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ON THE GROWTH OF SOLUTIONS OF SOME HIGHER
ORDER LINEAR DIFFERENTIAL EQUATIONS WITH
MEROMORPHIC COEFFICIENTS

M. SAIDANI, B. BELAIDI

Abstract. In this paper, by using the value distribution theory, we study the growth and
the oscillation of meromorphic solutions of the linear differential equation

f(k) + (Akﬂ,l(z)ep’“’l(z) + Akilg(z)erfl(Z)) f(kfl)
4t <A0,1(z)eP0(z) + A072(z)er(z)) f=F(2),

where A;;(2)(#0) (j=0,...,k—1), F(z) are meromorphic functions of a finite order,
and Pj(z),Q;(z) (j = 0,1,...,k — 1;i = 1,2) are polynomials with degree n > 1. Un-
der some conditions, we prove that as F' = 0, each meromorphic solution f # 0 with
poles of uniformly bounded multiplicity is of infinite order and satisfies pa(f) = n and
as ' #Z 0, there exists at most one exceptional solution fy of a finite order, and all other
transcendental meromorphic solutions f with poles of uniformly bounded multiplicities sat-

isfy A(f) = A(f) = p(f) = +oo and A2 (f) = X2 (f) = p2 (f) < max {n, p(F)}. Our results
extend the previous results due Zhan and Xiao [19].

Keywords: Order of growth, hyper-order, exponent of convergence of zero sequence, dif-
ferential equation, meromorphic function.
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1. INTRODUCTION AND MAIN RESULTS

Throughout this paper, we assume that the reader is familiar with the fundamental results and
the standard notations of the Nevanlinna’s value distribution theory, see [12], [I8]. Let p (f)
stands for the order of growth of a meromorphic function f and the hyper-order of f is defined
by

) loglog T (r,
r—400 ogr

where T (r, f) is the Nevanlinna characteristic function of f | see [12], [14], [18].

Y

Definition 1.1. ([15], [I7]) Let f be a meromorphic function. The convergence exponent of
the zero-sequence of a meromorphic function f is defined by

log N <T, %)
A(f) =limsup —————=
r— 400 log r
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where N (T, %) is the integrated counting function of zeros of f in{z : |z| < r}, and the exponent

of convergence the sequence of distinct zeros of f is defined by
_ log N (r, %)
A(f) =limsup ————=~
r—+00 IOgT

where N (7“, %) is the integrated counting function of distinct zeros of f in {z:|z| <r}. The

hyper convergence exponents of the zero-sequence and the distinct zeros of f are defined respec-
tively by

log log N (r, %) _ loglog N (7", %)
A2 (f) = limsup : Ao (f) = limsup
r— 00 logr F——+00 logr

Several authors [3], [9], [I4] have study the growth of solutions of the second order linear
differential equation
4 Al(2)eP @ 4 Ay (2)e?P f =0, (1.1)
where P(z), Q(z) are nonconstant polynomials, A;(z), As(z) ( 0) are entire functions such that
p (A1) < deg P(2), p(As) < deg@Q(z). Gundersen showed in [9] that if deg P(z) # deg Q(z),
then each nonconstant solution of is of infinite order. If deg P(z) = deg@(z), then
(1.1) may have nonconstant solutions of a finite order. For instance f(z) = e* + 1 satisfies
f//+ezf/_€zf = 0.
In [I0], Habib and Belaidi studied the order and hyper-order of solutions of some higher order
linear differential equations and they proved the following result.

Theorem 1.1. ([I0]) Let A;(z) (Z0), (j=12), Bz)(# 0) (I=1,....k—1), Dy

(m=0,...,k—1) be entire functions with

max {p (A7), p (B),p (D)} < 1,

by (I=1,...,k—1) be complex constants such that (i) argb, = arga; and b, = cja; (0 < ¢; < 1)

(I € I) and (i7) by is a real constant such thatb; < 0 (I € Iy), where I) # &, Iy # &, [Ny = &,

LUl = {1,2,....k—1}, and ay, ay are complex numbers such that ajas # 0, a1 # ay

(suppose that |ai| < |ao|). If argay # T or ai is a real number such that a; < 1, where

c=max{c:l €} and b=min{b : | € L1}, then each solution f % 0 of the equation
FE 4 (Droy + Broae®27) f50 4 4 (Dy + Bie™?) ff

+ (DO + A1€alz + A26a22) f =0
satisfies p (f) = +oo and py (f) = 1.

And in [2], they studied the order and hyper-order of solutions of some higher order linear
differential equations with meromorphic coefficient and they proved the following result.

Theorem 1.2. ([2]) Let Aj(z) (#0) (j = 1,2 ), Bi(2) (#0) (1 =1,...,k— 1) be mero-

morphic functions with
max{p(Aj) (] = 172)ap(Bl) (l: L....k— 1)} <1,

by (I1=1,...,k—1) be complex constants such that (i) by = a1 (0< ¢ <1) (I € 1) and
(i1) by is a real constant such that by < 0 (1 € L), where Iy # 0, Iy # 0, [ NI, = 0,
LUl = {1,2,...,k—1}, and ay, ay are complex numbers such that ajas # 0, a1 # as

(suppose that |ai| < |as|). If argay # m or ai is a real number such that a; < &, where

(1.2)
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c=max{c,l € I} and b= min{b,,l € I}, then each meromorphic solution f (% 0) with poles
of uniformly bounded multiplicities of the equation

f(k) + Bk_lebk_lzf(k_l) + -+ Bleblzf, + (Ale‘”z + A26a2z) f =0 (13)
satisfies p (f) = 400 and p2 (f) = 1.

In [19], Zhan and Xiao studied the homogeneous and nonhomogeneous higher order differen-
tial equations and obtained the following results.

Theorem 1.3. ([19]) Let Aji(z) (£ 0) be entire functions with p(Aj;) < n, n > 1 is
a positive integer, j = 0,1,....k — 1; i = 1,2. Let Pj(z) = ajn,z" + --- + ajo and
Q;(2) = bj 2" + -+ + bjo be polynomials, where a;q,bj, (j =0,1,...,k—1;g=0,1,...,n) are
complex numbers such that a;nb;n # 0, ap, # bon and aj, = cjaon, bjn = cibon,c; > 1,
j=1,...,k—1 are distinct numbers. Then each solution f (% 0) of the equation

o) 4 (Ak_Ll(z)ePk—l(z) + Ak_m(z)e@k_ﬂz)) f=1

14
et (Ao,l(z)ePO(Z) + AO,Q(Z)er(Z)) f=0 ( )

of a finite order.

Theorem 1.4. ([19]) Let Aj;;(2) (# 0) be entire functions with p(Aj;) < n, where n > 1
is a positive integer, j = 0,1,....k — 1;i = 1,2. Let Pj(z2) = aj 2" + -+ + ajo and
Q;(2) = bj 2" + - - + bjo be polynomials, where a;q,bj, (j =0,1,...,k—1;g=0,1,...,n) are
complex numbers such that a;nb;jn # 0, ap, # bon and aj, = cjaon,bjn = cibon,c; > 1,
j=1,....k —1 are distinct numbers. F(z)(# 0) is an entire function of a finite order. Then
the equation

f(k’) + (Ak_171(z)epk—1(2) + Ak_172(z)€Qk—l(z)) f(k—l)

R (A0,1(2>€P0(Z) + A072<Z)€Q0(Z)) f=F(2)
satisfies the following statements:
(i) There exists at most one exceptional solution fo of a finite order, and all other solutions

satisfy N (f) = A (f) = p () = +00 and X (f) = Az (f) = ps (f) < max{n, p(F)}.

(i) If there ezists fo of a finite order, then p(fo) < max {n,X(fo),p(F)}.
(79) If F(2) is an entire function of order less than n and arg ag, # arg by, then each solution

of is of infinite order.

In this paper, we are concerned with a more general problem. We extend and improve
Theorem [I.3] and Theorem [1.4] In fact, we will prove the following theorems.

(1.5)

Theorem 1.5. Let Aji(z) (# 0) be meromorphic functions of a finite order such that
max{p (A;),j = 0,1,...,k — 1;1 = 1,2} < n, where n > 1 is a positive integer. Let
Pij(2) = ajn2" + -+ + ajo and Q;(2) = bjn,2" + -+ + bjo be polynomials, where a;g4,b;4
(1=0,1,....,k—=1;¢=0,1,...,n) are complex numbers such that a;,b;, # 0, ag, 7# by, and
@jn = CjQom,bjn = cjbon,c; > 1,7 =1,...,k —1 are distinct numbers. Then each meromor-
phic solution f (# 0) of equation with poles of uniformly bounded multiplicity is of infinite
order and satisfies ps(f) = n.

Theorem 1.6. Let A;(z) (# 0), F(z)(# 0) be meromorphic functions of a finite order
with max{p (A;;), 5 =0,1,....k —1;i = 1,2} < n, where n > 1 is a positive integer. Let
Pi(z) = a;nz™ + - + ajo and Qj(z) = bjn2"™ + -+ + bjo be polynomials, where a;q,b;,
(7=0,1,....,k—=1;9g=0,1,...,n) are complex numbers such that a;,b;, # 0, ag, # by, and
Qjn = CjQon, bjn = Cibon, ¢; > 1, 5 =1,...,k—1 are distinct numbers. Then the equation

satisfies:



118 M. SAIDANI, B. BELAIDI

(i) There exists at most one exceptional meromorphic solution fo with finite order, and all other
transcendental meromorphic solutions f with poles of uniformly bounded multiplicities satisfy

M) =A(f) =p(f) = +oo
and
A2 (f) =X (f) = pa (f) S max{n,p(F)}.
(i) If there exists fo of a finite order, then p(fy) < max {n,X(fo),p(F)}.
(#9) If F(z) is a meromorphic function of order less than n and argag, # argbg., then each

meromorphic solution f of with poles of uniformly bounded multiplicities is of infinite
order and satisfies pa(f) = n.

<
<

2. AUXILIARY LEMMATA

First, we recall the following definitions. The linear measure of a set E C [0, +00) is defined
as

+o0
m(E) :/ xe (t)dt
0
and the logarithmic measure of a set F' C [1,400) is defined by
+oo
Im (F) = / xrlt) gy
1 t
where x g (t) is the characteristic function of a set H.

Lemma 2.1. ([1]) Let P;(z)(j =0,1,...,k) be polynomials with deg Py = n (n > 1) and
degP; < n (j=1,...,k). Let Aj(z) (j = 0,1,...,k) be meromorphic functions of a finite
order and max{p(A;), j=0,1,...,k} <n such that Ay(z) # 0. We denote

F(2) = Ape @) 4 A _1ef1() oo 41D 4 4P,
Ifdeg (Po(z) — Pj(z)) =n forallj =1,...,k, then F' is a nontrivial meromophic function with
finite order satisfying p (F) = n.

Lemma 2.2. ([§8]) Let f(z) be a transcendental meromorphic function and let o > 1 and
e > 0 be given constants. Then there exist a set Ey C (1,+00) of a finite logarithmic measure
and a constant B > 0 that depends only on « and positive integers (n,m) obeying n > m = 0
such that for all z satisfying |z| = r ¢ [0,1] U Ey, we have

‘;((:)((Zz)) <B {M (log® r)log T'(ar, f) "—m'

Lemma 2.3. ([I1]) Let P(z) = (a+iB) 2" +--- (a, B are real numbers, |a| + |B] # 0) be
a polynomial with degree n > 1 and A(z) be a meromorphic function with p (A) < n. Let
f(2) = A(2)ef®, z=re®  §(P,6) = acosnd — Bsinnd.

Then for any given € > 0, there exists a set Ey C [1,+00) of a finite logarithmic measure such
that for each 6 € [0,2r)\ H (H ={0 € [0,27) : 6 (P,0) =0}) and for |z| = r ¢ [0,1] U Ey,
r — 400, we have

(i) if 6 (P,0) > 0, then

exp{(1—¢)d(P,0)r"} < |f (reia)} <exp{(l+¢)d(P,0)r"},
(i) if § (P,0) <0, then
exp{(1+¢)d(P,0)r"} < |f (re”)| <exp{(1—2)d(P,0)r"}.
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Lemma 2.4. ([5]) Let f(z) be a meromorphic function of order p(f) = p < +oo. Then
for any given € > 0, there exists a set E3 C (1,400) that has finite linear measure and finite
logarithmic measure such that as |z| =r ¢ [0,1] U E3, 7 — +00, we have | f(z)| < exp (rPT<).

It is well known that due to the Wiman-Valiron theory [13], [15], it is important to studyt
the properties of entire solutions of differential equations. In [4], Chen extended the Wiman-
Valiron theory from entire functions to meromorphic functions. Here we give a special form of
the result given by Wang and Yi in [I7], when meromorphic function has infinite order.

Let g(z) = > a, 2™ be an entire function. By p (r) = max{|a,|r™; n =0,1,...} we denote

n=0
the maximum term of g and by v, (r) = max{m : () = |a,,| r™} we denote the central index

of g.

Lemma 2.5. ([I7]) Let f(z) = g(z)/d(2) be a meromorphic function of infinite order obey-
ing po (f) = o, g(2) and d(z) are entire functions, where p(d) < +oo. Then there exists a
sequence of complex numbers {zy, = r,e®m} o satisfying

rm — +00, 0, €10,21); m €N, lim 0, =60, €1[0,27), |9 (zm)| =M (rm,9)

m—+00
and for sufficiently large m we have
£ () ( (1)
log1
lim sup—Og 08 g (7'm)

T'm—+00 log T'm

) (1+0(1)) (neNN),

= pa2(g) = 0.

Lemma 2.6. ([9]) Let ¢ : [0,+00) = R and ¢ : [0, +00) — R be a monotone nondecreasing
functions such that p(r) < ¥(r) for allr ¢ (E4U [0, 1)), where Ey is a set of a finite logarithmic
measure. Let o > 1 be a given constant. Then there ezists an r1 = ri(a) > 0 such that

o(r) < Y(ar) for all > ry.

Lemma 2.7. Suppose that k > 2 and F', Ay, A, ..., Ar_1 are meromorphic functions such
that p = max{p(4,) 7=0,1,2,...,k—1, p(F)} < +oo. Let f(z) be a transcendental mero-
morphic solution with all poles of f are of uniformly bounded multiplicity, of equation

O Ay Dy A+ Ay f=F (2.1)
Then py (f) < p-

Proof. We assume that f is a transcendental meromorphic solution of equation If
p(f) < 400, then po (f) = 0 < p. Assume that f is a meromorphic solution to equatlon
(2.1)) of infinite order with poles of uniformly bounded multiplicity. By . we have

f (k) f(k—l) f/

) i[f]
f f

By . ) it follows that the poles of f can locate only at the poles of A; (=0,...,k — 1) and

F'. Note that the poles of f are of uniformly bounded multiplicity. Henc /\(

Hadamard factorization theorem, we know that f can be expressed as f(z) =

+ | Ao(2) (2.2)

-+ |A1

m\“
N
S
oY
<
—+
=
@

and d(z) are entire functions with
Ad)=p(d)=X(1/f)<p<p(f)=p(g) =+
and po (f) = p2 (g9). By Lemma , there exists a sequence {z,, = rmewm}m oy Satisfying
m — +00, O, € 0,27), liIJTrl Om =00 €10,21), |9(zm)| = M(rm,9)
m—r—+00
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such that for m sufficiently large we have

O (zm) — (vg(rm)
f(zm) _( Zm

) (I+0(1)) (n€N) (2.3)

and
. loglog v, (1,
lim supglg—g<) = pa(9). (2.4)
Tm—>+00 Ogrm

By Lemma , for each given ¢ > 0, there exists a set E3 C (1,400) of a finite logarithmic
measure such that

|F(z)] <exp{r’™}, |d(z)| < exp{r’*} (2.5)

and
|A;(2)| <exp{r"™*} (j=0,...,k—1) (2.6)
hold for |z| =7 ¢ [0,1]U E3, r — 4o00. Since M (r, g) > 1 for r sufficiently large, it follows from

that
‘ [F(2)[d(z)] _ [F(2)]]d(2)]
f Ig( )I M (r,g)

Substituting (2.3]), (2.6 and into , we obtain
vy(rm)\* — Vy(rm) \’ pre | gete
—— ) [1+o0(1) e |1+ o(1)| + €™ + e
1 ’m

'm
]:

<exp {2r7%°}. (2.7)

It follows that
(o))" 114 0(1)] < (k+ 1) 7k (vy(rm))* 1+ 0(1)].

Hence,

Vg(rm) < (k+1) Arﬁzezrf’lﬂ, (2.8)
where the sequence { Zpy = rmeiem}melN satisfies
rm ¢ [0,1]UEs, 7, = 400, 60, ¢€[0,2n), mlirilmﬁm =0y €[0,27), |9(zm)| =M (rm,9)
and A > 0 is some constant. Then by , Lemma and € > 0 being arbitrary, we obtain
that pa(g) = pa(f) < p- O

Remark 2.1. For F' = 0, Lemma [2.7) was proved by Chen and Xu in [7].

Lemma 2.8. ([I6]) Let g(z) be a transcendental entire function and vy(r) be the central index
of g. For each sufficiently large |z| = r, let z, = re' be a point satisfying |g (z.)| = M (r, g).
Then there exist a constant 0, (> 0) and a set E5 of a finite logarithmic measure such that for

all z satisfying |z| =r ¢ Es and argz =0 € [0, — 0,,0, + 6, , we have
(n)
9" (2) (Vg (7“)> o
= 1+o(1 n =1 1s an integer) .
= () oy )

Lemma 2.9. ([§]) Let f(z) be a transcendental meromorphic function of a finite order p.
Let T' = {(k1,71),(ka,32) -+, (km,Jm)} denote a set of distinct pairs of integers satisfying
ki > j; 2 0 (i=1,2,...,m) and let € > 0 be a given constant. Then there ezists a set
Eg C [1,+00) of a finite logarithmic measure such that for all z obeying |z| = r ¢ [0,1] U Eg
and (k,j) € I', we have

(k=5)(p=1+e)

< J2f
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Lemma 2.10. Let f(z) = g(2)/d(2) be a meromorphic function with p(f) = p < +oo,
where g(z) and d(z) are entire functions satisfying one of the following conditions:
(i) g is transcendental and d is polynomial,
(#) g, d are transcendental and X (d) = p(d) =B < p(g) = p.
For each sufficiently large |z| = r, let 2z, = re be a point satisfying |g (z,)| = M (r,g) and
let vy(r) be the central index of g. Then there exist a constant §, (> 0), a sequence {rm}, o
rm — +00 and a set F; of finite logarithmic measure such that the estimation

w— Mn 0 n 1S an integer
f(z)_( ’ ><1+ 1) (n>1 teger)

holds for all z satisfying |z| = rm & Eq, 1y — 400 and argz =0 € [0, — 5,,0, + ;] .
Proof. By mathematical induction, we obtain

-1 ] N\ J1 (n)\ Jn
OB o dNT (4
d ZO d ( 3.71 “Jn ( d) < d ) (29)

where Cjj,...;, are constants and j + j1 + 2j2 + - - - + nj, = n. Hence,

Fo g Tl ) 4\ dm\

For each sufficiently large |z| = r, let 2, = re® be a point satisfying |g (2,)] = M (r,g). By
Lemma [2.8] there exist a constant §, (> 0) and a set Ej5 of a finite logarithmic measure such
that for all z obeying |z| =1 ¢ E5 and argz = 0 € [0, — 0,,0, + 0,], we have

J1+gn)

g(j)(z)_ vy (1) J ) - i
g(2) _< z ) (1+0(1) G=12....n), (2.11)

where v, (r) is the central index of g. Substituting (2.11f) into ( - yields
(n) n

f(2) z
Rl NI N 1 N dn (2.12)
-+ ; (#) (1+0(1)) (j;n)ommjn (%) ‘ <%) } :

We can choose a constant o such that 8 < o < p. By Lemma 2.9 for any given ¢
(0 <2 <o —pf), we have

<) (s =1,2,... . n), (2.13)

6
d(2)

where |z| = r ¢ [0,1] U Es, Es C (1,400) with Im(Es) < +oo. From this and
J14+2j2+ - 4+nj, =n— 7, we have
dmN\ "
()

nj i/ J1
d

for |[z| =7 ¢ [0,1] U Es. By p(g) = p, there exists a sequence {r] } (r], — +00) satisfying

H < || B (2.14)

1 /
lim 08%("w) _ (2.15)

rh,—+oo  logr!,
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Setting the logarithmic measure of E; = [0,1] U E5 U Eg, Im (E7) = 0 < 400, there exists a
point 7, € [r}., (6 +1)7],] \ E7. Since

log Vg (,rm) ]'Og Vg (T:ﬂ) — ]'Og Vg (T;n) (2 16)
logr, ~ log[(§+1)7 log(6+1) |’ '
ogr og [( + ) Tm] (]og 7"7’71) |:1 + %ﬁn)]
we get
. log Vg (Tm)
lim ———— =p. (2.17)
rm—+oo  log Ty,
Hence, for sufficiently large m, we obtain
Vg (rim) = 10° =21, (2.18)

where p — ¢ can be replaced by a large enough number M if p = +o00. This and (2.14]) imply

(o) () ()

where |z| =1, ¢ E7 and argz = 0 € [0, — 0,,0, + ¢, . From (2.12)) and (2.19)), we obtain our
result. O

< rggf_j)(ﬁ_o"i'zg) N O’ T — +OO, (219)

Lemma 2.11. Let f(z) = g(z)/d(z) be a meromorphic function with p(f) = p < o0,
where g(z) and d(z) are entire functions satisfying one of the following conditions
(i) g is transcendental and d is polynomial,
(7) g, d are transcendental and X (d) = p(d) = B < p(g) = p.
For each sufficiently large |z| = r, let z, = re' be a point satisfying |g (2,)| = M (r,q). Then
there exist a constant 6, (>0), a sequence {rp}, ., Tm — +00 and a set Eg of a finite
logarithmic measure such that the estimate

f(2)
fm(2)
holds for all z satisfying |z| = rpm & Es,rm — +00 and argz =0 € [0, — 5,,0, + ,].

2n
X 'm

(n =1 is an integer)

Proof. Let z, = re® be a point satisfying |g (z,)] = M (r,g). By Lemma [2.10, there exist a
constant 0, (> 0), a sequence {r,,} rm — 400 and a set Eg of a finite logarithmic measure
such that the estimate

%) (v(rm)
- (3

holds for all z satisfying |z| = r,, ¢ Eg,r, — +oo and argz = 0 € [0, — 6,,0, + 6,] . On the
other hand, for any given € > 0 and sufficiently large m we obtain

meN ?

>" (1+0(1)) (n>1isan integer) (2.20)

vg (rm) 2 " (2.21)
where p — € can be replaced by a large enough number M if p = +00. Hence, we have
f(2) 2
<t 2.22
This completes the proof. O

Lemma 2.12. ([12]) Let f be a meromorphic function and let k € IN. Then

m(r,#) =S(r,f),
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where S (r, f) = O (log T (r, f) + log ), possibly outside a set Fg C (0, 400) with a finite linear
measure. If f is of a finite order of growth, then

m (7’, ?) = O (logr).

Lemma 2.13. ([0]) Let Ay, A1, ..., Ax_1, F' #Z 0 are meromorphic functions of a finite order.
If f is a meromorphic solution with p (f) = 400 of the equation

FO 4 A fED o A f o Aof = F,
then

3. PROOF oF THEOREM [L.5l

First, we prove that each meromorphic solution f (# 0) of the equation (|1.4)) is transcendental
of order p(f) = n. We assume that f (% 0) is a meromorphic solution of equation ([1.4)) with
p (f) < n. We can rewrite equation ((1.4]) as

(Ap_11(2)el=13) 4 A o(2)eQe-1(3)) f=D)

3.1
+ e+ (Aga(2)eP) 4 Ago(2)e® @) f = —f®) 3

Since
max{p(A;;),7=0,1,....k—1;i=1,2} <n
and

p(f) <mn,
then Ajz-f(j), j=0,1,....,k—1:i = 1,2 and f® are meromorphic functions of a finite order
with
p (Ajif(j)) <n and p (f(k)) < n.
We have also ag,, # by, and a;, = cjaon,bjn = ¢jbon,c; > 1,5 = 1,...,k — 1. Hence,
ajn # b, and therefore deg (P; — Py) = deg (Q; — Qo) = n. Since Ag1(2)f # 0, Aga(z)f # 0,
by Lemma , we find that the order of growth of the left side of equation (3.1 is n, this
contradicts the inequality p ( f (k)) < n. Thus, each meromorphic solution f (# 0) of equation
(1.4) is transcendental with order p (f) > n.
Let z = re”, ag,, = |agn| €', bon = |bon| €2, 01,05 € [0,27). Then

3 (Py,0) = |agn|cos (nf +61),6 (Qo,0) = |byn| cos (nd + 6,) . (3.2)
Since a;,, = ¢jaon, bjn = cjbon,c; > 1,7 =1,...,k —1, and ¢; are distinct numbers, we have
§(P;,0) =c;j0 (Fo,0), 6(Q;,0) =c;0(Qo,0), (3.3)

and there exists exactly one ¢, such that ¢, = max{c;,j =0,1,...,k —1}. Let ¢y = 1.

We split our proof into two cases: ¢ = 6, and 6, # 6

Case 1. As 60, = 0y, because of ag,, # bon, we suppose |agn| < |bpn,| without loss of
generality. Assume that f is a meromorphic solution to equation with poles of uniformly
bounded multiplicity. From , we have

|As1(2)e™) + A, 5(2)e )|

k-1 J
<‘ {s) (‘ﬁ + > {‘Aj,l(z)epj(z)+Aj,2(z)€Qj(Z)| 'ﬂ }> "
! Ly /
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Since f is transcendental, then by Lemma , for a = 2, there exist a set F; C (1,+00) with
my(Ey) < 400 and a constant B > 0 such that for all z satisfying |z| = r ¢ [0, 1] U E}, we have

f9(2)
f(z)
By (1.4), it follows that the poles of f can be located only at the poles of Aj(z),

j=0,1,....,k—1; ¢ = 1,2. We observe that the poles of f are of uniformly bounded mul-
tiplicity. Hence,

<B[T@r O, j=1,2,.. .k j#s. (3.5)

A1/f) <max{p(A;),7=0,1,....k—1;i=1,2} <n.

By Hadamard factorization theorem, we know that f can be expressed as f(z) = 38, where

g(z) and d(z) are entire functions with

AMd)=p(d) =A1A/f) <n<p(f)=rl9).
For each sufficiently large |z| = r, let 2, = re? be a point satisfying |g (2,)] = M (r,g). By
Lemma [2.11} there exist a constant d, (> 0), a sequence {r,,} rm — 400 and a set Eg of

a finite logarithmic measure such that the estimate

meIN

< (3.6)

X 'm

fO(2)
holds for all z satistying |z| = r,,, ¢ Eg, r,, — +o00 and argz =6 € [0, — 0,,0, + 0,].
(i) If 6 (Py,0) > 0, then by we have
3 (Qj,0) >0 (Qo,0) >0, 6(Q;,0)>0d(P;,0)>0d(,0)>0.
By Lemma [2.3] for any given ¢ obeying

1 (cs—
0 < e < mi -
) mm{?(cﬁcﬂ) ”és}

there exists a set Fy C [1,400) of a finite logarithmic measure such that for all z satisfying
|z| =r ¢ [0,1]U Ey, r — 400 and arg z = 0 € [0, — §,, 0, + 0, \ H, where

H={0€0;2m) : § (P,0) = 0,6 (Qy,0) =0}

is a finite set, we have

|A571(2)6PS(Z) + AS’Q(Z) | > }A Qs(z)| _ ‘AS’I(Z)BPS(Z){
> exp {(1 — )50 (Qo,0) 1"} —exp{(1 +¢)csd (P, 0) "} (3.7)
1
2 5 €xXp {(1 - 8) Cs (Q07 9) rn} )
A1 (2)e"®) 4 A5 (2)eU P < |A1(2)eh D | + | A (2)e )|

<exp{(1+ 8) cj0 (Po,0) 1"} +exp{(1+¢) ;0 (Qo,0) 1"} (3.8)
<2exp{(1+¢)c;d(Qo,0)r"}, 7=0,1,2,...,k—1, j#s.
Substituting (3.5)), (3.6)), (3.7), (3.8) into (3.4)), for all z satistying |z| = r,,, ¢ [0, 1|UE;UE;UEj,

m — +oo and argz =0 € [0, — 6,0, + 9,] \ H we obtain
1

o (1= 200 Qo)1) <o (BIT (2 ]

+B

T(2rm,f)] i 2exp{(1+¢)¢;6 (Qo,0) rfn}>

=0,j#s
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k-1
<A BT (2, /I Y  exp{(1+2)¢;6(Qo,0) 7y}
i=0,j#s
which gives
k-1
exp{(1— )¢, (Qo,0) 1} < 8ruBI[T (2, )" DY exp{(1+2)c;6(Qo.0)rpn}. (3.9)
J=0,57#s
Since 0 < & < min {% (Zi:) , ] # s} , then by Lemma and we obtain
p(f)= limsupM = 400,
Ton—-+00 log ry,
and
p2 (f) = limsup loglog T (r'm, /) > n.

logr
T'm—>+00 m
In addition, by Lemma and from equation (1.4), we have py (f) < n, so ps (f) = n.

(ii) If 6 (P, 0) < 0, then by and we have
§(Qj,0) <d(Qo,0) <0(Fy,0) <0, 6(P;,0)<0(Fp,0)<0.

By Lemma 2.3 for any given 0 < & < 1, there exists a set Ey C [1,400) of a finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U E3, r — 400 and
argz = 0 € [0, — 0,0, +6,] \ H, where H = {0 € [0;27) : 6 (Fo,0) = 0,0(Qo,0) = 0} is
a finite set, we get

| A1 (2)e" @) + A;5(2)eD | < |A;1(2)e5 )| + |Aj2(2)e )]
e p{<1—a>5<P- 0) "} +exp{(1—2)6(Q;,0) "} (3.10)
2exp{(1—e)d(Py,0)r"}, j=01,2... k-1

NN N

By (1.4) we have
f )

Substituting (3.5)), (3.6) and (3.10)) into (3.11)), for all z satisfying |z| = 7, ¢ [0, 1|UE;UE,UEg,
rm — 0o and arg z = 0 € [0, — 6,0, + 6,] \ H we obtain

1< 2BIT 2r, P (izexp {(1-)8(P,0) n@i})

k—1 f
> {|Aj,1(2)€Pj(Z) + Aja(2)e? )] ’_
j=0 /

(3.12)
< 2k BT (25, )] exp {(1 =€) 6 (Py,0) 1™}
which gives
exp{(e = 1) (Py,0) 1"} < 2kr* B [T (21, £)]F. (3.13)

By Lemma and (3.13]) we obtain

log™ T (r,,
T'm—>+00 ].Ong

and

s

logy T (1,
P2 (f) — hmsup Og2—(r7f) >
r—+o0o 1Og T'm
In addition, by Lemma [2.7] and equation (L.4)), we have ps (f) < n, so p2 (f) = n.
Case 2 Assume that 6; # 0s.
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(i) If 6 (Py,0) > 0, 6 (Qo,0) < 0, then by (3.3), we get
§(P;,0) >0 (P, 0) >0, 6(Q;,0) <d(Qo,0) <0,

m) , j # s}, there exists a set Fy C [1,400)

of a finite logarlthmlc measure such that for all z satisfying |z| = ¢ [0,1] U Es, 7 — +00 and
argz =0 € [0, —0,,0,+ 9, \ Hy, where

Hy ={0 €[0,2m) : 6 (P, 0) = 0,6 (Qo,0) = 0,6 (Fy,0) =6 (Qo,0)}
is a finite set, we have
|AS71(z)ePs(z)+A572(z)er(Z)| > }As,l(z)ePS(z)‘ _ |A8,2(Z)6QS(Z)|
>exp{(l —¢)csd (P, 0)r"} —exp{(1 —¢)csd (Qo,0)r"} (3.14)
>%exp{(1 —€)csd (P, 0)r"},
|A;1(2)efi®) 4 A 5(2)e93)] € |Aj1(z)e" iz ’ + |Aj,2(z)er(Z)‘
<exp{(1+¢)c;0 (P, 0)r"} +exp{(1 —¢)c;d(Qo,8)r"} (3.15)
<2exp{(l+¢)¢d (P, 0)r"}, j=0,1,2,....k—1, j#s.
By (3-4). (3.5). (3.6), and (3.15)), for all = satisfying |z| = 7, ¢ [0,1] U By U Ey U E,
rm — +oo and arg z = 0 € [0, — §,, 0, + 6,] \ H; we have

%exp {(1—¢)ed (Py,0) )} <r¥ (B [T (27, )]

by Lemma [2.3 for any given 0 < ¢ < mln{2 (

+ BT (2r,, )" Z 2exp {(1+¢)¢;o (Pp,0) m}>

J=0,37s
k—1
<Ar BT (2, I Y exp{(1+2) ;0 (P, 0) 7}
7=0.5#s

which gives

k-1

exp{(1 =) .6 (Po,0) rn} < 8r2BIT (2, ' D exp{(1+2) ;6 (Po,0) ). (3.16)
j=0,j#s
Since 0 < & < min {% (22:2) , ] # s} , then by Lemma and (3.16)) we obtain
p(f) = limsup log T (r'm, /) = 400,

Tm—>+00 log 7,

and

loglog T (7,
po () = limsup 28108 T T f) o )
T'm—>+00 lOng

In addition, by Lemma and from equation ((1.4), we have py (f) < n, so ps (f) =n.
(i) If 6 (Py,0) <0, 0 (Qo,0) > 0, by (3.3), we have

5 (P;,0) < 8(Py,0) <0, 6(Q;.0)>0(Qo,0) >0

By Lemma , for any given 0 < & < min {% (Z+Z> ,j s} , there exists a set Ey C [1,+00)

of a finite logarithmic measure such that for all z satisfying |z| =7 ¢ [0,1]U Ey, r — 400 and
argz =0 € [0, —0,,0, + 9, \ Hy, where

Hy ={0€[0,27m) : § (Py,0) = 0,6 (Qo,0) = 0,6 (Py,0) = 6 (Qo,0)}
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is a finite set, we have

]As,l(z)eps(z) + ASQ(Z)QQS(Z” > ‘A&Q(Z)GQS(Z)‘ _ |Asyl(z)€PS(Z)|

> exp{(1 —¢)csd(Qo,0)r"} —exp{(1 —¢)csd (FPo,0)r"} (3.17)
> Cexp{(1—2)eid (Q0.0)r")
Aa(20e70 + A5(2)e%] < | 452 (26RO + | 452(2)e %)
< exp {(1 +¢)cjd (0,0) "} +exp {(1 —€)¢;0 (P, 0)r"} (3.18)
<2exp{(1+¢€)cj6(Qo,0)r"}, j=0,1,2,....,k—1, j#s.

Proceeding as in the proof of (i), for all z satisfying |z| = r,, ¢ [0,1]U E; U B U Eg, 1, — 400
and argz =0 € [0, — 6,0, + 6,] \ H; we obtain

1

3o ((1-2)¢0 @o.0) ) < v (BIT (2 1

k—1
L BT @ S 2exp{<1+e>cj6<czo,e>r;})

J=0,j#s
k—1
S BT 2rm, I DY exp{(1+€) ;0 (Qo,0) 71}
J=0,j#s
which gives
k—1
exp{(1 =) c,6 (Qo, 0) 1} < 8rEBIT (2, /I D exp{(1+2)c;6(Qo.0)rin}. (3.19)
Jj=0,j#s
Since 0 < £ < min {% <§+Z> j# 3} , then by Lemma and (3.19)) we obtain
. log T (i, [f)
= limsup ———= = 400
p(f) lim sup ==
and oo
T
2o () = lim sup 12818 (rm, f) >
Tm—>+00 log T'm

In addition, by Lemma [2.7 and from equation (L.4)), we have ps (f) < n, so pa2 (f) = n.
(iii) If 6 (Pp, 8) > 0, 6 (Qo,6) > 0, then by (3.3), we have
§(P;,0) > 5 (P, 0) >0,8(Qj,0) > 6(Qo,0) >0
We suppose 6 (Py,0) > §(Qo,0) without loss of generality. By Lemma for any given
0<e<min{i (ZZ? , J # s ¢, there exists a set Fy C [1, 4+00) of a finite logarithmic measure
such that for all z satistying |z| =1 ¢ [0,1|UE,, r — +oo and argz = 6 € [0, — §,, 0, + 0, \ Hy,
where

Hy={0€10,2m): 6 (Py,0) = 0,6 (Qo,0) = 0,0 (Fp,0) =6 (Qo,0)}

is a finite set, we have
| As1(2)e™ ) + Ap(2)e@ ] > [A1(2)e™ P | — Ay p(2)e? )]

Z exp{(1 —¢)cd (Fo,0)r"} —exp{(1 —¢)cs6(Qo,0)r"} (3.20)

1
> 3 exp{(1 —¢)csd (P, 0) 1"},
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| Aj1(2)e) 4 A5 (2)eW | < |45 (2)e"TP] + | A 2(2)e% )|
<exp{(1+4+¢)c;0 (P, 0)r"} +exp{(1+¢)c;é(Qo,0)r"} (3.21)
<2exp{(1+¢)cjo (Fo,0)r"}, 7=0,1,2,....k—1, j #s.
From (3.4), (3.5), (3.6), and (3.21)), we have for all z satisfying |z| = r,, ¢ [0,1] U E; U
EyUEg, ry, — +oo and argz =60 € [0, — 0,,0, + 0, \ Hy
k-1

1
e {(1—2)cd (P, 0) i} < 42 BT 2rm, NI > exp{(1+2)¢;0 (Po,0) 77},
Jj=0,j#s
which gives
k—1
n 2s k+1 n
exp{(1—¢)c,6 (Po,0) 1} <82 BT (2rm, /I Y exp{(1+¢e)c;d (P, 0)r}. (3.22)
Jj=0,j#s
Since 0 < & < min {% (%) , ] s}, then by Lemma and (3.22)) we obtain
logT

e log T,

and

loglog T' (7,
p2 (f) = limsup 08108 T (r'm, /) >n
rm—>+00 1Og T'm

In addition, by Lemma and from equation ([1.4)), we have py (f) < m, so ps (f) = n.
(iv) If 6 (Py,0) <0, § (Qo,0) < 0, then by (3.3), we have
5(P]70) < 5(P070) < 0,5(Q],9) < 5(@070) < 0.

Let 6 = max {0 (P, 0),6 (Qo,0)}. Then, by Lemma 2.3} for any given 0 < £ < 1, there exists a
set By C [1,400) of a finite logarithmic measure such that for all z satisfying |z| = r ¢ [0, 1JUEx,
r — +oo and argz =60 € [0, — 0,,0, + 0] \ Hy, where

Hy ={0€10,27) : 6 (Py,0) = 0,6 (Qo,0) = 0,6 (Fy,0) =6 (Qo,0)}
is a finite set, we get
\Aj,1(2)epj(z) + Ajg(z)er(z)} < ‘Ajvl(z)er(z)‘ + ‘Aj,Q(z)er(z)l
<exp{(1—¢)c;0 (P, 0)r"} +exp{(1 —¢)c;jé(Qo,8)r"} (3.23)
Lexp{(l—¢)¢;or"}, j=0,1,...,k—1.

By (3.5), (3.6), (3.11)) and (3.23) for all z satisfying |z| = r,,, ¢ [0,1]U Ey U E; U Eg, 1, — 400
and argz =60 € [0, — 4,0, + §,] \ H; we have

k—1
1< BT (2rm, )Y {22 exp {(1 —¢) Cﬂﬂ%}
- (3.24)
<2t BT (27, )] {Z exp {(1 —¢) Cj57”3%}} :
§=0
Since ¢; > 1,57=1,...,k—1and 6 <0, we obtain
exp{(1 —¢)cjory} <exp{(l—¢)dr,}, j=1,....k—1

so ([3.24)) becomes
1< 2025 kB [T (20, £)]"  exp {(1 — &) 61" }



ON THE GROWTH OF SOLUTIONS OF SOME HIGHER ORDER LDE 129

which gives
exp{(e — 1) 6"} < 225 Bk [T (2r,,, )" (3.25)

By Lemma and ([3.25) we obtain

o (f) = lim sup 28 L rm: )

= +OO
T'm—>+00 log T'm

and
loglog T (.
p2 (f) = limsup ‘BT m: ) o
S

In addition, by Lemma and from equation (1.4), we have ps (f) < n, so ps (f) = n. This
completes the proof of Theorem [L.5

4. PROOF OF THEOREM [L.6

(i) Suppose fy is a meromorphic solution of a finite order to equation with poles of
uniformly bounded multiplicities. If fi(# fo) is an another meromorphic solution of a finite
order to equation with poles of uniformly bounded multiplicities, the function f; — fy is
a nonzero meromorphic solution to equation (1.4) with p(f; — fo) < +oo. This contradicts
Theorem . Hence, equation has at most one meromorphic solution of a finite order.
We assume that f(z) is a meromorphic solution of infinite order to with poles of uniformly
bounded multiplicity. By , it is easy to see that if f has a zero of order a (a > k)at 2o,

and By, By,..., Bi_1 are analytic at zy, then F' must have a zero at zy of order at least o — k.
Hence,
(:3) < 5) n () + Srinm
ni{r,— | <kn|r - nl|r — n(r, B,
7 7 F) Tt
and
1 /1 1) —
N (r, —) < kN (r, —) +N <r, —) +Y N(r,By), (4.1)
f 7 F)" &
where B;(2) = Aj1(2)el7®) + Ajy(2)e@®) j=0,1,2,...,k — 1. Now (1.5) can be rewritten as
1 1 [ f® fl=1) f!
—=—=|—+B)_ -+ Bi(2)=+B . 4.2
7 F(f+ )T e B Ble) 2

By Lemma and (4.2)), we get for |z| = r outside a set Eq of finite linear measure, we have

1 1 k f(]) k-1
m (7“, ?> <m (r, F) + Zm (7’, T) + Zm (r,B;) + O (1)
j=1 J=0

e (4.3)
<m (r, f) + Zm (r,B;) + O (logrT (r, f)).
=0
Therefore, by (4.1)), (4.3) and the first main theorem, there holds
k-1
1 — 1
T(f) =0 5) + O() < T(rF) + 70 B) + KV (17 ) + OllogrT 1) (40
=0

for all sufficiently large r ¢ Ey. For sufficiently large r, we have

O (logrT (r, f)) < %T(r, f). (4.5)
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Let py = max {n, p (F)}. By Lemmal[2.4] for any given & > 0, there exists a set E3 C (1, +00)
of a finite logarithmic measure such that

T(r,F)<rt, T (r,B)) <r”™, j=0,1,...,k—1, (4.6)
when |z| =7 ¢ [0,1]UE3, r — +oo. By (4.4), (4.5) and (4.6), for r ¢ [0, 1]U E3U Ey sufficiently

large, we obtain

T(r, f) <r/te 4 krte £ kN ( ch) + %T(r, f)

which gives
— 1
T(r, f) <2(k+1)r"* +2kN (r, }) : (4.7)

Hence,

and therefore,

RS
I\
=
N
>
IS
=
N~—
N
>
S
=

Since by the definition we have s (f) < A

A () =2 (f)=p2(f).
On the other hand, max{p(A4;;),7i=0,1,....k—1;i=1,2} < n and p(B;) < +oo for all
j=0,1,...,k—1, and f(z) is a solution to of infinite order. Hence, by Lemma m
we obtain A(f) = A(f) = p(f) = +oo. Since p(B;) < n, by Lemma , we have
o2 () < max {n, p (F)} .
(ii) Suppose fp is a meromorphic solution of the equation (L)) with finite order, by Lemma[2.12]

)
we have m <r, ﬁL) =0O(logr),j=1,...,k—1. Using (4.2),

]
=
N
s
I\
=
=
@
(05}
@
=+

% we can get for |z| = r outside a

set Fy of finite linear measure, we have

m(r,%)ém( >+Z ( )>+]Zom7"B )+ 0 (1)

<m <r, %) + lijm (r, B;) + O (log ) "
and
N (r, %) < kN (r, %) LN (’r‘, %) + §N (r,B;). (4.9)

By (I8) and (LJ), we get

T(r, fo) = T(r, %)+0() T<T,F)+§T(TB)—H€N( ;0>+O(logr). (4.10)

By (4.6) and (4.10), we get
1
T(r, fo) < (k‘+1)r”1+6+k‘N( f)+0(logr).
0

Hence, we obtain

p(fo) < max {X(fo),p1} =max{n,X(fo),p(F)}.
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(iii) First we prove that each meromorphic solution f to equation (|1.5)) is transcendental of
order p (f) > n. We assume that f is a meromorphic solution to equation (1.5 with p (f) < n.
We can rewrite equation (1.5) as

(Ak_Ll(Z)ePk—l(z) + Ak_m(z)er-l(z)) Fe=D g (A071(Z)€P0(z) + Ao,z(Z)eQO(Z)) f = B(z),
(4.11)
where
B(z) = F(z) — f.

Since max{p(4;;),j=0,1,....k—1;i=1,2p(F)} < n and p(f) < n, then A;fY,
j=0,1,....k—1, i = 1,2, and B(z) are meromorphic functions of a finite order with
p(Ajif(j)) < n and p(B) < n. We also have ag,, # by, and a;, = ¢jaon, bjn = ¢jbon,
¢ >1,5=1,....k—1,. Hence, a;, # bj, and deg(P; — Fy) = deg(Q; — Qo) = n. Since
Ao (2)f # 0, Aga(2)f # 0, by Lemma[2.1 we find that the order of growth of the left hand side
of equation (4.11)) is n. This contradicts the inequality p (B) < n. Therefore, each meromorphic
solution f to equation is transcendental and is of order p (f) > n.

Let 2 = re?, ag,, = |aon| €', bon = |bon| €2, 01,05 € [0,27). Then

d (Py,0) = |agn|cos (nf +61),6 (Qo,0) = |byn| cos (nf + 6) . (4.12)

Since a;,, = ¢jaon, bjn = cjbon,c; > 1,7 =1,...,k —1, and ¢; are distinct numbers, we have
6 (P;,0) = ¢;6 (P, 0), 6(Q;,0) = ¢;0 (Qo,0), (4.13)

and there exists exactly one ¢y such that ¢, = max{c;,j=0,1,...,k—1}. Let ¢ = 1,

01 = max{d (R, 0),6(Qo,0)}. We split our proof into two cases:
Case 1. Assume that §; > 0. By Lemma [2.3] for any given

1 fecs—cj
O<e<minin—p,-|(—2),j#sy,
{ p12<cs+0j> 7 }
there exists a set Fy C [1,400) of a finite logarithmic measure such that for all z satisfying

|zl =7r ¢ [0,1]U By, r — 400 and argz = 6 € [0, — 6., 0, + I,] \ Hs, where
Hg = {‘9 S [0,271') : (5(P0,8) = (5(@0,9)}

is a finite set, we have

|A5,1(Z)6PS(Z) + As,2(Z)6QS(z)| 2 ‘As,l(z)eps(z)’ — ‘As,Q(Z)eQS(Z)|
>exp{(l —¢)csd (P,0)r"} —exp{(1l —¢)csd (Qo,0)r"} (4.14)
1
25 exp{(l —¢)csdr™},
|A].71(Z)6Pj(3) + Aﬂ(z)er(z)‘ < |Aj,1(z)€Pj(2)‘ + |Aj72(2)6Qj(z)‘
<exp{(1+¢)c;0 (P, 0)r"} +exp{(1+¢)c;jé(Qo,0)r"} (4.15)
L2exp{(l+¢)c;0r"}, j=0,1,...,k—1, j#s.

By (1.5)) we have
|Ag1(2)e @) 4+ A 5(2)e? )

f ’F(z) ‘f(k) k-1 { e 0.0 'f(j) }} (4.16)
< |5: + + A;1(2)e" 1% 4+ Ajo(2)e" — .
'f() { f f j:%j:# [4ia ’ | f

Since f is transcendental, from Lemmal[2.2] there exists a set By C (1, +o0) with m(E;) < 400
and constant B > 0, such that for all z satisfying |z| = r ¢ E, we have (3.5 holds and by
Lemma [2.11} there exists a set Fg of finite logarithmic measure such that |z| = r ¢ Eg,
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lg(z)] = M (r,g) and for r sufficiently large inequality (3.6)) holds. We know that f is tran-

scendental with p (f) > n, and by the assumptions, the poles of f are of uniformly bounded

multiplicities. By Hadamard factorization theorem, we can express f as f(z) = ZEZ? where

g(z) and d(z) are entire functions with

A =p@=A() < o) =p(hzn

Let p1 = max{p(F),p(d)} < n. Since |g(z)| = M (r,g) > 1, then, by Lemma [2.4] we obtain
’ ’d DFE)| AR F(2)]
9(z M, g)

(2)
as |z| r ¢ |0, 1]UE3, r — 400.

BA), @6), (@14),d18), (416) and @.I7), for all z satisfying |z| =1y, ¢
¢ [0 1] UE1UE3UE8, rm — 400, |g(2)] = M(rm,g) and argz =0 € [0, — 0,,0, +9,| \ Hs,
we have

1
5 eXP {(1 =€) csoyry} <r5f{ exp (2r2%°) + BT (2rm, HPF

exp (rp1+€) exp (Tp1+5) = exp (27“p1+5) (4.17)

N\

+ BT (2ry, f)]"! Z_: 2exp {(1+¢)cjdrr,} }

=075
k-1
<4rZexp (2r217°) BT (2ry,, £ Z exp{(1+¢)c;onr,}
=055
which gives
k-1
exp {(1 — €) c,0rr} < 82 exp (2r214) BT (2r,,, f)]*F Z exp{(1+¢)c;0r}. (4.18)
J=0,37s

Since € < min {n - p1, % (Crc]) . J#F s} is arbitrary, so by Lemma and (4.18)) we obtain

cstc;
: log" T (7, f)
=1 —S —\mJ/
p(f) lim sup ==

:+OO

and

loglogT'
T'm—>+00 1Og Tm

In addition, by Lemma and equation (L.5)), we have py (f) < n, so ps (f) = n. Then, each
meromorphic solution to with poles of uniformly bounded multiplicities is of infinite order
and satisfies ps (f) = n.

Case 2. Assume that 0; < 0. By Lemma [2.3] for any given £ > 0 we obtain

| Aj1(2)e") 4 Aj(2)eW O] <[ A;1(2)e D] 4 Ay (2)e% |

<exp{(l —¢)c;0 (P, 0)r"} +exp{(1 —€)c;jd (Qo,0) 7"} (4.19)
Lexp{(l1—¢)¢;0r"}, 7=0,1,2,..., k—1

(154

By (L.3) we get

k—1

G
+ Z {’AJ 1(z)el ) + Aj,z(Z)er(Z)‘ ‘fTJ
=

) }) . (4.20)
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Asin Case 1, by (3.5)), (3.6), (4.17),(4.19) and ([4.20), for all z satistying |z| = r,,, ¢ [0, 1]U E3 U

E3U Eg, 1y, — +00, at which |g(z)| = M (1, g9), and argz = 0 € [0, — 0,,0, + 0, \ Hz, we have
k—1

1<k <exp (2r02 %) + ZB (27, F)]F 2exp {(1 —€) cjélr;ﬁl}) : (4.21)
=0

Sincec; > 1,57=0,....,k—1, rm>R1>1and(51<O, we obtain
exp{(1 —¢)cor,} <exp{(l—¢e)orr)}, j=0,...,k—1

so (4.21]) becomes
1< 2728 (k + 1) exp (r227°) BT (2rp, /)" exp {(1 — &) 617}
which gives
exp { (e — 1) &y, — r2 4} <202 (k4 1) BT (21, f)]" (4.22)

1Og7 my .}

—= —|—OO
T'm—>+00 log T'm

and

loglog T (7,
p2 (f) = limsup 08108 T (rm, f) > n.
T'm—>+00 1Og T'm

In addition, by Lemma and equation (|1.5)) we get po (f) < n and hence, p, (f) = n. Then,
each meromorphic solution to (1.5 with poles of uniformly bounded multiplicities is of infinite
order and satisfies py (f) = n.
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