ISSN 2304-0122  Ufa Mathematical Journal. Vol. 9. No 4 (2017). P. 3543

doii10.13108/2017-9-4-35 UDC 517.927.2

SELF-ADJOINT RESTRICTIONS OF
MAXIMAL OPERATOR ON GRAPH

L.K. ZHAPSARBAYEVA, B.E. KANGUZHIN, M.N. KONYRKULZHAYEVA

Abstract. In the work we study differential operators on arbitrary geometric graphs with-
out loops. We extend the known results for differential operators on an interval to the
differential operators on the graphs. In order to define properly the maximal operator on
a given graph, we need to choose a set of boundary vertices. The non-boundary vertices
are called interior vertices. We stress that the maximal operator on a graph is determined
not only by the given differential expressions on the edges, but also by the Kirchhoff condi-
tions at the interior vertices of the graph. For the introduced maximal operator we prove
an analogue of the Lagrange formula. We provide an algorithm for constructing adjoint
boundary forms for an arbitrary set of boundary conditions. In the conclusion of the paper,
we present a complete description of all self-adjoint restrictions of the maximal operator.
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1. INTRODUCTION

The work is devoted to linear differential operators on graphs. The spectral theory of dif-
ferential operators on manifolds of net kind was studied in works by Yu.V. Pokornyi and its
pupils [I]-[5]. Among the recent publications devoted to various aspects of the theory on the
inverse problems on graphs, we mention works [6]-[I0]. In works [TT][-[I4], there were studied
spectral properties of differential operators on equilateral quantum star-like graphs. In this
paper the Lagrange formula was obtained for a differential operator defined on an arbitrary
geometric graph, in contrast to work [12], where a similar relation was given for a simple star-
graph. There was given the complete description of all self-adjoint restrictions on the maximal
operator defined on the graph. The mentioned results are new, earlier similar facts were known
for differential operators on a segment [15].

2. BASIC NOTIONS

Assume that we are given a directed graph & = {V, £}, where V is the set of vertices and &
is the set of edges. The number of the vertices of the graph is denoted by N, while the vertices
are indexed by the numbers 1,..., N. The boundary vertices are denoted by I". The vertices
in the set Z = V\I' are called interior [16], [I7]. The edge e = [i, j], e € £, connecting vertices
i and j is directed from i to j. One often denotes the vertex i by d_e, while 0, e stands for
J [18]. Without loss of generality, the length of each edge is assumed to be one. The set of
the vertices corresponding to incoming edges at a vertex ¢ is denoted by V;". The set of the
vertices outcoming from a vertex ¢ is denoted by V; . Let x = >, .(|Vi"| + |V |). The set of
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edges satisfying 0,e = i is denoted by &;", while the set of edges satisfying d_e = i is denoted
by £ . We assume that the graph has no loops.

3. DEFINITION OF THE MAXIMAL OPERATOR ON THE GRAPH

For further purposes it is useful to introduce the space

Ly(S) = [ [ La(e)

eef

with the elements o
Y(X) = [ye(ze), e € €],

where X = (ze,e € £) and [[ ¢ is the Cartesian product of the spaces, and with a finite norm

1V ]| 2ae) = \/Z |ye () [2de.

ecE V€
In the same standard way we introduce the space
W3 () = [[w3(e).
ec&
The operator A,,,, defined by the linear differential expressions

AazYe(ze) = =yl (xe) + qe(@e)ye(Te), z. €E6€E 0o 0< 1z, <1 (1)
on the subspace W2 (), where for some f3, in each interior vertex k the Kirchhoff conditions
Ye(1) = B forall ee€&l, (2)

Ye(0) = p, forall ee€&,
Yoyl =" yL(0), (3)
e€&r e€E,

hold [19], is called the maximal operator. Here {g.(z.),z. € e € £, 0 < x, < 1} is the set of real
continuous functions usually called potentials. We can exclude the set of unknown constants
{Bk} from conditions . Then the total amount of Kirchhoff conditions in the interior points
is equal to 2|€| — x. In the next section we provide the Lagrange formula for the maximal
operator A,,qz.

4. LAGRANGE FORMULA FOR DIFFERENTIAL OPERATOR ON GRAPH

The Lagrange formula plays an important role in study of differential operators on a segment.
In this section we provide an analogue of Lagrange formula for differential operators on graphs.

Lemma 1. For all function Y (2) = {ye(z.), e € EY, V() = {ve(x.), e € EY in WA(S), the
1dentity

Z /Amaxye(a:)ve(x)dx = Z[—yé(x)ve(x) + Ye(z)v, ()] ‘z:) + Z /ye(:v)Amaxve(a:)dx (4)

ecg V€ ect ecE V€
holds true.

Proof. We consider the integral in the left hand side of relation ({4

/ Amaste()v. () do = / (—9/(2) + a(2)y. () v, () da

€ €

The double integration by parts allows us to write the formula

/ Amaale (2)ve(2)dr = [y (2)ve(2) + ye()vp(2)] 720 + / Ye() (=07 () + ge(w)ve () du.

€ €
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This implies . The proof is complete. O]

Lemma 2. For all functions Y (z) = {ye(z.),e € E}, V() = {ve(z.), e € E} in the domain
of the mazimal operator A,,.. the identity

3 / mate(@ve(@)dr = 3 [yl (1)ve(1) + ye(1el(1)]

ec& Ote€el’ (5)
- Z +ye +Z/ye ma:r;Ue )d.ﬁlf
O_e€el’ ek
holds.

Proof. Let a be an interior vertex of the graph . The set £ consists of edges e directed to
the vertex a, that is, the condition 0,e = a holds. The set £, consists of edges e directed out
from the vertex a, that is, the condition d_e = a holds. In the general sum ) _.[—y.(x)ve(x) +

Ye(z)vl ()] |i:) we select only the terms corresponding the interior vertex a. For an edge e with
the condition 0, e = a, the contribution of the vertex a into the total sum

> [yi(@)ve() + yelw)vl()][;5
ce€
is of the form
[=ye(Dve(1) + ge(1)ve(1)]-
In the same way for all edges in £ the contribution of the vertex a into the total sum

Z[—yé(x)ve(m) + Ye ()0 (7)) Z(l)

ecf
is of the form
> =y L)ve(1) + ye(1)ul (1)
ecEF
For one edge e with the condition 0_e = a, the contribution of the vertex a in the total sum
=1
Y [yi(@)ve(@) + ye(z)oe(@)]]
ecf
is
[yé<o)ve(0) - ye(O)Ué(O)]
In the same way, for all edges in £, the contribution of the vertex a in the total sum
=1
Y ve@)ve(@) + ye(w)on(@)][,
ec&
is
> [44(0)0e(0) = ye(0)0(0)].
ec&,
Thus, the total contribution of the vertex a into the sum
=1

Y [y@ee@) + yel@l ()],

ec&
can be written as

L= Y [=y.(Dve(1) + ye(DoL(1)] + D [12(0)0(0) — ye(0).(0)].

ecEF ecEy
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Taking into consideration Kirchhoff conditions (2) for the functions Y (z) = {y.(.),e € &},
V(z) = {ve(ze), e € E}, we rewrite the latter expression as

L= [=y.()B+pu.(V)]+ Y [4.(0)3 — BuL(0)],

ecEF ecEy

where v.(1) = as e € EF, and also v.(0) = Basee &, . Taking into consideration Kirchhoff
conditions (3) for the functions Y (z) = {ye(x.),e € £}, V(x) = {ve(x.), e € £}, we rewrite the
expression I, as

- Z ye(1 Z y.(0)| + 5 Z V(1) — Z vL(0)] =0

ecEF ecEq ecEF ey

The proof is complete. O

Lemma [2| implies that the total contributions of the interior vertices in integrated terms
are zero. In other words, integrated terms involve only the contributions of the boundary
vertices. According monograph [I5], such formulae are called Lagrange formulae. Formula
can be generalized as follows.

For k =1,...,2x we consider the boundary forms
Uk(}_}> = Z [Qverye (1) + 6eky;(1)] + Z [verye(0) + 6ekyé(0>]v (6)
8+€EF o_ecl’

where a,y, [er are some constants.

Theorem 1 (Lagrange formula). Let {Uy,...,Us} be a set of linear independent boundary
forms {11, ..., Ta} such that for all functions Y (x) = {ye(z.),e € £}, V(z) = {ve(z.), € € £}
in the domain of the maximal operator A, the identity

Z/ ma;rye Ue )de _Ul (?)T2X(‘7) + UQ(}_})TQX—l(‘_/') +
ec&
(7)

+ U2X + Z /ye mamve )dI

ecf

holds.

Proof. We introduce the difference

}7 ‘7 Z/ maxye Ue dl’ - Z/ye ma:r;ve )d.ﬁlﬁ

ec& ec&

According Lemma [2] this difference can be represented as

RY, V)= > [y(Dee(l) + ye(Dee(D)] = Y [=44(0)0e(0) + y(0)0l(0)].

Ote€l’ O_e€l

Thus, this difference is expressed in terms of 2x boundary values {y.(1),4.(1),0.e € TI'},
{9(0),9.(0),0_e € T'}. This set of boundary values is a 2x linearly independent system. This is
why the mentioned set of boundary values can be expressed as a linear combination of arbitrary
boundary forms {Uy, ..., Us,} satisfying the assumptions of Theorem To prove this, relations
(6) are to be considered as a system of linear algebraic equations w.r.t. {y.(1),y.(1),dre € T'},



SELF-ADJOINT RESTRICTIONS OF MAXIMAL OPERATOR ON GRAPH 39

{e(0),4.(0),0-e € T'}. solving system (B) w.r.t. {ye(1),y.(1), 0re € T}, {e(0),4£(0),0-e €
I'}, we obtain

Z%kUk ,0pecT, 8)
2x
(1) =Y eawli(Y), O4e €T,
k=1
2x

= ZVﬁkUk(?% O_e ¢c F,

Ye(0) = ZﬁekUk( ), 0_e €T.

k=1
We substitute these expressions into the difference:

RY, V)= [— (Z eekUk(?)) ve(1) + (Z%;ﬂﬂ?)) U;(n]

Oyecl k=1 k=1
- Z [— (Z eekUk(f)> v.(0) + (Z 'YekUk(?)> v;(O)] :
d_ecl’ k=1 k=1

Now it remains to group the right hand side of the latter identity w.r.t. {Uy(Y}. We obtain:

R(fv ‘7) = Z Uk(?) Z [_Eekve<1) + '}/ekvg(l)] + Z [Eek’ve(o) - ’)/ekvé(o)]
k=1 Oreel’ O_e€l

In the latter expressions we denote the sums in the square brackets by
Tox- (V) = D [=earve(1) + el (D] + D [eekve(0) = vervi(0)]
Oyeel O_e€l

to obtain the desired formula
2x

Z/ maz¥e(T)Ve(x)d _ZUk(?)Th—kﬁ-l +Z/ye Aazve(z)d.

eef k=1 eef

Formula is called Lagrange formula.
Theorem (1] implies immediately the following corollary.

Corollary 1. Let A be a restriction of the operator A,,q. on the domain
D(A) ={Y € D(Apaz) : Ue(Y) =0,..., U, (Y) = 0}.
Then the adjoint operator A* is also the restriction of the operator A,,.. on the domain
D(A*) = {V € D(Apaz) : Te(V) = 0,..., T (V) = 0}
and for all Y € D(A) and V € D(A*) the identity

Z/Aye )0, (x dx—Z/ye ve(

ec& ee&
holds true.
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5. SELF-ADJOINT RESTRICTIONS OF MAXIMAL OPERATOR A4

In this section we describe completely all self-adjoint restrictions of the operator A,,,,. We
first introduce the minimal restriction Ay of the operator A,,... By D(Ag) we denote the set of

all functions Y () in D(Ana,) satisfying the conditions
g()=0, y(1)=0 as deel, )
v.(0)=0, y.(0)=0 as 0_eel.
We introduce the minimal restriction Ag by the formula
AoY = AnaaY, Y € D(Ay).

The following statements hold.
I) for all elements Y € D(Ag), V' € D(Aqz) the relation

<A0?7 ‘7> = <Y_i; Amar‘_/> (10)
holds true;
IT) for all elements Y,V € D(Ag) the identity
<A0577 ‘7> = <?,Ao‘7>
holds true.
Identity implies the operator inclusion A, C Aj.

In order to study the properties of the minimal operator, it is convenient to introduce the
operators A; and Ay being the restrictions of the maximal operator A,,,,. Let

D(A)) ={Y € D(Apas) i (1) =0 as d,ecl, y.(0)=0 as O_ecl}
and MY (z) = ApmaaY (2) as Y € D(Ay).
Let
D(Ay) ={Y € D(Apae) : y.(1) =0 as d,ecD, 3. (0)=0 as d_ecl}
and AoY (2) = ApaaY (2) as Y € D(As).
Assumption 1. For each function F(z) in Ly(S) the equation
NY(z) = F(z), i=1,2 (11)
has the unique solution in D(A;), i =1,2.

Remark 1. Operator equation on the set D(A;), i = 1,2, is equivalent to the system of
linear second order differential equations on the set of edges £ with 2|E|— x Kirchhoff conditions
in the interior vertices Z and x conditions at the boundary vertices I'. Thus, there arises a
system of inhomogeneous linear second order differential equations on the set of edges € and the
general solution involves 2|E| constants. These constants are determined by (2|E]—x)+x = 2|€|
linear conditions. Therefore, we can write some determinant D;, 1 = 1,2, of the dimension 2|&|.
Then the unique solvability of equations 1s equivalent to the fact that the determinant Dj,
1= 1,2, 18 non-zero.

Following monograph [I5], we formulate the next lemmata.

Lemma 3. Let A, be the mazimal operator on the graph S introduced in Section 3 and
let F'(x) be the function in Lo(). If Assumption 1 holds, then equation

Amax?(x) = ﬁ(l‘)

has a solution Y (x) satisfying conditions (@ if and only if F(x) are orthogonal to all elements
Ker Aoz
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Proof. According Assumption 1, by 17'(33) we denote the unique solution to operator equation
1) By Vi, ..., V, we denote the fundamental system of solutions to the homogeneous operator

equation AV =0 satisfying the condition: all boundary forms vg(1) as dre € I' and vy (0)
as 0_e € I' except one vanish, while one form is equal to 1. Such fundamental system exists.
This is implied by Remark [1f since the solvability condition is equivalent to the non-vanishing
of the determinant D;.

Applying Lagrange formula to the functions Y (z) and Vj(z), we obtain

(F, Vi) = (AmaaY, Vi) = (V) Apnas Vi) (12)
By AmanVi = 0. Moreover, the belonging Y € D(A;) implies
Z Dy, (1 Z Ye(0)vy (0) = 0.
Ote€cl’ O—_e€cl
Therefore, the formula becomes

<F7 Vk> == Z y;(l)vkl<1) + Z yé(O)vkl(O) = {

8+66F O_eel

—y.(1) if on(l) =1,
y.(0) if vy (0) = 1.

Relations the statement of the lemma: identities @ hold true if and only if (ﬁ , Vk) =0,
k=1,...,x. Thus, F(x) is orthogonal to all solutions of the equation A,V = 0. ]

(13)

Lemma 4. Under Assumption 1, for all numbers a., 8. as 0ye € I and ae, B as O_e € T’
there exists a function Y (x) € D(Apas) satisfying the conditions
yé(l) = Bea ye(l) = Q¢ as 8+€ c F7
yo(0) = Be, ye(0) =, as d_e€eTl.

Proof. First we prove Lemma ! for the case when a, = 0. We choose F(z) in Ly(S) so that

- = —/Be if Ukl(l):L
<F"/k> - { ﬁe lf Ukl(o) = 1,

where Vk, k=1,...,x is the fundamental system of solutions used in the proof of Lemma .
Such element exists and it belongs to Ker A,,4.. Indeed, if we let

X
F=% W,
k=1
conditions become a system of equations w.r.t. the constants p,. .., ft,. The determinant

of this system is the Gram determinant of linearly independent functions ‘71, cee Vx- Therefore,

it is non-zero. By V we denote the solution to equation AV = F. Then the Lagrange formula
implies

(14)

V'(1)=p8. as O,eel,
V'(0)=8. as O_eel.

Thus, the constructed function V(z) € D(Apmqg) is such that
V(1) =B, V(1)=0 as d,ecT,
V'(0) = ﬁe, V(0)=0 as d_eel.
Swapping the sets a, and . as well as the operators A; and Ay, we complete the proof. n

Now we are in position to formulate a statement on the minimal operator Ag.
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Lemma 5. Ag C Aj = Apaw, A = No-

max

Lemma [5| can be proved exactly in the same way as Statement V.17 in monograph [15].
The main theorem of this section is as follows.

Theorem 2. Under Assumption 1, each self-adjoint extension A of the operator Ay is de-

termined by linearly independent k =1, ..., x boundary conditions of form
Up(Y) = D [aertie(1) + Bergl(D] + Y [aerye(0) + Beryie (0)] = 0, (15)
Ote€cl’ O—_e€cll

where oy, Per are some constants, and

Z [aejBek - dekﬂe]’] - Z [OéejBek - dekﬁej] (16)
Ote€cl’ O_e€cl
as j,k=1,...,x.
And vice versa, each linearly independent boundary conditions satisfying relations @
define a domain for some self-adjoint extension A of the operator Ay if Assumption 1 holds
true.

Pmof Follovvlng the lines in the proof of Theorem 5 in [15, Sect. 18], we introduce the functions
V V More precisely, V,, are in the domain of D(A;pq) with the conditions

Uke<1) = Ok, /Uke<1) = —ﬁek as &re — F,
U;ce(o) = —Qef, Uke(o) = ﬁek as 0_ecT.

(17)
According Lemma , such solutions exist. Then conditions for j,k=1,...,x become

Up(Y) = 3 [e(1)vge(1) = g (Doge(1)] = > [96(0)0}.(0) — 52(0)vee(0)] = 0.

Oyeel’ 0_e€cl

According the results of monograph [15], boundary conditions define the domain of a self-

adjoint extension A of the operator Ay if and only if all functions 1717 cee Vx defined by
also satisfy the relations

U(Y;)) =0, kj=1,...,x.
The proof is complete. O
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