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ON SOME NONLINEAR INTEGRAL AND
INTEGRO-DIFFERENTIAL EQUATIONS
WITH NONCOMPACT OPERATORS
ON POSITIVE HALF-LINE

M.F. BROYAN, KH.A. KHACHATRYAN

Abstract. The paper is devoted to the studying certain classes of nonlinear integral and
integro-differential with non-compact Hammerstein type operators. These equations have
important applications in the kinetic theory of gases and in the wealth distribution theory
of a one product economics.

Keywords:integral equation, Hammerstein operator, Sobolev space, convergence, mono-
tonicity.

1. INTRODUCTION

The work is devoted to the solvability in certain functional spaces of the following classes of
nonlinear integral and integro-differential equations with a non-compact Hammerstein-Wiener-
Hopf type operator,

—l-)\go :/Tx—t (t, (1) t—l—/Tl +t)Hy(t, p(t))dt, x>0, (2)
90(0) S : (3)

w.r.t. the functions f(z) and ¢(z), respectively.
Apart from a mathematical interest, these classes of equations have direct applications in
the kinetic theory of gases (equation (1)) and in the econometric theory (problem ([2)-(3)) (see

[1-[41).

For equation we suppose

Ko(al) > 0, T € R KO € Ll(R / KO d.CL’ = 1 (4)

Ky(x) >0, K;#0, /Kl(T)dT < /KO(T)dT, r € Rt = (0, +00). (5)
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In problem —(3), A is a positive scalar parameter of equation (2), and kernels 7" and T}
satisfy the following conditions,

Tl('r) Z 07 TI 7_é 07 T E R+7 Tl S Ll(R+)7 (6)
+oo
T(x) >0, zeR, TelL(R), / T(x)dx = A, (7)
/Tl(z)dz < /T(z)dz, r € RY, (8)
+oo “+oo
W(T) = / T()dr < —1, [ |FPT(r)dr < 400, j=1,2 (9)

Ny, N1, H, and H, are real functions defined on the set R* x R and satisfying certain conditions
(see Theorems 1-3).

In the linear case, as Ny(t,z) = Ni(t,z) = z, numerous papers were devoted to studying
equation (|1)) (see [5]-[8] and the references therein).

In the case Ky(z) = Ki(z) = %e‘xg and Ny(t,z) = Ni(t,2) = 2P, p € (0,1), due to an
important application in the p-adic string theory, equation was studied in works [9]-[12].

In the case No(t,2) = G(z2), Ni(t,z) = Gi(2), Vt € RT, where G,G; € C[0,n], G(2) > =z,
Gi(z) >0, z € [0,n], G,G; 1 on [0,n] and G(n) = G1(n) = n for some n > 0, equation (/1)
was studied in work [I3] and the existence of a positive and bounded solution tending to n at
infinity was proven.

+oo
In the case No(t,2) = 2z —w(z), Ni(t,2) =0, and Ko(—z) = Ko(z), 2 >0, [ |z Ko(x)dx<

+00, 7 = 1,2, where 0 < w | wrt. z on [A,+00), A > 0, w € C[A,+00) N L;1(0,+00), in
work [14], the existence of a one-parametric family of positive solutions with the asymptotic
behavior O(z) as © — +00 was proven. Later, in works [15, [16], this result was generalized first
for the case v(Kg) < 0, No(t, ) = u(t)(z — O(t, 2)), Ni(t,z) = z, where 0 < pu(t) < 1, t € R,
1—p e Li(RY), w(t, 2) >0, w(t, 2) < w(z), (t,2) € RT x [A,400), @ | wrt. z on [A,+00),
and after that, in [I7, [I8], for the cases Ny(t, 2) = u(t)(G(z) — W(t, 2)), Ni(t,z) = G1(2).

Recently, in [I9], problem (2))-(3) was studied in the case H(t,z) = G(z), H; = 0. In [19],
a nonnegative and monotonically growing nonzero solution in the Sobolev space W1 (R) was
constructed.

In the present work we construct nonzero and nonnegative solutions to equations and
for completely different conditions for Ny, Ny, H, and H;. We note also that for various
values of v(Kj), a solution to equation ([1]) is constructed in the spaces L;(R*) N L2 (R') and
LI (RT) = {p(z) : ¢ € Lo(RT), lim () = 0}, and under conditions (6)-(9)), a solution to

T—>00

problem ([2)-(3) is constructed in the Sobolev space Wi (R™).
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2. SOLVABILITY OF EQUATION IN CASE OF NEGATIVITY OF FIRST MOMENT FOR
KERNELK,

Suppose for the functions Ny(t,z) and Ni(t, z) there exist numbers n > 0 and 7y € (0,7)
such that
1) No(t,z), Ni(t,z) T w.r.t. z on [®,,(t),n], for each fixed t € RT, where

o, (t) = o / Ki(r)dr, teR*. (10)

2) Ny and N; satisfy Caratheodory condition on the set R* x [0, 7] w.r.t. z. In what follows,
we write briefly this condition as

Ny, Ny € Carat,(RT x [0,n]), (11)
3) No(t,0) =0, Ni(t,0)=0, teR" (12)
4) 0< No(t,2) <z, (t,2) € RT X [®,,(¢),7] (13)
5) Ni(t, (1) >mo,  Ni(t,m) <. (14)
The following theorem holds true.

Theorem 1. Suppose kernels Ko and Ky satisfy conditions - and v(Ky) =
+oo +oo
[ TKo(r)dr < 0, [ |7/ Ko(r)dr < 400, j = 1,2. Then equation has a positive solu-

tion in the space Li(RT) N L (RY).

Proof. We first consider the Wiener-Hopf integral equation,
S(z) = / Kolz — )S@)dt, x>0, (15)
0

for a real measurable function S(x), with a kernel K, obeying the assumptions of the theorem.
As it is known (see [20]), equation has a positive bounded solution with the following
properties,

S(x)>n(1—-7), S(z)twrt. z on R (16)
lim S(z) =1, (17)
v, = /v+(3:)dx € (0,1). (18)

0
Here the functions ve(z) > 0, vi(x) € Li(R') are determined by Engibaryan’s nonlinear
factorization equations,

ve(r) = Ko(£x) + / ve(t)vg(z +t)dt, x>0, (19)
and .
yo = / v_(z)dx =1, ~4 € (0,1). (20)

0
In the recent work of one of the authors [21], as an auxiliary statement, the following addi-
tional properties of the function S(z)

n—8(x) € Li(RY) N L, (RY), (21)
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x) > n/KO(T)dT, reR? (22)

were proven. In what follows, we shall make use of inclusion and inequality . We
introduce the following successive approximations,

folz) =n—S(x), (23)
fos1 = [ Ko(z — t)No(t, f(t))dt + [ Ki(x 4+ t)Ni(t, fo(t))dt (24)
0 0
n=0,1,2,..., zcR*.
By induction on n, let us prove the following properties of the sequence { f,,(z)}5°,,
a)  folz) ] wrt. n, b) fulz) > @, (z), n=0,1,2,.... (25)

We note that it follows immediately from and 1o € (0,7n) that
0= hle) = 0 [ Ko(rdr = m [ Kilr)dr = 0, (o) (26)
By and the properties of the functions Ny and Ny, in (24) we get

filz) = /Ko(l“ —t)No(t,n — S(t))dt + /Kl(iﬂ +t)Ni(t,n — S(t))dt <

/KO dT—/KO (x —1)S t)dt+n/K1(T)dT<n—S(x):fo(x),

fie /K1x+t>N1<t fo(t) dt>/K1x+t>N1<t @, (1))t >

> / Ky(r)dr = @, (a).

Suppose now that @, (z) < fu(z) < fu_i1(z) for some n € N, z € R*. Then by ([24), (14),
and the monotonicity of Ny and N; we have

fn+1 /KO C(]—t)N()(t fn 1( dt+/K1 .T—l-t)Nl(t f’n 1( ))dt fn( )

furi(a / K (2 4+ )N (£, By (1))t > B ().

Therefore, the sequence of the functions {f,(x)}32, has a pointwise limit as n — oo,
T fu(x) = f(2).

By condition and the Lebesgue’s dominated convergence theorem (see [22]) it follows
that f(x) satisfies equation . Moreover, properties imply the following inequalities for
the limiting function f(z),

Oy (2) < flz) <mp—S(x). (27)
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Since n — S(z) € L1(RT) N LY (RT), by we obtain that f(z) > 0, f € Ly(RT) N L% (RT).
The proof is complete. O

3. SOLVABILITY OF EQUATION FOR EVEN KERNEL K|

We proceed to solving equation under other assumptions for the functions Ny and N; in
the case

Ko(—z) = Ko(x), xe€RT. (28)
The following theorem holds true.

Theorem 2. Given a measurable function @Q : R — R, let ( and n be the lowest positive
roots of the equations Q(x) = 2z and Q(x) = x, respectively, and 2¢ < n, Q € C[0,n], Q(z) T
w.r.t. x on [0,n]. Suppose that

a) 0 < No(t,2) <Kn—Q(n—=z) as (t,z) € RT x [0,7],

b) No, N1 € Carat, (Rt x [0,7]),

¢) No, Ny T w.r.t. z on the segment [0,n] for each fized t € RT,

d) there exists ny € (0,n) such that

Nl(t’ (I)no(t)) Z Mo, Nl(tan) Z n.
Then under conditions , , , equation has a positive solution in the space L% (RT).

Proof. We consider first the following auxiliary nonlinear Hammerstein type integral equation
vie) = [ Koo - QUM o€ R (29)
0
w.r.t. the function ¢ (x). We define the iterations,

%mmz/mm—mmmmw bol)=n, n=0.12,... (30)

Due to the properties of the functions () and Ky, by the induction on n, one can easily make
sure that

Yo(z) lwrt. n, P(z)>¢ n=012,..., z€R
Therefore, the sequence of the functions {,,(z)}5%, has a pointwise limit lim v, (z) = ¥(z)
n—o0

and by the Levi’s theorem the limiting function satisfies equation and the relation

(<Y(r)<n, zeR. (31)
By the induction it is also possible to prove that
Yo(r) twrt. z on RY, n=0,1,2... (32)

if one write iterations as follows,
Ypi1(z) = / Ko()Q(Un(x — 7))dT, ho(x)=1n, n=01,2,.... (33)

Hence, in view of , we obtain that
Y(r) twrt. x on R (34)
Thus, due to and we can say that there exists

lim ¢(z) =n"<n, 7" >0. (35)
T—r00
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Passing in (29) to the limit as * — oo, by employing the known property of the convolutions
and formula (4)), we get n* = Q(n*). Since 7 is a first positive root of the equation Q(x) = x
and 0 < n* < n, we have n* = .
Therefore,
0< =1 € Ly (RT). (36)

Let us prove the following auxiliary inequality,
x) > n/KO(T)dT, r € RY. (37)

By , , and the properties of the function () we have

n—v(x)=n- 7}(0(1; —)QY(t))dt = U7Ko(7)d7 +7 /x Ko(r)dr—
_7fux—w ))dt = /}Q dT+/Kbx—t () — (ﬁ>n/3b

Consider the following iterations for equation (|1)),

fo1(z fKO x — t)No(t, fn(t))dt + [ Ki(x + t)Ni(t, fo(t))dt, (38)
0 0
fo(x) =&, (x), n=0,1,2,... ze€R". (39)
By induction, we first prove that
folz) tTwrt. n. (40)
Since
n/Kl(z)dz gn/Ko(z dz
then

M@z/Km%ﬂMmﬁ@W2¢M@zﬁ@,

+77/K1

Assuming 1 > f,(x) > fn._1(z) for some n € N, by (38)), conditions c¢) and d) we get

for(a / Kol — )No(t, far (£))dt + / (2 4+ Nt far(8))dt = fu(2)

and
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Let us make sure that the inequality

falz) <n—4(z), n=0,1,2,..., xeR" (41)

holds true. Indeed, asn =0, implies immediately ([(1)). Let f,(z) < n — ¢ (z) for some
n € N. Then by (38) and conditions a) and d) we get

fo1(z /Kox—t)No(tn U(t) dt+/K1$+tN1t77 Y(t))dt
0

o

S/Ko(a:—t)(n—Q dt+/K1x+tN1t77)d

< / Ko(r)dr — $(z) + 1 / K\(r)dr < — d(a).

Therefore, and yield the pointwise convergence of the sequence {f,(z)}>, :
lim f,(z) = f(z) and
n—oo

0< Py(2) < fla) <n—o(x) € LLRT), z>0. (42)
By Levi’s theorem, f(x) solves equation (|1)). It follows from that f € LY (RT). The
proof is complete. O

Remark 1. The results of Theorem 2 remain true if we replace condition by a weaker

fKO d7'>%

4. EXAMPLES OF FUNCTIONS Ny, N1, AND )

In what follows we give several examples of functions Ny, Ny, and () subject to the assump-
tions of the proven theorems.

Examples for Theorem 1.

I) No(t,z) = h(t,z)N(z), where the function & is continuous w.r.t. all its arguments on the
set R* x [0,1], 0 < h(t,2) <1, (t,2) € RT x [0,7], h+in z on [0,5], N € C[0,5], N 1 in z on
[0,7], 0 < N(2) < 2, z € [0,7]. As the functions h and N, we can take the following examples,

o N(t,z) =ze* - sin’t, N(z) =z, p>1, n=1
o h(t,2)=nen ', N(z)=sinz.

1)
Ni(t,z) = = az , n>a>n >0, (43a)
Z+ (77_0 - 1)(1)770(t)
1
Ni(t,z) = az 2o p>1, n>2a, a>rn. (43b)

> +
(2D, 2

Examples for Theorem 2.

) Q(z) ==, ac(0,1),
V) Q(z) =nen”!
V) Q) =V, n=1
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(n—Q(n—=2))°
nf-1 ’

VII)  No(t,z) = sin(n — Q(n — 2))
As Ni(t, z), in Theorem 2 we can consider examples (43a) and (43D).

5. ON SOLVABILITY OF PROBLEM (2)-(3) IN SOBOLEV SPACE W (R™)

The following theorem holds true.

Theorem 3. Suppose the function H(t,z) in equation satisfies all the assumptions for
the function No(t,z) in Theorem 1, and Hi(t,z) is a real function defined on the set RT x R
and there ezist positive numbers n >0, 1y € (0,7), £ € (0,3), 6 € (0,1) such that

0

in)  Hi(t, o7, () =1

where .
0 =m [ ez, o= ping (45)
@ =m [ Tiz)dz o= qging—rp
t+o
iy) Hi(t,0) =0, H; e Carat,(R" x[0,n)]). (46)

i3) Hi(t,z) T w.r.t. z on [0,n] for each fized t € RT.
Then under conditions @—@, problem —(3) has a monnegative nontrivial solution in the
Sobolev space W(RT).

Proof. We introduce the function

Ko(z) = /e_’\zT(x —2)dz, x€R. (47)
0
By the Fubini theorem, the function Ky(x) possesses the following “splendid” properties,
+o0
Ko(z) >0, / Ky(x)dx =1, Ky € L1(R)N Lo(R), (48)
+oo
v(K,y) <0, / 7> Ko(7)dT < +00. (49)

Let us prove the following inequality

/Ko(t)dt > %/T(t)dt, r e RY. (50)
We have . s - .
/Kg(t)dt = / e MT(t — 2)dzdt = /e_’\z/T(t — 2)dtdz =
T z 0 0 T
= [ e [ T(y)dydz > X T(t)dt.
0 T—z T

Consider the homogeneous Wiener-Hopf equation

S(z) = / Kolz — )S()dt, « € R, (51)
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with a kernel of the form (47). As it was noted, , imply the existence of a positive

solution with properties (16]), , , .

Denote

_dy
=— + Ap(x).

Then equation (2)) with initial condition (3) casts into the form

o] t

F(z) = /T(a:—t)H t,/e_/\(t_T)F(T)dT dt+

0 0
[oe] t

+/T1(x+t)H1 t,/e_)\(t_T)F(T)dT dt, = e€R".
0 0

Consider the iterations

[e%¢) t
Foii(x) = /T(x—t)H t,/e_/\(t_T)Fn(T)dT dt+
o t ’
/ (x+t)H t,/e‘Mt_T)Fn(T)dT dt
D) = An—S(@), n=012 . zcR*
In what follows we shall show that

1) Fu(x) ] wrt. n,

j2) Fu(z)>p7 (2), n=0,1,2,..., zcR"
By and we have
Fo(w) = \(n — S(z)) > / Ko(t)dt > n / T(t)dt > 1 / (1)t >
>m [ Tt = g5, (@)
x+o

In particular, it implies that
pro () < An, x € RT.
Employing the properties of the functions H, Hy, T', and T}, we obtain

[ee) t [e%¢)

Fi(z) < /T(:v—t)H t,n—/\/e_’\(t_T)S(T)dT dt+/T1(x+t)H1(t,n)dt <

0 0 0
o0 00 t o0
< n/T(x —t)dt — )\/T(x —t) /e_’\(t_T)S(T)det + n/Tl(z)dz <
0 0 0 x

< - A/Ko(x — 1)S(r)dr = Ay — S(x)) = Fy(x).

(52)

(53)

(54)
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Let F,(x) > py (z) for some n € N. Then by , ([5), (54), i3), monotonicity of H(t,z) we

obtain

Foii(x) 2 T(x—t)H

+

\»8 0\8

Z /Tl (Z’ + t)Hl t, p;o (t) / e_A(U—T)dT

o (1-0)c

Ti(x+t)H t,/ tTpno T)dT | dt >
0

pm( T)dr | dt+

Ty(x+t)H t, e pm( T)dT | dt >

> 7T1(x + ) H, (t,pZdt)@) dt =

g
o0 o0

= /Tl(ﬂf + ) Hy (t,Epy, (1)) dt > no / Ti(y)dy = py, (2).

o x+o

Suppose Fy,(x) < F,_1(z) for some n € N. Then the monotonicity of H and H; immediately

yields that Fj,; < F,. Therefore, there exists
lim F,(z) = F(z)

n—oo

and F'(x) satisfies equation and the estimates

Pho() < F(z) < Mn — S(x)) € Li(RT) N L, (RY).

It follows from that F' € L;(RT) N L2 (R™).
Solving the simplest Cauchy problem

d

{ P+ Xplw) = Fla), weRY,
90(0) =0,

we complete the proof.

Remark 2. Since a solution to problem reads as

o) = [ 0p
0
by we get the following two-sided estimate

T x

/ No0e (1)dt < p(x) < A / e — S(t)dt

0 0

for ¢(x).

(58)
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In the end of the work, we give two examples of Hi(t, z),

az

S (=g
az 1

[e] o + —1
N TAGRET

1) Hl(t,Z) =

n>a>mn >0,

2) Hi(t,z) =

Zpa p> 1a n Z 20&, a > 1)o-

In conclusion we express out gratitude to prof. N.B. Engibaryan and prof. V.N. Margaryan
for useful advices.
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