radial weight functions in
R™. We study the problem on describing a strong dual space for this space in terms of
the Laplace transforms of functionals. An interest to such problem is motivated by the
researches by B.A. Derzhavets devoted to classical problems of theory of linear differential
operators with constant coefficients and the researches by A.V. Abanin, S.V. Petrov and
K.P. Isaev of modern problems of the theory of absolutely representing systems in various
spaces of holomorphic functions with given boundary smoothness in convex domains in
complex space; these problems were solved by Paley-Wiener-Schwartz type theorems. Our
main result states that the Laplace transform is an isomorphism between the strong dual
of our functional space and some space of entire functions of exponential type in C",
which is an inductive limit of weighted Banach spaces of entire functions. This result
generalizes the corresponding result of the second author in 2020. To prove this theorem,
we apply the scheme proposed by M. Neymark and B.A. Taylor. On the base of results
from monograph by L. Hormander (L. Hérmander. An Introduction to complex analysis in
several variables, North Holland, Amsterdam (1990)), a problem of solvability of systems of
partial differential equations in A%}(€2) is considered. An analogue of a similar result from
monograph by L. Hormander is obtained. In this case we employ essentially the properties
of the Young-Fenchel transform of functions in the family H.

Keywords: Laplace transform, entire functions.

1. INTRODUCTION

1. Problem. Let {2 be a bounded convex domain in C", A.(f2) be the space of functions
holomorphic in 2 and continuous on the closure €2 of the domain 2. For each m € Z, by

A&’”)(Q) we denote the space of holomorphic in €2 functions f, the partial derivatives of which
olel
(DYf)(z) = % (if @« = (0,0,...,0), then (D*f)(z) := f(z)) up to the order m can
21 . o Zzén
be continuously continued on Q. Thus, AEO)(Q) = A.(2). We equip the space A((;m)(Q) with the
norm

gm(f) = sup [(D*f)(2)]

z€Q,|al<m

Let A*(Q) = lim pr A&’")(Q).

m—r0o0
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Let H = {h,,}2°_; be the family of convex functions h,, : R" — [0, 00) with h,,(0) = 0 such
that for each m € IN:

1) () = hpp(|21]s - -2 Tnl), = (21,...,2,) € R™;

i) there exist numbers a,, > 0 such that

() 2 [l In(1 + [[z]]) = am|[z]| = am, = € R
i) 1 () — o2 (0)) = +005
i4) sup (hpg1(o+ B) — hp(a)) < oo for g € 77 with |f| = 1;
aceZ’;

i5) for each p € IN there exists a number [ = [(m, p) € N such that

Z exp(max Apypi(a+ B) — hyp(r)) < 00.

1BI<p
ani

We define the space Ay (Q2) of functions on 2 as a projective limit of normed spaces

[(D*f)(2)]

ehm(a)

An(Q) ={f € A=(Q) : pm(f) = sup

zGQﬂEZi

< oo}, mel.

In view of Condition i3), the space A,,4+1(Q2) is continuously embedded into A,,(Q2) for each
m € IN. It is clear that A(2) is a Frechét space continuously embedded into A>(2), and by
Condition i4), it is invariant with respect to the differentiation.

The spaces of holomorphic functions with a boundary smoothness naturally arise in studying
many problems in complex analysis, operator theory, approximation theory [1]-[9]. It is clear
that for each z € C" the function f.(\) = e™* belongs to A°(Q). We also have f, € Ay (Q),
see Lemma 2.1. This is why for each linear continuous functional @ on A*(€2) (A(€2)) in C"
the function @(z) = &(e™?) is well-defined. It is called the Laplace transform of the functional
@. In this work we study the issue on describing a strong dual space A} (€2) for the space
A% () in terms of the Laplace transform of the functionals. The resolving of this problem
will allow us to proceed to studying classical problems in theory of linear differential operators
with constant coefficients in the considered space as well as modern problems in the theory
of absolutely representing systems. Our main Theorem 1.1 states that the Laplace transform
of the linear continuous functionals is an isomorphism between the strong dual space to the
considered functional space and some space of entire functions of exponential type in C" being
an internal inductive limit of weighted Banach spaces of entire functions.

We note that the problem on describing a strong dual space for various spaces of holomorphic
functions with a boundary smoothness were considered by B.A. Derzhavets [2], A.V. Abanin
and S.V. Petrov [10], S.V. Pertrov [II], K.P. Isaev [12] and by the second co-author of this
work in [5], [13]. In particular, in [13] this problem was studied for the case, when the family
‘H consists of the functions h,, defined by the rule:

n n
b :x=(21,...,2,) €ER" = h (Z |z;| — m) under the condition Z |z;| > m;
j=1 j=1

h(x) = 0if Y |z;| < m, m € N, where h : R — [0, 00) is a convex function satisfying h(0) = 0
j=1

and such that

1) h(t) = h(]t]), t € R;

2) h is non-decreasing on [0, 00);

3) there exists a number a > 0 such that h(t) > tIn(t+1) —at —a, t > 0.

It is easy to confirm that in this particular case Conditions ;) — i4) are satisfied. Condition
i5) is satisfied, too. Indeed, we introduce a logarithmically convex sequence (My)52, by letting
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M, = eM®_ It is known [I3] that for each natural number s > n 4 1 the series > 2
|a|=0
converges. Then for m,p,l € N and a € Z7 with |a| > m + [ we have
max R+ B) — b () = h(la| + p —m — 1) — h(la] — m).
\p
Therefore,
exp(max hpy(a+ B) — by () = Malp-m-t
|B|<p mr " M‘oé|—m '
Thus, if [l > p+ n + 1, then for each m € N the series
Z exp(max hy, (o + B) — hy(@))
. 1B1<p
aEZ’}

converges.
We also note that if for each m € IN the restriction of h,, to [0, 00)" is non-decreasing in each
variable, then Condition i5) can be replaced by the following one:
i) for each m,v € N there exists a number [ = I(m, ) € IN such that

Z eXp<hm+l(a + ny) - hm(a>> < 00,
a€Zl

where v = (1,...,1) € Z7.
Thus, the problem we consider here is more general than that in [13].

2. Notation and definitions. For a@ = (ay,...,0,) € Z7, 2 = (21,...,2,) € C" we let
la
|Oé‘ =01+ ...+ Qy, Oé!:Oél!"'Oén!, Da:@z?lanTz‘" .
For u = (uq,...,u,), v=(vi,...,v,) € C", we denote
(u,v) = ugvy + ... + UpUy, l|lu|| = \/|u1]2 e

By A, we denote the Lebesgue measure in C™.
The space of functions holomorphic in a domain @ C C" with the topology of uniform
convergence on compact subsets in O is denoted by A(O).
The symbol A%, (€2) stands for the space of linear continuous functionals on Ay (€2), while
A>(Q))* and A%(S2) are respectively strongly dual spaces for the spaces A*(2) and A.(2).
By Hq(z) = sup Re (), z), z € C" we denote a support function function of the domain €.
AEQ

We let Intt =Int fort >1and Intt=0for 0 <t < 1.

We denote R} = {z = (z1,...,2,) € R" : 2, 2 0,...,2, > 0}.

The Young-Fenchel transform of the function g : R® — [—o0, +0o0] is a function ¢g* : R" —
[—00, 400] defined by the formula

9" () = yseulgt(%w —g(y), xeR"

3. Main result and structure of work. For each m € IN we define a function ¢,, in C"
by the rule
om(z) = h5,(In" |zy],. .., InT |z,]), 2= (21,...,2,) € C".
Since h}, is a convex function in R™ with finite values, then the function A}, is continuous in
R™. Therefore, ¢,, is a continuous pluri-subharmonic function in C".
For each m € IN we define a normed space

|F(2)] }
P,=JFecHC"):|F|,, = sup <00,
R A e Eome)
It is clear that the Banach space P, is continuously embedded into P,, 1 for each m € IN. By
P, we denote an inductive limit of the spaces P,,.
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Theorem 1.1. The mapping L : T € A%,(Q2) — T is a topological isomorphism between the
spaces A3 () and Py.

The proof of the theorem is based on the ideas by M. Neymark [I4] and B.A. Taylor [15] and
it uses also a series of results from [5] and [I6], which are provided in Section 3. In Section 2
we establish some useful properties of the spaces Ay (), A%, (€2), Py and of the family of the
functions ¢,,. In Section 4 we give one more application of Theorem 1.1 concerning the theory
of partial differential equations with constant coefficients. Namely, we establish an analogue of
Theorem 7.6.13 from [23].

2. AUXILIARY STATEMENTS

Proposition 2.1. Let a continuous function g : R"™ — R satisfying g(0) = 0 be such that
for some a > 0

9(@) Z |lz| In(]lz]] + 1) — al[z]| —a, = € R"
Then for each x € R™ the supremum of the function g.(§) = (£, x) — g(&) in R™ is attained
at some point £ = £*(x) such that ||€*|| < e?@el@l.
Proof. We first mention that by the condition for g we have

0<g(x) < £s€u]£1(||§||(||x|| —In(1+[¢l) +a) +a), zeR"

This implies that for each x € R™ the supremum of the function g, is attained at some point
¢ = &*(x) such that ||¢*|| < e??el®l. Indeed, if we assume that ||¢*]| > e>*el*ll then

gseulg(Hfll(llxll —In(1+ (€] +a) +a) = [ (ll=]] = (1 + [[€7]]) + a) + a

< —al|§*|+a < 0.
But this contradicts to the inequality ¢*(x) > 0 for all z € R™. O

Proposition 2.2. Let a continuous function g : R"™ — R satisfying g(0) = 0 be such that
for some a >0

g9(x) = [z In(|lz[ +1) — allz| —=a, = €R"
Let b > 0.
Then for all x,y € R™ such that ||y — z|| < be 17l we have
97 (y) — g™ (2)] < be ™.

Proof. Employing Proposition 2.1 and its notation, for all , 3 € R” such that |y — z| < be~ =l
we have:

g (y) — g"(z) = sup ({y, &) — g(&§)) — sup ((x, &) — g(§))

€€Rn £eRP

< (Y, €7 () —9(§"(y)) — (x, & (W) +9(§"(¥) = (y — 2, (v))
<

ly — allll€" () < belle2eell < pe2es,

9" (x) — g"(y) = sup ((z,£) — g(£)) — sup ((y, &) — g())

EeER™ EERM
< (@, §(2)) — 9(§7(2) — (v, & (@) + 9(£ (@) = (z —y, £ (x))
<

2 — yll||€* ()] < bellle2aelzl < pe2a+h,

Proposition 2.2 implies the following corollary.
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Corollary 2.1. Let a continuous function g : R™ — R satisfying g(0) = 0 be such that for
some a > 0

g(x) = ||zl n([lz] + 1) — aljz]| —a, = eR"

Let b > 0.
Then for all v = (x1,...,2,), y € R", such that ||y — z|| < be~(@1lFlenl) ye have

97 (y) — g ()] < be™ ™.

Proposition 2.3. Let a continuous function g : R"™ — R satisfying g(0) = 0 be such that
for some a > 0
g9(x) = [zl In(||z[ + 1) — allz]| —a, =€ R"
Then for all x = (z1,...,2,), Y= (y1,...,Yn) € R"™ such that
1

T1(1+ fr)

]yj—xj\g s jzl,...,n,

we have:

|g*(ln+ |y1|’ s ,1D+ |yn|) - g*(ln+ |ZL’1|, c. ,1D+ |[L‘n|)| < 2n62a+2”.

Proof. Let the points © = (x1,...,2,), ¥ = (y1,...,yn) € R" satisfy the assumptions of our
statement. We first consider the case when |z;| > 1, |y;| > 1 for j € {1,...,n}. Then

193]
|In* |y;| — In* |z;]] = |In =L
|71
If % > 1, then
T ) S o)
- = < < — : :
|51 |51 |71 |51 TT(1+ |zx))
k=1
If % < 1 and since |y;| > |z;] — =—=——, we hence obtain that
i [T (+|zx])
k=1
. 1 — |z 1
Bl (1 2l o oL
X Z;
J 7 T+ )
k=1
Therefore,
‘ 1 2
‘lnM <h|l[l-——||<—— (2.2)
|71

T+ || 0+l

Thus, if |z;| > 1, |y;| > 1 for j € {1,...,n}, then owing to inequalities (2.1)) and (2.2)) we have
2
[ In™ Jy;| —In" 2] € 57— (2.3)

[T (1 A+ [a])

k=1
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We proceed to the second case: |z;| < 1 or |y;| < 1 for j € {1,...,n}. For the sake of
definiteness we suppose that |y;| < 1. Then

1 1
"yl =" oyl S [ 1+ 57— [ < 7. (2.4)
[T+ [zx]) IT (1 + [zx)
k=1 k=1
Employing inequalities ([2.3)) and ([2.4)), we obtain that
1t . In* [gal) — (n* Jaal, It ) < 3 [In* Jgy) — In* |
j=1
2n
<=
[T+ [zx])
k=1
_ ope- (i Hn(1 )
< 2ne—(ln+ |1 |+ +InT \atn\).
Now by Corollary 2.1 we obtain that
lg* (™ [y, ..., Int |y,]) — " (In" |2y, . .., InT |2, |)| < 2ne 2,
]

By Proposition 2.3 we obtain the following corollaries.

Corollary 2.2. Let a function g : R® — R satisfies the assumptions of Proposition 2.3. Let
z2=(z1,...,2n), ¢ = (C1, ..., ) € C™ be such that
1 .
¢ — 2] 57—, j=1,...,n.

[T+ [2])

k=1

Then
g0 Gl I JGl) = " (" [zl I )] < 22,
Corollary 2.3. Let 2= (z1,...,2,), ( = ((1,...,Cn) € C" be such that
1 .
G-zl < ————, j=1,...,n
H(1+ |Zk|>
E=1
Then

[om(€) — om(2)| < 2ne2mtin
for each m € IN.

Corollary 2.4. Let z,( € C" be such that
1
¢ =2l € ——
(1 lz[)"
Then
lom(C) — om(2)| < 2neZmtin

for each m € IN.

Proposition 2.4. For each m € IN there exists a constant l,, > 0 such that

hy, o n(x) = hy (x) + Za:j — by, = (21,...,2,) € R}
j=1
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Proof. Let
y=(01,...,1) e ZY, Y,={y=(y1,....yn) € R" :|ya| = 1,...,|yn| = 1}.
Then for each z € RY}
h:nJrn(x) = sup (<‘T7 y> - hm+n(y>> = Sup (<x7y> - hm—i-n(y))

yeR™ yERT
> sup ((,Y) = hingn(y)) = sup ((z,y + ) = hingn(y +7))
yeY, yERY
= (2,7) + sup ((z,y) = hn(y) + A (Y) = Pnsn(y +7))-
ye]R;z

Now, employing Condition i4) on H, for some [,,, > 0 we have:

h:‘nJrn(x) 2 <JI,’}/> +yS€1]1R121(<x’y> - hm(y)) - lm

= (z,7) + yseulggz(@?y) = hn(y)) = ln = T, (2) + (2,7) = L.

Corollary 2.5. For each m € N
Omin(2) = om(2) + Zln+ 12j| = lm, 2= {(21,-..,2,) € C",
j=1

where 1, 1s a constant from Proposition 2.4.

Proposition 2.5. Let numbers m € N, ¢ > 0 be such that

for S € A},(Q)
Then the functional S can be represented as
S(F) =) 5a(Df), [ Au(Q),
o[>0

where S, € A%(Q), and the norms ||S,|

A%(9) of the functionals S, obey the inequality

ISallazioy < gy @ € Z1-
The proof of this proposition follows a standard scheme [15, Prop. 2.11, Cor. 2.12] with
using of Condition i3).
Lemma 2.1. For each z € C" the function f.(\) = exp((\, z)) belongs to Ay () and
Pm(f2) < exp(Ha(z) + ¢m(2)) < 00 (2.5)
for each m € IN.
Proof. Let z € C". Then, for each m € N,

|Zae(/\,z)| |21 | -] 2|0  Hol)

ehm(a)

pm(fz) = sup hm(a)
AEQ,aEZT} € a=(ai,..., an)EZi

< eXp(HQ(Z) + sup (al 1Il+ |Zl| Tty ln+ ‘Zn‘ - hm(()é))) = eXp(HQ(Z) + (Pm(2>)
a€Zy

Thus, f, € A»(Q) and we arrive at the desired inequality. ]
Lemma 2.2. For each S € A3/(Q) we have S € Py.
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Proof. For each functional S € A%/(Q) the function S(z) = S(e?) is well-defined in C".
Employing Proposition 2.1 and Condition is), it is easy to show that S is an entire function in
C™. Since there exist numbers m € IN and ¢ > 0 such that |S(f)| < epn(f) for all f € Ay (),
then, employing inequality , we have:

15(2)| < cexp(Hq(2) + om(2)), 2z € C™
Therefore, S € Py. O]

3. DESCRIPTION OF SPACE A3, ()

3.1. Three auxiliary theorems. For each m € Z, we let

. F(2)
Fm = {F € HIEY  NolF) = 20 T ) exp(Fa () OO} |

By E we denote an inductive limit of the spaces E,,.

Theorem 3.1. The mapping L : S € (A®(Q))* — S is a topological isomorphism between
the spaces (A*(2))* and E.

Theorem 3.1 was proved in [5, Thm. 1]. Under the assumption that the boundary of the
domain €2 is C?-smooth, Theorem 3.1 was proved by B.A. Derzhavets [2].

The next theorem will be employed in the proof that the mapping L in Theorem 1.1 is
surjective. It was proved in [13, Lm. 6.2].

Theorem 3.2. Let O be a domain of the holomorphy in C", h be a pluri-subgarmonic func-
tion in O and ¢ be a pluri-subharmonic function in C" such that for some c, >0 and v > 0

1

lp(2) — ()] <cp if Hz—ﬂKW.

Let a function f € H(O) satisfy the condition

/|f(o|26—2(90(<)+h(<)) dn(¢) < 0.
o

Then there ezists a function F € H(C™ x O) such that F((,() = f(¢) for ¢ € O and

|F(Z, g)|2672(w(Z)+h(C)) 5 o N

dXon(2,0) < C [ |F(Q)Pe 2 OTD gx,(0),
n(v+3)

/ (L4 Gz s O/

Cx0O

where a positive constant C' depends only on n,v and .

The next result was proved in [13, Lm. 6.4]. It will be employed in the proof of the injectivity
of the mapping L in Theorem 1.1.

Theorem 3.3. Let O be a domain of holomorphy in C", h be a pluri-subharmonic function
in O and ¢ be a pluri-subharmonic function in C" such that for some c, >0 and v > 0

1

lp(2) — )| <c, if ”Z_HKW'

Let a function S € H(C" x O) satisfies the inequality
[S(z, Q) < #ITO, e, ¢eO,
and S(¢,¢) =0 for ¢ € O. Then there exist functions Sy, ...,S, € H(C" x O) such that

a) S(z,¢) = ZSJ‘(%C)(%‘ - (), (20 €eC"x0;
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b) for some m > 0 independent of S,

1S; (2, O o
/ FePHRO o (50 <00 j =1,
Crx0O

3.2. Properties of spaces A4(2), A5,(Q2) and Py.

Definition 3.1. ([I7]) A space, which can be represented as a projective limit of a sequence
of normed spaces Sy, n € IN, with respect to linear continuous mappings Gmn : Sp — Sm, m < n,
such that g, 41 s completely continuous for each n is called space (M*).

Proposition 3.1. The space Ay () is space (M™).

The proof Proposition 3.1 is the same as that of Lemma 6 in [5]. The only change is that at
an appropriate place one needs to employ Condition i3) instead of Condition i4) in [5]. Thus,
the Frechét space Ay () is a Frechét-Schwarz space [18].

Definition 3.2. ([18], [19]) Let (E,,)men be a sequence of Banach spaces such that E,, is
continuously embedded into E,, 1 for each m € N and E = U,,ewE,,. If for each m € IN there
exists k > m such that the embedding of E,, into Ey is compact, then the inductive limit of the
spaces I = 1im En, is called (DF'S)-space.

By means of Montel theorem and Corollary 2.5 one can show easily that the embeddings
Jm : Pm = Poan(To)

are compact for each m € IN. Therefore, Py is a (DF'S)-space.

The space A},(€2), as a strong dual space to the Frechét-Schwartz space Ay (Q2) is (DFS)-
space [18], [19].
3.3. Proof of Theorem 1.1. According to Lemma 2.2, a linear mapping L : T € A}, (Q2) —
T acts from A%(Q) into Py.

The mapping L is continuous. This can be shown exactly in the same way as in [5].

Let us show that the mapping L is surjective. Let an entire function F' satisfies F' € Py.
Then F € P,, for some m € IN. Therefore,

|F |2 _QHQ(C)'i‘(Pm(C))
/ (1 + [[¢[)>+

dA,(¢) < 0.

Hence, by Corollary 2.5, we obtam that
/|F(O|26—2(Hn(<)+som+n<n+1>(<)) dMn(¢) < oo0.

We note that the functions Hg and ¢, pn(n+1) are pluri-subharomnic in C" and for some Cq > 0
we have:

|Ho(u) — Ho(v)| < Cq, u,v € C": |lu—n| < 1. (3.1)
This is why, applying Theorem 3.2 with v = 1, we find a function ® € H(C?") such that
O(z,2)=F ( ) for z € C" and, for some ¢ > 0 1ndependent of F,
@ HK(Im Z)+¢m+n(7b+l) (C))
/ | 1 —I— ||( )”)87’1 d)\2n<27 C) < C/ ’F(C)|26_2(HQ(<)+‘Pm+n(n+l)(C)) d)\n(g)

Since |®|* € psh(C?"), then

(2, O <

/ |D(t,u)[* dAon(t,u), 2, =((1,...,¢G) € Cn,

BR(27<)
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for each R > 0, where Bg(z,() is a closed ball in C?" of radius R centered at the point (z, (),

Aon(R) is the volume of the ball Bg(z,(). Letting R = ————, by this inequality, (3.1)) and
H (1+|Ck|)

Corollary 2.3, in a standard way we obtain an uniform estlmate for |®(z, ¢)| and for some ¢; > 0

we obtain:

(2, Q) < er(L+[|z]]) 4"f[ L+ [Ge|) et emenen(© (2, () € €77,
k=1
where ¢; > 0 is some constant. Then, using Corollary 2.5, we get that, for some ¢, > 0,
1D(z,0)| < (1 4 ||z])) o+ emim2n Q) (2 ¢) € €2 (3.2)
We expand ®(z, () into a series in powers of (: ®(z,() = > ®,(2)(*. By the Cauchy formula
forall « € 27, 71 > 0,...,7, > 0 we have: o

C(2) ¢y ...dG,, =€ Cm

al+1 Can+1

|C1 =1 [Cnl=rn

This implies that C, € H(C"). Letting v = 7n* + n, employing inequality (3.2) and the
non-decreasing of the function ¢,,,, in each variable, we get:

|Cal2)] <

where all components r = (ry,...,r,) € R™ are positive. Therefore,

CQ(]. + ||Z||)4n6HQ(Z)+90m+V(T)

- , z e C",
r

Pmtv(r)
1Cal2)] < es(1+ [12]))meHo ) (inf ¢ ) Cseon,

relly re

where Iy = {(ry,...,rm,) € R":ry > 1,...,r, > 1}. We note that

e¢m+u(7") 1nf (gpm+y(7“) Z o Inry)
inf =€’ 7=1
relly re

- sup ({0€) =hpp, (InF (€51, In* (e51))

—e £=(&1,-,6n)ERY

_ e (el ) )

Thus, for all o € Z} the estimate holds:

ca(1 + [|2]) et t=)
ehm-H/(a)

Cal2)] <

Therefore, the set {ehm+“(°‘)C’a} e
achy

(A>*(Q2))* and E are isomorphic by Theorem 3.1, there exist functionals S, € (A*(2))* such
that S, = C, and the set A = {ehm“(a)Sa}aezn is bounded in (A*(€2))*. As in [13], this
+

implies that there exist numbers | € Z, and c3 > 0 such that

, z e C".

is bounded in FEj,, and hence, in E. Since the spaces

csqu(f) )
Sall < ST e A=), (3.3)
for each a € 7. We define a functional T" on Ay (Q2) by the law
= Z Sa(Daf)a f € AH(Q) (34)

a0
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Let us show that 7" is a linear continuous functional on A3 (2). Employing inequality (3.3)), for
each f € Ay(Q), a € Z7 and s € IN we have:

cs sup [(DFf)(2)]

zeQ,|8|< max hms(a+B)—hmtv (@)
< C3Pms(f)els! .

[Sa(Df)] <

ehm+v ()
Using Condition i5), we choose a natural number s > v such that the series

Z lfga)i hm+s(a+ﬁ)_hm+u(a)
(&

I<

la[>0

converges. Then for each f € Ay(Q) the series in the right hand side in (3.4) converges
absolutely. And for a chosen s there exists a constant ¢4 > 0 independent of f € A (Q) such
that |T(f)| < capmas(f). Therefore, a linear functional T is well-defined and is continuous. It

is obvious that 7' = F'. Thus, the mapping L is surjective.
Following the scheme in [I5], let us show that mapping L is bijective. Indeed, let for T €

AL, (Q) we have T = 0. We are going to show that T'(f) = 0 for each f € Ay(Q). Since T is a
linear continuous functional on Az(£2), then there exist numbers m € IN, ¢5 > 0 such that

T(f) < cspulf),  F € An(Q).

Employing Proposition 2.5, we represent the functional 7" in the form:

T(f) =Y TuDf),  f€Au(Q),

|a|=0

where T, € A*(Q2), and for the norms ||7,|

ax(g) of the functionals T, we have:

Cs n

ITallazey € g @€ 25
This yields: T'(z) = Zaem T (2)2% for each z € C", and entire functions T, satisfy the estimate
T, (2)| < ) aec”Z, z e C". (3.5)

We consider an entire function

S(u, z) = Z To(2)u®, z,u € C".

|| =0

We note that S € H(C?"). Employing inequality (3.5) and Condition i5), we get:

1S (u, 2)| < czeo®) Z

la[>0

|u”]

Hq(2))+om41(u)
ehm (a) g Ce¢

where ¢g = ¢35, ehmi1(@)=hm(@) At that, S(z,z) = 0 for each z € C". Then, taking into
consideration inequality (3.1)), by Theorem 3.3 there exist functions Sy, ..., S, € H(C?*") such
that

S(2,0) =D 8i(z0(z =), 2 (el
j=1
and for some k£ € IN

155(2, Q) o
/ E e om @m0 <00 j=1...n.
Q2n
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As above in obtaining the uniform estimate for |®(z, ()|, by the latter integral inequality, for
all j =1,2,...,n we get:

19;(z, Ol < er(1+ 12" [T+ 16D " exp(Ha(2) + omn(Q)), 2, ¢ € C,
k=1

where ¢; > 0 is some constant. By means of Corollary 2.5 this implies that for some cg > 0,
for all j =1,2,...,n we have:

1(2, Q1 < es(1 4 [|2])* exp(Ha(2) + @miitnrran(€)),  2,¢ € C™. (3.6)
We denote [ + n(k + 2n) by ¢q. We expand S; into a series in powers of (:
2,() = ZSj,a(z)<a7 z,( e C", j=1,...,n.
|| >0

Proceeding as in estimating the functions C,, by inequality (3.6) we obtain that for all a € Z7,
jg=1...,n,
cs(1+ [|2])* exp(Ha(2))

ehm+q(a) )

[1S5.0(2)] <

By Theorem 3.1 there exist functionals %‘,a € (A®(Q))* such that ¢);, = S, . It follows from
the latter estimate that the set {5}, gelmtala } €z j=1,..n is bounded in E. Therefore, the set

U = {ehm+ala ¢ja}o¢EZ” j=1,..n is bounded in (AOO(Q))* Then there exist numbers ¢g > 0 and
p € IN such that

[F(NI < cogp(f), FeWw, [feA=Q).
Hence, for each f € A>®(Q),

Vja(f)] <
Then, for a € Z™ with negative components, j € {1,...,n}, let ¥;, be the zero functional in
(A>(92))*, Sjq be a function vanishing identically in C". Then

n

S(,0) =Y ") (Sial2)2 = Sy rian (% 2 EC™

j=1 a€Z

Cy

ehm+q(a) Qp(f), o c Zi’ j = 17 s N (37)

Thus,

n

To(2) =Y (Sja(2)2 = Sitarray1rman) (2)), @ € LT
j=1
In other words,

J=1

Employing Theorem 3.1, we hence have:

g 0
Ta(f) = 2 (Bralgf) = Vigonoytan(f) - f €A™(Q).
7j=1

This is why

la[>0 j=1
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For N € N and j =1,...,n we define the sets
By ={a=(a,...,an) €Z" : 0y <N,...,a, < N},
Ryj={a=(ay,...,a,) €Z" :a1s <N,...,a;=N,...,a, <N},

and we introduce a functional Ty on Ay () by the law

ZZ( ( Daf)) 3oty an)(Daf)>.

a€EBN j=1

Then T'(f) = A}im Tn(f), f € Ay (). We note that
—00

ZZ ( Daf)) f € An().

J=1 OlGRN

Employing inequality (3.7)), for each f € A(£2) we have:

T (f) \Z > 10 G0

sup  |(D(55 (D) (M)

J

cgz Z s hmta(c)

J=1 OAERNJ
This yields that for all © € IN and f € A3 (£2) the estimate holds:

sup  hy(a+pB)—hm+q(a)

‘TN<f)‘ < Cgpu Z Z elBl<p+1

J 1 OéERNJ

Now, using Condition i5), we choose p so that the series
sup  hy(a+B)—hmiq(a)

converges. Then
sup  hy(a+B8)—hmiq(a)

Tn(f)] < negpu(f) Z olBI<pH1

Hence, Tn(f) — 0 as N — oo. Thus, T(f) = 0 for each f € A(2). This means that the
mapping L is injective.

By the open mapping theorem [20], [21], [22, Thm. 24.30] the mapping L~! is continuous.
Thus, L is an injective linear continuous mapping of the space A%, (2) onto Py. The proof of
Theorem 1.1 is complete.

4. APPLICATION OF THEOREM 1.1 TO SYSTEMS OF PARTIAL DIFFERENTIAL EQUATIONS
Let P;; be polynomials, i = 1,...,m, j=1,...,7, and P = (P;);—1- We define an operator
P(D) acting from A7 () into A%,(€2) by the rule:

> Py(D)f,
f J; (D)f
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We consider the set of all vectors @ = (@1, ..., Q,) with polynomial components such that
Pj(2)Q1(2) +--- Pj(2)Qr(2) =0, j=1,...,m.

It is known that this set, being a module over the ring of polynomials, has finitely many
generators. Let Q) = (le), o Qg)), [ =1,...,s, be its generators.

Theorem 4.1. The equation ﬁ(D)f: g is solvable in A7} (Y) for g € AL (Q) if and only if
ZQEZ)(D)%:O, l=1,...,s.
i=1

The proof of Theorem 4.1 is based on a theorem by L. Hérmander [23] and is proved by a
standard scheme, see, for instance, [24]. We denote by M [p X ¢| the set of matrices with p rows
and ¢ columns, the entries of which are polynomials.

Theorem 4.2. For a given system P € M|[p x q| there exists an integer number N such that
for pluri-subharmonic functions ¢ in C" and —In d such that

0<d<1, dz+¢) <2d(0)
if | Rezj| <1, |Imz;| <1, j=1,...,n and

oz +¢) = (O] < Co,
if |z <d(C), 7=1,...,n, and all u € (A(C"))? there exists v € (A(C"))? with

Pu = P, l/ﬂwu%r@NdAs;A:/Hfmnar¢dx

where
pn(2) = ¢(2) = NInd(2) + NIn(1 + ||2[%),
K is independent of u, ¢, d.

The proof of Theorem 4.1 follows a standard scheme, see, for instance, [24]. We just note
that as the function d we can take the function d(z) := (R, +||z||) ™", where R, is a sufficiently
large positive number. Then we can employ both Theorem 4.2 and Corollary 2.4.
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