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OPERATOR OF INVARIANT DIFFERENTIATION
AND ITS APPLICATION FOR INTEGRATING
SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS

R.K. GAZIZOV, A.A. GAINETDINOVA

Abstract. We propose an algorithm for integrating n-th order ordinary differential
equations (ODE) admitting n-dimensional Lie algebras of operators. The algorithm is
based on invariant representation of the equations by the invariants of the admitted Lie
algebra and application of an operator of invariant differentiation of special type. We show
that in the case of scalar equations this method is equivalent to the known order reduction
methods. We study an applicability of the suggested algorithm to the systems of m k-
th order ODEs admitting km-dimensional Lie algebras of operators. For the admitted Lie
algebra we obtain a condition ensuring the possibility to construct the operator of invariant
differentiation of a special type and to reduce the order of the considered system of ODEs.
This condition is the implication of the existence of nontrivial solutions to the systems of
linear algebraic equations, where the coefficients are the structural constants of the Lie
algebra. We present an algorithm for constructing the (km — 1)-dimensional Lie algebra
for the reduced system. The suggested approach is applied for integrating the systems of
two second order equations.

Keywords: ordinary differential equations, Lie algebras of operators, differential invari-
ants, operator of invariant differentiation.

Mathematics Subject Classification: 34A25, 22E05

1. INTRODUCTION

Group analysis provides a wide set of tools for studying symmetry properties of differential
equations, for reducing the orders and for integrating these equations by quadratures, see [1]-[4]
and others.

In integrating ordinary differential equations (ODEs), the most used methods are the method
of successive order reduction involving the introduction of so-called canonical variables or the
introduction of differential invariants, see, for instance, [4, 5]. In the first method, at the first
step the equation is transformed to some canonical form and then it is reduced to an equation
of smaller order. The second method is based on applying differential invariants of the admitted
group and the invariant differentiation operation, that is, the operation of differentiating one
differential invariant w.r.t. another invariant of lower order.

The classical theory of differential invariants was founded by S. Lie [I] and was developed
in works by A. Tresse [6] and L.V. Ovsyannikov [2]. An important notion of this theory is
operator of invariant differentiation (OID), the linear differential operator, the action of which
on an arbitrary differential invariant is again a differential invariant, as a rule, of higher order.
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Various approaches for constructing OIDs were considered in works [2], [7], [§]. In a series of
works OIDs were employed for constructing a basis of differential invariants of the admitted
algebra in the problems on classification of differential equations, see, for instance, [9]-[11].

In work [12] there was proposed a method for integrating a system of two second order ODEs
with four symmetries; that method was a version of method of successive order reduction. The
method employs the result on the classification of systems of two second order ODEs with four
symmetries and it is based on employing OIDs for constructing first integrals for these systems.
At that, the result of the classification of systems of second order ODEs was used for proving
that the considered systems have OID in a form allowing one to employ it for obtaining the
first integral of the system.

In the present work the method proposed in [12] is generalized for differential equations of
arbitrary form. In particular, there was shown that for the scalar equations, this method is
equivalent to the known methods of order reduction. We study the applicability of this method
to the systems of m ODEs of kth order admitting km-dimensional Lie algebra of operators. We
obtain a condition for the admitted Lie algebra ensuring the possibility of constructing OIDs
in the form allowing to use it for order reducing of the considered system of ODEs. We also
show that the constructed in this way reduced system admits (km — 1)-dimensional Lie algebra
and the proposed method can be again employed for this method.

2. CONSTRUCTING OF OPERATOR OF INVARIANT DIFFERENTIATION

We consider the system
u® = f (t, u,uM, . ,u(k_l)) (1)
of m ordinary differential equations of kth order admitting the n = km-dimensional Lie algebra
L, generated by the basis operators

0 & 0
Xi =T~ S i=1,...,n.
T8t+;£’8ua ) n

Here ¢ is an independent variable, u = (uy, ..., u,) is a vector of dependent variables, u*) is
the vector of the derivatives of kth order, 7; £ are given functions of ¢, u, f = (f1,..., fm) I8
the vector function of the mentioned variables.

Differential invariants of the algebra L, are sought of the system

x®r=o0, i=1,...,n, (2)
where Xi(k) is obtained from the operator X; by extending to all derivatives of kth order, and
the functions I = I(t,u,u™, ..., u®) are the unknowns. We introduce the matrix

m 1(1 m(k

nod g qv o g

Ok —
m 1 m(k

o & oem gWo r®

formed by the coordinates of the extended operators XZ-(k) and let
rank Q%) = n.

Then system has m + 1 functional independent solutions. If system defines a regular
manifold w.r.t the transformation group generated by the operators of the algebra L,,, then
it can be represented in the invariant form (see, for instance, [2], [3]). In this case solution
determines m independent invariants 1 of order k (o =1,...,m) and one invariant I of
smaller order.

The order of the invariant [ is defined as follows: if for a Ith extension (I =0,...,k— 1) the
rank of the matrix QO is less than (I 4+ 1)m + 1, then the order of I is equal to I. In the general
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case, rank Q) is equal to m(l + 1) + 1 and the condition rank Q*) = n implies that the above
inequality can hold for an only [.
Assume that equation possesses the following invariant representation:

I =F, (), a=1,...,m, (3)
where F, are some functions. Let us construct OID A\D,, where A = \(¢, uq, ..., Up, - .. ,ugk), e ,u,(fi)).

According [2], the function A can be found by the system of equations
X (\) = AD, (1;) = 0. (4)
We apply the constructed OID to an invariant of smaller order:

AD(I) = O(I, 1}V, ..., 1P),

where © = O(I, Il(k), . .,]T(f)) is some function. Considering the obtained expression on a
solution of system , we get
ADy(I)|g = ©), (5)
where ©(I) = © (I, Fy(I), ..., F,,(I)). Equation (5)) can be rewritten as
dr dt
— = —. (6)
o) A

We observe that the left hand side of equation @ is integrable by quadratures only if the
function A\ can be represented as

D; (9) @)

with some function ® = & (¢, uy, ..., Uy, ... ,ugk_l), . ,ug,li_l)).

Let us show that the function A for OID can be constructed in as . Substituting expression
into , we obtain

_ﬁ( X® (D,®) + D@D, (&)) =0,

which implies (see, for instance, [2])
Di(x" V) =o0.
Thus, the function ® should satisfy the system
x* Ve =c;, i=1,...n (8)

with some constants C;. System is a system of first order linear inhomogeneous partial
differential equations. It is solvable if and only if it is compatible and complete.
We study the compatibility of system constructed for the operators admitted by system

of ODEs . We consider the matrix Q* =1 formed by the coordinates of the operators XZ-(k_l).
This is a matrix of size n x (n + 1) and its rank is equal n. Otherwise, if rank Q*~D < n,
system (/1) has no invariant representation since the admitted group has more than one invariant
of lower order and therefore less than m invariants of kth order. Therefore, system is
compatible for all C;.
In order to study the completeness of system , we introduce the operators
0

Y= X"V 4+ e
ST
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According the general method of studying linear inhomogeneous equations, see, for instance,
[13], the completeness of system (§8)) is equivalent to the closedness of the operators {Y;} w.r.t.
the commutator. We have

0 0

kl kl k—1 k—1
Vi, Y)] = [X( +Ca—¢)X( +Cja—®}—[X§ ) x Y]

- S - s 9
:S_Zlcins(k V= ;Czj (Y; - Csa—q))

This implies that the system of the operators {Y;} is closed provided the constants C; satisfy
the system of algebraic equations

> 0o =0. (9)

s=1

System @ has the trivial solution Cs =0, s = 1,...,n, only if n > 3 and the rank of system @D
is equal n. In this case the function ® obtained from system is an invariant of the admitted
Lie algebra, that is, ® = ®(I), and this is why the obtained operator is not OID and the action
on the invariant I does not lead to new invariants; the order of the differential invariant is not
increased.

If n <3 or n > 3 and the rank of system @ is less than n, then equation @ has a non-zero
solution (CY, ..., C%)T, where at least one constant C? # 0. As the function ® for OID, we can
choose each particular solution of system @ with C; = C?. Such function @ is invariant w.r.t.
linear combinations of form CYX; — CYX; :

(C)X; — CYX;) (@) = CYX; (@) — CYX; (@) = CCY — CPCY) = 0.

We are going to show that among these linear combinations, there exist n—1 linear independent
ones forming a Lie algebra.

Let C? # 0 and consider the operators X; = COX; — C0X;, i=2,....n

1. By construction, these operators are linearly independent, since the operators Xi,..., X,
form the basis of the Lie algebra L,,.

2. All other combinations can be expressed in terms of the chosen ones:

1(cvx - cix;) = gz (cixi - Xi) Ci C(crx - %) = Cig, _ % %

Y el Y CY

3. Let us show that the set of the operators {XZ} is closed w.r.t. the commutation. We have

X;, X =[C)X; — CYX;,C9X, — O X;] = CF (CV[ Xy, X;] — CY[X1, X;] + CY[X, X))
=CP) " (CV, = CPey + CYe) X
r=1

—C0 (CV¢), — P!, + CVl) Xy + Z (€O, — CO%, + V) (q?xl —f(,)

U

=) (Y, = CPe + Cey) CYXy = Y (Chel, — Oy, + Clely) X,
r=1 r=2

== (O, — Cleyyr + Cely) X, X

1 Zj
r=2
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where the first sum in the pre-last line vanishes due to @D Then

n
[Xi, Xj] =) & X,, where & =C;, — Clei; + Ol
s=1
Thus, the operators X; generate (n—1)-dimensional Lie algebra L,_;. Apart of the invariants
of the algebra L, the reduced algebra L,,_; has an additional invariant, the function ®.
We return back to integrating equation @ It can be rewritten in the integrable form
Dy(1)

50 Dy(®)

and its solution
H(®,I)=0
with some function H is the first integral for system of equations . Adding this equation to
system and removing the differential implications, we arrive at a system of order km — 1
admitting the above constructed Lie algebra L,,_;.
Thus, we have proved the following theorem.

Theorem 1. Suppose that system of m ODFEs of kth order admits the n-dimensional
(n = km) Lie algebra L, of the operators X;, i = 1,...,n, and is represented in terms of

the differential invariants I, Il(k), e ,[7(,5) of this algebra as (@; l and k are the orders of the
differential invariants. Assume that system of linear algebraic equations (@

Z c;;Cs =0,

s=1
where cj; are the structural constants of Lie algebra Ly, has a non-trivial solution. Then there
exists a OID of form

1
——D
Dy (®)
satisfying the relation
1 ~
D,(IM) g = 6(1Y

which is integrable and generates the first integral of system . The system of order n — 1
obtained by system (@ by adding the first integral admits (n — 1)-dimensional Lie algebra L,
with basis operators constructed as linear combinations of the operators X; with the coefficients
determined by the solution of system @

Remark. This theorem can be generalized to an arbitrary system of ODFEs of nth order
admitting n operators. As a demonstration, see FExample 3.

3. INTEGRATION OF SCALAR ODES

3.1. First order equation. We consider the applying OID for integrating the first order
equation

T = f(t,x) (10)
admitting one operator

s, 0
X = T(t,l’)a + é(t,x)%.

Such operator has one independent invariant 1) (¢, ) of zero order and one invariant IV (¢, x, 2
of first order, while equation has an invariant representation:

I = F(1©), (11)
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Let us calculated OID. Let A = (D,;®) ", where ® = ®(t, z) is determined by the equation

X (®)=7P,+£P, = 1. (12)
Applying OID to the invariant 7 and taking into consideration (11)), we arrive at the relation:
D, (1©
D)) a(I) (13)
Dy(®) ()

with some function «. Integration this equation leads to the solution of equation ([11)).
We consider equation ((10)) in an equivalent form

M(t,x)dt + N(t,z)dz = 0. (14)
By system of the characteristic equations
dt  dr do
T & 17

for and by we have

M(z,y) N(z,y)
dt de = dd
Mt eN Tt eN !

which is equivalent to multiplying equation by the integrating factor yu = m, see, for
instance, [4].

Thus, the function @ is the total differential obtained for equation ([{14]).

On the other hand, the constructed ® and I® can be interpreted as new variables. Then
equation admits the translation operator 8%. Therefore, seeking ® is equivalent to con-
structing a new dependent variable while transformation the admitted operator to the transla-
tion operator.

Example 1. We consider the equation

) 2
admitting the operator X = t% — x%. We rewrite equation in the equivalent form
2
dz + (:c2 - t—2) dt = 0. (16)

The invariants of the operator X are of the form I© = tx, I = ¢?3. The function ® of OID
OID (D,®)~"' D, is determined by the equation X® = 1 and hence, ® = Int + ¢(tz), where
¢(tz) is an arbitrary function of the invariant of the operator X. We choose ® = Int. Then
OID is of the form tD;.

We apply the obtained OID to the invariant I():

tDy(I')| g =1 +2— (1)

to obtain
dr©® dt
= —. (17)
210 — (10
In the initial variables this reads as
d(tx)
— - =d(Int). 1
2+ tx — (tz)? (Int) (18)

It is easy to see that constructing of this equation is equivalent to multiplying equation ({16])
by the integrating factor p = 5=

1222 —tx—2°
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3.2. Second order equation. We apply the considered algorithm for integrating the second
order differential equation

&= f(t,z, ) (19)
admitting the Lie algebra L, with the basis operators
0 0
Xi: it7 s ’ita 7 :1a2
it 7)o + Gl 0) 5

For example, we consider the case, when the commutator of the admitted operators [ X7, Xs| =
X7 and the operators X; and X, are not linearly connected, that is,

X1V Xy =1 —1é #0,

see, for instance, [4]. Then the algebra L, has two differential invariants I (¢,x,4) and
I®)(t,z, &, i) and this allows us to rewrite equation as

1® = p(1W) (20)

with some function F'.
We construct OID as (th))_l D;. The completeness of corresponding system implies
that the function ®(¢,x) can be found by the system of equations

X1 ((I)) = Tl(pt + 51(1355 = 0,
X2 (q)) = qu)t + égq)w =1.

If I is an algebraic invariant of the operator X, the general solution to first equation in the
above system is written as ® = ¢(1ly), while by the condition [ X7, X5] = X7 the second equation
determines the function ¢. Thus, the function ® is an algebraic invariant of the operator Xj;.
Then the equation for the first integral is written as
1
Dt(f( )) _ (;)(1(1)) (21)
D@ |

with some function ©. The integration of this equation provides the first integral of the initial
equation H (IM,®) = 0. The obtained equation admits the operator X, therefore, it can be
integrated by quadratures.

On the other hand, by the classical method of order reducing, at the first step we choose the
operator X; forming an ideal of the admitted algebra Ly. Then choosing the function ¢(Iy) as
the algebraic invariant for X; and the invariant 7™ of the algebra L as the first order invariant,
we obtain a similar reduced first order equation (21]). Therefore, we have shown that under an
appropriate choice of differential invariants, the classical method of successive order reducing
and the method of order reducing by OID lead to the same reduced equation.

The feature of the method of order reducing by OID is that the reduced equation is written in
the initial variables and its symmetry is obtained as a linear combination of the initial operators.

Example 2. Consider the equation

R 99
. 2 tr (22)
admitting the operators
0 0 0 x0
Xy =t'—+te—, Xo=t—+=-—
! 8t+ Yo 2 8t+28x
satisfying the commutation relation [X7, X5] = —X.

The invariants of the admitted algebra are V) = zi — "”72, I® = 233, The coefficient OID is
found the by the system of equations

X (@) =0, X (@) =1,
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where ® = ®(¢,z). We obtain

t t
®=2In>, AD, = —— D,
x 2(x — t)

and applying OID to the invariant [, in view of we get the expression

dr® 1
FOFSE —§d<I>. (23)

The integration of this relation leads us to the reduced equation

r(tr — o x
wii-n) v
t t
admitting the operator X;. It is easy to show that a similar reduced equation is obtained by
using the classical method if as the invariants of the operator X; we choose Iy = —21In % and
]1 =xr — 1—2

t

4. SYSTEM OF TWO SECOND ORDER ODES

We consider the systems

ji‘ = t? x? ) i? y )
{.. 7t ! . y) (24)
j=g(t,x,y,%,9)
admitting four-dimensional Lie algebras of the operators with the basis
0 0 0
Xi:ita ) ay ita ) a_ ita ) a :1774
Tt 2, y) 5 + &t 2, y) 5 ity y)ay i
Suppose that system has the following invariant representation
1P = F(1), 1Y =G), (25)

with some functions F' and G, where [ is a first order differential invariant or an algebraic
invariant, and / ,22), k = 1,2, are second order differential invariants.

It was shown in work [12] that if system has invariant representation , then system @D
always has a non-trivial solution. This seems to be related to the fact that all four-dimensional
Lie algebras can be expanded into the direct sum of subalgebras of smaller dimensions, one of
which is solvable. This is why for all systems of two second order ODEs with four symmetries
admitting invariant representation , the reduction to a third order system is possible. If
system @ for the reduced algebra L3 has a non-trivial solution, the order of the reduced system
can be also reduced. One can show that for all solvable algebras L3, system @ has a non-trivial
solution, while for non-solvable algebras it does not. In the latter case the order of the reduced
system can not be reduced anymore.

Example 3. Assume that system admits the operators

0,90 9 9
o “or Yoy oy
Then the invariant representation of the system is of form ([25)), where

tE o) _ i e
T T v
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The function ®(t, z,y,,y) in OID of form (Dy®)~" D, is determined by the following system
of equations

10, — #®; — §D; = C,

qu)x + Iq)m = CQ,

y®, +yPy = Cs,

o, =Cy.

The completeness of this system implies that Cy = 0, while other constants can be arbitrary.
Let C; = —1,Cy =1, C3 =1. Then ® = Inxy, and the reduced system is

Inay = H(I, K,), I\ = F(I)

with some functions H and F', and K, is the integration constant. The reduced system admits
the operators

0 . ,9 ,90_ 9 9
ot “or “or Yoy oy

For a new OID the function ® is determined by the system
te, + 2P, — yo, = C4,
¢, = Cs,

and the completeness condition gives C5 = 0, and C; and Cy are arbitrary. For instance,
C1 =C5 =1. Then ® = Inz, the new reduced system is

iy
= = H(nz, Ky, Ky),  ay = Hy(nw, K, Ko), (26)
x
where Hy, Hy are some functions, K;, i = 1,2, are integration constants and admit the operators
; 0 n 0 0
ot Yoy ay

For these operators the function ® in OID is found by the system
t(I)t + y<I>y = Cl, (I)y = CQ,

where the completeness condition implies that Cy = 0. Let C; = 1, then ® = Int, and system
is reduced to
x:Ql(lnt7K17K27K3)7 y:Q2<lnt7K1)K27K3)7 (27)

where ()1, ()2 are some functions and K;, ¢ = 1,2,3, are integration constants. This system
admits the operator

9
oy’
The function ¢ of a new OID is found by the equation
o, = (.
Let C; =1, then ® = y and we obtain the solution to the initial system:
I:Ql(lnt,Kl,Kz,Kg), y:QQ(lnt,Kl,Kg,Kg,K4),

where (1, QQ are some functions and K;, i = 1,2, 3,4, are the integration constants.
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