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ON NECESSARY AND SUFFICIENT CONDITION IN
THEORY OF REGULARIZED TRACES

2.YU. FAZULLIN, N.F. ABUZYAROVA

Abstract. The present work is devoted to studying the regularized trace formulae for
symmetric Lg-compact perturbations of a self-adjoint lower semi-bounded operator Ly with
a discrete spectrum in a separable Hilbert space. By now, the studies of the regularized
trace formulae for the perturbations of abstract self-adjoint discrete operators were mostly
aimed on finding a sufficient condition, under which the regularized sum with brackets
minus first or several leading terms of the perturbation theory vanished. This condition was
formulated in terms of spectral characteristics of an unperturbed operator Ly depending
on the belonging of a perturbing operator V' to some class. In particular, recently, the
traces formulae for model two-dimensional operators in mathematical physics have been
intensively studied with a perturbation described by the multiplication operator. Here we
study a necessary and sufficient condition for two cases, namely, as the regularized trace
with brackets and deduction of the first corrector of the perturbation theory vanishes or is
equal to a finite number. We consider a certain summation bracket, which usually arises
in the theory of regularized traces of the perturbations of partial differential operators.

Keywords: trace of an operator, resolvent, trace formula, perturbation theory, discrete
spectrum.
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1. INTRODUCTION

The theory of regularized traces theory for discrete operators was initiated by I.M. Gelfand
and B.M. Levitan in work [I], where they considered a Sturm-Liouville operator with a potential
V(z) on a segment [0, 7] subject to the Dirichlet condition and they obtained a formula

[e.o]

) V() +V(r) | <o
;(Mkz—k‘ )=t (1.1)

with

™

co = ’/T_I/V(l’)dl’.
0
Later, this formula was called Gelfand-Levitan formula.
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In formula (|1.1)), the symbols u; denote the eigenvalues of the Sturm-Liouville operator and
k* = \;, are the eigenvalues of the same problem as V(z) = 0.

Right after this work, L.A. Dikii showed in [2] that formula (1.1)) is equivalent to the following
identity:

Z (e — e = Vi, fi) = (1.2)
=1

where fi(z) = \/g sin kx are the orthonormalized eigenfunctions of the Sturm-Liouville opera-

tor as V(z) = 0 subject to the Dirichlet condition.
Namely, since

(V fi, fr) = /V x——/V ) cos 2kxdx,

we can keep the diverging terms in the left hand side of identity (1.2) and summing up the
other terms, we arrive at .

Exactly such approach, when the term (V fy, fx), the first corrector of the perturbation the-
ory, is to be studied, a diverging part is extracted and the rest is summed up, was main in
numerous studies of the traces for perturbations of both regular and singular ordinary differ-
ential operators. A rather detailed survey was provided in work [3]. At the same time, the
authors rather successfully developed direct methods for obtaining trace formulae like
skipping identity .

From the end of 70s, the study of the traces of perturbations of partial differential operators
became the primary topic. However, because of a complicated structure of the first corrector
(V fx, fx), it can not be always effectively studied and the same concerns further correctors.
As one of the difficulties, we can mention the fact that the multiplicities v} of the eigenvalues
A increases unboundedly as k& — oo and the spectral gaps do not grow. This is why direct
methods for obtaining trace formulae for the perturbations of partial differential operators
based on asymptotic formulae and representations for the eigenvalues py of perturbed ordinary
differential operators do not work. In view of this, active studies of formulae like and
close ones with deducting several correctors of the perturbation theory have been initiated for
a general case, namely, for the perturbations of abstract discrete self-adjoint operators.

Let Ly be a self-adjoint lower-semibounded operator in a separable Hilbert space H with a
pure discrete spectrum, {A;}72, be the eigenvalues of the operator Ly taken in the ascending
order with the multiplicities taken into account, Ay < Agy1, £ = 1,2,..., and {fx}32, be the
orthonormalized basis formed by the eigenfunctions of the operator Ly. Let V be a symmetric
Lo-compact operator in H, then by the well-known Kato-Rellich theorem, the operator L =
Ly+V is closed on the domain of the operator Ly and has a pure discrete spectrum. Let {u}72
be the eigenvalues of the operator L taken in the ascending order with the multiplicities taken
into account pp < ppyr, k=1,2,...

We note that since both the operators Lo and L = Ly 4+ V' are lower-semibounded, without
loss of generality we can suppose that

A = 0> 0, =06 >0

for each k.
For the described general self-adjoint operators with a pure discrete spectrum we formulate
a following problem.
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What conditions for the operators Ly and V' do ensure the existence of a subsequence {n,}>°_,

of natural numbers such that
Lim Y DA (Vfie fi) = ] = 0. (1.3)
k=1

Identity is called a regularized trace formula with brackets and deducting the first
corrector of the perturbation theory; it generalizes identity for abstract discrete operators.

For such general problem on validity of identity , a pioneering work was written by
V.A. Sadovnichii, V.V. Dubrovsky, V.A. Lubishkin [4]. Let us mention the most valuable
successes in this direction.

In work [5], V.A. Sadovnichii and V.E. Podolskii proved identity for arbitrary bounded
perturbations V' being a Hilbert-Schmidt operator if Ry(z) = (Lo — 2I)~! is a nuclear operator
and the spectrum of the operator Ly possesses growing gaps, that is, if there exist a subsequence
{An, too_y such that A, — A,,, — 00 as m — oo. We note that a core of the proof in this
work and previous numerous works by V.A. Sadovnichii, V.V. Dubrovsky, V.A. Lubishkin and

other authors was based on applying the operator tr (—% § z(+)dz) to the resolvent identity

R(z) = Ry(2) — Ro(2)V Ro(2) + (Ro(2)V)?R(2),

where
Lp={z:z2]= 27 A\, + Aimin ) }s R(z) = (L — 21t

A next essential advantage in this direction was made in a work by Kh.Kh. Murtazin and
Z.Yu. Fazullin [6]. In order to describe the results and ideas from this work concerning identity
(1.3)), we introduce a point-wise indexation of the operator Lg:

O—(L0> = {S\k}zozlv ;\k: < j\k-‘rl) k= 1, 2, .

We denote by P, the orthogonal projector on the eigenspace of the operator Ly associated with
the eigenvalue Ay and let 1, = dim Ran P be the multiplicity of the eigenvalue Ay so that

Vi
Pk() = Z(? fki)fki?

i=1
where { fi, } /%, is a basis formed by the eigenfunctions of the operator L, in the subspace P,H.
Let ,LLZ(-k), i = 1,1}, be a group of the eigenvalues of the operator L arising after the splitting of an
cigenvalue ), of the operator Ly under the perturbation by the operator V; these eigenvalues
are taken in the ascending order counting their multiplicities.

Hereafter, the following condition is assumed: the operator Ky(\) = (Ro(—A)V)?Ro(—=\),

A > 0, is nuclear, that is,

Amk

(Ae + A2 + A)

tr Ko(A) = )

k=1m

< 00, (1.4)

oo o0

1

where a,,, = tr P,V P,V
The following results and ideas were presented in work [6]. First, the following identity was
one of the key ingredients:

Vi

0< p(t) et Z[/\k + (ka, fk) - Hk] = Z Z(S\k — ,ugk)) +tr P,V (15)

A<t S\k <t Li=1
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for each t € K, where K is a compact set in R, see [0, Lm. 1.4]. Then for symmetric Lo-compact
perturbations V, i.e.,
|Ro(= M)V —0 as X — 400,

the following asymptotic identity was proved [6, Thm. 1.3]:

[e.e] o)

/ % - [ (fff [1+ Ol Ro(~NV])]. (1.6)

o

where

7(s) =D D (A — M)

Xk<s :\m>s

We also mention that if Ky(\) is a nuclear operator, then [0l Eq. (1.47)]

FO) %t Ko(N) :3/%&. (1.7)

Employing identities (1.6) and (1.7]), it was proved [6, Lm. 1.10] that if
fA) =0\ for A>1, (1.8)

then there exists a subsequence {n,,}>°_; C IN such that identity holds true. It should be
stressed that condition is not related with any particular class of the perturbations V.

On the base of this statement, namely, on the base of Lemma 1.10 in [0], there were obtained
sufficient conditions ensuring identity for various classes of perturbations V. In order to
provide a complete picture, we reproduce here Theorem 1.5 from [6].

Theorem A. Let Ly = Lj; be a lower semi-bounded operator with a discrete spectrum and V
be a symmetric Lo- compact operator in H. Assume that one of the following conditions hold:
(1) 3 O3l < oo

k=1
) V is bounded and N(t) = o(t) as t — oo;

(2 t

(3) V is compact and N(t) = O(t) as t — oo;

(4) Veo, 2<peN and N(f) = 6(tr2) as t — 0o;

(5) Vv € 09.

Then there ezists a subsequence of natural numbers {n,,}5°_, such that

Tim D (A (Vi i) = o) = 0.
k=1
In this theorem, the symbol o,, p € IN, denotes the Schatten-von Neumann class of compact

operators and in particular, oy is the class of Hilbert-Schmidt operators. We should say that

Theorem A covers all previously known results in the case of symmetric Lo-compact operators
V.
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The present work is the first devoted to studying a necessary and sufficient condition guaran-
teeing that the sum of the series is equal either to zero or to a finite non-zero number, depending
on the way of placing the brackets. Namely, we consider the series

Vk

i i Z(Xk—uﬁ’“))ﬂrpkv : (1.9)

Such placing of brackets usually arises in studying, for instance, the trace formulae for pertur-
bations of model partial differential operators in mathematical physics, see works [7], [9], [6],
111, 2], [13].

2.  CRITERION FOR VALUE OF REGULARIZED TRACE

We first transform identity (1.6). First we note that if the operator is Lg-compact and
condition ([1.4) is satisfied, then by Theorem 1.2 in work [6] we obtain that

I p(t)dt
20/ (t+ A

Lemma 1. Let the operator Ko(X\) be nuclear and V' be symmetric and Ly-compact. Then

< tr Kp(\) < 0. (2.1)

The following lemma holds.

S 2/ oAt (2.2)
)\k + )\
k= 0

1

Proof. Since p(t) > 0, the definition of p(t) implies that for each n € IN we have

An An
- [ e

)\k+)\ t+>\ )2
0

Identity ([2.2) will be implied by ([2.3]) once we show that

i PRt 0)
n—oo (A, + )2

’I’L

(2.3)

We prove the above identity arguing by contradiction; in view of the inequality p(t) > 0 we
suppose that

. p( 0)
Then
PO +0) = (a—)(An + N2, e= g

for all n > ng(e). Since the function p,(t) is non-negative and step-like, we get:

o p(t) B
rhlilo/ (t+A)3dt*+°O
0

which contradicts inequality (2.1). The proof is complete. ]




ON NECESSARY AND SUFFICIENT CONDITION... 95

Integrating by parts, we confirm that

+oo [ee) n
p(t) 2 [, p(T)dr
2 dt = —————(t. 2.4
/(t+)\)3 BRI 24
0
Now identities (1.6), (2.2), (2.4) and Lemma 1.7 in work [6] yield that for A > 1, the identity
00 a
=5 = 1N+ O([Ro(=N)V])] (2.5)
o (e + )2

holds, where

Vi

#202 [y 7(s)ds + L, alawe = 20 = 117)’)
hiN) =3 / TES .

0

Theorem 1. Assume that series converges. Then the sum of series vanishes if
and only if

LA =022 as A — +oo. (2.6)

o0
Proof. Necessity. Let > ap = 0. We are going to show that the series
k=1

S o
o (/\k: + )\)2
converges uniformly for all A > 0. Indeed, since the functional sequence
)\2

R TV

oo

is monotone and is uniformly bounded on the set A > 0 and the series » | a; converges, then the
k=1

considered series converges uniformly on the set A > 0 by the Abel test of uniform convergence.

Therefore,
. [o.¢] ak o . A2 oo
1 A2 —_ = 1 ——ay = = 0. 2.7
Ao ; (N + A)2 ; Ao (e + A2 ; i 27)
Since the operator V is Lg-compact, that is,

|Ro(=A\)V]| — 0 as X — o0,

identities (2.5)) and (2.7 imply relation (2.6)).
Sufficiency. Assume that condition (2.6 holds. As we have mentioned above,

|Ro(=A\)V]| =0 as A — o0,
and hence, it follows from identity (2.5 that

oo
Qg

m = 0()\_2) (28)

k=1

for A > 1.
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oo
Suppose the opposite, that is, > a = ¢o > 0; the constant c¢q is strictly positive by inequality
k=1

o0
). Since the series ) f/'\k/\j—/\)?ak converges uniformly for all A > 0, we have:
k=1

lim \? _L = lim ——a, = ar = Cg. 2.9
A—+00 ;()\k+)\)2 ;A_>+OO ()\k+)\)2 k ; k 0 ( )

This implies identity

> ag . 1

k=1
which contradicts (2.8]). The proof is complete. n
Theorem 2. Let series (@ converge. Then relation
Y ar=c>0 (2.10)
k=1
holds if and only if
fi(A) ~ A% as A — +oo. (2.11)

Proof. Necessity. Assume that holds. Since the operator V' is Lg-compact, we have
|Ro(=A\)V]| — 0 as A — +oc.
Therefore,
FIN[L+||[VRo(=N)||] ~ fi(A) as A — +o0. (2.12)

We multiply identity (2.5) by A2 - ¢, and in the obtained identity we pass to the limit as
A — +00. According identity (2.9) we then get that

i AL VRV

A——400 Co )\_2 ’

that is,
3~ AL+ [V RN

In view of relation (2.12)), this implies (2.11)).
Sufficiency. Let

fiA) ~coA™? as A — +oo,
where ¢y is a positive constant. Multiplying identity (2.5) by A?, we get
————a, = Nf[i(A)[1 + O||Ro(—\)V 2.13
;(AHA)Q k= A fi(V)] [Ro(=MV]l] (2.13)

We recall the aforementioned uniform convergence for A > 0 of the series in the left hand side

in (2.13). Taking into consideration this fact and the equivalence of (2.11)) and ([2.12f), we pass
to the limit as A — 400 in (2.13). Then we find that

o0
E ar = Cg.
k=1

The proof is complete. O
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Later we are going to establish the validity of estimates (2.6) and (2.11]) for the function
fi(A) for particular classes of perturbations V. Since at that we do not assume the existence

of growing gaps in the spectrum of the operator Ly (this is related with a particular choice of
(k)

summation brackets), we shall have to impose a condition for the eigenvalues p; ', i = 1, v of

(%)

the operator L: as k >> 1, the eigenvalues y; are located in the vicinity of the eigenvalue )y,

that is, | ,ugk) — X |< 7k, @ = 1, g, where
Ty = mln{(j\k — S\k:—l) . 2_1, (5\k+1 — 5‘14:) . 2_1}.
Let
R()k(Z) = R()(Z) — (Z — /\k)_lpk
be the reduced resolvent of the operator Ly in the vicinity of the eigenvalue \,. Then, if

lim sup ||Ro(2)V] =0,

k=00 | Xel<ra

then it is easy to show that

as t > 1. Therefore,

A0 = 3/ %dt =o(A?), \— +oo.

0

This is why the validity of estimates (2.6) and (2.11]) for various classes of perturbations V
should be established for the function

[e.o]

since
A = HY0) + A2,

In conclusion we formulate one more problem:
Prove that there exists a subsequence of natural numbers {n,,}5°_, such that

k=1

if and only if
fiA) =01 as A — +oo.

We mention that the proof of the sufficiency is not difficult and is clear for us. The justification
of the necessity is not completed yet and requires further studies.
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