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O IIOJIHOTE CUCTEM SKCIIOHEHT
B BBIIIVKJIOM OBJIACTH

A.A. MAXOTA

Annorarua. Pabora mocesiiena MccaeToBaHNI0 BOTTPOCA, TTOJTHOTHI CUCTEMBI 3KCTIOHEHT B
OPOCTPAHCTBE AHAJIUTHIECKUX (PYHKINK B BBIOYKJIONH obmacTu. 3aJa4a O MOJHOTE CHCTEM
SKCIIOHEHT B PA3JIMIHBIX (DYHKIIMOHAJIHHBIX TTPOCTPAHCTBAX ABJISETCH KIACCUIECKON 1 n3y-
gaJstach B paborax muorux maremarukos: b.4. Jlesuna, A.@. Jleontnesa, A.M. Ceanenkoro,
B.H. Xabubymmuna, P.C. FOamyxamerosa u ap.

Jlokazana TeopemMa 0O TOM, 9TO 337a49a O MOJHOTE CHCTEMbI HKCIOHEHT B IPOCTPAHCTBE
AHAJIATHICCKAX (PYHKINN B BBINTYKJIOH 00/1aCTH SKBHBAJIEHTHA 3a/a49€e O MOJHOTE CHCTEMbI
SKCIIOHEHT B IIPOCTPAHCTBE AHAJUTUYECKUX (DYHKINI B KPyre, PajguyC KOTOPOr0 3aBUCHUT
OT CBOWCTB JAHHON BBIMYKJIOH 001acTH. A TakKe PACCMOTPEH MPUMep, B KOTOPOM B Kade-
CTBE BBITYKJIO0H 00/IaCTH BLICTYHAeT /aumc. 1lpu sToM ObLan HailIeHbl 3HAYEHHS OMOPHOMN
GYHKIUY DJLIATICA U PAIAYC COOTBETCTBYIOMIETO KPYTa.

KorodeBbie ciioBa: 1mojiHoTa CHCTEMBI, BBINYKJas 0b1acThb, 1eaad MyHKIus, npeodbpaso-
pannem Dyprwe-Jlammaca.

Mathematics Subject Classification: 30D20

[Tycrs D — orpanudenHasi, BbITyKJas 001aCTh Ha KOMILIEKCHOM miaockoctu u H (D) — npo-
CTPAHCTBO aHajuTU4Yeckux B D (yHknuii ¢ Tomnojorueii paBHOMEPHOI CXOJMMOCTU HA KOM-
nakrax. C Kazk/JbIM MHOXKECTBOM KOMILIEKCHBIX duces A = {\;}, B KoTopoe 4duciaa Ay MOryT
BXOJUTH ¢ HEeKOTOpoit KpatnocTwio ny € N J{0}, k£ = 1,2, ..., cBa3piBaeTca cucreMa 9KCIOHEH-
IAAJTBHBIX MOHOMOB

expA = {NeM k=12, j=0,..,m}.

Kparuocts ny, = 0 o3Hawaer, 910 9UCA0 A\ BXOJAUT B A POBHO OJWH pa3.

3ajada o mMoJaHOTE TakKoil cucTeMbl B nmpoctpancTBe H(D) u B Apyrux (DyHKIMOHATBHBIX
HPOCTPAHCTBAX OTHOCHTCHA K KJIACCHIECKHM 33a4aM W MOCTYKUIA OObEKTOM HCCJIeT0BAHUI
muornx asropos [I]-[9]. Msr nokasbiBaem, 1To ecu rpanuna obmacta D ZOCTATOYHO IJIa KA,
TO 3a/a4a 0 nostHoTe cucTeMbl exp A B npocrpancree H (D) sKkBuBajeHTHA 3ajade O TOJHOTE
HekoTopoii cucrembl exp A’ B nupocrpancree H(K), rue K — Kpyr, paauyc KOTOporo oyer
3aBUCeTb OT cBO¥CTB obJsiactu D.

s moboro nuHeiiHOTO HempepbiBHOTO (yHKIMoHaMa S Ha mpoctpanctse H (D) uepes
S (\) = S(e**) obozmaunm npeobpazosanne Pypne-Jlamtaca sroro dbynknnonata. Kak nssect-
HO, oToOpaxkenue L : S — S YCTAaHABJIMBAET B3AWMHO OIHO3HAYHOE COOTBETCTBUE MEXKY
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CONPSZKEHHHBIM TipocTpancTBoM H* (D) u mpocTpancTBoM Tenbix dbyHkiuit F, yaoBaeTBopsio-
mux st nekoroporo € = £(F) > 0 omenke

|F(re'?)| < Const.e®®)=)r et ¢ C. (1)

31ech
h(¢) = maxRe ¢z
zeD

— onopuas dyukims obnacrn D. Ussecrno, uro S*)(X) = §(zFe). Taknm 06pasom, 10 Teo-

peme Bamaxa o moaHoTe cucrema exp A me mosHa B mpoctpancree H (D) Toraa U TOJIBKO TOTIA,
KOIJa Haijercsd 1enas (pyHKIUs, KOTOpas IpU HEKOTOPOM € > () yIOBJIETBOPSET YCJIOBUIO
U UMeeT HYJIH KPATHOCTH My B TOUKAX A\, k= 1,2, ...

B pabote MbI paccmaTpuBaeM 00J1aCTH € JBaK/Ibl HENIPephIBHO AudpepeHnupyeMoil OIopHOn
dyukmueit. [loaoxxum

M= max (W'(p) + h(p)). (2)

pe(0;27]

N3 reomerpudeckoii uHTEpIIpeTAINN OMOPHBIX (pyHKIHi ciemyeT, uro M — 3TO MaKCUMaIb-
HBI{T pajyc KpUBH3HBI B ToUKax rpanuibl obsactu D (em. [1], crp. 108). Cymmoit '+ A” ayx
mabopos A" = {(A\,nx)} u A" = {(\],my)} Oynem nassiBaTh 00bEAUHEHNE MHOKECTB A), A},
k =1,2,..., ¢ KpAaTHOCTBIO Nj WJIH My, €CJU TOYKA NONATAET TOJBKO B OJUH M3 HAOOPOB, U C
CYyMMapHOI KPATHOCTHIO, €CJIM KaKasg-TO TOYKA MOIaJaer B 008 MHOKECTBA.

B sanbreiiniem Bocrobsyemcest caeyonieit reopemoii A uz paborst [2].

Teopema A. Ilycmov u cybeapmonuyuna Ha 6ceti NAOCKOCTU U UMEEM KOHEwHbil NOPAJOK
pocma p. Tozda cywecmsyem ueaas Gynxuus f maxas, ¥mo 0aa 4106020 v > p

u(z) ~l|f()]| < e 2], = ¢ B,

NPUEM UCKANOUUMENHOE MHONHCECE0 E, mooicem Goimb nokpoimo kpyzamu {z @ |z—z;| < r;}
mar, 4mo
Z r; =o0(R), R — oc.
|Zj‘>R
Ecin aucsio M oupejesieno 1o gpopmyJie , TO PYHKIUS
u(re’?) = Mr — h(p)r (3)

cybrapMOHMYHA Ha BCEl TJIOCKOCTU. B 3TOM JIerKO yOeuThCs, €CIU BOCIOAb30BAThHCSA BbIpaKe-
HHEeM oneparopa Jlanmaca B MOJISIPHBIX KOODANHATAX

Aufre'®) = (M ~ h(g)) — ~grh(¢) = - (M ~ h(g) ~ (1)) > 0.

B nanpueitiem depe3 L Oyaem o0o3HaYaTh KaKyHO-HHOYIL OIHY (PHUKCHPOBAHHYIO IEJIVIO
bYHKIHIO, YIOBIETBOPSIONIYIO YCIOBHAM TeopeMbl A ¢ dbynkuueil u, onpenenennoit B ([3)
(mpu p = 1). Yepes Ay obo3HAIMM MHOKECTBO HyJIel DYyHKIMK L ¢ yIeTOM KPATHOCTH.

Teopema 1. Cucmema sxcnonenm exp A ne noana 6 npocmparncmee H(D) mozda u moavko
moeda, koeda cucmema exp(A+Ag) He noana 6 npocmpancmee H(Kyy), 2de Ky — kpye paduyca
M ¢ uenmpom 6 Hy.ie.
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Jlokazamenavemeo. Ecnu cucrema exp A we mosna B npocrpanctse H (D), To, KAK 0TMeYaI0Ch
BBIIIE, HaMmeTcsd esas pyHKius F', yI0BJIeTBOPSIONIAs YCIOBHIO 1 0OpaIaIoNiasacs B HYJIb
B TOUKaX A\, € A ¢ KpaTHOCTBIO Ny.

Pacemorpum dbynaknuio G(z) = F(z)L(z). Ona obpamaercs B HysIb Ha MHO)KecTBe A + Ag ¢
COOTBETCTBYIONUMHU KPATHOCTSAMHU U BHE MHOXKeCTBa F| y/0B/IeTBOpseT OIeHKe

Glre®)| < [F(2)L(z)] < Cet@I=are(M-M5)r _ Cpi=)r (4)

rie € = 5. Muoxectso [ mo Teopeme A TOKpbIBaeTcd KpPyTaMH CO CXOAAIIefics cym-

Moit paamycos. llycTh cymma pajmycoB KpyroB HEKOTOPOro mokpbitusi paBua A. Jlas mpo-
u3BosibHON TOukM z € C upoBemeM UpOEKIUU KPYrOB IOKPBITHS BJIOJb OKPYZKHOCTEM

C(z,t) ={w:w=z+te, v €0;2n]} nanya z+7, 7> 0.

Puc. 1. [Ipoeknum oKpyKHOCTeiH

Takoe reoMeTpruvIecKoe pacCMOTPEHHE MOKA3BIBAET, 9TO MOXKHO HaliTH OKpyxKHOCTH C(2,1) ¢
t € [0; 3A], kKoTOpas He MePeceKALTCs ¢ KPYyraMu OKPBITH U, 3HAYUT, ¢ UCKTIOIUTETbHBIM MHO-
xecrsom Ej. Torma ma s1oit okpyxuocrn seinonnsercs onerka ({)). Tlo npuannny makcmvyma
nMeeM

|G(2)] < Cexp( max (M — €)|w|) < C'eM=Al,
weC(z,t)

[Tockonbky dbyukius hi(¢) = M ectb onopras dbyHKIus Kpyra Ky, TO Mbl TIOJydaeM, 4TO
cucrema exp(A + Ag) He mosHa B mpoctpancTie H (K ).

[Tycrb Tenepb o6paTHO: cucteMa exp(A+ Ag) He nosHa B ipocrpancTse H (K )y). D10 3HAYMT,
4T0 Haiaerca nenas GyHKiwa G, yI0BJIETBOPAIONIAs OIEHKE

|G<Z>| S Ce(]\{—e)|z\

Ipu HEKOTOpOM € > () m obpamaoimasics B Hy/Ib Ha MHOXKecTBe A + Ag. Torma dpyHrmms

G(2)
L(z)

F(z)=

SIBJSIETCS IIEJION.
N3 onenok Ha ¢dpyuknun L n G mOgyInM, UYTO BHE MHOXKECTBA F| BBIMOJIHAETCS OIEHKA

|F(2)] < Const.rCeM=ar=M+he)r < Congt. k)5
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Taxk Ke, KaK W BBIIE, 3Ty ONEHKY MOYKHO MPOJIOJKUTH Ha BCIO MJIOCKOCTH. Ilpm 3TOM HYKHO
BOCIIO/Ib30BATLCA CBOHCTBOM OIMOPHBIX (DYHKIIMIMA

|h(p)r — h(¥)t] < max |re — tem‘ , re" te” € C.
z€D

Taxum obpaszom, cucrema exp A me monna B mpoctpancrse H (D). Teopema (1| mokasana.

[IpuBenem npumep.
PacemorpuMm B KadecTBe BBIIYKJION 00acTu [ 3JLIHIIC

.TQ y2
¥+b—2:1.

Omnopuast dyukuus h(p) obaacru D B JaHHOM CJIydae UMeeT BU/T:

h(p) = \/&2 cos? p + b2 sin” .
Ham neobxomnmo maittu M = rr[lax](h”(go) + h(p)) < oo. g sToro HaiimeMm nepByio, BTOPYIO
pel0;2m
M TPETHIO POU3BO/IHbIe OMOPHOU byHKIMH h(p).
Crenaem 3ameny

h(p) = \/@2 cos? p + b2sin® p =

_ \/a2(1 + cos 2¢p) N V(1 —cos2p)

2 2
\/a2 +02 a?—b? 5
= — cos 2.
2 2

0O60o38aYUM

A=

a2—|—b2;B:: a2—b2‘
2 2

OTkyma mosaydaeM

h(¢) = /A + Bcos2p.
Haiinem
— (A + Beos2p)? + A2 — B?
W () = (A + Bcos2p) +32
(A + Bcos2¢p)”

[Tonygaem, aTo

CL2

M= 1'() + h(g)) = —
Jmax (17(p) +h(p) = 3

Taxum oOpaszoM, MaKCUMaJbHBII paJinyc KPUBU3HBI B TOYKaX Ha rpamune objactu [ paseH
2

M = o N cucrema 9KCIOHEHT exp A He HOJIHA B IPOCTPAHCTBe (DYHKIMI aHAJIUTHIECKUX B

9JUTHIICE TOTJIA U TOJBKO TOTA, Korjua cucreMa exp(A+ Ag) He mosHa B mpocTpancTBe QyHKIHI
2

a
aHAJIUTUYIECKUX B Kpyre pajuyca M = n ¢ TIEHTPOM B HYJIE.



82

A A MAXOTA

CIINCOK JINTEPATYPHI

. Jlesun B.4. Pacnepedesenue wopret yeavnx @yrruyud. Loc. m3g.-Bo Tex.-teop. aut. M: 1956. 632c.
. FOmmyxameros P.C. Annpokcnmarnus cybrapmonndecknx dbyuknuit // Analysis Mathematica, 1985.

T. 11. C.257-282.

Jleoutber A.@. [[eavie pynxyuu. Padwv sxenonenm. M.: Hayka. 1983. 175 c.

Hamankos B.B., Pymannesa A.A., FOmvyxameros P.C. oanoma cucmem 9KcnoHenm 6 6ecosuix
npocmpancmeas na seuecmeennot ocu // JAH, 2009. T. 429, Ne 2, C. 155-158.

. Hamankos B.B., Pymanmesa A.A., KOmvyxameros P.C. [loanoma cucmem skcnonenm 6 6ecosvx

npocmpancmear na eewecmeennoll ocu // Y dbumeknit mar. xypuas, 2010, T. 2, Ne 1, C. 97-109.

. JIynesko B.U., FOmvyxameros P.C. Obobwenue meopemvr Ianu-Bunepa wa ecoebvie npocmpar-

cmea // Maremar. 3amerku. T. 48, o 5. 1990. C. 80-85.
Pymsunesa A.A. Acumnmomura 6-cybeapmonuneckus GynKryut U UT accoUUUPOSAHHHT Mep [/
Ydumckuit mar. xyprama, 2010, T. 2, Ne 3, C. 83-107.

. Cemnenkuit A.M. Kaaccor anarumuteckur npeobpazosanuti Pypove u IKCNOHEHUUAADHBE GNNPOK-

cumayuy. M.: @uamaraut. 2005. 504 c.

. Xabubymiua B.H. IHoanoma cucmem sxcnonenm u muoccecmss eduncmeennocmu. Yda. PULL

BamI'V. 2006. 171 c.

Anna Anekcanaposna Maxora,
Bamkupckuii rocy/1apcTBeHHBIN YHUBEPCHUTET,
yi. 3akn Bammmm, 32,

450076, . Yda, Poccus
E-mail: allarum@mail .ru



