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LOWER BOUNDS FOR ENTIRE FUNCTIONS

O.A. KRIVOSHEEVA, A.S. KRIVOSHEEV, A.I. RAFIKOV

Abstract. We study lower bounds for entire functions of proximate order and of completely
regular growth. We introduce the notion of the index condensation for sequences of complex
numbers of proximate order. This notion generalizes that of the index of condensation for
sequences of order one. We also introduce a properly balanced set, which is a properly
distributed set with a zero condensation index. We show that a regular set is properly
balanced and we prove that the properly balanced property of the zero set of an entire
function is a necessary and sufficient condition for the existence of family of pairwise disjoint
circles with the centers at its zeros and with relatively small radii. Outside these circles,
the absolute value of the function admits lower bounds asymptotically coinciding with its
upper bounds in the entire plane. Thus, we show that the notion of a properly balanced set
naturally generalizes the notion of a regular set in the case of arbitrary sequences including
multiples sequences. A method for constructing of an exceptional set consisting of circles
with centers at zeroes of entire function is also provided. In some cases, we can make the
sum of the radii of these circles arbitrarily small.

Keywords: Entire function, proximate order, completely regular growth, properly bal-
anced set, regular set.
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1. INTRODUCTION

Let f be an entire function of proximate order p(r) and of regular growth [I, Ch. I,
A = { g, n}2, be its multiple zero set, where ny stands for the multiplicity of the zero A. In
the work, we study lower bounds for the function f, which holds in the entire plane except for
a special set of circles centered at the points .

A classical result by B.Ya. Levin [I, Ch. II, Thm. 2, Ch. I, Thm. 4] established a closed
connection between the behavior of entire functions of regular growth f and their zero sets A.
At that, there were obtained lower bounds for the function |f| outside an exceptional Cy-set
[1, Ch. T, Sect. 1]. By an opinion of B.Ya. Levin [I, Ch. I, Sects. 1, 6], a disadvantage
of the exceptional set of the circles is that it is not constructed effectively, namely, it is not
said how to construct Cyp-set. Because of this, B.Ya. Levin introduced the notion of a regular
set consisting of simple points A, (as ny = 1). In this case, it is possible to provide a full
description of exceptional circles being disjoint circles centered at A; of special radii. However,
the set obtained in such way is not a Cy-set although its linear density can be made arbitrarily
small.

The regularity of the set means that its points are separated in a special way. This is why
a function f with regular zero set A = {\,1}72, possesses nice lower bounds outside an
exceptional set formed by disjoint circles B(Ag, k), whose radii are relatively small, namely,
are infinitesimal in comparison with the centers as k — oo [I, Ch. I, Sect. 1, Thm. 5].
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In the present work we employ another tool allowing us to separate points \;, a condensation
index Sy of a sequence A introduced in [2]. This index is appropriate for working with arbitrary
sequences including multiple ones. It is considered in the second section.

The third section is devoted to obtaining lower bounds for special polynomials defined by the
sequence = {\g, 1}7°, of normalized in a special way pieces of an infinite product representing
an entire function with a multiple zero set A. We study the relations between these estimates
and condensation indices. We construct exceptional circles centered at the points g, outside
which the mentioned polynomials admit appropriate lower bounds.

On the base of the results of the third section, in the fourth section we study lower bounds for
entire functions of a proximate order p(r) and of completely regular growth. We introduce the
notion of a properly balanced set, which is a properly distributed set with the zero condensation
index S)\. We show that a regular set is properly balanced, see Theorem 4.2. We also prove that
a properly balanced property of the zero set A = {\;, 1}72, of a function f is a necessary and
sufficient condition ensuring the existence of a family of mutually disjoint circles with centers
at the points A\ and relatively small radii, outside which the function |f| admit lower bounds
coinciding asymptotically with its upper bounds in the entire plane, see Theorem 4.5. Thus,
we show that the notion of a properly balanced set is a natural generalization of the notion of
a regular set for the case of arbitrary sequences including the multiple ones. We provide an
effective algorithm for constructing an exceptional set formed by circles centered at the points
Ak, see Theorem 4.3.

2. CONDENSATION INDEX

Let A = {\g, 1}32, be a sequence of different complex numbers A, and their multiplicities
ny. We assume that |[A\;| does not decrease and |Ax| — oo, k — co. We consider sequences of a
proximate order p(r) [I, Ch. I, Sect. 12]. We recall main properties of p(r). A function p(r),
r > 0, satisfying the conditions

. o . / -
Tlirgo p(r)=p >0, Tll)rgo rp'(r)lnr =0, (2.1)
is called a proximate order. We have
(rP)) = P (p’(r) Inr+ _p(r)) = PO () Inr + p(r)).
r

Thus, by (2.1), the function r°(") increases for sufficiently large r. We let L(r) = r?("=F, The
function L(r) is slowly growing [I, Ch. I, Sect. 12, Lm. 5], that is,

. L(er)
1
roo L(r)
uniformly on each segment 0 < a < ¢ < b < oo. It follows from (2.2) that for each € > 0 and
each ¢ € [a, b, the inequality holds:

—1 (2.2)

(1 —&)ePr’™ < (er)P) < (14 )e’r”) 1 > R(e). (2.3)
A sequence A is said to have a finite upper density 7(A) (at order p(r)) if
— A
n(A) = lim n(r, A) ,

r—00 rp(T)

where n(r,A) is the amount of the points \; counting their multiplicities nj in the circle
B(0,r) of radius r centered at the origin. We introduce a local characteristics of the sequence
A. Following work [2], we let

P VN
oo 1L ()
)

AL EB(w,d|w|
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As the ball B(w,d|w|) contains none of \;, we let gp(A,w,d) = 1. The absolute value of
ga(A,w, ) can be interpreted as a measure of accumulation of the points A\, € B(w,d|w|) at
A. By its meaning, the quantity W
(arithmetic mean of the logarithms) of the normed distances from the points A\, € B(w, §|w|)
to the point A\. If § € (0,1), the absolute value of each factor g in the circle B(w,d|w]|) is

bounded from above by the quantity 2(3(1 — §))~!. This is why

is similar to the logarithm of the geometric mean

A = Akl 1
<1, MM € B(w,dlw|), ¢ 0,=- ). 2.4
30| k € B(w,dlw]), o€ (0,3 (2.4)
Moreover, the inequality holds:
A=A 1
| d >1, A€ B(w,5dlw|), M € B(w,dlw]), de€(0,=]. (2.5)
30| Ak 3

We introduce extra functions, see [2]. We let

2=\ * Z2—=Am\ ™"
m(s,8) = _ >1.
dp (Z7 ) H (35|/\k‘) QA(Z,'IU,d) (35|)\m|) ) m

AL EB(Am 0| Am ) k#m

Following [2], we define the condensation index:

In g3 (A, 6)]

Sa = lm Sx(9),  Sa(9) = lim [P

m—00

It follows from (2.4) that the limit is well-defined and Sy < 0. Various examples on calculating
the index Sy in the case p(r) = 1 were given in works [3]-[5]. We consider extra examples
related with the notion of a regular set. Let A = {)\;, 1}. Assume that one of the following
conditions holds [I, Ch. I, Sect. 1]:

(C) There exists a number d > 0 such that the circles of the radii

(YD)
Ty = d|)\k|1_p Qk

centered at the points \; are mutually disjoint.

(C’) The points A\; are located in finitely many closed angles with a common vertex at the
origin having no other common points. At that, for all points A, located in a same angle, the
inequality

Meen] = )| = ddw 7@ d >0,

holds true.

Let us show that in both cases Sy = 0. First we assume that Condition (C’) is satisfied.
We begin with observing that for sufficiently small § > 0 (5 < g < %) and k > kg the circle
B(Ak, 8| \g|) intersects just one of the angles mentioned in the formulation of Condition (C’);
we denote them by I';. This is why it follows from the definition of the quantity Sy that it is
sufficient to prove the identity Si, = 0, where A; is a part of the sequence A located in the
angle I';. We denote Aj = {Arp), 1}52,.

Let § € (0,dp) and k(p) > ko. By (2.3) and Condition (C’), there exists a > 0 such that

M) = i) | = dlAig P00 > af ) ' P0D = by Xy € By 6 Ak ).
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Then by (2.4) we get

Z In P = M| _ Z In [Ak(s) = Aeiw)|
\ 30| Ak(s)| 30| Ak(s)|
k(s) EB(Ak(p) 01 Mk () 1) ,57P M e(s) EBMi(p) 01Xk (p) 5| Aoy [ <[ Mk |
[Aks) = M|
In 258 7RP)
i 2 30 Ak(s) |
Ak<s>EB(>\k(p> 3 A k() D[ Ak(s) > 1Ak
>2 In
Z o(1+ 5 RV E
where [, is an integer part of the number @ Thig yields
1 A s _)\ 2 I)'(h by
—~ Z ln’ k(s) k(p)|> - |)ln( (lp)!(hy) z)
[ A [PD 36k [k PP A3+ 0) [ Arg )1

k() EB(Ak(p) S Ak (p) 1) 57D

> In ( <h l ) )
| Akpy [PIAR@D X (125 Mg )1

o, hol,

P PPl 12| A

Hence,

1 Kp) 5
lim ——————qy " (M), 6) > —2—In12.
pggo ‘)\k( )|P I)‘k(p)l)qA ( k(p)» ) 5 n

This implies the identity Sy, = 0.
Assume now that Condition (C) holds. We fix § € (0,3). By (2.3), there exists numbers
a, f > 0 such that
Oédl)\]c|

1 plA k\) M= oA k|> 1 202D

pUAED
2

This is why, it follows from Condition (C) that the circle B ()\k,d|/\k|1_
points As, s # k, and the amount m,, s, of the points Ay € B(Ag, §|A\x|) located in the annulus

) contains no

Ky = B ()\k, (n + D=5 ’“”) \ B </\k,nd|)\k\1 L'é’“”) a1,
does not exceeds the quotient of the annulus’ area
B (X (n 1) + BN )\ B (o, (0 = Bpdn 5
and the area of the circle B <)\5, A" . kl)) of a minimal radius for the same A;. The area
, 2
of this circle is estimated from below by 7 (adMMkM) . We have

T(((n+1) +5)* — (n = B PPN (20 +1)(28+1)

Mok = TQ2d2| Ny, |2 P2 B a2
Let ji be an integer part of the number # Then
2j, +1)(28+1 .
mnk\<j O)ég )Zpk> L <n < gk
Taking into consideration the inequality
LD

e = Xl = nd| M| 2, As € Ko, 1<n< gy,
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we obtain

j p(IA ) . P gD
S oS md M Cd
36N 7 46 M| =k 126[ Ay | '
Xs€B(Ak 6| ALl) 57k n=1

Thus,
. , p(AgD)
1 Jk Pried| M2
SA(0) = lim —————¢X (Mg, 0) > 1i o |
A(0) = e Tl Ty 1M 0) = 7 e [l D n( 126| Ay
5 5
= lim —p(w)m] = lim FIEND In VN =0
k=00 d| A koo d| Ay d|Ae|”

Therefore, Sy = 0.

3. LOWER BOUNDS FOR SPECIAL POLYNOMIALS
We provide some results concerning the index Sy; we shall n need them in what follows.

Lemma 3.1. Let A = {\y,ni}, Sa =0, and B be an open set containing all points A\,. The
following statements are equivalent:
1. For each € > 0, there exist number R > 0 and d € (O, %) such that

In |qa(z, w,8)| > —e|z|PU*D, 2e€C\ B, |w|>R. (3.1)
2. For each € > 0, there exist numbers R > 0 and d € (O, %) such that
In |qa (2, w,8)| > —e|z|P1*D, z € B(w,d|lw|)NIB, |w| > R. (3.2)

3. For each € > 0 there exists a number kg and a number § € (0, %) such that for each k > kg
the inequality holds:
zZ — )\k "tk
n

30| Ak

4. For each € > 0 there exists a number kg and a number 6 € (0, %) such that for each k > ky
the inequality holds:

> e D 2 € B, 8|A]) N OB. (3.3)

z — )\k "
30| Al

Proof. Assume that (3.1) holds. Then (3.2) is obvious. Since |z| < (148)| x| as z € B(Ag, 0| Ak]),
in view of the definition of the function ga(z,w,d) and (2.4), (3.2), (2.3), we obtain:

In

k
> —glz|PUD] z€C\B. (3.4)

Z — )\k "tk
n

36| A
where k > k; and z € B(\g, 6| \g|) NOB. This gives (3.3).

Assume (3.3) and let us prove (3.4). We take £ > 0 and we find ko and 6y € (0, §) such that

> lnlqA(Z,)\k,5)\ > _€|Z’p(\ZI) > _5(2|)\k’)P(2|)‘k|) > _2P+1€|)\k|9(‘>\k|),

A\, ™
In o2k > eGP D, 2 € BOw, Sl M) N OB, k> ko,
30| k|
We let § = %0 and we have
Z—)\k "tk Z—>\k "tk
] > > — |\ [P Bk, 36| \s|) N OB k > k.
n 35|)\k| 350|>\k| 5| kl ) S ( ks | k|) ) 0

If z € C\ B(Ax, 30| A|), then
n Z—>\k "tk
30| Ak |

>0 > _5|Z|p(|2\).
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In view of the above arguing and the minimum principle for the harmonic functions we obtain:

A
I |Zo 25 s D e BOW, 3D\ B, k> ko
30| Ak
Let 2z € B(Ag, 30| \k|). Then |\g| < |2|(1 —38)7 < 2|z|, £ > 1. In view of (2.3) we hence get:
— M\ | ™
In ;(5|)\ T > —e(2]2])PRRD > —ortlg|z|PUED z € B(Ag, 30| \e) \ B, k> k.
k

Thus, we arrive at inequality (3.4).
Finally, assume that (3.4) holds. Suppose that (3.1) fails. Then for some € > 0 there exist
sequences {wy,}, {zm} such that z,, € C\ B, |w,,| — oo and

10 g (Zmy W, m™Y)| < —|zm |0 m > 1. (3.5)

By the definition of the function ¢, this implies that for each m > 1, the circle B (wm, %)

[wm|

contains at least one of the points Ax. Let Ay(,) be a point in the circle B (wm, T) located

[wm|

at the minimal distance from the point z,, among all A\, € B (wm, T)? m > 1; if there

are several such points, we choose arbitrarily one of them. Let us show that (3.5) contradicts
the assumptions of the lemma. In order to do this, we estimate from below two groups of
the factors forming the quantity |qa(zm,wm, m™')|. The first one is formed by the points

m

M\ €B (wm, M), k # k(m), while the second corresponds to the point Ayy,. Let us estimate

the first group. According the assumptions, Sy = 0. Then due to the definition of Sy, there
exist € (0, %) and kg such that

ln|q1]§()\k7§)| €
W > 3 k = ko. (3.6)
We choose mg so that k(m) > ko, m > 25~ and B (wm,%> C B(Xem), 0| Ak ]), m =

myg; the latter is possible since Ay, € B (wm, %) Let \y € B (wm, ‘“;:f'). Assume that
|Zm — M| < 271 Aggny — Akl Then according the choice of the point Ag(,) we have:
‘)\k(m) _)\k‘ |Zm_)\k|+’2m_)\k m)| 2’Zm_)\k| < |>\k(m >‘k|

We have obtained a contradiction. Therefore,
|2m_)\k| 22_1|/\k’(m)_Ak|’ )\kGB<wm,‘1;}n—m‘) .

Taking into consideration (2.4), (3.6) and the choice of the number mg, we obtain:
- " Ne(m) — M\ "
H |Zm — Akl > H | Ak(m) k|
3m‘1|/\k| 6m‘1|/\k|
A€ B (wim, ) kst k(m) A€ B (wim, ) kst k(m)

> 17km) 71
H ( 30| Ak |

A EB (wnm, L) kst le(m)

| Ne(my — Ael\ ™
> [Ak(m) = Ak|
H < 36| Ak

A€ B (wim, ) kst (m)

k(m 5‘)\16 ’ l/\k(m)|
SN )()‘k(m)aéﬂ = exp ( il 3
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as m = my. Since A\ym) € B <wm, %) and by (2.5) and (3.5) z,,, € B (wm, %), m > 1, in

view of (2.3) there exists a number m; > mg such that

o >\ P I)‘k(nL)D m p(lsz
exp ( At |3 > exp (—%) . m o= my. (3.8)

We proceed to estimating the second group of the factors forming |qA(zm,wm,m*1)| con-
structed by the point Ag(rn). By (3.4), there exist my > my and 6, € (0, 3) such that

— Akmy | ™0™ &2 |PUZD
In W - — m = mo.

We choose ms > msy by the condition m~! < §;, m > ms. Then

Ak(my |50 — Ai(omy [0 elz,, |PU2D

R 1|)\:(m] > 351\Ak:;| e SR
In view of (3.7) and (3.8) this implies
I |qa (Zom, Won, m™Y)| = —€|2ml, m = ms.

The latter contradicts (3.5). Thus, (3.1) is true and this completes the proof. O

We are going to describe a wide class of sets B and to provide conditions ensuring the validity
of Statement 3 in Lemma 3.1. Let I' = {7;}72, be a sequence of positive numbers. We let

B(A, F) = Uzole(/\k, ’}/k).

Lemma 3.2. Let A = { M\, ni} and T = {y} satisfy a condition:
T In Tk
el Tl

Then Statement 3 in Lemma 3.1 holds with B = B(A,T').
Proof. Let 6 € (0,%), Ay # 0 and z € B(A, 0| A\x]) N 9B. By (3.9) we have:

— 0, k — oo. (3.9)

1 2= M| ny Yk Ny Vi
> 1 > 1 — 0.
D[P 350 V[P 380 2 Tl TeD ]
This leads us to Statement 3 in Lemma 3.1. OJ

Remark 1. a) Suppose that I" = {y} satisfies (3.9) and for ri € (0,1), k > 1, the relation
holds:

nk
| Ag|P(AxD

Then, as one can see easily, {ryyx} also satisfies (3.9). In particular, if

Inr, — 0, k — oc. (3.10)

m(A) = ;}520|>\k|pu'| =0,

then for each ry € (r9,1), k = 1, 1o > 0, condition (3.10) holds true.
b) Let m(A) = 0 and vy, = np| M| Pk > 1. Then T = {y} satisfies (3.9). We have

N Yo o g N

In = In — 0, k — oo.
el CUARD) AL AR lPOED AP ([ A])
c) Assume that n, < N, k> 1. Then (3.9) holds if
1
il — 0, k — oo.

PREEYD
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Indeed, by (2.1), for k > ko we have:

This is why (3.9) is true. For instance, we can choose

Y = exp(—ek])\k|p(|’\’“|)), k> 1, 0<er—0, k — oo. (311)
We let [
1 A2
= L (3.12)

If in addition m(A) < 400, then the series

o0 oo T
Z”Vk = Z e [2eeD
k=1 k=1

converges. Thus, in the case ny < N, k > 1, and "(A\) < +oo, the exceptional set B(A,T') in
Lemma 3.2 consists of the circles centered at the points A\ and the sum of their radii can be
made arbitrarily small.

Let I' = {v}, A = {\,nr}. For each £ > 1, by the symbol ; we denote the minimal
distance from the point Ay to the points A,, s # k. We let

FO(T) = {7]8(7_)}?:1? 718(7-) = Tmin{/ylmﬂk}? T € (072_1]7 k=1, (313)
B(A,To(7)) = [ BOw, %(7)).

By (3.13) and the definition of the numbers S, the circles B(Ag,v2(7)) are mutually disjoint.

Lemma 3.3. Let A = {\;,n.}, m(A) =0, 7 € (0,271, and Sy = 0. Assume that T' = {y;}
satisfies (3.9) and B = B(A,T'y(7)). Then Statement 3 in Lemma 3.1 holds true.

Proof. We suppose the contrary, then for some number £ > 0 there exists sequences {k(m)}
and {z,,} such that k(m) — oo, z,, € B </\k(m), W) N 0B and

Zm — Ni(m) < _€|)\k(m)|P(‘)‘k(m)|)7 m > 1. (3.14)

I | CkOm)
3M A(my)|

Let A; be a sequence consisting of all pairs Ay, ng such that 72(7) = 7Y. Welet I'| =
{T}rpmpen,- By assumption, m(A) = 0 and hence, (3.10) holds with 7, = 7. This is why
according Remark 1.a), the sequence I'y satisfies (3.9). Then by Lemma 3.2, the sequence A4
satisfies Statement 3 in Lemma 2.1, where we let B = B(A1,T'1), and according this lemma, its
Statement 4 holds as well. Therefore, there exists a number mq and a number § € (0, %) such
that
3m—1|/\k(m)|

Te(m) p(lzml)

Zm — )\k(m)
P aTE—— = 9 )

30| Ak(m) |

In Ak(m)> hk(m) € T'1, m = my.

Since z,, € B ()\k(m), M’fﬂ—"”'), then % — 1, m — oo. This is why due to (2.3), for some

number m; = my, the inequality holds true:

p(|zm)
_% > _€|)\k(m)|l)(|>\k(m)|)’ m > my.
Thus,
Zm_)\k(m) "hlm)
In |2 > —&| Mooy [PIARemD Netm)s Tk € L1, > m,. 3.15
R Ty | Akt | 7 k(m), () € T, m 2 my (3.15)
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According the definition of numbers (5, we find indices p,, such that |/\k(m) — Ao | = Br(m)
m > 1. By assumption, Sy = 0. Therefore, there exist a number ms > m; and a number
01 € (O, %), for which

In [gi" (Ap,,., 01)]
| Ap,, |[P(PemD -

: m = meo. (3.16)

DN ™

Let )\k(m),nk(m) e I'y. Since z, € B()\k(m)77—ﬁk‘(m))7 then |/\k(m) — Zm| = Tﬂk(m). Hence,
Meom) = Aom| _ By _ 1

This is why, in view of the belonging z,, € B ()\k(m), )7 we obtain:

1 1
|)‘k(m) - >\pm| < ;|)\k(m) — zm| < %l)\k(mﬂ- (3.17)

Due to (3.17), we can assume that m > msy, the belonging holds Aximy € B(Ap,., 01|Ap,.|) and
(m7)~! < §;. Therefore, according (2.4) and the first inequality in (3.17), we get:

In Fm = Ak(m) e >1n Ak(m) = Ap |
3m " A | 3(7m) =~ Awmy | (3.18)
Akm) = Apn | |
>n |22 TP 2 |gx" (Ap,, 00)l,  m = ma.
351|)\k(m)| | A ( g 1)| i

According (3.17), A,,, € B (Ak(m), %) Therefore, by (2.3), for some index mg > may, the
estimate holds: .
_§|)\pm|p(|/\pm|) > _5|)\k(m)|p(\/\k(m)|)7 m > ms.

In view of (3.18) and (3.16) this implies:

Zm — )\k(m) "e(m)
Ip |2 M) > —¢| Mot PUAk(m)) > ma.
. 3m = Ak | el 7 e
Together with (3.15), this contradicts (3.14). O

Remark 2. Under the assumptions of Lemma 3.3, the sequence I' = {~} can be chosen so
that

lim % = . (3.19)
Indeed, we let v, = min{|\p|, ng| e/ 7Dy k> 1. According Remark 1.b), the sequence
I' = {} satisfies (3.9). Since m(A\) =0, identity (3.19) follows.

In the end of the section, we provide a simple statement which is in some sense (in view of
Lemma 3.1) inverse to Lemma 3.3.

Lemma 3.4. Let A = {\y,n} and By, k > 1, be open mutually disjoint sets. Assume that
M € B, k> 1,

lim —— =0, (3.20)

1

where d, are diameters By, and for each € > 0 there exist kg and § € (O, 5) such that

Inga(z, A, )| = —el2|*), 2 € B\, d|M])NOB, B=|JBi, k= k. (3.21)

k=1

Then Sy =0 and m(A) = 0.
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Proof. Let € > 0. By (3.21), in view (2.4) and the definition of the function ¢§ we have:
In|gk(z,0) = —elz|PD, 2€ BOw,d|\)NOB, k> k.
According (2.3), there exist a number k; > ky and a number 6, € (0, ) such that
—e|2|PUED > —2g |\ |PD e B, 1| Me]), k> k. (3.22)
Therefore, in view of (2.4) we obtain:
In gk (2,60)] = In gk (2,0)] = —2e|\e|PxD, z € B(Ag, 01| Ak|) N OB, k> k.

By (3.20) we can suppose that By is compactly embedded into B(Ag,d1|Ak|), & = k1. The
polynomial ¢% (2, d;) has no zeroes in the set By,. Hence, by the minimum principle for harmonic
functions the latter inequality is extended on By. In particular,

1n|Q1]§(>\k761)| 2 _2€|>\k|p(‘>\k|)a k 2 kl-

By (2.4),
|Qi(Akua>| > |QZ]{\:(A]€751)|7 NS (Oa 51)

Thus,
Sp = lim lim
A a—0 o0 |Ak|

Since € > 0 is arbitrary, then Sy = 0.
Now we are going to show that m(A) = 0. Let 2z € 0By C B(Ax, 01| Ak|), k = k1. According
(3.21), (3.22) and in view of (2.4) we have:

— N\ |
In [ 2228 S 0 ga (2 e 0)] = =26 \lP D, > R
36| A
Therefore, by (2.33) and (2.32),
N d;
1 > —2¢, k> k.
I[P 38 | © !
Now it follows from (3.20) that m(A) = 0. O

4. LOWER BOUNDS FOR ENTIRE FUNCTIONS OF COMPLETELY REGULAR GROWTH

Let p(r) be a proximate order and f be an entire function of order at most p(r), that is,
In|f(z)| < A+ Blz|1#, z € C.

The function ,
] ip
hy() = Tm U o oa,

r——+o00 rp(r)

is called an indicator of f. It is continuous [I, Ch. 1., Sect. 16]. We mention one more property
of the indicator [I, Ch. I, Sect. 18, Thm. 28|: for each € > 0 there exists R(¢) > 0 such that

In |f(re®)| < (hs(p) +&)r’™, ¢ € (0,27, r > R(e). (4.1)
A function f is said to have a completely regular growth [I, Ch. I} if

o In[f(re?)]
hy(p) = riEljﬂIE—}-oo — om0 PE [0, 27],
where E' C (0,+00) is a set of relative zero measure (Ey-set), that is,

iy es (EN(0,7))

r—+00 r
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here the symbol mes stands for the Lebesgue measure. A function f is said to have a regular
growth on the ray L, = {re*?,r > 0} if
: In|f(re')|
h = 1 _— 4.2

o) = phm  — (4.2)
where E, is Fy-set. If f has a regular growth on each ray, then the set £, generally speaking,
depends on ¢ € [0, 27]. However, it turns out that we can find an exceptional Ey-set suitable
for all ¢ € [0,27] [I, Ch. I, Sect. 1, Thm. 1]. In other words, the function f has a completely
regular growth if and only if it has a regular growth on each ray. One more equivalent definition
of a function of regular growth is known. It is implied by the following result.

Lemma 4.1. Let f be an entire function of order at most p(r). The following statements
are equivalent:

1. The function f has a regular growth on the ray L.

2. There exists a sequence {z,}°°_ such that

lim |z,| = oo, lim —™ = e,

lim

m—00 |Zm’P(|2m|)

= hy(e).

Y
m—0o |z |

Proof. Let f has a regular growth on the ray L,. Then (4.2) holds true. We form a sequence
{pm }2_, of all natural numbers p such that the semi-interval [p— 1, p) is not entirely contained
in E,. For each m > 1 we arbitrarily choose a number 7, € [py, — 1,pn) \ E, and we obtain a
sequence {z,, = r,e¥}>_,. By construction, the first and second identities in (4.3) hold, and
in view of (4.2), the forth identity in (4.3) is true as well. Let us show that the third identity
holds. Assume a contrary, then there exists a sequence {z,, };°, such that for some a > 1 the
inequalities hold

2| > alzm |, 121
Then by construction, for each I > 1, the semi-interval [([|zm,|] + 1), [@|2m,]]) lies in the set E,,
where [x] denotes an integer part of a number x. Therefore,

T (E,N(0,7)) > T mes (E, N (0, [a|2m,]])) > _
ATy L PP BT aTeml] 3
We have obtained a contradiction with the fact that E,, is Ey-set. Thus, (4.3) is true.
Assume now that Statement 2 holds. We can assume that |z, 11| = |zm], m > 1.
Since hy is a continuous function, by (2.3), for each € > 0 there exist numbers d, € (0,1) and
Ry(€) such that
1tPOh () — PO ()] < erf™, 0 €[0,2n], te™ € B(re"¥,rdy), r = Ro(e), (4.4)
tP®) — )| e te' € B(re' rdy), 1 = Role).

Let k > 1. We choose & € (0, 1) such that for ¢ = k™2 and Jy = J;, inequalities (4.4) and (4.5)
hold. According (4.3), we find an index m(k), for which

[zm |l = [lzm ] =1 o =1

g O B O > mik 4.6
ER AT P R T o
In | f(2m)| 1
T2 PEnD > hy(p) — w m > m(k). (4.7)

Let R(k™2) > Ro(k™2) be defined by inequality (4.1). We can assume that
(1 = 8k)|2m@y)| = R(E™?), m = m(k). (4.8)
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We consider the functions f,,(2) = f(2)(f(zm))"', m > m(k). By (4.8), (4.1), (4.4), (4.5)
and (4.7) we have:
()] =t )] =l el < (o) + 5 ) 12 = (r0) = 5 ) om0
<4k 2, |PUEm D 2 € B(zm, 0|zm|), m = m(k).

Then according theorem on lower bound for the absolute value of an analytic function in a
circle [6, Ch. I, Sect. 4, Thm. 4.2] with 2y = k="', the inequality holds:

In|fn(2)] = —4k’2(2 + ln(Bek))\sz(lz’"'), z € B(zm, 6’1(5k]zm]) \ Bi.m,

where By, is a finite set of circles with total sum of radii equalling to (3k)~'d|2,,|. Hence, in
view of (4.4), (4.5), and (4.7), we obtain:

In|f(re™)| =(hs(0) — )lZ |‘7(‘Z"‘| 4k%(2 + In(3ek)) 2 |5
>(hy()r — 3k~2)r?") — 4k72(2 4 In(6k))r?") — k=2 (19)
=(hs (¥ )—fk)r’”( ! |
er = 4k72(3 +In(6k)), 1€ € B(zm,6 " 0k|2m|) \ Brm-
By the second inequality in (4.6), there exists a sequence {zy,, ;}52, such that
- , J ,
Zmgy = Zmkys (B om| < Nzm, | < Be) |2mm |, B =1+ é j>1. (4.10)
By the first inequality in (4.6) this implies the inclusions:
(B emle, (B |zmp| ) © Bz, 6 0l Dy 31
We define sets Ej, ; C (0, +00) by the identities
{re,r € By} = [(B) " ommwl e, (Be) |2mu €9) N Brm,  § =1,
We let Ej, = U2, Ey, ;. By (4.9) we have:
In |f(re®)| = (hs(p) — &)™, 7 € (|2m@ |, +00) \ Ej. (4.11)
Let (B5)?|zmmy| <7 < (Be)’ zm@ |- Then in view of (4.10) we have:
mes (E; 0 (0,r) _mes (Bx 1 (0, () |zmgo])) _ 1 i 46 |2m. |
r b (Br)? [2mw)| = (B = 3k 2w 412
_k i Bk ’Zm 4(5k(ﬁk)2 _ 16(/6k)2 < E
3k < (By) |zmk)| Bk(ﬁk—l) 3k Tk
We choose a sequence {Ry}?2, such that
k-1
Rs Rk
Ry, > |z, 16;? <o k>l (4.13)

We let

Ey=EN(lzmwl R1),  Ex=EyN[Re, Ry), k>1, E,=|]E
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Let Ry <1 < Rpy1. Then by (4.12) and (4.13) we get

mes (E, N (0,7)) < g mes (Es N (0, Ry)) | Imes (Er N (0, Ry)) , mmes (Ers1 N (0,7))

T —1 Rk Rk r
k-1
16 Ry 16 16 _ 33
LD SRLCFIEL L)
Ry ; s F RS
Hence, E, is Ey-set. Now (4.11) implies (4.2). The proof is complete. O

Let A = {A\g,ni}. The sequence A is said to have an angular density [I, Ch. 1] (at order
p(r)) if for all p; < ¢y except possibly a countable set ®, there exists a limit

_n(r, Ao, 02))
nA(Spla 902) = Tginoo ()

Y

where A(p1, @2) the set of all pairs Ay, ny, such that \; lies in the angle T'(p1, p2) = {z = te' :
¢ € (p1,p2),t > 0}, and ®, consists only of ¢, for which

inf lim n(r, A(SO -, + Oé))

> 0.
a>0r—+oo rp(r)

A sequence A is called a properly distributed set [I, Ch. 1] at order p(r) if it has an angular
density for non-integer p, while for integer p it additionally satisfies the Lindelof condition: for
some b € C, there exists the limit

1 n
- 1 (p=p(r)) z k.
A(A) = Tll}gloor b+ p E Ow)7

A classical result by B.Ya. Levin [I, Ch. I, Thm. 2, Ch. I, Thm. 4] states that f has a
regular growth if and only if its zero set A = {\g, ng} is properly distributed. At that, the
inequality holds:

‘)\k|<7'

In|f(re"¥)| > rp(r)hf(c,p) + a(r), re¥ € C\ By, —0, r— o0, (4.14)

where By is Cp-set, that is, it can be covered by circles B(z;,7;), j > 1, such that
— 1
o(By)=Tim - > r; =0. (4.15)

The aim of the present section is an effective constructing of an exceptional set By in a form
convenient for applying. In order to make such effective constructing, B.Ya. Levin introduced
the notion of a regular set [I, Ch. T, Sect. 1]. This is a properly distributed set of simple
points A = { A, 1} satisfying Condition (C) or (C’) in Section 2. The set By, which consists of

the circles B (Ak, d|/\k|1_p(|3kl)> in the first case, k > 1, of the circles B ()\k, d’|/\k(p)|1—/’(‘)‘k(p)|)),

d < %, k > 1, in the second case, is called a R-set. We note that a R-set is not a Cy-set. Its
upper linear density o(B,) is non-zero. However, under Condition (C’), by choosing d > 0,
the quantity o(By) can be made arbitrarily small. Under Condition (C), the sum of areas of
exceptional circles can be made arbitrarily small. B.Ya. Levin proved [1, Ch. I, Sect. 1, Thm.
5] that in the case as the zero set of the function f is a R-set, as an exceptional set By, the set
By can serve in inequality (4.14).

A simple exceptional set in estimate (4.14) consisting of mutually disjoint circles arises owing
to Conditions (C) and (C’), which separate simple points Agz. In the present work we employ
an essentially weaker condition allowing us to separate appropriately the points Ay even in the
case of multiple points. This condition is just vanishing of the condensation index Sy .
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A properly distributed set A is called properly balanced if the condition Sy = 0 holds.

Let us establish a connection between the notions of regular and properly balanced set. We
mention first that in distinction to a properly balanced set, the notion of a regular set is defined
only for simple points Ag.

We consider an example from work [3]. We denote Ay = {A, 1}72, and we let Ao, = k
and Mgy = k — ek L > 1, where 0 < g(k) — 0, e*®* — 0, k — oo (for instance,
e(k) = \/L%) We also let Ay = {—\g, 1}72,. It is easy to see that the sequence A = A; U Ay
has an angular density at order p(r) = 1 and satisfies the Lindelof condition, that is, this is a
properly distributed set at order p(r) = 1. It was proved in work [3] that the identity Sy, =0
holds true. This implies easily that Sy = 0, i.e., A is a properly balanced set. At that, A is not
a regular set since Ao — Agp_1 = e *®* — 0, k — 0o and Conditions (C) and (C”) fail.

Thus, a properly balanced set (in the case of simple points) is not necessarily a regular set.
The following inverse statements holds; it is implied by the examples considered in the second
section.

Theorem 4.2. Let A = {\;, 1} be a reqular set. Then A is a properly balanced set.

Theorem 4.2 means that the notion of a properly balanced set is more general than the notion
of a regular set. In what follows we shall show that both notions are introduced due to the
same way.

Theorem 4.3. Let f be an entire function of order at most p(r) and of a completely reqular
growth, A = { Xy, ni} be its multiple zero set. Assume that T' = {} satisfies (3.9), T € (0, 3]
and Sy = 0. Then (4.14) holds, where By = B(A,T'o(7)).

Proof. By the assumption, the function f has a completely regular growth. Therefore, according
the aforementioned result by B.Ya. Levin, A is a properly distributed set. In particular, A has
an angular density. This implies that A has a density, that is, there exists a limit

n(r, A)

rliglo e n(A) < 4o0.
Hence,
A S P N W) O R S WG Ml

We have obtained the identity m(A) = 0. Thus, all assumptions of Lemma 3.3 are satisfied.
According this lemma and Lemma 3.1, for each £ > 0 there exist numbers Ry > 0 and § € (0, %)
such that

g| z|P(I=D
-
Now we find dy € (0,6) and Ro(e) > Ro such that inequalities (4.4) and (4.5) hold true.

By the assumption, the function f has a completely regular growth. In particular, (4.14)

holds, where By is covered by circles B(z;, ;) obeying (4.15). Hence, there exists Ry > Ry(¢)
such that

In |ga(z,w, )| = z € B(w,dlw|) \ B(A,Ty(7)), |w| > Ro; (4.16)

- ] < -, r 2 Rl. (417)

T 2 (1 — 50)R1. (418)
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Let |z| > Ry and a circle B(zj,7;) intersects the circle 4B(z, do|z|) at a point w. Assume that

|z;| > |z|. Then by (4.17)

ESNEN

Therefore,
)
(1 - —°) 23] < Jeo] < (1+ &)

In view of the inequality d < 5 this implies that |z;| < 2|z|. Thus, according (4.17), the sum
d of the diameters of all circles B(z;, ;) intersecting B(z,dg|z|) satisfies the estimate

d 1 25,

L= Y 22N

B R
Je4l<2l

This is why there exists ¢t € (0,1) such that the circumference S(z,tdp|z|) does not intersect
the set By. We let z = rge?. Then by (4.14), (4.4), (4.5) and (4.18) we have:

. . opP(r0)  pp(r)
| f(re®)] 2r*h(p) +alr) = g™ hy(e0) = —0— = =
] (4.19)
£ .
" hy(po) = g™, re® € S(z 100l

We consider the function g(A) = f(A)(qa(), 2,00))"*. Tt is analytic in the circle B(z,dy|z])
and by (2.4), (4.19) it satisfies the estimate
3¢ o(ro)

In |g(rei‘p)| > 7"0 hf(goo) — Z’FO , re' e S(z,tdol2|).

Since g has no zeroes in the ball B(z, dy|z|), by the minimum principle for harmonic functions
we get:

In |g(2)] > 76" hy(0) = " (4.20)
Let z € B(A,T'y(7)) and |z| = Rs. Then by (4.16) and (4.20) and in view of (2.4) we have:
In|f(z)| =In|g(z)| + Inga(z, 2,60)| = In|g(2)[ + In|qa(z, z,9)]

3e clz p(|2])
2Dy o) — S0 — L g ) — e,
Since € > 0 is arbitrary, this gives a required statement. =

Remark 3. a) As it has been mentioned, under the assumptions of Theorem 4.3, the identity
m(A) = 0 holds. Therefore, according Remark 2, the sequence T' = {~.} in Theorem 4.3 can be
chosen so that (3.19) holds.

b) The set B(A,T'o(7)) is the union of mutually disjoint circles B()\k,vg(ﬂ), where

0 o . . _ nk % _
According Remark 1.c), for simple points with ny = 1, the latter identity is equivalent to the

relation
In

—‘)\k’pmk') — 0, k — oo.

In this case, by this remark, the sum of radii of exceptional circles B(\g, v2(T)) can be made
arbitrarily small. In particular, in view of Theorem 4.2, this can be made as A is a reqular set.
We mention that an exceptional set in Theorem 5 in [1, Ch. 1, Sect. 1] is essentially larger
and it possesses only a finite upper linear density o(By).
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Theorem 4.4. Let f be an entire function of order at most p(r), A = { A\, nx} be its multiple
zero set and By, k > 1, be open mutually disjoint sets, B = U2, By. Assume that A\, € By,
k > 1, the diameters dy of the sets By satisfies (3.20) and that for each € > 0 there exists
r(e) > 0 such that

In|f(re’)| = (hs(p) — )r™), re"¥ € OB\ B(0,7(¢)). (4.21)
Then Sy =0 and m(A) = 0.
Proof. Let us prove inequality (3.21). We fix ¢ > 0 and choose numbers §, € (0,1) and
Ry(e) = r(e) such that (4.4) and (4.5) hold. We choose R(¢) > Ry(e) such that (4.1) is true.

Finally, we choose a number £y such that
I\| > R(e)(1— &)1, k> ko. (4.22)
Let k > ko and Ay = re™s. We consider a function g(z) = f(2)(ga(z, A, 2)) 7. By (2.5),
(4.1), (4.22), (4.4) and (4.5) we have
n|g(re'?)| < In|f(re)] < (hp(p) + )" < (hy(pu) +2)rf™, et € S(Ax, dol el
By the minimum principle for subharmonic functions this yields:

In |g(re)| < (hs(or) + 26)r0™, re' € B(Ay, do| M)

Let re’” € B </\k, %’\’“» Then r > R(e) and A\, € B(re'?, §r). Therefore, in view of (4.4) and
(4.5), we have
In|g(re™)| < (hy(p) + 4e)r".
By (4.21) this implies that for all k£ > kq the inequality holds:
Jo| k|

. ) . . .
In |ga(re*?, g, go)’ = In|f(re")| — In|g(re?)| > —5er?™),  re'¥ € B ()\;w ) NoB.
This gives (3.21). Thus, in view of the assumptions of the theorem, all assumptions of
Lemma 3.4 are satisfied. Hence, its statement is true and Sy = m(A) = 0. O]

Theorem 4.5. Let f be an entire function of order at most p(r) and A = {Ag,ng} is its
multiple zero set. The following statements are equivalent:
1. A is a properly balanced set.
/s

2. There exist numbers vy > 0, k > 1, such that ] 0, k — oo, the circles B(Ag,vy) are
mutually disjoint and (4.14) holds, where By = U2 B(A,7}).

Proof. Assume that Statement 1 is true. Then Sy, = 0 and A is a properly distributed set.
According the above result by B.Ya. Levin, the function f has a completely regular growth.
Thus, by Theorem 4.3 and Remark 3.a), Statement 2 holds.

Assume that Statement 2 holds. Then by Theorem 4.4 we have Sy = 0. Let us show that f
is a function of a completely regular growth. As it has been observed in the beginning of the
section, it is sufficient to show that f has a regular growth on each ray L.

We form a sequence {p,,}>°_; of all natural numbers p such that the semi-interval [(p —
1)e'?, pe#) does not lie entirely in By. For each m > 1, we arbitrarily choose a point z,, €
[(pm — 1)e"?, pre™?) \ By and we obtain a sequence {z,}°_;. By construction, the first and
second identity in (4.3) and in view of (4.14), the fourth identity in (4.3) holds as well. Let us
show that also the third identity is true. Assume a contrary, then there exists a subsequence
{#m; }32, such that for some o > 1 the inequalities

’ij+1’ > a’ij” ] > 17

hold. Then by construction, for each j > 1, the semi-interval [([|zp,|] + 1)’ [a|zm,|]€’?) is
contained in By; we recall that [z] is an integer part of a number z. Since B(\g,77) are mutually
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|w;|

disjoint, this semi-interval is contained in some circle B(A;, 7,2j). Since % — 0, then el 1,
. J
j — 00, where w; = ([|zm,|] + 1)e’®. This is why
270, | zm 1 = [|zm. 1] — 1 |z 1 = [lzm. 11l — 1
0:1im—kj>lim[| = zm, ] :hm[l M=l =2
j=ro0 | Ak, | T a0 A, | j=r00 |w;]

We have obtained a contradiction. Thus, identities (4.3) hold and by Lemma 4.1, the function
f has a completely regular growth on the ray L. O

Remark 4. By Theorem 4.2, a regqular set is a particular case of a properly balanced set.
The first appeared with the only aim to make the exceptional set in (4.14) consisting of mutu-
ally intersecting circles centered at zero with relatively small radii. According Theorem 4.5, a
necessary and sufficient condition of this is a proper balancing of the zero set of the function f.
Thus, the notion of a properly balanced set is a natural generalization of the notion of a reqular
set. We also note that then notion of a properly balanced set is effective for a multiple zero set.
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