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ON GROUND STATES ASYMPTOTICS FOR BOUNDARY

VALUE PROBLEM FOR EQUATION −𝜀Δ𝑝𝑢 = 𝑎|𝑢|𝑞−2𝑢− 𝑏|𝑢|𝛾−2𝑢

Ya.Sh. IL’YASOV, E.I. TUR’YANOVA

Abstract. We study a singularly perturbed Dirichlet boundary value problem for the
equation

−𝜀Δ𝑝𝑢 = 𝑎(𝑥)|𝑢|𝑞−2𝑢− 𝑏(𝑥)|𝑢|𝛾−2𝑢,

where Δ𝑝 is the 𝑝-Laplacian, Ω ⊂ R𝑁 is a bounded domain, 1 < 𝑝 < 𝑞 < 𝛾 < 𝑝*,
𝑎, 𝑏 ∈ 𝐿∞(Ω), 𝑎(𝑥) ⩾ 0, 𝑏(𝑥) ⩾ 𝜎𝑏 > 0, and 𝜀 > 0 is a small parameter.
Using nonlinear Rayleigh quotient method, we introduce two critical values of the param-

eter, 𝜀* and 𝜀*𝑒, associated respectively with the Nehari manifold and the zero energy level.
We prove that for 𝜀 > 𝜀* the problem has no nontrivial weak solutions, while for 0 < 𝜀 < 𝜀*𝑒
there exist at least two positive weak solutions; one of them is the ground state.
The main asymptotic result describes the behaviour of the ground states in the singular

limit 𝜀 → 0+. Under the additional condition 𝑎(𝑥) ⩾ 𝜎𝑎 > 0 we prove that each family of
ground states 𝑢𝜀 converges in measure in Ω to the explicitly given limit function

𝑢̄0(𝑥) =

(︂
𝑎(𝑥)

𝑏(𝑥)

)︂ 1
𝛾−𝑞

.

Moreover, 𝑢𝜀 → 𝑢̄0 strongly in 𝐿𝑟(Ω), 1 ⩽ 𝑟 < 𝛾, and 𝑢𝜀 ⇀ 𝑢̄0 weakly in 𝐿𝛾(Ω).

Keywords: Rayleigh quotient, Nehari manifold, ground state, singular perturbation, 𝑝-
Laplacian.
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1. Introduction

In this paper we consider the Dirichlet boundary value problem with a small parameter 𝜀 > 0{︃
−𝜀Δ𝑝𝑢 = 𝑎(𝑥)|𝑢|𝑞−2𝑢− 𝑏(𝑥)|𝑢|𝛾−2𝑢, 𝑥 ∈ Ω,

𝑢 = 0, 𝑥 ∈ 𝜕Ω.
(1.1)

Here
Δ𝑝𝑢 = div

(︀
|∇𝑢|𝑝−2∇𝑢

)︀
is the 𝑝-Laplacian, Ω ⊂ R𝑁 is a bounded domain, 1 < 𝑝 < 𝑞 < 𝛾 < 𝑝*, where

𝑝* =

⎧⎨⎩
𝑝𝑁

𝑁 − 𝑝
, if 𝑝 < 𝑁,

+∞, if 𝑝 ⩾ 𝑁.

We suppose that

𝑎, 𝑏 ∈ 𝐿∞(Ω), 𝑎(𝑥) ⩾ 0, 𝑏(𝑥) ⩾ 𝜎𝑏 > 0 for a.e. 𝑥 ∈ Ω, (1.2)

where 𝜎𝑏 > 0 is some constant. Moreover, in what follows we suppose that 𝑎 ̸≡ 0.

Ya.Sh. Il’yasov, E.I. Tur’yanova, On ground states asymptotics for boundary value problem

for equation −𝜀Δ𝑝𝑢 = 𝑎|𝑢|𝑞−2𝑢− 𝑏|𝑢|𝛾−2𝑢.
© Il’yasov Ya.Sh., Tur’yanova E.I. 2026.

Submitted January 31, 2026.

52

https://doi.org/10.13108/2026-18-4-52


ON GROUND STATES ASYMPTOTICS FOR BOUNDARY VALUE PROBLEM 53

A function 𝑢 ∈ 𝑊 1,𝑝
0 (Ω) is called the weak solution of problem (1.1) if it is a critical point of

the energy functional

Φ𝜀(𝑢) =
𝜀

𝑝

∫︁
Ω

|∇𝑢|𝑝 𝑑𝑥− 1

𝑞

∫︁
Ω

𝑎|𝑢|𝑞 𝑑𝑥+ 1

𝛾

∫︁
Ω

𝑏|𝑢|𝛾 𝑑𝑥. (1.3)

Here 𝑊 1,𝑝
0 := 𝑊 1,𝑝

0 (Ω) is the closure of 𝐶∞
0 (Ω) in the Sobolev space 𝑊 1,𝑝(Ω). A weak solution

𝑢 ∈ 𝑊 1,𝑝
0 (Ω) is called the ground state of functional Φ𝜀 if

Φ𝜀(𝑢) ⩽ Φ𝜀(𝑤)

for each weak solution 𝑤 ∈ 𝑊 1,𝑝
0 (Ω) to problem (1.1).

Problem (1.1) is singularly perturbed: as 𝜀 → 0+, in the limit the order of equation lessens,
and this can produce boundary layers in a neighbourhood of 𝜕Ω. Indeed, in the one–dimensional
case for 𝑝 = 2, 𝑎 = 𝑏 = 1 the problem becomes{︃

−𝜀𝑢′′(𝑥) = 𝑢𝑞−1(𝑥)− 𝑢𝛾−1(𝑥), 𝑥 ∈ (0, 1),

𝑢(0) = 𝑢(1) = 0.
(1.4)

The formal method of matched asymptotic expansions (see, e.g., [1], [28]) leads to the approx-
imation

𝑢(𝑥) ∼ 𝑈

(︂
𝑥√
𝜀

)︂
+ 𝑈

(︂
1− 𝑥√

𝜀

)︂
− 1, 0 ⩽ 𝑥 ⩽ 1,

where the boundary layer profile 𝑈 is determined by the problem

−𝑈 ′′ = 𝑈 𝑞−1 − 𝑈𝛾−1, 𝑈(0) = 0, 𝑈(+∞) = 1.

This profile admits the integral representation

𝑈(𝜉)∫︁
0

𝑑𝑡√︂
2
(︁

𝑡𝛾

𝛾
− 𝑡𝑞

𝑞
+ 1

𝑞
− 1

𝛾

)︁ = 𝜉.

Such an approximation agrees with the boundary conditions in the leading order: inside the

domain both arguments
𝑥√
𝜀
and

(1− 𝑥)√
𝜀

are large, so that 𝑈 ≈ 1 and 𝑢(𝑥) ≈ 1, whereas near

the endpoints of the interval the corresponding boundary profile ensures the transition to the
zero value at the boundary.
The generalization of such a description to multidimensional domains, especially in the case of

asymmetric geometry or variable coefficients, represents a substantial mathematical difficulty.
At the same time, singularly perturbed nonlinear boundary value problems remain an important
object of contemporary analysis in connection with numerous applications. They arise, in
particular, in population theory, models of the spread of infections, control theory, mechanics of
materials with memory, optics, physiological models, and also in “predator–prey” type systems;
see, e.g., [25], [27], [31], [35]. Related classes of parametric elliptic problems, including problems
with concentration of solutions at critical values of the parameters, were actively studied in [4],
[5], [7], [14], [15], [19], [26], [29], [33], [24].
Parametric elliptic problems with competing power nonlinearities have been studied in several

directions. The classical line of research goes back to work by Ambrosetti, Brezis and Cerami
[3], where there were obtained threshold results on existence, multiplicity and nonexistence
of positive solutions to semilinear problems with concave–convex nonlinearity. For quasilinear
𝑝-Laplacian problems analogous questions were studied, in particular, in [10], [18], [8]; see also
[11], [2], [30] for related variational and bifurcation approaches. The problem we consider has,
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however, a different character. In contrast to the standard concave–convex setting 1 < 𝑞 < 𝑝 < 𝑟
with right hand side 𝜆𝑢𝑞−1 + 𝑢𝑟−1, here it is assumed that

1 < 𝑝 < 𝑞 < 𝛾 < 𝑝*

and the right hand side contains two competing superlinear terms with different signs:

𝑎(𝑥)|𝑢|𝑞−2𝑢− 𝑏(𝑥)|𝑢|𝛾−2𝑢.

Therefore, the natural limiting regime is connected not with the concentration of positive
solutions, but with the balance of the two nonlinear terms.
The main aim of the present work is to describe this singular limit for the ground states and

to show that for 𝑎 ⩾ 𝜎𝑎 > 0 they select an explicit distributed limit profile

𝑢̄0(𝑥) =

(︂
𝑎(𝑥)

𝑏(𝑥)

)︂ 1
(𝛾−𝑞)

.

In the present work problem (1.1) is investigated by means of the nonlinear Rayleigh quotient
method developed in [21], [23]. Application of this method to the parameter 𝜀 leads to the
following nonlinear generalized Rayleigh quotient:

ϒ(𝑢) :=

⎛⎝∫︁
Ω

𝑎|𝑢|𝑞 𝑑𝑥

⎞⎠
𝛾−𝑝
𝛾−𝑞

∫︁
Ω

|∇𝑢|𝑝 𝑑𝑥

⎛⎝∫︁
Ω

𝑏|𝑢|𝛾 𝑑𝑥

⎞⎠
𝑞−𝑝
𝛾−𝑞

.

Since in the general setting we only assume that 𝑎 ⩾ 0, there can be nonzero functions 𝑢 ∈
𝑊 1,𝑝

0 (Ω) such that ∫︁
Ω

𝑎|𝑢|𝑞 𝑑𝑥 = 0.

Therefore, the extremal quantities are naturally defined on the set

𝒟 :=

⎧⎨⎩𝑢 ∈ 𝑊 1,𝑝
0 (Ω) ∖ {0} :

∫︁
Ω

𝑎|𝑢|𝑞 𝑑𝑥 > 0

⎫⎬⎭ .

In what follows ϒ is considered on 𝒟.
There are two extremal values of the parameter associated with this quotient

𝜀* = 𝑐𝑝,𝑞,𝛾 sup
𝑢∈𝒟

ϒ(𝑢), 𝜀*𝑒 = 𝑐𝑒,𝑝,𝑞,𝛾 sup
𝑢∈𝒟

ϒ(𝑢),

where

𝑐𝑝,𝑞,𝛾 =
𝛾 − 𝑞

𝛾 − 𝑝

(︂
𝑞 − 𝑝

𝛾 − 𝑝

)︂ 𝑞−𝑝
𝛾−𝑞

, 𝑐𝑒,𝑝,𝑞,𝛾 =
𝑝(𝛾 − 𝑞)

𝑞(𝛾 − 𝑝)

(︂
𝛾(𝑞 − 𝑝)

𝑞(𝛾 − 𝑝)

)︂ 𝑞−𝑝
𝛾−𝑞

. (1.5)

Moreover,

0 < 𝜀*𝑒 < 𝜀* < +∞.

Our first main result describes the existence and nonexistence of positive solutions to prob-
lem (1.1) depending on the parameter 𝜀.

Theorem 1.1. Let Ω ⊂ R𝑁 be a bounded domain, 1 < 𝑝 < 𝑞 < 𝛾 < 𝑝*, and let conditions

(1.2) be satisfied. Then the following statements hold.

(1) If 𝜀 > 𝜀*, then problem (1.1) has no nontrivial weak solutions in 𝑊 1,𝑝
0 (Ω).
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(2) For each 0 < 𝜀 < 𝜀*𝑒 problem (1.1) has a weak positive solution

𝑢𝜀 ∈ 𝑊 1,𝑝
0 (Ω).

Moreover,

(i) 𝑢𝜀 is a ground state;

(ii)

Φ𝜀(𝑢𝜀) < 0,
𝑑2

𝑑𝑡2
Φ𝜀(𝑡𝑢𝜀)

⃒⃒⃒⃒
𝑡=1

> 0;

(iii) 𝑢𝜀 ∈ 𝐶1,𝜅
loc (Ω) for some 𝜅 ∈ (0, 1).

(3) For each 0 < 𝜀 < 𝜀*𝑒 problem (1.1) has a second weak positive solution

𝑣𝜀 ∈ 𝑊 1,𝑝
0 (Ω).

Moreover,

Φ𝜀(𝑣𝜀) > 0, 𝑣𝜀 ∈ 𝐶1,𝜅
loc (Ω)

for some 𝜅 ∈ (0, 1).

Corollary 1.1 (The classical case 𝑝 = 2). Let 𝑝 = 2, 𝜕Ω have the smoothness 𝐶2,𝛼, and

𝑎, 𝑏 ∈ 𝐶0,𝛼(Ω) for some 𝛼 ∈ (0, 1), and let conditions (1.2) be satisfied. Then the positive

weak solutions 𝑢𝜀 and 𝑣𝜀 obtained in Theorem 1.1 are classical solutions to problem (1.1). In

particular,

𝑢𝜀, 𝑣𝜀 ∈ 𝐶2(Ω) ∩ 𝐶(Ω).

The next result describes the asymptotic behaviour of ground states as 𝜀→ 0+.

Theorem 1.2. Let Ω ⊂ R𝑁 be a bounded domain, 1 < 𝑝 < 𝑞 < 𝛾 < 𝑝*, let conditions (1.2)
be satisfied, and let there exist a constant 𝜎𝑎 > 0 such that

𝑎(𝑥) ⩾ 𝜎𝑎 for a.e. 𝑥 ∈ Ω.

Let 𝑢𝜀 be a family of ground states of problem (1.1), 0 < 𝜀 < 𝜀*𝑒. Then, as 𝜀→ 0+,

𝑢𝜀 → 𝑢̄0 in measure in Ω,

where

𝑢̄0(𝑥) =

(︂
𝑎(𝑥)

𝑏(𝑥)

)︂ 1
(𝛾−𝑞)

for a.e. 𝑥 ∈ Ω. (1.6)

Moreover,

𝑢𝜀 − 𝑢̄0 → 0 strongly in 𝐿𝑟(Ω), 1 ⩽ 𝑟 < 𝛾, (1.7)

and

𝑢𝜀 − 𝑢̄0 ⇀ 0 weakly in 𝐿𝛾(Ω).

The limit function 𝑢̄0 satisfies the limit equation

𝑎(𝑥)𝑢̄𝑞−1
0 (𝑥)− 𝑏(𝑥)𝑢̄𝛾−1

0 (𝑥) = 0 for a.e. 𝑥 ∈ Ω.

By a simple scaling 𝑢 ↦→ 𝑡𝑢 problem (1.1) for 𝜀 > 0 is reduced to one of the following forms:{︃
−Δ𝑝𝑢 = 𝜆𝑎|𝑢|𝑞−2𝑢− 𝑏|𝑢|𝛾−2𝑢, 𝑥 ∈ Ω,

𝑢 = 0, 𝑥 ∈ 𝜕Ω,
(1.8)

and {︃
−Δ𝑝𝑢 = 𝑎|𝑢|𝑞−2𝑢− 𝜈𝑏|𝑢|𝛾−2𝑢, 𝑥 ∈ Ω,

𝑢 = 0, 𝑥 ∈ 𝜕Ω,
(1.9)

where 𝜆, 𝜈 > 0.



56 Ya.Sh. IL’YASOV, E.I. TUR’YANOVA
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Φ0(ū0)
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Figure 1. Sketch of the graph of energy levels for the branches of positive so-
lutions up to the point 𝜀*𝑒, with the addition of the expected behaviour (dashed
lines) and the indication of the presumed bifurcation point 𝜀*𝑏

These problems are in one–to–one correspondence with the problem (1.1) for positive values
of the parameters. Namely, if 𝑢𝜀 ∈ 𝑊 1,𝑝

0 (Ω) is a weak solution of (1.1), then the functions

𝑢𝜆 := 𝜀−
1

(𝛾−𝑝)𝑢𝜀, 𝜆 = 𝜀−
(𝛾−𝑞)
(𝛾−𝑝) , (1.10)

𝑢𝜈 := 𝜀−
1

(𝑞−𝑝)𝑢𝜀, 𝜈 = 𝜀
(𝛾−𝑞)
(𝑞−𝑝) (1.11)

are weak solutions to problems (1.8) and (1.9), respectively. The inverse transformations read

𝑢𝜀 = 𝜆−
1

(𝛾−𝑞)𝑢𝜆, 𝑢𝜀 = 𝜈
1

(𝛾−𝑞)𝑢𝜈 .

Together with Theorems 1.1 and 1.2 this implies the following statement.

Corollary 1.2. Let the assumptions of Theorem 1.1 be satisfied. Then

(1) Problems (1.8) and (1.9) possess ground states 𝑢𝜆 and 𝑢𝜈 for

𝜆 ∈ (𝜆*𝑒,+∞), 𝜈 ∈ (0, 𝜈*𝑒 ),

respectively, where

𝜆*𝑒 = (𝜀*𝑒)
− (𝛾−𝑞)

(𝛾−𝑝) , 𝜈*𝑒 = (𝜀*𝑒)
(𝛾−𝑞)
(𝑞−𝑝) .

(2) If in addition the assumptions of Theorem 1.2 are satisfied, then as 𝜆→ +∞,

𝜆−
1

(𝛾−𝑞)𝑢𝜆 → 𝑢̄0 in measure in Ω,

𝜆−
1

(𝛾−𝑞)𝑢𝜆 − 𝑢̄0 → 0 strongly in 𝐿𝑟(Ω), 1 ⩽ 𝑟 < 𝛾,

and

𝜆−
1

(𝛾−𝑞)𝑢𝜆 − 𝑢̄0 ⇀ 0 weakly in 𝐿𝛾(Ω).

Similarly, as 𝜈 → 0+,

𝜈
1

(𝛾−𝑞)𝑢𝜈 → 𝑢̄0 in measure in Ω,

𝜈
1

(𝛾−𝑞)𝑢𝜈 − 𝑢̄0 → 0 strongly in 𝐿𝑟(Ω), 1 ⩽ 𝑟 < 𝛾,

and

𝜈
1

(𝛾−𝑞)𝑢𝜈 − 𝑢̄0 ⇀ 0 weakly in 𝐿𝛾(Ω).
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Remark 1.1. Corollary 1.2 shows that the same singular limit can be written in two stan-

dard parametrizations: as the limit 𝜆 → +∞ in problem (1.8) and as the limit 𝜈 → 0+ in

problem (1.9). In both forms, after the natural normalization, the ground state tends to the

same profile

𝑢̄0(𝑥) =

(︂
𝑎(𝑥)

𝑏(𝑥)

)︂ 1
(𝛾−𝑞)

.

Thus, the asymptotics is determined by the balance of the two competing nonlinear terms, and

not by the specific way of introducing the parameter.

2. Preliminaries

In what follows, by 𝐿𝑟 := 𝐿𝑟(Ω), 1 ⩽ 𝑟 < +∞, we denote the space of measurable functions
with a finite norm

‖𝑢‖𝑟 =

⎛⎝∫︁
Ω

|𝑢|𝑟 𝑑𝑥

⎞⎠ 1
𝑟

.

By the Poincaré — Friedrichs inequality, the norm in 𝑊 1,𝑝
0 (Ω) can be defined by the equivalent

formula

‖𝑢‖1,𝑝 =

⎛⎝∫︁
Ω

|∇𝑢|𝑝 𝑑𝑥

⎞⎠ 1
𝑝

.

We let

𝑇 (𝑢) :=

∫︁
Ω

|∇𝑢|𝑝 𝑑𝑥, 𝐴(𝑢) :=

∫︁
Ω

𝑎(𝑥)|𝑢|𝑞 𝑑𝑥, 𝐵(𝑢) :=

∫︁
Ω

𝑏(𝑥)|𝑢|𝛾 𝑑𝑥.

Since 𝑏(𝑥) ⩾ 𝜎𝑏 > 0 for a.e. 𝑥 ∈ Ω, we have

𝐵(𝑢) > 0 for all 𝑢 ∈ 𝑊 1,𝑝
0 (Ω) ∖ {0}.

Since 𝑎 ̸≡ 0, the set

𝒟 :=
{︀
𝑢 ∈ 𝑊 1,𝑝

0 (Ω) ∖ {0} : 𝐴(𝑢) > 0
}︀

is non–empty.
The Nehari manifold corresponding to problem (1.1) reads

𝒩𝜀 :=
{︀
𝑢 ∈ 𝑊 1,𝑝

0 (Ω) ∖ {0} : 𝜀𝑇 (𝑢)− 𝐴(𝑢) +𝐵(𝑢) = 0
}︀
.

Then for each 𝑢 ∈ 𝑊 1,𝑝
0 (Ω) ∖ {0}

𝐷𝑢Φ𝜀(𝑢)(𝑢) = 0 ⇐⇒ 𝑢 ∈ 𝒩𝜀.

We note that for 𝜀 > 0 each function 𝑢 ∈ 𝒩𝜀 satisfies

𝐴(𝑢) = 𝜀𝑇 (𝑢) +𝐵(𝑢) > 0.

Therefore, while studying positive values of the parameter, it is natural to restrict oneself to
the directions 𝑢 ∈ 𝒟.
Following the approach based on nonlinear generalized Rayleigh quotients [23], we introduce

two Rayleigh quotients associated respectively with the Nehari manifold and the zero energy
level. The first quotient is given by the formula

𝑅𝒩 (𝑢) :=
𝐴(𝑢)−𝐵(𝑢)

𝑇 (𝑢)
, 𝑢 ∈ 𝑊 1,𝑝

0 (Ω) ∖ {0}.
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Then

𝒩𝜀 =
{︀
𝑢 ∈ 𝑊 1,𝑝

0 (Ω) ∖ {0} : 𝑅𝒩 (𝑢) = 𝜀
}︀
.

We choose 𝑢 ∈ 𝒟 and consider the function

𝑠 ↦→ 𝑅𝒩 (𝑠𝑢), 𝑠 > 0.

We have

𝑅𝒩 (𝑠𝑢) =
𝑠𝑞𝐴(𝑢)− 𝑠𝛾𝐵(𝑢)

𝑠𝑝𝑇 (𝑢)
=
𝐴(𝑢)𝑠𝑞−𝑝 −𝐵(𝑢)𝑠𝛾−𝑝

𝑇 (𝑢)
.

Since 1 < 𝑝 < 𝑞 < 𝛾, this function has a unique positive critical point, and moreover it is a
point of global maximum. Direct computations give

𝑠𝒩 (𝑢) =

(︂
(𝑞 − 𝑝)𝐴(𝑢)

(𝛾 − 𝑝)𝐵(𝑢)

)︂ 1
(𝛾−𝑞)

. (2.1)

Substituting 𝑠 = 𝑠𝒩 (𝑢) into 𝑅𝒩 (𝑠𝑢), we obtain the nonlinear generalized Rayleigh quotient

𝜀(𝑢) := 𝑅𝒩 (𝑠𝒩 (𝑢)𝑢) = 𝑐𝑝,𝑞,𝛾
𝐴(𝑢)

𝛾−𝑝
𝛾−𝑞

𝑇 (𝑢)𝐵(𝑢)
𝑞−𝑝
𝛾−𝑞

= 𝑐𝑝,𝑞,𝛾ϒ(𝑢), 𝑢 ∈ 𝒟, (2.2)

where

𝑐𝑝,𝑞,𝛾 =
𝛾 − 𝑞

𝛾 − 𝑝

(︂
𝑞 − 𝑝

𝛾 − 𝑝

)︂ 𝑞−𝑝
𝛾−𝑞

. (2.3)

We consider the extremal value

𝜀* := sup
𝑢∈𝒟

𝜀(𝑢). (2.4)

Since 𝒟 is non–empty, we have

𝜀* > 0.

Let us show that 𝜀* < +∞. By the Hölder, Poincaré — Friedrichs and Sobolev inequalities we
see that there exists a constant 𝐶 > 0, independent of 𝑢, such that

𝐴(𝑢) =

∫︁
Ω

𝑎(𝑥)|𝑢|𝑞 𝑑𝑥 ⩽ 𝐶𝑇 (𝑢)
𝛾−𝑞
𝛾−𝑝𝐵(𝑢)

𝑞−𝑝
𝛾−𝑝 .

Indeed, since 𝑞 ∈ (𝑝, 𝛾), the 𝐿𝑞–norm is interpolated between the 𝐿𝑝– and 𝐿𝛾–norms, and the
𝐿𝑝–norm is controlled by the norm ‖∇𝑢‖𝑝. The condition 𝑏(𝑥) ⩾ 𝜎𝑏 > 0 allows one to replace
the 𝐿𝛾–norm by the corresponding 𝐵(𝑢)–term. Substituting this estimate into (2.2), we obtain

0 < 𝜀* < +∞. (2.5)

The second Rayleigh quotient corresponds to the zero energy level (cf. [12], [13], [21], [23]):

𝑅𝑒(𝑢) :=

1
𝑞
𝐴(𝑢)− 1

𝛾
𝐵(𝑢)

1
𝑝
𝑇 (𝑢)

, 𝑢 ∈ 𝑊 1,𝑝
0 (Ω) ∖ {0}.

Then

𝑅𝑒(𝑢) = 𝜀 ⇐⇒ Φ𝜀(𝑢) = 0.

For a fixed 𝑢 ∈ 𝒟 the function

𝑠 ↦→ 𝑅𝑒(𝑠𝑢), 𝑠 > 0,

has a unique positive critical point. It is given by the formula

𝑠𝑒(𝑢) =

(︂
𝛾(𝑞 − 𝑝)𝐴(𝑢)

𝑞(𝛾 − 𝑝)𝐵(𝑢)

)︂ 1
(𝛾−𝑞)

. (2.6)
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Substituting 𝑠 = 𝑠𝑒(𝑢) into 𝑅𝑒(𝑠𝑢), we obtain

𝜀𝑒(𝑢) := 𝑅𝑒(𝑠𝑒(𝑢)𝑢) = 𝑐𝑒,𝑝,𝑞,𝛾
𝐴(𝑢)

𝛾−𝑝
𝛾−𝑞

𝑇 (𝑢)𝐵(𝑢)
𝑞−𝑝
𝛾−𝑞

= 𝑐𝑒,𝑝,𝑞,𝛾ϒ(𝑢), 𝑢 ∈ 𝒟, (2.7)

where

𝑐𝑒,𝑝,𝑞,𝛾 =
𝑝(𝛾 − 𝑞)

𝑞(𝛾 − 𝑝)

(︂
𝛾(𝑞 − 𝑝)

𝑞(𝛾 − 𝑝)

)︂ 𝑞−𝑝
𝛾−𝑞

. (2.8)

We let
𝜀*𝑒 := sup

𝑢∈𝒟
𝜀𝑒(𝑢). (2.9)

The same estimate as above yields
0 < 𝜀*𝑒 < +∞.

Lemma 2.1. For each 𝑢 ∈ 𝒟 and all 𝑠 > 0 the equivalence holds

𝑅𝑒(𝑠𝑢) = 𝑅𝒩 (𝑠𝑢) ⇐⇒ 𝑠 = 𝑠𝑒(𝑢).

Proof. We choose 𝑢 ∈ 𝒟 and let

𝜓(𝑠) := 𝑅𝑒(𝑠𝑢), 𝑠 > 0.

Then

𝜓(𝑠) =
𝑝

𝑇 (𝑢)

(︂
𝐴(𝑢)

𝑞
𝑠𝑞−𝑝 − 𝐵(𝑢)

𝛾
𝑠𝛾−𝑝

)︂
,

and

𝜓′(𝑠) =
𝑝

𝑇 (𝑢)

(︂
𝑞 − 𝑝

𝑞
𝐴(𝑢)𝑠𝑞−𝑝−1 − 𝛾 − 𝑝

𝛾
𝐵(𝑢)𝑠𝛾−𝑝−1

)︂
.

On the other hand,

𝑅𝒩 (𝑠𝑢)−𝑅𝑒(𝑠𝑢) =
1

𝑇 (𝑢)

(︂
𝑞 − 𝑝

𝑞
𝐴(𝑢)𝑠𝑞−𝑝 − 𝛾 − 𝑝

𝛾
𝐵(𝑢)𝑠𝛾−𝑝

)︂
.

Hence,

𝜓′(𝑠) =
𝑝

𝑠
(𝑅𝒩 (𝑠𝑢)−𝑅𝑒(𝑠𝑢)) .

Therefore,
𝑅𝑒(𝑠𝑢) = 𝑅𝒩 (𝑠𝑢) ⇐⇒ 𝜓′(𝑠) = 0.

The equation 𝜓′(𝑠) = 0 has a unique positive solution 𝑠 = 𝑠𝑒(𝑢) and this completes the
proof.

Lemma 2.2. For each 𝑢 ∈ 𝒟 the strict inequality

𝜀(𝑢) > 𝜀𝑒(𝑢)

holds. Moreover,

𝜀* > 𝜀*𝑒.

Proof. By formulas (2.2) and (2.7) we see that 𝜀(𝑢) and 𝜀𝑒(𝑢) differ only by multiplicative
constants. Therefore, it is sufficient to prove that

𝑐𝑝,𝑞,𝛾 > 𝑐𝑒,𝑝,𝑞,𝛾.

We have
𝑐𝑝,𝑞,𝛾
𝑐𝑒,𝑝,𝑞,𝛾

=
𝑞

𝑝

(︂
𝑞

𝛾

)︂ 𝑞−𝑝
𝛾−𝑞

.

Let us show that this quantity is greater than 1. Denote

𝜃 :=
𝑝

𝑞
∈ (0, 1), 𝑥 :=

𝛾

𝑞
> 1.
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Then the required inequality is equivalent to

𝑥
1−𝜃
𝑥−1 <

1

𝜃
.

Taking the logarithms, we see that it is sufficient to verify

1− 𝜃

𝑥− 1
ln𝑥 < − ln 𝜃.

Since 𝑥 > 1, we have ln𝑥 < 𝑥− 1, and since 0 < 𝜃 < 1, we have 1− 𝜃 < − ln 𝜃. Therefore,

1− 𝜃

𝑥− 1
ln𝑥 < 1− 𝜃 < − ln 𝜃.

Hence,

𝑐𝑝,𝑞,𝛾 > 𝑐𝑒,𝑝,𝑞,𝛾.

Therefore,

𝜀(𝑢) > 𝜀𝑒(𝑢) for all 𝑢 ∈ 𝒟.
Since 𝜀* and 𝜀*𝑒 are defined by formulas (2.4) and (2.9) with positive factors 𝑐𝑝,𝑞,𝛾 and 𝑐𝑒,𝑝,𝑞,𝛾

at the same positive finite supremum, we obtain

𝜀* > 𝜀*𝑒.

The proof is complete.

3. Proof of Theorem 1.1

We begin with proving Statement (1). We argue by contradiction and suppose that for 𝜀 > 𝜀*

problem (1.1) has a nontrivial weak solution 𝑢̄ ∈ 𝑊 1,𝑝
0 (Ω), 𝑢̄ ̸≡ 0. Then

𝐷𝑢Φ𝜀(𝑢̄)(𝑢̄) = 0,

that is,

𝜀

∫︁
Ω

|∇𝑢̄|𝑝 𝑑𝑥−
∫︁
Ω

𝑎|𝑢̄|𝑞 𝑑𝑥+
∫︁
Ω

𝑏|𝑢̄|𝛾 𝑑𝑥 = 0.

Since 𝜀 > 0, 𝑢̄ ̸≡ 0, and 𝑏 ⩾ 𝜎𝑏 > 0, it follows from this that∫︁
Ω

𝑎|𝑢̄|𝑞 𝑑𝑥 > 0.

Hence, 𝑢̄ ∈ 𝒟. Moreover,

𝑅𝒩 (𝑢̄) = 𝜀.

Therefore, taking into consideration (2.2),

𝜀 = 𝑅𝒩 (𝑢̄) ⩽ 𝜀(𝑢̄) ⩽ 𝜀* < 𝜀,

which is impossible. Hence, for 𝜀 > 𝜀* problem (1.1) has no nontrivial weak solutions.

We proceed to proving Statement (2).

Lemma 3.1. For each 𝜀 > 0 the functional Φ𝜀 is coercive on 𝑊 1,𝑝
0 (Ω).
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Proof. By the conditions on 𝑎 and 𝑏, as well as the Hölder and Sobolev inequalities, there exist
constants 𝐶1, 𝐶2 > 0, independent of 𝑢, such that∫︁

Ω

𝑎|𝑢|𝑞 𝑑𝑥 ⩽ 𝐶1‖𝑢‖𝑞𝛾,
∫︁
Ω

𝑏|𝑢|𝛾 𝑑𝑥 ⩾ 𝐶2‖𝑢‖𝛾𝛾.

Therefore,

Φ𝜀(𝑢) ⩾
𝜀

𝑝
‖∇𝑢‖𝑝𝑝 − 𝐶1‖𝑢‖𝑞𝛾 +

𝐶2

𝛾
‖𝑢‖𝛾𝛾.

Let ‖𝑢𝑛‖𝑊 1,𝑝
0

→ +∞. If ‖𝑢𝑛‖𝛾 is bounded, then, due to the first term, the right hand side

tends to +∞. If, however, ‖𝑢𝑛‖𝛾 → +∞, then, since 𝑞 < 𝛾, the positive term of order ‖𝑢𝑛‖𝛾𝛾
dominates the negative term of order ‖𝑢𝑛‖𝑞𝛾. In both cases

Φ𝜀(𝑢𝑛) → +∞.

The proof is complete.

Now let 0 < 𝜀 < 𝜀*𝑒 and consider

Φ̂𝜀 := inf
𝑢∈𝑊 1,𝑝

0 (Ω)
Φ𝜀(𝑢).

It follows from the definition of 𝜀*𝑒 that there exists 𝑢0 ∈ 𝒟 such that

𝜀 < 𝜀𝑒(𝑢0).

We let
𝑤0 := 𝑠𝑒(𝑢0)𝑢0.

Then by the definition of 𝜀𝑒(𝑢0)
𝑅𝑒(𝑤0) = 𝜀𝑒(𝑢0) > 𝜀.

Since

𝑅𝑒(𝑤0) =

1
𝑞

∫︀
Ω

𝑎|𝑤0|𝑞 𝑑𝑥− 1
𝛾

∫︀
Ω

𝑏|𝑤0|𝛾 𝑑𝑥

1
𝑝

∫︀
Ω

|∇𝑤0|𝑝 𝑑𝑥
,

the inequality 𝑅𝑒(𝑤0) > 𝜀 is equivalent to

Φ𝜀(𝑤0) < 0.

Therefore,

Φ̂𝜀 < 0. (3.1)

Let (𝑢𝑚) ⊂ 𝑊 1,𝑝
0 (Ω) be a minimizing sequence

Φ𝜀(𝑢𝑚) → Φ̂𝜀.

By Lemma 3.1 the sequence (𝑢𝑚) is bounded in 𝑊 1,𝑝
0 (Ω). Therefore, passing to a subsequence,

we can assume that there exists 𝑢𝜀 ∈ 𝑊 1,𝑝
0 (Ω) such that

𝑢𝑚 ⇀ 𝑢𝜀 weakly in 𝑊 1,𝑝
0 (Ω),

and
𝑢𝑚 → 𝑢𝜀 strongly in 𝐿𝑟(Ω), 1 < 𝑟 < 𝑝*.

In particular,

𝑢𝑚 → 𝑢𝜀 strongly in 𝐿𝑞(Ω) and 𝑢𝑚 → 𝑢𝜀 strongly in 𝐿𝛾(Ω).

Using the weak lower semicontinuity of the norm ‖∇𝑢‖𝑝 and the strong convergence of the
nonlinear terms, we obtain

Φ𝜀(𝑢𝜀) ⩽ lim inf
𝑚→+∞

Φ𝜀(𝑢𝑚) = Φ̂𝜀.
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Therefore,

Φ𝜀(𝑢𝜀) = Φ̂𝜀.

In particular, by (3.1),
Φ𝜀(𝑢𝜀) < 0 = Φ𝜀(0),

and hence 𝑢𝜀 ̸≡ 0.
Since

Φ𝜀(|𝑢|) = Φ𝜀(𝑢), |𝑢| ∈ 𝑊 1,𝑝
0 (Ω),

we may replace 𝑢𝜀 by |𝑢𝜀| and assume that

𝑢𝜀 ⩾ 0 in Ω.

Since 𝑢𝜀 is a point of global minimum of Φ𝜀 on 𝑊
1,𝑝
0 (Ω), we have

𝐷𝑢Φ𝜀(𝑢𝜀) = 0.

Therefore, 𝑢𝜀 is a weak solution to problem (1.1).
We are going to show that this solution is positive. The standard apriori estimates for weak

solutions to quasilinear elliptic equations with subcritical growth imply

𝑢𝜀 ∈ 𝐿∞(Ω).

Indeed, since
1 < 𝑝 < 𝑞 < 𝛾 < 𝑝*,

the right hand side of equation (1.1) has the subcritical growth, and the standard Moser iteration
scheme (see, e.g., [16]) gives the boundedness of 𝑢𝜀. Therefore,

𝑎(𝑥)𝑢𝑞−1
𝜀 − 𝑏(𝑥)𝑢𝛾−1

𝜀 ∈ 𝐿∞(Ω).

By the interior regularity results for degenerate quasilinear elliptic equations [15], [32] we obtain

𝑢𝜀 ∈ 𝐶1,𝜅
loc (Ω)

for some 𝜅 ∈ (0, 1).
Let us show that 𝑢𝜀 > 0 in Ω. Since 𝑢𝜀 ⩾ 0, 𝑢𝜀 ̸≡ 0, and 𝑢𝜀 ∈ 𝐿∞(Ω), there exists 𝑀 > 0

such that
0 ⩽ 𝑢𝜀(𝑥) ⩽𝑀 for a.e. 𝑥 ∈ Ω.

Since 𝛾 > 𝑝, we have
𝑢𝛾−1
𝜀 = 𝑢𝛾−𝑝

𝜀 𝑢𝑝−1
𝜀 ⩽𝑀𝛾−𝑝𝑢𝑝−1

𝜀 .

Therefore,
𝑎(𝑥)𝑢𝑞−1

𝜀 − 𝑏(𝑥)𝑢𝛾−1
𝜀 ⩾ −‖𝑏‖∞𝑀𝛾−𝑝𝑢𝑝−1

𝜀 for a.e. 𝑥 ∈ Ω.

In view of the equation for 𝑢𝜀 this yields that, with some constant 𝐶 > 0,

−𝜀Δ𝑝𝑢𝜀 + 𝐶𝑢𝑝−1
𝜀 ⩾ 0 in the weak sense in Ω.

By the strong maximum principle for the 𝑝–Laplacian (see, e.g., [34]) and since Ω is a domain,
we conclude that

𝑢𝜀 > 0 in Ω.

Thus, 𝑢𝜀 is a positive weak solution of problem (1.1). Moreover, since 𝑢𝜀 is a global minimum
of the functional Φ𝜀, this solution is a ground state.
It remains to check the sign of the second derivative of function 𝑡 ↦→ Φ𝜀(𝑡𝑢𝜀) at 𝑡 = 1. We let

𝑇𝜀 :=

∫︁
Ω

|∇𝑢𝜀|𝑝 𝑑𝑥, 𝐴𝜀 :=

∫︁
Ω

𝑎𝑢𝑞𝜀 𝑑𝑥, 𝐵𝜀 :=

∫︁
Ω

𝑏𝑢𝛾𝜀 𝑑𝑥.

Since 𝑢𝜀 is a critical point, we have

𝜀𝑇𝜀 − 𝐴𝜀 +𝐵𝜀 = 0.
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Moreover,
Φ𝜀(𝑢𝜀) < 0.

Using 𝐴𝜀 = 𝜀𝑇𝜀 +𝐵𝜀, we obtain

0 > Φ𝜀(𝑢𝜀) = 𝜀𝑇𝜀

(︂
1

𝑝
− 1

𝑞

)︂
+𝐵𝜀

(︂
1

𝛾
− 1

𝑞

)︂
.

Hence,

𝐵𝜀 >
𝛾(𝑞 − 𝑝)

𝑝(𝛾 − 𝑞)
𝜀𝑇𝜀.

Therefore,
𝑑2

𝑑𝑡2
Φ𝜀(𝑡𝑢𝜀)

⃒⃒⃒⃒
𝑡=1

= (𝑝− 𝑞)𝜀𝑇𝜀 + (𝛾 − 𝑞)𝐵𝜀 > 0.

Statement (2) is proven.

We proceed to the proof of Statement (3). We introduce the truncated functional

Φ+
𝜀 (𝑢) =

𝜀

𝑝

∫︁
Ω

|∇𝑢|𝑝 𝑑𝑥− 1

𝑞

∫︁
Ω

𝑎(𝑢+)𝑞 𝑑𝑥+
1

𝛾

∫︁
Ω

𝑏(𝑢+)𝛾 𝑑𝑥, 𝑢+ := max{𝑢, 0}.

The functional Φ+
𝜀 has the same coercivity estimates as Φ𝜀 and satisfies the Palais — Smale

condition.
Indeed, let (𝑢𝑛) ⊂ 𝑊 1,𝑝

0 (Ω) be a Palais — Smale sequence for Φ+
𝜀 , that is,

Φ+
𝜀 (𝑢𝑛) is bounded, 𝐷Φ+

𝜀 (𝑢𝑛) → 0 in (𝑊 1,𝑝
0 (Ω))*.

The coercivity of Φ+
𝜀 implies that (𝑢𝑛) is bounded in 𝑊 1,𝑝

0 (Ω). Therefore, passing to a subse-
quence, we can suppose that

𝑢𝑛 ⇀ 𝑢 weakly in 𝑊 1,𝑝
0 (Ω),

and
𝑢𝑛 → 𝑢 strongly in 𝐿𝑟(Ω), 1 < 𝑟 < 𝑝*.

In particular,

𝑢𝑛 → 𝑢 strongly in 𝐿𝑞(Ω) and 𝑢𝑛 → 𝑢 strongly in 𝐿𝛾(Ω).

Since the mapping R ∋ 𝑧 ↦→ 𝑧+ is Lipschitz, we have

𝑢+𝑛 → 𝑢+ strongly in 𝐿𝑞(Ω) and 𝑢+𝑛 → 𝑢+ strongly in 𝐿𝛾(Ω).

Substituting 𝑢𝑛 − 𝑢 into the derivative 𝐷Φ+
𝜀 (𝑢𝑛), we obtain

𝑜(1) = 𝐷Φ+
𝜀 (𝑢𝑛)(𝑢𝑛 − 𝑢)

= 𝜀

∫︁
Ω

|∇𝑢𝑛|𝑝−2∇𝑢𝑛 · (∇𝑢𝑛 −∇𝑢) 𝑑𝑥

−
∫︁
Ω

𝑎(𝑢+𝑛 )
𝑞−1(𝑢𝑛 − 𝑢) 𝑑𝑥+

∫︁
Ω

𝑏(𝑢+𝑛 )
𝛾−1(𝑢𝑛 − 𝑢) 𝑑𝑥.

The last two integrals tend to zero. For example,⃒⃒⃒⃒
⃒
∫︁
Ω

𝑎(𝑢+𝑛 )
𝑞−1(𝑢𝑛 − 𝑢) 𝑑𝑥

⃒⃒⃒⃒
⃒ ⩽ ‖𝑎‖∞‖𝑢+𝑛 ‖𝑞−1

𝑞 ‖𝑢𝑛 − 𝑢‖𝑞 → 0,

and similarly ∫︁
Ω

𝑏(𝑢+𝑛 )
𝛾−1(𝑢𝑛 − 𝑢) 𝑑𝑥→ 0.
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Therefore, ∫︁
Ω

|∇𝑢𝑛|𝑝−2∇𝑢𝑛 · (∇𝑢𝑛 −∇𝑢) 𝑑𝑥→ 0.

We use the standard 𝑆+-type property of the 𝑝-Laplacian operator: if

𝑢𝑛 ⇀ 𝑢 weakly in 𝑊 1,𝑝
0 (Ω)

and

lim sup
𝑛→+∞

∫︁
Ω

|∇𝑢𝑛|𝑝−2∇𝑢𝑛(∇𝑢𝑛 −∇𝑢) 𝑑𝑥 ⩽ 0,

then
𝑢𝑛 → 𝑢 strongly in 𝑊 1,𝑝

0 (Ω).

This property is a standard consequence of the monotonicity of the 𝑝–Laplacian operator and
the uniform convexity of space 𝑊 1,𝑝

0 (Ω); see, e.g., the results on monotone operators of 𝑆+ type
in [17]. Applying it to (𝑢𝑛), we obtain

𝑢𝑛 → 𝑢 strongly in 𝑊 1,𝑝
0 (Ω).

Consequently, Φ+
𝜀 satisfies the Palais — Smale condition.

We are going to show that Φ+
𝜀 has the mountain pass geometry. The Sobolev embedding

implies

Φ+
𝜀 (𝑢) ⩾

(︂
𝜀

𝑝
− 𝐶‖𝑢‖𝑞−𝑝

𝑊 1,𝑝
0

)︂
‖𝑢‖𝑝

𝑊 1,𝑝
0

.

Choosing 𝜌 > 0 sufficiently small, we obtain

Φ+
𝜀 (𝑢) > 0 for 0 < ‖𝑢‖𝑊 1,𝑝

0
⩽ 𝜌.

In particular, there exists 𝛿 > 0 such that

Φ+
𝜀 (𝑢) ⩾ 𝛿 for ‖𝑢‖𝑊 1,𝑝

0
= 𝜌.

On the other hand, the ground state 𝑢𝜀 found above is non–negative and satisfies

Φ+
𝜀 (𝑢𝜀) = Φ𝜀(𝑢𝜀) < 0.

Therefore, ‖𝑢𝜀‖𝑊 1,𝑝
0

> 𝜌, and the functional Φ+
𝜀 has the mountain pass geometry.

By the mountain pass theorem [6] there exists a critical point 𝑣𝜀 ∈ 𝑊 1,𝑝
0 (Ω) such that

Φ+
𝜀 (𝑣𝜀) = 𝑐𝜀 := inf

𝜉∈Γ
max
𝑡∈[0,1]

Φ+
𝜀 (𝜉(𝑡)) ⩾ 𝛿 > 0,

where
Γ =

{︀
𝜉 ∈ 𝐶([0, 1];𝑊 1,𝑝

0 (Ω)) : 𝜉(0) = 0, 𝜉(1) = 𝑢𝜀
}︀
.

In particular,
𝑣𝜀 ̸≡ 0.

Let us show that 𝑣𝜀 ⩾ 0. Since
𝐷Φ+

𝜀 (𝑣𝜀) = 0,

we take −𝑣−𝜀 as the test function, where

𝑣−𝜀 := max{−𝑣𝜀, 0}.
Then the nonlinear terms containing 𝑣+𝜀 vanish, and we obtain

𝜀

∫︁
Ω

|∇𝑣−𝜀 |𝑝 𝑑𝑥 = 0.

Hence,
𝑣−𝜀 = 0, 𝑣𝜀 ⩾ 0 in Ω.
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Therefore, 𝑣+𝜀 = 𝑣𝜀, and 𝑣𝜀 is a critical point of the original functional Φ𝜀. Hence, 𝑣𝜀 is a weak
solution to problem (1.1).
Since

Φ𝜀(𝑣𝜀) = Φ+
𝜀 (𝑣𝜀) = 𝑐𝜀 > 0,

this solution does not coincide with the ground state 𝑢𝜀 since

Φ𝜀(𝑢𝜀) < 0.

As above, the apriori estimates and interior regularity results for the 𝑝–Laplacian yield that

𝑣𝜀 ∈ 𝐶1,𝜅
loc (Ω)

for some 𝜅 ∈ (0, 1). Finally, since 𝑣𝜀 ⩾ 0, 𝑣𝜀 ̸≡ 0, and

−𝜀Δ𝑝𝑣𝜀 + 𝐶𝑣𝑝−1
𝜀 ⩾ 0 in the weak sense in Ω

with some constant 𝐶 > 0, by the strong maximum principle for the 𝑝–Laplacian (see, e.g.,
[34]) we obtain

𝑣𝜀 > 0 in Ω.

The proof is complete.

4. Proof of Theorem 1.2

We let

𝐽(𝑢) := −1

𝑞

∫︁
Ω

𝑎(𝑥)|𝑢|𝑞 𝑑𝑥+ 1

𝛾

∫︁
Ω

𝑏(𝑥)|𝑢|𝛾 𝑑𝑥.

For 𝑠 ⩾ 0 we denote

𝑗𝑥(𝑠) := −𝑎(𝑥)
𝑞
𝑠𝑞 +

𝑏(𝑥)

𝛾
𝑠𝛾.

Then

𝐽(𝑢) =

∫︁
Ω

𝑗𝑥(|𝑢(𝑥)|) 𝑑𝑥.

Since 𝑎(𝑥) ⩾ 𝜎𝑎 > 0 and 𝑏(𝑥) ⩾ 𝜎𝑏 > 0 for a.e. 𝑥 ∈ Ω, for such 𝑥 the function 𝑠 ↦→ 𝑗𝑥(𝑠) has
a unique positive point of global minimum

𝑢̄0(𝑥) =

(︂
𝑎(𝑥)

𝑏(𝑥)

)︂ 1
(𝛾−𝑞)

.

Hence,
𝐽(𝑢) ⩾ 𝐽(𝑢̄0) (4.1)

for each 𝑢 ∈ 𝐿𝛾(Ω). Moreover, the conditions 𝑎, 𝑏 ∈ 𝐿∞(Ω), 𝑎 ⩾ 𝜎𝑎 > 0, 𝑏 ⩾ 𝜎𝑏 > 0 imply that

𝑢̄0 ∈ 𝐿∞(Ω), 𝑢̄0 > 0 for a.e. 𝑥 ∈ Ω.

Let 𝑢𝜀 be a ground state of problem (1.1), 0 < 𝜀 < 𝜀*𝑒. In the proof of Theorem 1.1, we
constructed a positive weak solution, which was a global minimum of functional Φ𝜀 on𝑊

1,𝑝
0 (Ω).

Since this global minimum is a weak solution, the energy value of each ground state coincides
with the global minimum of Φ𝜀. Therefore, 𝑢𝜀 can also be regarded as a global minimum of Φ𝜀

on 𝑊 1,𝑝
0 (Ω). Therefore, by (4.1) we obtain

Φ𝜀(𝑢𝜀) ⩾ 𝐽(𝑢𝜀) ⩾ 𝐽(𝑢̄0). (4.2)

On the other hand, since 𝐶∞
0 (Ω) is dense in 𝐿𝛾(Ω), for each 𝛿 > 0 one can choose a function

𝑤𝛿 ∈ 𝐶∞
0 (Ω), 𝑤𝛿 ⩾ 0, such that

‖𝑤𝛿 − 𝑢̄0‖𝛾 < 𝛿.
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Then, by the minimality of 𝑢𝜀,

Φ𝜀(𝑢𝜀) ⩽ Φ𝜀(𝑤𝛿) =
𝜀

𝑝

∫︁
Ω

|∇𝑤𝛿|𝑝 𝑑𝑥+ 𝐽(𝑤𝛿).

Therefore,
lim sup
𝜀→0+

Φ𝜀(𝑢𝜀) ⩽ 𝐽(𝑤𝛿).

Since 𝑞 < 𝛾 and Ω is bounded, the functional 𝐽 is continuous with respect to the strong
convergence in 𝐿𝛾(Ω). Passing to the limit as 𝛿 → 0, we obtain

lim sup
𝜀→0+

Φ𝜀(𝑢𝜀) ⩽ 𝐽(𝑢̄0). (4.3)

It follows from (4.2) and (4.3) that

Φ𝜀(𝑢𝜀) → 𝐽(𝑢̄0) as 𝜀→ 0+. (4.4)

Moreover,
0 ⩽ 𝐽(𝑢𝜀)− 𝐽(𝑢̄0) ⩽ Φ𝜀(𝑢𝜀)− 𝐽(𝑢̄0),

and therefore,
𝐽(𝑢𝜀) → 𝐽(𝑢̄0) as 𝜀→ 0+. (4.5)

Now we are going to prove that 𝑢𝜀 → 𝑢̄0 in measure. We first observe that the family {𝑢𝜀}
is bounded in 𝐿𝛾(Ω) as 𝜀 → 0+. Indeed, since 𝑎, 𝑏 ∈ 𝐿∞(Ω), 𝑏 ⩾ 𝜎𝑏 > 0 and 𝑞 < 𝛾, there exist
constants 𝑐1, 𝑐2 > 0, independent of 𝑥 and 𝑠 ⩾ 0, such that

𝑗𝑥(𝑠) = −𝑎(𝑥)
𝑞
𝑠𝑞 +

𝑏(𝑥)

𝛾
𝑠𝛾 ⩾ 𝑐1𝑠

𝛾 − 𝑐2.

This estimate and (4.5) imply the boundedness of {𝑢𝜀} in 𝐿𝛾(Ω) for all sufficiently small 𝜀 > 0.
Since 𝑢𝜀 ⩾ 0, by (4.5) we have∫︁

Ω

(︀
𝑗𝑥(𝑢𝜀(𝑥))− 𝑗𝑥(𝑢̄0(𝑥))

)︀
𝑑𝑥→ 0. (4.6)

Since for a.e. 𝑥 ∈ Ω the function 𝑠 ↦→ 𝑗𝑥(𝑠) has a unique positive point of global minimum
𝑢̄0(𝑥), the integrand in (4.6) is nonnegative.
We let

𝑎̂ := ‖𝑎‖∞, 𝑏̂ := ‖𝑏‖∞.
Then for a.e. 𝑥 ∈ Ω

0 < 𝜌− :=

(︂
𝜎𝑎

𝑏̂

)︂ 1
(𝛾−𝑞)

⩽ 𝑢̄0(𝑥) ⩽

(︂
𝑎̂

𝜎𝑏

)︂ 1
(𝛾−𝑞)

=: 𝜌+ < +∞.

We choose 𝜂 > 0. Let us show that there exists 𝜅𝜂 > 0 such that

𝑗𝑥(𝑠)− 𝑗𝑥(𝑢̄0(𝑥)) ⩾ 𝜅𝜂 (4.7)

for all 𝑠 ⩾ 0 satisfying
|𝑠− 𝑢̄0(𝑥)| ⩾ 𝜂,

and for a.e. 𝑥 ∈ Ω.
We consider the family of functions

𝑗𝛼,𝛽(𝑠) := −𝛼
𝑞
𝑠𝑞 +

𝛽

𝛾
𝑠𝛾, (𝛼, 𝛽) ∈ [𝜎𝑎, 𝑎̂]× [𝜎𝑏, 𝑏̂].

For each pair (𝛼, 𝛽) the function 𝑗𝛼,𝛽 has a unique positive point of global minimum

𝜌(𝛼, 𝛽) =

(︂
𝛼

𝛽

)︂ 1
(𝛾−𝑞)

,
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and moreover,
𝜌(𝛼, 𝛽) ∈ [𝜌−, 𝜌+].

We first note that
𝑗𝛼,𝛽(𝑠)− 𝑗𝛼,𝛽(𝜌(𝛼, 𝛽)) → +∞ as 𝑠→ +∞

uniformly in

(𝛼, 𝛽) ∈ [𝜎𝑎, 𝑎̂]× [𝜎𝑏, 𝑏̂].

Indeed,

𝑗𝛼,𝛽(𝑠) ⩾ − 𝑎̂
𝑞
𝑠𝑞 +

𝜎𝑏
𝛾
𝑠𝛾,

and the function
(𝛼, 𝛽) ↦→ 𝑗𝛼,𝛽(𝜌(𝛼, 𝛽))

is continuous on the compact set

[𝜎𝑎, 𝑎̂]× [𝜎𝑏, 𝑏̂].

Therefore, there exists 𝑀0 > 0 such that⃒⃒
𝑗𝛼,𝛽(𝜌(𝛼, 𝛽))

⃒⃒
⩽𝑀0

for all (𝛼, 𝛽) ∈ [𝜎𝑎, 𝑎̂]× [𝜎𝑏, 𝑏̂]. Hence,

𝑗𝛼,𝛽(𝑠)− 𝑗𝛼,𝛽(𝜌(𝛼, 𝛽)) ⩾
𝜎𝑏
𝛾
𝑠𝛾 − 𝑎̂

𝑞
𝑠𝑞 −𝑀0.

Since 𝛾 > 𝑞, the right hand side tends to +∞ as 𝑠 → +∞, and moreover, this lower bound is
independent of (𝛼, 𝛽). Hence, one can choose 𝑀 > 0 so that

𝑗𝛼,𝛽(𝑠)− 𝑗𝛼,𝛽(𝜌(𝛼, 𝛽)) ⩾ 1 (4.8)

for all 𝑠 ⩾𝑀 and all
(𝛼, 𝛽) ∈ [𝜎𝑎, 𝑎̂]× [𝜎𝑏, 𝑏̂].

It remains to consider the domain 0 ⩽ 𝑠 ⩽𝑀 . Let

𝐾𝜂 :=
{︁
(𝛼, 𝛽, 𝑠) : 𝛼 ∈ [𝜎𝑎, 𝑎̂], 𝛽 ∈ [𝜎𝑏, 𝑏̂], 𝑠 ∈ [0,𝑀 ], |𝑠− 𝜌(𝛼, 𝛽)| ⩾ 𝜂

}︁
.

If 𝐾𝜂 ̸= ∅, then this set is compact. The function

(𝛼, 𝛽, 𝑠) ↦→ 𝑗𝛼,𝛽(𝑠)− 𝑗𝛼,𝛽(𝜌(𝛼, 𝛽))

is continuous and strictly positive on 𝐾𝜂, since the vanishing is possible only for 𝑠 = 𝜌(𝛼, 𝛽),
and such points are excluded by the condition |𝑠− 𝜌(𝛼, 𝛽)| ⩾ 𝜂. Therefore,

𝜅′𝜂 := min
𝐾𝜂

(︀
𝑗𝛼,𝛽(𝑠)− 𝑗𝛼,𝛽(𝜌(𝛼, 𝛽))

)︀
> 0.

If, however, 𝐾𝜂 = ∅, we let, for example, 𝜅′𝜂 = 1. In both cases we can let

𝜅𝜂 := min{𝜅′𝜂, 1} > 0.

Then it follows from (4.8) and the definition of 𝜅′𝜂 that

𝑗𝛼,𝛽(𝑠)− 𝑗𝛼,𝛽(𝜌(𝛼, 𝛽)) ⩾ 𝜅𝜂

for all 𝑠 ⩾ 0 and all (𝛼, 𝛽) ∈ [𝜎𝑎, 𝑎̂]× [𝜎𝑏, 𝑏̂] such that

|𝑠− 𝜌(𝛼, 𝛽)| ⩾ 𝜂.

Applying this statement with

𝛼 = 𝑎(𝑥), 𝛽 = 𝑏(𝑥), 𝜌(𝛼, 𝛽) = 𝑢̄0(𝑥),

we obtain (4.7).
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Therefore,

𝜅𝜂 mes{𝑥 ∈ Ω : |𝑢𝜀(𝑥)− 𝑢̄0(𝑥)| ⩾ 𝜂} ⩽
∫︁
Ω

(︀
𝑗𝑥(𝑢𝜀(𝑥))− 𝑗𝑥(𝑢̄0(𝑥))

)︀
𝑑𝑥.

By (4.6) the right hand side tends to zero. Hence, for each 𝜂 > 0

mes{𝑥 ∈ Ω : |𝑢𝜀(𝑥)− 𝑢̄0(𝑥)| ⩾ 𝜂} → 0,

that is,

𝑢𝜀 → 𝑢̄0 in measure in Ω. (4.9)

Now we are going to show the strong convergence in 𝐿𝑟(Ω) for 1 ⩽ 𝑟 < 𝛾. Since the
family {𝑢𝜀} is bounded in 𝐿𝛾(Ω) and 𝑢̄0 ∈ 𝐿𝛾(Ω), the family {𝑢𝜀 − 𝑢̄0} is also bounded in
𝐿𝛾(Ω). Therefore, for each 1 ⩽ 𝑟 < 𝛾 the family {|𝑢𝜀 − 𝑢̄0|𝑟} is bounded in 𝐿𝛾/𝑟(Ω), where
𝛾/𝑟 > 1. Hence, it is uniformly integrable. Taking into account (4.9), from the Lebesgue —
Vitali convergence theorem (see, e.g., [9, Thm. 4.5.4]) we obtain∫︁

Ω

|𝑢𝜀 − 𝑢̄0|𝑟 𝑑𝑥→ 0.

Thus,

𝑢𝜀 → 𝑢̄0 strongly in 𝐿𝑟(Ω)

for all 1 ⩽ 𝑟 < 𝛾.
Moreover,

𝑢𝜀 ⇀ 𝑢̄0 weakly in 𝐿𝛾(Ω).

Indeed, the boundedness of 𝑢𝜀 in 𝐿
𝛾(Ω) and the reflexivity of this space imply that each sequence

𝑢𝜀𝑚 , 𝜀𝑚 → 0+, contains a subsequence weakly convergent in 𝐿𝛾(Ω). Let

𝑢𝜀𝑚 ⇀ 𝑤 weakly in 𝐿𝛾(Ω)

along such a subsequence. On the other hand, the proven strong convergence in 𝐿𝑟(Ω), 1 ⩽
𝑟 < 𝛾, in particular gives

𝑢𝜀𝑚 → 𝑢̄0 strongly in 𝐿1(Ω).

Therefore, ∫︁
Ω

𝑢𝜀𝑚𝜙𝑑𝑥→
∫︁
Ω

𝑢̄0𝜙𝑑𝑥

for each 𝜙 ∈ 𝐿∞(Ω). The weak convergence in 𝐿𝛾(Ω) also implies that∫︁
Ω

𝑢𝜀𝑚𝜙𝑑𝑥→
∫︁
Ω

𝑤𝜙𝑑𝑥.

Hence 𝑤 = 𝑢̄0 almost everywhere in Ω. Therefore, each weak limit point of the family 𝑢𝜀 in
𝐿𝛾(Ω) coincides with 𝑢̄0, and hence the entire family converges weakly to 𝑢̄0 in 𝐿

𝛾(Ω). In other
words,

𝑢𝜀 − 𝑢̄0 ⇀ 0 weakly in 𝐿𝛾(Ω).

Finally, by the definition of 𝑢̄0 we have

𝑎(𝑥)𝑢̄𝑞−1
0 (𝑥)− 𝑏(𝑥)𝑢̄𝛾−1

0 (𝑥) = 0 for a.e. 𝑥 ∈ Ω.

Thus, 𝑢̄0 satisfies the limit equation of problem (1.1) for 𝜀 = 0:

𝑎(𝑥)𝑢̄𝑞−1
0 = 𝑏(𝑥)𝑢̄𝛾−1

0 a.e. in Ω.

The proof is complete.
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