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WEAK POSITIVE MATRICES AND
HYPONORMAL WEIGHTED SHIFTS

H. EL-AZHAR, K. IDRISSI, E.H. ZEROUALI

Abstract. In the paper we study k-positive matrices, that is, the class of Hankel matrices,
for which the (k + 1) x (k + 1)-block-matrices are positive semi-definite. This notion is
intimately related to a k-hyponormal weighted shift and to Stieltjes moment sequences.
Using elementary determinant techniques, we prove that for a k-positive matrix, a k& x k-
block-matrix has non zero determinant if and only if all k£ x k-block matrices have non
zero determinant. We provide several applications of our main result. First, we extend the
Curto-Stampfly propagation phenomena for for 2-hyponormal weighted shift W, stating
that if ap = gy for some n > 1, then for all n > 1, a, = oy, to k-hyponormal weighted
shifts to higher order. Second, we apply this result to characterize a recursively generated
weighted shift. Finally, we study the invariance of k-hyponormal weighted shifts under one
rank perturbation. A special attention is paid to calculating the invariance interval of 2-
hyponormal weighted shift; here explicit formulae are provided.

Keywords: Subnormal operators, k-hyponormal operators, k-positive matrices, weighted
shifts, perturbation, moment problem.
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1. INTRODUCTION

Let ‘H be a complex Hilbert space and let £(#H) be the algebra of bounded operators on H. We
denote by [T, 5] := TS — ST the commutator of S and T in £(H). An operator T' € L(H) is said to
be normal if [T, T] = 0, to be hyponormal if [T*,T] > 0 and to be subnormal if 7" = N3/, where N is
a normal operator on some Hilbert space K 2 H.

The concepts of subnormal and hyponormal operators were introduced by Paul R. Halmos in [1]. The
first notion, hyponormal, reflects the geometric nature of normality with the corresponding implications
in terms of positive matrices; while subnormal is intimately related to the notion of analyticity for
complex functions through the restriction of the functional calculus to invariant subspaces.

In order to establish a bridge between the operator theory and matrix theory, we recall the Bram-
Halmos criterion for subnormality [2 3], which says that an operator T' is subnormal if and only
if

> (Thw;, TVa;) >0 forall k>0, (1.1)
ij<k
for any xg,x1,...,zr € H. An application of the Choleski algorithm for operator matrices shows that

(1.1) is equivalent to the positivity test
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[T*,T) [T*2,T) ... [T T]
[T*,T% [T*2,T% ... [T*F,T?

M(T) = _ _ , . >0 for all k& > 0. (1.2)
[T*, T [T*2, T ... [T T¥

To illustrate and to study the gap between subnormal and hyponormal operators, A. Athavale [4]
introduced the classes of k-hyponormal operators as follows. An operator T' € L(#) is k-hyponormal
if M(T) > 0. Clearly

T is subnormal < 7T is k-hyponormal for each k € IN.

Moreover,

(k 4+ 1)-hyponormal = k-hyponormal = 1-hyponormal = hyponormal.

Weighted shifts defined below provide several examples and counterexamples in the operator theory
and hence are an important motivation in the analysis of operators. Given a bounded sequence of
positive numbers a = {ay, >0 (called weights), the unilateral weighted shift W, associated with «
is a bounded operator on ¢?(IN) defined by Wae, := aneny1 for each n > 0, where {en}o is the
canonical orthonormal basis for £2; the moments of a are defined by v := 1, Y41 = @27, (n = 0). It
is straightforward to check that W, can never be normal, and that W, is hyponormal if and only if
an < apyq forall n > 0.

The Stieltjes moment problem associated with a given sequence {7, }n>0 entails finding a positive
Borel measure p supported in Ry such that

Vn = / t"du for each n > 0. (1.3)
Ry

When the moment problem possesses a solution p, then p is said to be a representing measure of the
moment sequence {7, }n>0. The well known Berger theorem says that a weighted shift W, is subnormal
precisely when the sequence of its moments is a moment sequence of a positive measure supported in
[0, [|Wall]-

A description of subnormality for an abstract operator T' in terms of weighted shifts can be found
in [5]. Namely, a one-to-one operator 7' is subnormal if and only if, for each h # 0 in H, the weighted
shift associated with the weight sequence {||T™*'h| /|| T"R||} is subnormal.

J. Stampfli in [6] (see also [7]) showed that for subnormal weighted shifts W,, a propagation
phenomenon occurs which forces the flatness of W, whenever two equal weights are present. That
is, if o = a1 for some k > 0, then o, = ap41 for every n > 1. Later, in [§], R. Curto proved
that the above result remains valid for 2-hyponormal weighted shifts. Our main goal in this note is
to generalize the propagation phenomena in order to study the gap between different classes of k-
hyponormal weighted shifts. To this aim we introduce the notion of k-positive matrices (or sequences),
and we study this concept to exhibit some useful results. The approach we use here provides clear direct
computations, which makes proof much simpler than [8 [9]. It can also lead to more generalizations on
perturbation problems of k-hyponormal operators.

This paper is organized as follows. In Section 2 we define the concept of k-positive matrices, and
we give some of their basic properties. In Section 3 we formulate the main results. In Section 4 we
give an elementary proof to the propagation phenomena for k-positive matrix, that is, a k-positive
matrix has a k X k-sub-matrix with zero determinant if and only if all k£ x k-sub-matrices have zero
determinant. We devote Section 5 to translate the propagation phenomena in term of k-hyponormal
weighted shifts. In the last section we study the invariance of k-hyponormal weighted shifts under one
rank perturbation, and a simple algorithm for calculating the stable perturbation intervals.
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2. k-POSITIVE HANKEL MATRICES

Given a sequence of non negative numbers v = {7y, }n>0, the associated Hankel matrix is built as
follows
Yo Y1 Y2 73
MoY2 Y3 -
M7 = (7i+j)i7j v s

For k,n € IN, we denote by [M,]}} the Hankel (k + 1) x (k + 1)-sub-matrix

Tn Yn+1 s Tn+k
Tn+l  Tn+2 oo Tntk+l
M p=| " T T (2.1)
Tn+k  Int+k+1  --- Int2k

Definition 2.1. A Hankel matriz M., or a sequence vy, is said to be k-positive if for every n € N,
the (k + 1) x (k 4+ 1)-sub-matriz [M,]} is positive semi-definite.

k
Clearly, M, is k-positive means that (M,z,z) > 0 for each x = ) zjep4; and n € IN. Also, it is
i=0
easy to see that the set of k-positive matrices, denoted by C*, is a convex cone, and that C_kﬁl C C_]ﬁ
for all £ € IN.
Further immediate properties and examples are given in the next remark:
Remark 1.

1. C?r 15 the set of all matrices with non-negative entries.

2. v = {}n>0 is 1-positive if and only if -y is non-negative and log-convez.

3. Let p be a positive finite measure such that Supp(p) C Ry and R[X] C LY (R, u). By Stieltjes’s
Theorem [10] for every k € N, the Hankel matrices (Yitj)o<i,j<k ond (Yitj+1)o<i,j<k are positives
semi-definite. In other words, =y is k-positive for oll k € IN.

3. MAIN RESULTS
From the log-convexity of k-positive sequences, we deduce the next useful statement.

Proposition 1. Let M € C_’“F. If yno =0, for some ng € IN, then v, =0 for everyn > 1.

Proposition [I]states that a propagation phenomena occurs, in the sense that if a term of our sequence
is zero, then almost all the sequence is forced to be zero. The general case of higher order propagation
was established by R. Curto and L. Fialkow in |11l Proposition 5.13]|. Our first contribution in this
section is to provide an elementary proof of this fact based on a version of block matrices determinants.

Theorem 3.1 (Propagation phenomena for k-positive matrices). Let M € C_’f_ be such that there
exists an integer ng > 0 satisfying det([M,];° ) = 0. Then det([M,]}_;) =0 for all n > 1.

In terms of weighted shifts, the propagation phenomena is formulated as follows.

Theorem 3.2. Let a = {a,}n>0 be a sequence of positive numbers such that the weighted shift W,
is k-hyponormal. We assume that det([M,];°) =0 for some ng > 0, p <k, then,

det([M,];) =0  for alln > 1.
In particular, W, is subnormal.

Let W, be a weighted shift, and let v = {7y, }n>0 be its moment sequence. We will say that W, is
recursively generated if there exist r € IN*, ag,- -+ ,a,—1 € R such that for every k£ > 0,

Vet+r = Gr—1Vktr—1 + -+ Q1 Vk+1 + @0Vk-

Using Theorem [3.2] we obtain the following recursiveness criterion for subnormal weighted shifts.
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Theorem 3.3 (recursively generated subnormal weighted shift). Let W, be a subnormal weighted
shift and let v = {vn}n>0 be its moment sequence. Then the following conditions are equivalent:

(1) Wy is recursively generated,
(ii) there exist ng,k € IN such that det([M,];°) = 0.

Let W, be a k-hyponormal weighted shift. A rank one perturbation of W, associated with i € IN
and t > 0 is the weighted shift W4 given by, a(l,t); = a; if i # [ and a(l,t); = ta;. We also associate
with Wy, the k-hyponormal stable set defined by

IF = {t 205 Wy is k—hyponormal} .
Clearly 1 € I*. Furthermore,

k

Theorem 3.4 (Rank-one perturbation). I* is a nonempty bounded closed interval.

The last result concerns local perturbation, that is, as there exist € > 0 such that |1 — e, 1 + ¢[C Ik,
More precisely, we get:

Theorem 3.5 (local perturbation). Let W, be a k-hyponormal weighted shift. Then,
1€k = [M,]} is positive definite Vn < k.
4. PROOF OF THEOREM

We start by the introduction of some notations before expanding the proof of Theorem ‘

For an (n + 1) x (n + 1)-matrix M = (a;;)o<ij<n, and for ig, jo < n, we denote by M(7) the
n x n—matrix resulting by removing the g+ 1 row and jo+ 1 column. We also use the notation M () ")
for the (n — 1) x (n — 1)-matrix resulting by removing the first and the last row and column. In the
case where jo = 0 (vesp jo = n), we simply denote M () by M (ig) (resp M (%) by M (ip)).

The next lemma is the key of our proof. It provides the next interesting expansion formula,

Lemma 4.1 (Desnanot-Jacobi adjoint matrix). If M = (a;)o<ij<n s an (n+1) x (n+1) matriz,
then
det(M)det (M() 1)) = det(M(0)) det(M (7)) — det(M(0)) det(M (7). (4.1)

For the proof of this lemma, we refer to [12].

Proof of Theorem[3.d] Suppose that det([M,]: ,]) = 0, for some i > np, and let us show that
det([M,]]_,]) = 0 for every j € IN'\ {0}. We shall prove that

det([M, ;1)) = det([M,J;"3]) = 0.
For M = [M,]}, we get
M@ R =M, MO) =M, ME) = My, M©) = M(k) = [M,];F}
Applying the identity (4.1)), we obtain

det([M, ;) det ((M,13+3) = det([M, ;) det([M,]i+2) — det(M]H)2 (12)
Hence, det ([M,it%) det([M,]%) > 0, and therefore
0 = det([M,Ji_y) det([ML]E2) > det(M, 1)) (43)

Now M., € C¥ implies that det([M,]:™) = 0. Finally, det([M,]?_,) = 0 for each n > ng.
Replacing ¢ by i — 2 in Equation (4.3), we obtain

0 = det (M, ]2 det([MyJj_y) > det (M, ]2} (1.4)

This proves that det([M,];"}) = 0 and therefore det([M,y]i_l) = 0 for each j7 > 1. This completes the
proof. O
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5. PROPAGATION PHENOMENA FOR k-HYPONORMAL WEIGHTED SHIFTS

We recall the Stampfli propagation result for subnormal weighted shifts [6, Theorem 6] (see also [7,
Proposition 4.5]):

Theorem 5.1. Let W, be a injective hyponormal weighted shift and assume that W, is subnormal
and that o, = aj,4+1 for some arbitrary ag. Then

;=1 forall 1> 1.
In terms of moment sequence associated to Wy, we can reformulate the result as follows.

Theorem 5.2. Let W, be a subnormal weighted shift, and let v be the associated moment sequence.
Yio Yio+1

=0 for some ig > 0, we have
Yio+1  Vio+2

Under the assumption

Yi o Yit+1

=0, foral i>1.
Yi+1  Vit2

The first extension of the previous propagation notion relaxes subnormality and was given by Curto
in [8]. More precisely:

Theorem 5.3 ([8, Corollary 6]). Let W, be a 2-hyponormal weighted shift and assume that
oy, = Qjo4+1. Then
0 o+
;=1 forall 121, and «q is arbitrary.

In view of this results, we shall extend the notion of propagation phenomena for k-hyponormal
weighted shifts. Recall that if W, is a weighted shift with bounded weight sequence o = {av, }n>0, the
moments of W, are usually defined by 7o := 1 and v,11 := a2y, (n > 0). It is known that (see [8]
Theorem 4|) W, is k-hyponormal if and only if [M, ]} > 0 for all n > 0.

Following [I1] R. E. Curto and L. Fialkow, a k—hyponormal weighted shift is k-extremal if it satisfies
det([M,]}) = 0 for every n > 0. They proved that such weighted shift are recursively generated |11,
Theorem 5.12], by using Smulian theorem on extension of positive semi-definite matrix. Using the
propagation phenomena for k-positive matrix we can easily improve the next result due to Curto and
Fialkow.

Theorem 5.4 (|11, Proposition 5.13|). Let o = {an}n>0 be a sequence of positive numbers such
that the weighted shift Wy, is k-hyponormal. Assume that det([M,];°) =0 for some ng > 0 and k < p,
then

det([M,];) =0  forall n=>1.

In particular, W, 1s subnormal.

Jokasamenvcmso. Since W, is k-hyponormal if and only if M, is k-positive, it is (p + 1)-positive.
Since we also have det([M,]3°) = 0, Theorem implies that det([M,];) = 0 for all n > 1. Therefore,
det([M,]}') =0 for all [ > k and n > 0. It follows that [M, ]} is positive semi-definite for all [ > k and

n 2 0, and in particular, that W, is subnormal. O
For k = 2, the next extension of Stampfli’s propagation result [7, Proposition 4.5] can be found in [§].

Corollary 1. [8, Corollary 6] Let v = {aw, }n>0 be a bounded sequence of positive numbers associated
with a 2-hyponormal weighted shift. If o, = ang+1 for some ng > 0, then oy = ay, for allm > 1. In
particular, W, is subnormal.

We recall that a measure p is said to be of finite mass point if p has finite support or equivalently,
1 is a finite combination of Dirac measures.

The question of characterizing finite mass measure in terms of moments has been intensively studied
and arises in several branches, where finite interpolation is needed. It is closely related to a truncated
moment problem. For charges (non necessary positive measures), we can see Corollary 4.3 in [14]. In the
case of positive measures on R, a more recent work of C. Berg and D. Szwarc provides an interesting
study, see Theorem 1.1 of [I3]. We prove Theorem that gives a simple characterization of finite
mass measure on RT.
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Proof of Theorem[3.3. (i) = (ii) If we suppose that W, is recursively generated, the there exists k > 0
and ag,ai,...,ar € R such that

k
Vptk41 = Z a;Yp+j for each p e IN.
j=0

This yields that det([M,]}, ;) = 0.
(74) = (i) Since W, is subnormal, we conclude that in particular, W, is k + 1-hyponormal. Then by
the condition det([M,];°) = 0 and Theorem we obtain

det([M,]i,1) =0 for each n € IN.

Hence, there exists ag, a1, ...,ar € R such that

k
Vptk+1 = Zaj’yp+j for each p e IN.
§=0
Finally, W, is recursively generated. The proof is complete. O

6. PERTURBATION OF K-POSITIVE MATRICES

Let M € Ck(H) (M = M,). For | € N* and ¢ > 0 we denote by M., the perturbed Hankel matrix
whose entries are given by

/

_ Tn if n<l
Tty if nzl+1,

where
Y0 M Mo iy e
M Yoo s e
: yie1 e
M, = Mo s Mg
e e
Y142

The main goal of this section is to determine when such perturbation of k-positive matrix remains
k-positive.
We notice that for n > [ + 1, we get [M,/|} = t[M,]} and we deduce that

M. is k-positive <= [M,/]} is positive semi-definite Vn < [. (6.1)
For n < I, we write
[Mey ]y = My ] + (1 = ) Hi (1), (6.2)
with

Yo Y41 - W O 0

Yol g2 o 00 0

) . ) . 0

Hi(l) = Y 0 0 |,

0 : 0

R 0

0 0 0 0 0 0 O

and we denote
IF={t>0: M)} + (1 —t)HZ() is positive semi-definite} .
We have the following property.

Proposition 2. For each n <1, I is a non empty closed interval of R .



WEAK POSITIVE MATRICES AND HYPONORMAL WEIGHTED SHIFTS 95

oxasameavcmeo. For k € IN, let P, be the closed convex cone of (k + 1) x (k + 1) positive semi
definite matrices, and denote

D= {tMJf+ (1 - DHP(D) . >0},

It is obvious that D is a closed convex subset of My, and then D N P,j is a closed convex set.
Moreover, the mapping +* given by

’}/ﬁi R+ — D
t o MR+ (1=t HE(D),

is a continuous affine function, and hence I' = (v%)~}(D N P;}) is a closed interval of R. Also, M is
k-positive implies that [M,]? is positive for all n € IN, and hence that 1 € I for all n € N. The proof
is complete. O

From (6.1)), a perturbation of k-positive matrix remains k-positive if and only if ¢t € I* := N, I, our
second result is the next proposition.

Proposition 3. For each k > 1, I¥ is a compact interval.

Jokasameavcmso. By Proposition [2| we have that I* is a closed non empty interval. To show that I*
is bounded, we observe that if [M./]} is positive semi-definite, then [M./|}_, is positive semi-definite.
We deduce that I¥ ¢ I*~!, and by induction we see that I¥ C I!. Finally, I* C I'. Hence, t € I if
and only if My}_l and wall have non-negative determinants, that is,
7 glal
T <tg 27”
Y—17i+1 Vi1

2
Thus, for each k > 1, I*F ¢ I' = | —L . 20142 | j5 hounded. The proof is complete. O
MN-1Y4+17 Vi

6.1. Determination of I2. The problem of determining I* for k& > 2 seems to be complicated.

S (e AT

; 152 | We devote this section to calculating I2.
N=17+17 Vi

From the previous proof, we see that I' =

Since ¢ € I? if and only if the next four matrices [M./]? 5, [M/]? ,, [M,/]? | and [M,/]? are positives
semi-definite. We exhibit the corresponding conditions in each case :

2
° [M’Y’]l—:s > 0:
) V-3 Yi—-2 V-1
Mylis=1| M—2 m-1 ™ ,
V-1 M it

is positive semi-definite if and only if
V-3 M-2 N-1

>0 and | -2 -1 W
V-1 v I

M-3 V-1
V-1 Y4

WV
o

V-1 "
Mo i+

This is equivalent to

2 2
t > max N , Ty ,
V—-17Yi+1 N-371+1

M-3 V-2 V-1

M-2 Yi-1 N
_ 0
> YM-1 M
MN-3 Vi-2
T MN—-2 V-1
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The last condition is redundant. Indeed, using Lemma (also called Dodgson condensation
method), we obtain:

V-3 V-2 -1 -1 )
V-2 V-1 W | = —— [ 7 :yyi_; :;j_? + ‘ :;;‘? %7;1 <0.
V-1 M 0 -t - - -
By using a simple observation
2 2 2
7;2 _ -1 M=svi [ =2 S V-1
Vi—1Vi+1  N=3Vi+1 Vo o Vi-3Vi41’
we get that
2
[M,y/]lQ_3 is positive semidefinite if and only if ¢ > B — (6.3)
Yi-1Yi+1
. [M,yl]lQ72 > 0: Using the same argument for

) V-2 V-1 "
Mylio=1| v=1 w twupq |,
Mo tner vt

we obtain:
V-2 Vi-1 "
'%7_12 757?2 0 ’t77l1 % >0, e
* * * R/ NS T 2 ()
This implies:
’712 <t< VY142

Yi—27i+2 S0 7;2+1
and that the quadric polynomial
P(t) := —yi—oft + (M—2Wvis2 + 29-1%41 — Vi V2)t — s
is positive. The first and the second inequalities are satisfied immediately since

P < 712 ) _ _(’YZQ’YZH — N1nte)?
Yi—271+2 %2+2%—2

<0,

and

<0.

p (e (e — Vi—1Yi4+2)?
2 - 2
Vi1 Vi1

Using the inequality 712—1 < Y—2Y1, we see that the second coefficient of P is positive, and hence
by the classical Descartes rule for positive roots of polynomials, P has two distinct positive roots.
Then

[M.,]7_, is positive semidefinite if and only if ¢ € [a(P); B(P)], (6.4)
where a(P) and B(P) are the two positive solutions of P(t) = 0.
[Mv’]?—f This case is treated exactly as the last one and leads us to

[M./]7_, is positive semidefinite if and only if ¢ € [a(Q); B(Q)], (6.5)
where a(Q) and 3(Q) are the two positive solutions of
Q1) == =Pt + (M1 Mies + 20142 — V—1VEe)t — Vs = 0.
My]?: The computations in this case outlines the first one, indeed,

) Yo e e
Myl = | tvier tuse tngs |,
it2 tvies tVi4a
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is positive semi-definite if and only if
" Vi+1 V42
\t,;ﬂ o ‘t% T2 0 e e e | 20
+ + + it2 V+3  Vit4
This is is equivalent to
.
_ Vi+2 V43
MYI+2 V17Vi+4 : Vi3 Vi+4
t < min 35—
Yirr o Vige 0 Y41 M2
Vi+1 Vi+2 V43
Vi+2  Vi+3  Vi+4
But
2 2 2
VY42 VY44 Vi3 V2 < Mt
- N
Y Yho MraYir2 \ M3 Vo
with
"Yl+2 Yi+3 Yi+2  Vi+3
ViVi+2 V43 V44 Y42 1 Vi+3  Vi+4 S
5 =— — > 0.
Vit 0 Y41 W2 Vit vz s | 1 | mer e
V1 Y42 V43 V43 Vit4 V| Y2 Vi3
M+2 Y43 Vi+4
This yields
M+2  Vi+3
T M+3  Yi+4
[M.,/]7 is positive semidefinite if and only if 0 < ¢ < (6.6)
0 Yi+1 Vi42
Y+1 Yi+2 V43
N+2 Y43 Vi+4
Finally from (6.3)), (6.4)), (6.5) and we conclude that
Yi+2 Y43
’YQ T V43 Vit4
2 = fmax {a(P)a(@, L Linin  5(P). 5Q)
Vi+17Y1-1 0 Y41 M2
MN+1 Y42 Vi3
L Yi+2 V43 Vi+4 | )

Remark 2. e The existence of positive roots for P and Q) can be checked also by using the classical
Bolzano’s theorem because of the fact that P(1) > 0, Q(1) > 0, and P(0) <0, Q(0) <0, and that

tlggo P(t) = tligloQ(t) -

o A direct calculation of discriminants gives the inequality

min{y7 V17483 2 Wikt = i — Yie1vie2) .

6.2.

One rank perturbation of weighted shifts. Let | € IN be given, t > and let W,

be a weighted shift. A (I,¢)-one perturbation of W, is the weighted shift W, defined by

Wa(lﬂf)(Ek;) = Wa(ek) = OkCL+1 for k 75 [ and Wa(l,t)(el) = \/EaleH_l.

We denote by 7 the moment sequence associated with « defined by 79 = 1 and 7, = a2_;7v,_1 and
by +/(t) (or simply 7’) the moment sequence associated with a(l,t). It is easily seen that v} = v, for

k < land vy, =ty for k> 1.
We let

JF = {t = 0; Wo,t) 18 k-hyponrmal } .
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Since W, is k:—hyponormal if and only if M, is k-positive, we conclude that
{t 0; Woie) 18 k- hyponrmal} {t 0; M, is k—positive} = I*.

and then from Proposition I we see that I* is a compact interval.
The behavior of one rank perturbation of subnormal weighted shift is described by the next theorem.

Theorem 6.1 ([9, Theorem 2.1]). Let Wy, be a subnormal weighted shift. We have
I° .= ﬂk>1lk = {1}
We state our main result in this section as follows.

Theorem 6.2. Let W, be a k-hyponormal weighted shift. We have

o

1e Ik = [M,]}; is positive definite ¥n < I.

We shall use the same notations as in the proof of Proposition 2] We begin with proving that our
condition is sufficient. To this aim, we consider
Ak Ry — D
t — ME+ Q=) H}()

Since [M,]} € P+( the set of all positive definite matrices) and ¥ is continuous, for V' an open
O

neighborhood of [M,]} such that V' C P,j, we get the (7%)~1(V N D) is an open neighborhood of
(vF)~1([M,]7) = 1. Hence, there exists |ry, t,[C RT such that 1 €]ry,,t,[ and v*(|rp, t,[) C P and
then |r,,, t,[C I, Finally,

1¢€] maxrn,mftn[ C Ik,
n<l

Conversely, we assume that there is n < [ such that [M,]} is not positive definite, or equivalently,
there is p < k such that det([M J») = 0. We distinguish two cases:
o
p < k: By Theorem 5.4 W, is subnormal, then I¥ = I°° = {1} that means I* = {).
p = k: Simple computations give

det(7}:(t)) = "1 det([Ms]R) + (1 = )t* 1 Cof (v) = MmCof (ya) (1 — )",
where Cof(vy,) stands for the (1,1) cofactor of [M,]%. Tt follows from t € I* that det(y2(t)) > 0

and hence t < 1. Thus 1 ¢ Ik.
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