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EXAMPLES OF HYPERCYCLIC SHIFTS
IN WEIGHTED SPACES ON GRAPHS

M.A. MATVEEV

Abstract. Shift operators play a special role in linear dynamics since very often they serve
as examples of operators with chaotic behaviour (hypercyclicity, weak mixing, mixing).
For the case of ordinary weighted sequence spaces ¢P(IN, u) or ¢P(Z, u), hypercyclic shift
operators were described by G. Salas in 1995. Recently the dynamics of operators on
graphs has attracted a great interest. Hypercyclic shift operators on trees were described
by K. Grosse-Erdmann and D. Papathanasiou in 2023. The first results for graphs that
are not trees were obtained in a recent preprint by A.D. Baranov, A.A. Lishanskii and
D. Papathanasiou. In this article we consider new examples of hypercyclic shifts on graphs.
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1. INTRODUCTION

Let T be a continuous operator acting in some separable Banach space or Fréchet space X.
The operator T is called hypercyclic if there exists a vector x € X (a hypercyclic vector) such
that

{T"z:n=0,1,...} = X,

that is, the orbit of the element z is dense in X. It is well-known that this property is equivalent
to the following one: for each pair U, V of non-empty open subsets of X there exists n € IN
such that T"(U) NV # (). The operator is called weakly mixing if the operator T & T is
hypercyclic on X & X. Finally, the mixing operator T is such that for each pair U, V of
nonempty open subsets of X there exists some N such that T"(U) NV # () for all n > N. The
mixing property implies the weak mixing property, and the weak mixing property obviously
implies hypercyclicity. All these properties express the fact that the behaviour of the orbits
of elements under the action of the operator T is extremely chaotic. A detailed exposition of
linear dynamics and its applications can be found in monographs [3], [5].

Various forms of shift operators often arise as examples of operators with chaotic behaviour.
The first example of a hypercyclic operator in a Banach space was found by Rolewicz [10]: this
is the operator AB in the space ?(IN), 1 < p < oo, where B is the backward shift operator
and A € C, |\| > 1. Abstract shift operators with respect to a chosen basis were considered
in [1]. For the case of ordinary weighted sequence spaces (?(IN, ) or ¢?(Z, 1), hypercyclic shift
operators were described by Salas [11].

Recently the dynamics of shift operators on graphs has attracted a great interest (see, e.g.,
(1], [6], [7], [8], 19]). Let G = (V, E) be a connected directed graph consisting of a countable
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set of vertices V', where E C V x V is the set of its edges. For v,u € V we write v — wu if
(v,u) € E. For a given vertex v € V, by Chi(v) we denote the set of its “children™

Chi(v) ={ueV: v—u}.
For any graph G and function f : V — C one can define the (unweighted) backward shift

BNHw) = Y fl), wveV.
u€Chi(v)
We shall consider the properties of hypercyclicity of the backward shift on the standard
spaces (P(V, ) and ¢o(V, ) on V. Let p = (1 )vev be a family of positive real numbers, called
a weight. For 1 < p < oo we let

CWVop)={f:v->0C: Hf”zg?p(um = Z o f (V)P < oo}

veV

The space co(V, p) is defined as

co(V,p) = {f:V—HD: Ve >0 dJa finite F C V such that |u,f(v)| <e, v e V\F};
it is equipped with the norm || f{|¢,v,u) = sup |p f(v)|. The dual space for (P(V, p) is the space
7 (V, L), where "

T
1 1 1 1 1
__|__*:17 = <_> , CO(V7M)*:£1<V’_>.
p p fo Ny /vev I
It is obviously that for a graph with uniformly bounded vertex degrees the boundedness of
the backward shift operator is equivalent to the condition

» < C min g, veV,
a uEChi(v)M

for some constant C' > 0. In what follows it is always assumed that the weights satisfy this
condition.

The problem of hypercyclicity of the shift operator in weighted spaces on trees (with or
without a root) was completely solved in the work of Gross-Erdmann and Papathanasiou [0].
Let us cite one of the results of this article relating to the case of rooted trees.

1 1
Theorem 1.1. Let G = (E,V) be a rooted directed tree, 1 < p < oo, — + — = 1. The
p D
operator B on (P(V, ) is hypercyclic if and only if it is weakly mizing, and if and only if there
exists an increasing sequence (ny) of positive integers such that for each v € V

Z | 7" = 00, k — oo.
u€Chi™k (v)

The first examples of hypercyclic shifts on graphs that are not trees were considered in [2].
Let us cite one of the results of the article [2].

For m € IN we consider the graph G,, = (V,,, E,,) such that V,, = (v;;)i<i<m,j>1 and
(vij,u) € B <=t = ;41 OF U = V414, 1 < i< m— 1. Figure 1 shows the graph G,, for
m = 3.

Theorem 1.2. Let B be the backward shift on G,,, m € N, and let X be any of the spaces
P(Vi,i), 1 < p < oo, or co(Vim, it). Suppose that the operator B is bounded on X. Then the
following conditions are equivalent:

1. B s a hypercyclic operator on X;

2. B is a weakly mizing operator on X,
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V31 7 7)3,2 > 1)373 —— i
’1}271 7 ’0272 V2.3 —_— ...
V1,1 > V1,2 > U3 —> . . .

FIGURE 1. The graph G,, for m = 3.

3. There exists an increasing sequence (ny) of positive integers such that for each 1 <i < m,
n?’imvi’nJ —0, k— oc.

The aim of the present note is, by applying the methods of the article [2], to consider some
particular new examples of graphs that are not trees and to study the dynamical properties of
the backward shift operator (hypercyclicity, weak mixing, mixing) in weighted spaces on such
graphs. Among the examples of graphs we consider lattices with added diagonals, as well as
lattices with a periodic alternation of edge directions.

2. CLASSICAL RESULTS
Here we present some classical results which will be used in what follows (see [7]).

Theorem 2.1 (Hypercyclicity criterion). Let X be a separable Fréchet space, T a continu-
ous linear operator on X. Let there exist dense subsets Xo,Yy C X, (not necessarily linear)
mappings Sy : Yo = Yy, and a sequence ni — oo such that

1. Ve e Xo Tz — 0, k— oc;
2.VyeYy, S,y—0, k— oo
3. VyeYy T™S,y=y, k— oo.

Then T is a weakly mizing and, in particular, hypercyclic operator.

Remark 2.1. In fact, the assumptions of Theorem 2.1 are also necessary for the weak mizing
property.

A convenient sufficient condition for hypercyclicity (and even mixing) was found by Godefroy
and Shapiro [1].

Theorem 2.2 (Godefroy — Shapiro criterion). Let T be a continuous linear operator on X.

If each of the families |J Ker(T'—AI) and |J Ker(T —A\I) is complete in X, then T is mizing,
|Al<1 [A|>1
and in particular weakly mixzing and hypercyclic operator.

In what follows, to apply Theorem 2.2, it will be convenient for us to use the following lemma.

Lemma 2.1. Let there be given a graph G = (V, E) and V = {v;; : (i,j) € Ny X Na}, where
N1, Ny are infinite subsets of Z.. Let Uy,Uy C (0,00) be non—empty open intervals such that
the functions fop(vij) = a't’, (i,j) € Ny x Na, belong to the space X for all (a,b) € Uy x Us,
where X is any of the spaces (P(V,u), 1 < p < oo, or co(V,pn). Then the family F = {fop :
(a,b) € Uy x Uy} is complete in X.
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« 1
Proof. Let the functional g = {g; ;} € ¥ (V, —) annihilate all vectors of the family F, that is,
o

Z gid‘aibj = Z <Z gmai)bj = 0, (CL, b) € U1 X U2.

(4,5)€N1X N2 JENy NiEN;

Since the series in the left hand side converges absolutely, the series > g¢;;a’ = 0 converges
1€EN1
absolutely for all j € N, and

Z Cjbj = 0, be UQ, C; = Z gi’jai, a < Ul.
JEN2 1€Nq

By the uniqueness theorem for power series (or Laurent series) ¢; = > g;;a" =0, a € Uy, for
IS\
each j, which by the same uniqueness theorem implies g; ; = 0. The proof is complete. O

Let S:Y — Y and T : X — X be linear operators. The operator T is called quasisimilar to
S (quasi-conjugate with S) if there exists a continuous mapping ¢ : Y — X with dense image
such that T'o ¢ = ¢ 0 S, that is, the diagram in Figure 2 is commutative. If the operator T is
quasi-similar to the operator S, then T inherits all dynamical properties of S (mixing, weak
mixing, hypercyclicity).

) A v

J e

X Ty x

FIGURE 2. Commutative diagram for ¢, T" and S.

3. ANALOGUE OF THEOREM 1.2

We consider a directed graph F,,, = (Vin, B, ), where E,, = E,,U(v; j, 041 41), 1 <i <m—1,
and the backward shift operator on it (see Figure 3).

Thus, the graph F;, differs from the graph G,, of Theorem 1.2 by the additional diagonal
edges. In this case the description of the weights for which the shift operator is weakly mixing
will be the same as in Theorem 1.2.

Theorem 3.1. Let B be the backward shift on F,,, m € IN, and let X be any of the spaces
PV, i), 1 < p < oo, or co(Vin, it). Suppose that the operator B is bounded on X. Then the
following conditions are equivalent:

1. B is a hypercyclic operator on X.
2. B is a weakly mixing operator on X.
3. There exists an increasing sequence (ny) of positive integers such that for each 1 <i < m

ng o, — 0,k — o0

Proof. 3) = 2).
First of all, we observe that condition 3) implies a stronger statement: there exists a sequence
(ng) such that for all 1 < i < m and j > 1 we have n;”_’uviﬁnk — 0, k — oo. Indeed, if

n;”_"uvmk — 0, then the boundedness of operator B it imply that (n; — l)m_i]uvmwll — 0 for
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FIGURE 3. The directed graph F,

each [ > 0. Now it is not difficult to show (see |5, Lm. 4.2]|) that there exists an increasing
sequence my, such that (my, + j)"|u, ,, ;| — 0 for all j > 0.

By e, we denote the function on V;, such that e,(v) = 1 and e,(u) = 0, u # v. The operator
B can be represented as the sum of two commuting operators A and D:

(Af)(vig) = f(uigry) + f(vij),
(Df)(vm-) = f(“z‘+17j+1)~

k

Using this representation and the identity (A*f)(v;;) = > CLf(vit1j+1—1), it is easy to show
=0

that

B"(evi’) = (A —+ D) ev J ZCkAan k(ev”)

n
_ k l
- Z Cn Z Ck’evi—(n—k)—l,j—(n—k)—(k—l)7
k=0 =0

where we let ¢,,, =0ifa <0orb<0.

The set of compactly supported functions is dense in X and B"f = 0 for each compactly
supported function f and sufficiently large n. Let us construct operators R, so that R,, f — 0
and B" R, f = f on compactly supported functions. We let

Rnk(evl’j) = €1 juny> R, (evm) = Coz iy, T M1 1m0y
and, supposing that R,, is already defined on the layers with numbers 1,...,i — 1, we let
1—1 i—1—p
Rnk(evi,j> 6U1J+nk - E nk evv I]+I C ng an —p nk evz p— z;+z)
p=1 =0
Since
i—1 i—1—p
Nk —
B (evi,j+nk = & nk an —pCvipr g+
p=0 1=0

we obtain that B™ Ry, (e, ;) = €y, ;-
By induction one can prove that

i—1 %

i—p
Rnk 6”2] : : § :Oé2757pevs i+j—p— s+nk = : : : :al S,Pevs yitj—p—s+ng

p=0 s=1 s=1 p=0
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with coefficients «; 5, independent of j. Let us substitute this formula into the recurrence
formula for R, :
7 i—l i—l—s
Z Z al spevs Ji+j—p—stng evz J+ng - Z Oéi_l757pevs,i+jfpfs+nk
s=1 p=0 s=1 p=0
i—1 i—1—p i—p—Il i—p—Il—s
T2 O 2 Cump 2 D ot
p=1 =0 s=1 p1=0
Taking into consideration that e,, ; is a basis and comparing the coefficients at the corresponding
basis vectors, it is easy to prove by induction that |o; 5 | < Cni’s where the constant C depends
only on m. In particular, |a; s,| = O(n]'™%), 1 <i < m. By the condltlon A R
0 for all ¢, j, s, p, we conclude that R, f — 0 for any finitely supported f. Thus the operator
B is weakly mixing.

1) = 3).
If B is hypercyclic, then for all £, > 0 and K € IN we can choose an arbitrarily large n and
f € X such that ||f||x < e and

K
IB"f = eu,,llx < dmin .

j=1
Forn >m
m—1 m—i—p
(B" f)(vi) = Z &4 Z qu—f—pf(vi+p+k,j+n—k)a
p=0 k=0
l l—p
(B"F)(0m-1) = C2> Ck L f(Umtipihjin—t)-
p=0 k=0

In particular, (B" f)(vm,;) = f(Vm,j+n), and hence | f(vy, j4n) — 1] <6, 1 < j < K. We have

[(B"f) (Um-1,4)] = |f(vm—1,j+n) + nf(UmJ-i-n—l) + ”f(vm7j+n)| <9,
and therefore
|f(Vm1jan) +2n] <6(142n), 2<j<K.
In the general case

(B ) (oma )l = 1D CE> Ch f(Vmripihjini) <0 1+1<j<K.

Using the inequalities for smaller [, this inequality can be rewritten in the form
|f(vmfl,j+n> + Pl(n>| < Cénl’

where C' is some numerical constant, and the polynomials P,(n) in the variable n are given by
the recurrence formula
!

chm Zczzz Ppi(n),

=1
PO(n>:_]-7 Pyi(n) :2n,
which we rewrite it in a simpler form

(Y ac)nam

k=1 p=0
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We denote by a; the coefficient at the [-th power in the polynomial F,. The recurrence
formula for these polynomials implies

! k k
1 1 1
a==3 (X )= -y (1 22 ) s
k=1 p k=1 p=0
! !
2k la
T2t T =
k=1 k=1
Let us consider the function g = Z ;ﬁ z'. By the recurrence formula we can obtain the

1=0
following relation for g:

(e"—1g=—-g+1 = g=—e "

This relation shows that P, is a polynomial of degree exactly [.
Thus, if we choose § > 0 sufficiently small, we obtain

‘f(vi,j+n>’ 2 Cnmiia 1 g 1 g m, m

N
<.
N
=

where C' > 0 is a constant depending only on m.
Replacing n by n +m — 1, we obtain

|f<vi,j+n)’ > Cn™!

for1 <i<m, 1 <j<K-—m+1. Recall that || f||x < e. Since |u,f(v)| < || f]|x, we conclude
that

" 0] < C7 e, 1<i<m, I1<j<K-m+1.
Finally, since ¢ > 0 and K € IN are arbitrary, we repeat this procedure for the sequences
er — 0 and K, — oo and find the required sequence ny — oo. The proof is complete. O

Now we consider the case of infinitely many horizontal layers, that is, the directed graph
F = (Vw, Ey), where

Voo = (vij)i0,505 Ew ={(vij,vij+1), (Vij, vit15), (Vij, Vig1j+1), © =0, j = 0},

and the shift operator on it.

We see that as the number of rows in the graph F,, grows, the conditions on the weight
ensuring hypercyclicity become ever more strict. Therefore it is somewhat surprising that in
the case of the lattice Z, x Z, infinite in both directions with diagonal edges the backward
shift is weakly mixing under much milder conditions on the weight. The following result gives
a sufficient condition for hypercyclicity /mixing, which is sharp on the rough exponential scale.

Theorem 3.2. Let B be the backward shift on F.,, and let X be any of the spaces (P(Vy, 1),
1<p<oo, or CQ(VOO, i). Suppose that the operator B is bounded on X. Then

1. If lim M;H < V2 +1, then the operator B is mizing on X.

i4j—r00

2. Suppose that ; j = piq;j, pi,q; > 0. Then under the conditions

i C+1
Zlg})lopz C>1, jlggo qj < o1 (3.1)
or
l
hmpz =C< lim q; < o0
1—00 J—00

(in particular, for p; = 1) the operator B is mizing on X.
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3. Let for some C' > 1 the inequalities
C+1

> ~(C", %/7<C .

hold, where v > 0. Then the operator B is not hypercyclic on X.

) Vi, j € Z,,

FIGURE 4. The graph F.

Proof. To prove the mixing property for the shift operator B, we apply the Godefroy — Shapiro
criterion (Theorem 2.2). Note that the function f,, = fos(vi;) = a'b’ is an eigenvector of the
operator B with the eigenvalue a + b + ab.

It is obvious that the condition

1 1
lim ﬂ <m { } 3.2
z+]1—>oo Hij in ‘a| |b| ( )

is sufficient for the vector f,; to belong to the space X. To apply Theorem 2.2, we need suffi-
ciently many eigenvectors with eigenvalues greater than 1. A similar statement for eigenvalues
less than 1 is obvious since fa » € X if a and b are sufficiently small. Note that 2z + 2% > 1 for

2 — 1. Since l1m ,uZ“ < V24 1, there exist open sets Uy, Uy C (v/2 — 1, 00) such that
condition (3.2) holds for (a,b) € Uy x Uy. Moreover, a + b+ ab > 1. By Lemma 2.1 the family
{fap : (a,b) € Uy x Uy} is complete in X. Thus, the operator B is mixing by Theorem 2.2.

Now suppose that the weight reads ,uij = p,q;. The eigenvector a't’ lies in the space if

1
lim lim
lﬁw“ |y e T

Condition (3.1) implies that these inequalities hold for

1 1 C—-1 C—-1
(IE(a—E,a), b6(0+1+50+1+25>

for all sufficiently small €,0 > 0. At the same time a 4+ b+ ab > 1 if £ is much smaller than ¢
since

1 -1 1C-1
ctecritoori”
Thus, the family of eigenvectors with eigenvalues greater than 1 (and, of course, with eigen-
values less than 1) is complete in X, and hence the operator B is mixing.
Now let C'=1and U; = (1 — 2¢,1 —¢) and Uy = (2¢, 3¢), where ¢ > 0 is sufficiently small.
Then f,, € X and a + b+ ab > 1. Moreover, the modulus of b can be arbitrarily small.
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The operator B can be represented as the sum of two commuting operators A and D

(Af)(vij) = f(vigry) + f(vije1),
(Df)(vij) = f(vig141)-
Accordingly,

n k
(A+ Dy =3 CEAD™, () (ig) = S CLf(nsr e,
k=0 1=0
If the operator B is hypercyclic, we can approximate the vector e, , with any accuracy, namely,
for all €, § there exist an arbitrarily large n and a vector f such that ||(B"f)(vo,0) — €w,llx < ¢
and || f]lx <. As f one can choose a vector proportional to a hypercyclic vector. Thus,

n k
1D C8 D> Chf (Wnmktn—iit) — 1 <&, (3.3)
k=0 1=0
and
SN lmigfuig)lP < ov.
Therefore, if
‘ C+1\J
e u(E)
pi 7 qa; =7 -1

we see that

o< () (G5
for all 7, j. And since

n k e . e n e . e .
Saydal) ) =xal) (@) Erem) =

we arrive at a contradiction with condition (3.3) for sufficiently small 0. The proof is complete.
O

4. SHIFT OPERATOR ON “LADDER’ GRAPH

Here we study the hypercyclicity of operator B for a special graph Ly = (V5, E) obtained by
modifying the graph G (see the description before Theorem 1.2): all its edges are the same as
those of G, except for edges (v 25, U2,2;), the direction of which is reversed, see Figure 5. In the
figure, for simplicity of the further exposition, a special numbering of the vertices is introduced,
namely, we write n instead of v;, and 7 instead of v, ,,.

N g L%
3

= —
DO —— |
e
~N-
Ut —— U
~
o — O
g
-~ —— |
Co &—— 00|
~

\
7

FIGURE 5. The graph Ls.

The following result shows that such a change of the edges directions (compared with the
graph G5) changes significantly the hypercyclicity sufficient conditions on the weight.
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Theorem 4.1. Let B be the backward shift on L, and let X be any of the spaces (P(Va, p),
1 <p<oo, or co(Va, ib). Suppose that the operator B is bounded on X. Then

1. If
— 1 V5+1 — 1 V541

lim u; < : lim p2 < ,
then the operator B is weakly mizing.
2. If
54 1\n 54 1\n
“"2()(\/_; > ’ ">C<\/_2+ )

for all n € IN, where C' > 0, then the operator B is not hypercyclic.
Proof. We begin with observing that the square of operator B has a simpler structure:
B*f(n) = f(n+1) + f(n +2),
B*f(n) = f(n+1)+ f(n+2).
Let us show that under assumptions of Statement 1 the operator B? (and hence also B) is
weakly mixing.

The analysis of the action of B? shows that the graph can be partitioned into two subgraphs
with the vertices Ny = {1,2,3,...,2k — 1,2k,...} and Ny = {1,2,3,...,2k —1,2k,...}, on
which the operator acts independently. Straightening these subgraphs, we obtain a representa-
tion of the space as a direct sum of ordinary weighted spaces ¢?(Ny, u|n,) and ¢P(Na, | n,) (or
co(N1, puln, ) and co(Na, p|n,)), and of the operator B? as the direct sum By + B2 with itself,

where By denotes the ordinary backward shift in a space of sequences (formally, we are dealing
with the backward shift on different spaces, but we use the same notation).

SN NSNS N
P,
NSNS\

FIGURE 6. Partition of the graph L.

Let us show that under the assumptions of theorem the operator By+ (By)? is mixing on each
of the aforementioned spaces. For the sake of definiteness, we consider the space (P(Ny, i'),

where :u/ = /L|N1 = (Mhl/@? 3y Hs - )
It is easy to see that the vectors
f _(1 VI+4Xd -1 <\/1—|—4)\—1)2 (\/14—4/\—1)3 )
A ) 9 ) 9 ) 92 st
are eigenvectors of the operator By + (By)? associated with the eigenvalue A. Since

V541
2 )

T / 1
T g, [ <
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there exist open intervals U; C (0,1) and Uy C (1,00) such that the vectors f\, A € Uy U Us,
lie in the space X. Similarly to Lemma 2.1, the families {f\ : A € U} and {f\ : A € Uy}
are complete in X. Hence, the operator By + B2 in (P(Ny, ') is mixing. The same is true for
the operator By + B2 on (P(Ny, t|y,). Since the direct sum of mixing operators is mixing, we
conclude that B? is mixing and, in particular, weakly mixing.

Suppose that the operator B is hypercyclic. Then the operator By+B2 on the space /7Ny, i1'),
where ¢/ = pln, = (g1, tg, i3, fig, - - -), is also hypercyclic (the case of the spaces ¢, is analogous).

We consider the vector e; = (1,0,0,...). If the operator By+ B2 is hypercyclic on (P(Ny, /),
then for all €, > 0 there exist n € IN and f = (a)ken such that

I(Bo+B5)"(f) —erllx <& D lanl” < &%
k=1

By assumption,

/ C(\/5+ 1)k’

Z
M, 5

hence

lag| <
We note that
(Bo+B3)" = > ChBy™.

Therefore,

[(Bo + B5)"(f)(1)] <

n
§ 4
=0

A gl -

2 2 2

which contradicts the condition
[(Bo+ B3)"(f/)(1) = 1] < [(Bo + BY)"(f) —eillx <¢

provided ¢, are small enough. The proof is complete. ]

5. TWwWO LATTICES OF FORM Z X 7Z

In this section we consider two types of lattices of the form Z, x Z and find sufficient
conditions for hypercyclicity /mixing by using the Godefroy — Shapiro criterion. We note that
in this case there is no chance to find exact conditions on the exponential scale as in Theorem
3.2, since to ensure the belonging of the vectors f,; to the space X, the weights must decay
exponentially in one of the directions.

We consider the graph G, = (Vi, Ew), where

Voo = {Ui7j}i>0, JEZ Eyx = {(Ui,ja 'Ui,j—i—l)a (Ui,ja Ui+1,j) 120, 7€ Z}-

The graph G, represents the Cartesian product of the graphs Z, and Z with the natural
orientation of the edges.

Theorem 5.1. Let B be the backward shift on G, and let X be any of the spaces (P (Vy, 1),
1 < p < oo, or ¢g(Veo, pt). Suppose that the operator B is bounded on X. Let p;; = piq;,

pi,q; > 0.
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N B A
L 7 @ > @ > @ 7
J 1 A
® ;7 ® > @ > @ >
N A A i
L J > @ > @ > @ >
A AN A A

FIGURE 7. The graph G.

1. If
_ 1 — % - G—‘ 1
1 — 1 7T L 1 ! —
lim p = C, jlggo qj < H, jgrglooq] <7
where
C>0 H>1 L + L > 1
9 = 9 H O 9

then the operator B on X s mizing. In the case H = 1 the assertion holds for any C' > 0.

2. If
- c N\
O>17 pz)fycla QJ>’Y(C_1> 3 7’7.7207

then the operator B is not hypercyclic on X.

Proof. Choose € > 0 so that
Lo

lim ¢/ < ——
j—>—ooqj H+«

and let f,,(v;;) = a't’, a,b > 0. These are eigenvectors of the operator B associated with the

eigenvalues a + b. If

<1 1 <b<1
a R —_—
C’ H+¢ H’

then f,, € X. Moreover, there exist open intervals of the parameters a and b for which,

1

respectively, a+b < 1 or a+b > 1. It is obvious that a+b < 1ifa < 1— I At the same time,
1 1 1

the condition Vi + ol > 1 implies a + b > 1 if a is sufficiently close to ol and b is sufficiently

close to —.
H

By Lemma 2.1, the families of eigenvectors of operator B associated with the eigenvalues
being greater and less than one are complete, and therefore the operator B is mixing by Theorem
2.2.

It is easy to see that

(B"f)(vig) =Y CFf Witk jint)-
k=0

If the operator B is hypercyclic, then for all €, § there exist f € X and n € IN such that
1(B" ) (vo,0) = ewollx <&, [[fllx <4
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In particular,
1> Chflen, ) —U<e  [floiusl <IIfllx <o (5.1)
k=0

Since

we obtain

n 5 n 1 0_1 ik 5
@Csﬂe”k’”) s ?%Cfi@(T) =

This contradicts the first inequality in (5.1) once § is sufficiently small. The proof is complete.

]

Remark 5.1. As it was shown in |2, Thm. 2.4]|, in the case q¢; = 1 the operator B on
Goo 18 always mixing once it is bounded. In Theorem 5.1 one must additionally require an
exponential decay in one of the vertical directions, but in the other direction an exponential
growth is allowed.

We consider the graph W = (Viy, Ey), where
W = (vi;)iz0,jez.i+jc2z, Ew = {(vij,vit1,j+1), (Vij, Vig1j-1)s (Vij, Vizaj), 1 =0, j € Z},

and the shift operator on it.

L/ INLINL

L/ INL/INL

VARWARSARN
/INL NI TN

\
\

FIGURE 8. The graph W.

Theorem 5.2. Let B be the backward shift on W, and let X be any of the spaces *(Viy, i),
1 < p < oo, or ¢o(Viw, ). Suppose that the operator B is bounded on X. Let p;; = piq;,
Di, q; > 0. Then
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1. Under the conditions

lim p; = C,

1—00

— 1 2C

lim ¢/ < : (5.2)
j—00 C?2—-14+VC*—6C2+1

— L C*P—1+V/C*—-6C%*+1

li Il < 5.3
JHm g e ) (5:3)

where C' > /2 + 1, the operator B is mizing on X. If, however, 1 < C < v/2+ 1, then
the operator B on X is mixing under the conditions
— 1 1 I
Bupi=0 0 fmap <ol et < g
where H > 0.
2. Let ¢ = 1 and p; > c(v2+ 1), Vi >0, j € Z, i +j € 2Z, where ¢ > 0. Then the

operator B is not hypercyclic on X.

Remark 5.2. 1. By virtue of the symmetry of the graph we can interchange the conditions
on the growth of the weights upwards and downwards, respectively, and also interchange
the strict and non—strict inequalities.

2. The operator B can be mizing under a rapid growth of the weights along the horizontals,
but for this one needs rapid decay of the weights along the verticals in one of the directions
(at the same time, in the opposite direction the weights may grow rapidly).

Proof. We consider the vectors f,,(v; ;) = a’¥’, a,b > 0. These are eigenvectors of the operator
a
B associated with the eigenvalues ab + 3 + a®. The vectors f,; belong to the space X if the

conditions
1

1 1 1 1 L1
el < Jma<g Il <0 G4
are satisfied.

1
Thus, a must satisfy the condition a < rok while b should range in the interval

- X 1 _
lim ¢, ( lim q?) "). It is obvious that under the assumptions of the theorem there exist
j——00 J j—00 J

open intervals of the parameters @ and b for which f,;, € X and 0 < ab + % +a* < 1 (if one

chooses a sufficiently small). Let us show that we can find intervals, which satisfy the condition

ab+%+a2>1.

Let C' > /2 + 1. Then for
C? —14+VC*—6C% +1

b= 2C
the inequality
b 1 1
6 + % + E > 1

holds, and hence also the inequality

ab+%+a2>1
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1
is true for a close to rok Moreover, by conditions (5.2) and (5.3), there exists a non—empty
open interval of parameters

C2 14O 6021 1
2C

b>

S
lying in the interval ( lim qj‘-”', ( lim q;) 1).
j—00

j——o00

Now let 1 < C < v/2+ 1. Then the inequality

holds for all b > (1), b # 1, and it sufficient to choose an interval of values of the parameter b
1
lying in ( lim q}j', ( lim q]?)_1>, and an interval of values of a sufficiently close to —.
j——o0 j—o0 C
In each of the cases there are open intervals of the parameters corresponding to eigenval-
ues greater and less than one. By Lemma 2.1 the corresponding families of eigenvectors are
complete, and hence the operator B is mixing by Theorem 2.2.
We observe that in the case ¢; = 1 that the operator BZ + 2By on Y = (?(Z,{p;}) (where

By is the ordinary backward shift operator on ¢(Z.)) is quasisimilar to the studied operator
B. The corresponding mapping of the spacesis ¢ : X — Y,

SNk = D fluy), k

JEZ: j+ke2Z

WV

0,

this mapping assigns to f € X a sequence from Y, the k-th coordinate of which is equal to the
sum of all numbers standing on the vertical with number k. It is easy to verify, by the literal
reproducing the arguing in the proof of Statement 2 in Theorem 4.1, that for p; > ¢(v/2 + 1)’
the operator B2+ 2By on Y = (P(Z.,{p;}) is not hypercyclic. Therefore the operator B is also
not hypercyclic, since this holds for an operator quasisimilar to it. The proof is complete. [

6. INFINITE VERSION OF “LADDER’
We consider the directed graph Lo, = (VL,, E.. ), where V. = (v; )iz0,jez and
/
B = {("Uz',j,viﬂ,j), (U2i72jav2i,2j+1)a (UQi,2j>Uzi,2j—1)7
(Vait1,2j515 V2i4127)s (V2i01,2j41, V2ip1,2542), J € Z, i >0}
and the shift operator B on it.

Theorem 6.1. Let B be the backward shift on Ly, and let X be any of the spaces (P(V], u),
1 <p<oo, orcy(VL, ). Then

1. Let p;; = piq;, pi,q; > 0. If

— 1

lim p; < C,

1—00

— 1 2C

lim ¢/ < )
USES C?—14+VC*—6C%2+1

P14 VOT— 67+
im ¢;" < ,
2C

j——00
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B N
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A~ A
v N x ™ N N
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b & A X £ \
g I4 4 r
A A AN
- ~-

FIGURE 9. The graph L.

where C' > /2 + 1, then the operator B is weakly mizing on X. If, however, 1 < C' <
V2 + 1, then the operator B on X is weakly mizing under the conditions

1 1

Fup <C,  Tmg <y ) <f
where H > 0.
2. Suppose that inf p; ; > c(\/§+ 1)!, Vi € Z,, where ¢ > 0. Then the operator B on X is
not hypercyclz'cj.
Proof. We consider the square of the operator B

(B f) (i) = f(vis1,41) + Fvisri1) + f(vigag)-
The action of this operator is shown on Figure 10.

ek
N

FIGURE 10. The action of operator B2.

It is easy to see that, as in the case of the graph Lo, the graph L., partitions into two identical
subgraphs, each of which is the graph W from Theorem 5.2. The space X also decomposes into
a direct sum of spaces, on each of which the same operator acts, namely, the backward shift
operator on the graph W. Under the assumptions of the theorem the backward shift operators
on each of the summands are mixing, and hence, the operator B2, as their direct sum, is also
mixing. In particular, the operator B2, and hence also the operator B, is weakly mixing.
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If one of the summands in the decomposition of the original operator is not hypercyclic,
then the original operator is not hypercyclic either. Therefore, by Theorem 5.2 we also obtain
necessary conditions on the weights. However, now we consider one more proof of the necessity
of the hypercyclicity conditions for the shift operator on the graph W (for convemence of the
—j . i+

, ] = , where the
2 2

computations a new numbering of the vertices is introduced: i =

primed symbols denote the old vertex numbers), see Figure 11.

FIGURE 11. The graph W.

Similar to the proof of Theorem 3.2, the operator B? can be represented as the sum of two
commuting operators A and D

(Af)(vig) = f(uigry) + f(vijs), (Df)(vij) = f(vig141)-

Hence,

(A + D Z CkAan k UZJ Z Ck Vit l,j+k— l)
k=0
If the operator B? is hypercyclic, then we can approximate the vector e,,, with an arbitrary
accuracy. Therefore, for all e, § there exist f € X and n € IN such that

n k
Y CEY Cif(ev, ) =1 <& [f(oig)pas] < |Ifllx <6
k=0 =0

In the new coordinates the condition from Statement 2 becomes y;; > c(v/2 + 1) for all
i,7, and hence, |f(v; ;)| < é(\/§+ 1)”"3'. Therefore,

‘ZC’“ZCM@% rrtmet) ZCkZCk (V2 + 1)F2

k=0 kU
R R I SYeHC N
S(V2+1) kXZI ( )
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which for sufficiently small § contradicts the fact that this sum is close to 1. Thus, the operator

32

is not hypercyclic. The proof is complete. O
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