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ONE APPROACH TO ANALYSIS OF NON–HOMOGENEOUS

POISSON PROCESS WITH PERIODIC INTENSITY

A.V. ZORINE

Abstract. We consider probabilistic properties of the jump times of a non-homogeneous
Poisson process. Under the assumption that the instantaneous intensity is a periodic func-
tion separated from zero, the “phases” (fractional parts with respect to the period length) of
the jump times form a general Markov chain on an interval, and the density of the invariant
probability distribution is proportional to the instantaneous intensity function.

Possible applications of the discovered property of the jump times to statistical inference
about a non-homogeneous Poisson process are discussed. Using the Central Limit Theorem
for Markov chains, we prove the convergence of the finite–dimensional distributions of the
empirical process to the finite–dimensional distributions of a Gaussian process of the same
type as in the case of an independent repeated sample.
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1. Introduction

In this paper we consider properties of one class of point processes on the half–line R+ =
{𝑡; 𝑡 ⩾ 0}. In many real applications it is assumed that we are dealing with the instants of
time {𝜏𝑖; 𝑖 = 0, 1, . . .} of occurrence of a sequence of certain events. We obtain an equivalent
model if we pass to the study of the intervals (𝜏𝑖 − 𝜏𝑖−1) between events, 𝑖 = 1, 2, . . . , or of the
counting function

𝑁(𝑡) =
∞∑︁
𝑖=0

𝐼(𝜏𝑖 < 𝑡)

for the number of events on the interval [0, 𝑡). The classical monograph by Cox and Lewis [7]
provides one of the first comprehensive surveys of statistical models for a point process on the
half–line. These include models of the Poisson process and the renewal process, and regression
type models for the intervals between events. Important variations of the Poisson process
include the non–stationary Poisson process with a non–random, time–dependent instantaneous
intensity, mentioned in this monograph, and the process in which the instantaneous intensity
is itself a random process (the so–called Cox processes). Besides questions of estimating first–
and second–order numerical characteristics, in [7] the authors described procedures for testing
important statistical hypotheses about whether an observed segment of a point process belongs
to the family of Poisson processes with constant intensity, or to the family of renewal processes.
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With regard to non-stationary Poisson processes (they are also called non-homogeneous Pois-
son processes), the following groups of problems naturally arise: the development of tests for
hypotheses on constant intensity against an alternative in the form of a time function from a
given class, and also the problem of estimating the instantaneous intensity and the mathemat-
ical expectation of the number of events for the reason that we shall recall below. Testing the
hypothesis that the intensity is independent of time against the alternative of a linear depen-
dence was already considered in monograph [7]. Later, the alternative hypothesis of a quadratic
dependence of the intensity on time was studied in [1].
Passing to the problem of estimating the instantaneous intensity of a non-stationary Poisson

process, it is necessary to remember the following. A non-stationary Poisson process can be
defined as a random process {𝑁(𝑡); 𝑡 ⩾ 0}, 𝑁(0) = 0, with independent increments, where
the increment 𝑁(𝑡) − 𝑁(𝑠) has a Poisson distribution with parameter Λ(𝑡) − Λ(𝑠), where
Λ(𝑡) = E(𝑁(𝑡)) is a nondecreasing function, Λ(0) = 0. The function Λ(𝑡) is often called the
leading function or the compensator of the Poisson process. Under the additional assumption
that

Λ(𝑡) =

𝑡∫︁
0

𝜆(𝑠) 𝑑𝑠

for some nonnegative function 𝜆(𝑠), it is easy to provide a simple physical interpretation for
this new function 𝜆(𝑠): the probability of a single jump of the Poisson process on the interval
[𝑡, 𝑡+ℎ) equals 𝜆(𝑡)ℎ+𝑜(ℎ), and the probability of no jump equals 1−𝜆(𝑡)ℎ+𝑜(ℎ). The quantity
𝜆(𝑡) is called the instantaneous intensity at the instant 𝑡 ⩾ 0. Non-stationary Poisson processes
have various applications in engineering modelling, in physics, biology, sociology, and many
others. Various approaches to the non-parametric estimation of the instantaneous intensity
function 𝜆(𝑡) were proposed in [12], [8] on the basis of kernel functions, in [9] by means of
Reproducing Kernel Hilbert Spaces, in [4] by methods of asymptotic analysis.
Recent monograph [10] richly presented results relating both to parametric estimation of the

intensity of a non-stationary Poisson process and to methods of estimating the mean function
Λ(𝑡), as well as some goodness–of–fit tests. Moreover, the exposition of the general theory for
a non-stationary Poisson process is illustrated by examples with periodic intensities, 𝜆(𝑡+ 𝜏) =
𝜆(𝑡) for all 𝑡 ⩾ 0 for some 𝜏 > 0. The main input data in the book are considered to be
either one realization {𝑁(𝑡); 0 ⩽ 𝑡 ⩽ Θ𝑛} with growing Θ𝑛 → ∞, or 𝑛 independent realizations
{𝑁𝑗(𝑡); 0 ⩽ 𝑡 ⩽ 𝜏}, 𝑗 = 1, 2, . . . , 𝑛. For the case of periodic intensities one chooses Θ𝑛 = 𝑛𝜏 .
Apparently, while acknowledging the richness of obtained specific practical results and the
diversity of the considered statistical problems, we can make a remark about when this approach
may lead to insufficient use of all available data, at least from “physical considerations”. Namely,
if the period of the intensity function is comparable with the mathematical expectation of the
interval between events, or even smaller than it, then a large portion of the realizations turns out
to be “empty”. Also, cutting a non-stationary Poisson process into periods, even if statistically
independent, may lead to the loss of important information about the function 𝜆(𝑡) because of
breaks into unrelated parts of a single integral interval between events that fall into different
periods.
In the present work we point out one unexpected property of a non-stationary Poisson pro-

cess, which allows statistical analysis even of such “rare” events. Here the main data are not
independent realizations of the process {𝑁(𝑡); 𝑡 ⩾ 0}, but the instants 𝜏𝑖, 𝑖 = 1, 2, . . . , 𝑛,
themselves.
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2. One property of point process and its possible use.

Summary of new results

Without loss of generality, we assume that the intensity 𝜆(𝑡) is periodic with period 𝜏 = 1
(this can always be achieved by a change of time), i.e., 𝜆(𝑡+1) = 𝜆(𝑡) for all 𝑡 ⩾ 0. Note that it
is not required that the number 1 be the smallest one with this property. We also assume that
the instantaneous intensity function is separated from zero, that is, 𝜆(𝑡) ⩾ 𝛿 for some 𝛿 > 0.
Let 𝑇0 = 0 and let 𝑇𝑖, 𝑖 = 1, 2, . . . be the jump times of the process {𝑁(𝑡); 𝑡 ⩾ 0}. We

shall also need the following two sequences of random variables: the sequence of fractional
parts 𝑋𝑖 = {𝑇𝑖}, 𝑖 = 0, 1, . . ., and the sequence of integer parts of the intervals between jumps
𝑀𝑖 = [𝑇𝑖 − 𝑇𝑖−1], 𝑖 = 1, 2, . . .

Theorem 2.1. The sequence {𝑋𝑖; 𝑖 = 0, 1, . . .} is a general Markov chain on the interval

[0, 1] with transition density of the form

𝑝(𝑢, 𝑣) =

⎧⎪⎪⎨⎪⎪⎩
𝜆(𝑣)𝑒−(Λ(1+𝑣)−Λ(𝑢))

1− 𝑒−Λ(1)
, 0 ⩽ 𝑣 ⩽ 𝑢 ⩽ 1,

𝜆(𝑣)𝑒−(Λ(𝑣)−Λ(𝑢))

1− 𝑒−Λ(1)
, 0 ⩽ 𝑢 < 𝑣 ⩽ 1.

(2.1)

The corresponding invariant probability distribution is given by a density 𝜋(𝑢) =
𝜆(𝑢)

Λ(1)
.

Theorem 2.1 relates the instantaneous intensity 𝜆(𝑡) on a period of the original nonhomo-
geneous Poisson process to the stationary measure of a certain Markov chain. Moreover, the
normalizing coefficient Λ(1) is also determined by the values of the intensity on this period.
This observation allows us to propose procedures of statistical inference concerning this, usu-
ally unknown, instantaneous intensity. Let us list some possible statistical applications of the
indicated property of a non-homogeneous Poisson process.

1. Estimation of the unknown intensity 𝜆(𝑡), 0 ⩽ 𝑡 < 1. To solve this problem it suffices,
by the available realization (𝑡1, 𝑡2, . . . , 𝑡𝑛) of the random vector (𝑇1, 𝑇2, . . . , 𝑇𝑛) of a pre-chosen
length 𝑛, to estimate the stationary distribution density 𝜋̂(𝑡), 0 ⩽ 𝑡 < 1, of the Markov chain
with transition probability given by function (2.1) and, moreover, to estimate the normalizing
constant Λ(1). And if as estimates for 𝜋̂(𝑡) it is natural to consider the empirical distribution
density or a kernel density estimate, then an estimate for Λ(1) can be obtained on the base of
the following statement.

Lemma 2.1. The random variables 𝑀𝑖, 𝑖 = 1, 2, . . . are independent and distributed accord-

ing to the geometric law:

P(𝑀𝑖 = 𝑚) = 𝑒−𝑚Λ(1)(1− 𝑒−Λ(1)), 𝑚 = 0, 1, . . . . (2.2)

It is not difficult to verify that the method of moments estimator readŝ︂Λ(1) = ln(1 +𝑚)− ln𝑚,

where

𝑚 =
1

𝑛

𝑛∑︁
𝑖=1

[𝑡𝑖 − 𝑡𝑖−1].

Then the instantaneous intensity can be estimated as 𝜆̂(𝑡) = ̂︂Λ(1)𝜋̂(𝑡), 0 ⩽ 𝑡 < 1.
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2. Testing goodness–of–fit with a given intensity function 𝜆(𝑡). The distribution function

corresponding to the stationary density
𝜆(𝑡)

Λ(1)
is

Λ(𝑡)

Λ(1)
, 0 ⩽ 𝑡 ⩽ 1. Exactly with this function we

shall compare the sample distribution function constructed from the realization (𝑥1, 𝑥2, . . . , 𝑥𝑛)
of the random vector (𝑋1, 𝑋2, . . . , 𝑋𝑛).
We introduce the empirical process

𝑤𝑛(𝑡) =
√
𝑛

(︃
1

𝑛

𝑛∑︁
𝑖=1

𝐼(𝑋𝑛 < 𝑡)− Λ(𝑡)

Λ(1)

)︃
, 0 ⩽ 𝑡 ⩽ 1.

The empirical process {𝑤𝑛(𝑡); 0 ⩽ 𝑡 ⩽ 1} is fundamental in constructing such popular goodness-
of-fit tests as Pearson 𝜒2 test, the Kolmogorov test, the Cramér — von Mises 𝜔2 test, and the
Anderson — Darling test (see [2], [5]). In the classical theory, where the sample values 𝑋1,
𝑋2, . . . , 𝑋𝑛 are independent, weak convergence of the joint distributions for the increments
of the empirical process to a Gaussian distribution with zero mean vector and a covariance
matrix of known form is proved. It should be mentioned that also for the general Markov chain
{𝑋𝑖; 𝑖 = 0, 1, . . .} introduced above the result on the limiting distribution for the empirical
process remains valid. Let us state this result.
We consider the partition

[0, 1] = [𝑧0, 𝑧1) ∪ [𝑧1, 𝑧2) ∪ . . . ∪ [𝑧𝑟−1, 𝑧𝑟], 0 = 𝑧0 < 𝑧1 < . . . < 𝑧𝑟 = 1,

∆𝑗 =
(Λ(𝑧𝑗)− Λ(𝑧𝑗−1))

Λ(1)
.

Here the quantity ∆𝑗 is the probability assigned to the interval [𝑧𝑗−1, 𝑧𝑗) by the stationary
distribution.

Theorem 2.2. As 𝑛 → ∞, the distribution of the random vector

(𝑤𝑛(𝑧1)− 𝑤𝑛(𝑧0), 𝑤𝑛(𝑧2)− 𝑤𝑛(𝑧1), . . . , 𝑤𝑛(𝑧𝑟)− 𝑤𝑛(𝑧𝑟−1))

converges weakly to the 𝑟-dimensional normal distribution with zero mean and covariance matrix

Σ = (𝜎𝑗,𝑙), where

𝜎𝑗,𝑗 = ∆𝑗(1−∆𝑗), 𝜎𝑗,𝑙 = −∆𝑗∆𝑙, 𝑗 ̸= 𝑙.

Thus, the limiting distribution for the increments

(𝑤𝑛(𝑧1)− 𝑤𝑛(𝑧0), 𝑤𝑛(𝑧2)− 𝑤𝑛(𝑧1), . . . , 𝑤𝑛(𝑧𝑟)− 𝑤𝑛(𝑧𝑟−1))

as 𝑛 → ∞ is the same as in the case of an independent repeated sample with distribution

function
Λ(𝑡)

Λ(1)
, 0 ⩽ 𝑡 ⩽ 1 (see, e.g., [2]). As it was said above, this fact is remarkable, since it

is not difficult to construct examples of general Markov chains, also with values on the interval
[0, 1], for which the limiting distribution of the vector of increments of the empirical process
will possess a different covariance matrix.
We denote

𝜈𝑗 =
Λ(1)

𝑛

𝑛∑︁
𝑖=1

𝐼(𝑧𝑗−1 ⩽ 𝑋𝑖 < 𝑧𝑗), 𝑗 = 1, 2, . . . , 𝑟. (2.3)

Theorem 2.3. The statistic

𝑛

Λ(1)

𝑟∑︁
𝑗=1

(𝜈𝑗 − (Λ(𝑧𝑗)− Λ(𝑧𝑗−1)))
2

Λ(𝑧𝑗)− Λ(𝑧𝑗−1)
(2.4)

converges in distribution to 𝜒2
𝑟−1 as 𝑛 → ∞.
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This theorem is obviously implied, up to notation, from Theorem 2.2, so we leave its proof
to the reader.

3. Testing a composite hypothesis of homogeneity of a given Poisson process. Indeed, let
𝜆(𝑡) = 𝜆 = const, then the stationary distribution must have constant density on the interval
[0, 1], and hence this is the standard uniform distribution. Thus, the problem has reduced
to testing a simple null hypothesis about the form of the stationary distribution, which was
discussed in the previous item.

It is necessary to note the main difference with the methods available in the literature: instead
of observing a part of the counting process {𝑁(𝑡); 0 ⩽ 𝑡 ⩽ 𝑇} for some 𝑇 > 0, a fixed number
𝑛 of jump times {𝑇𝑖; 𝑖 = 1, 2, . . . , 𝑛} is observed. Here, the choice of a fixed 𝑇 gives a sample
of random size 𝑛 = 𝑁(𝑇 ) for the jump times, while fixing 𝑛 gives a random observation time
𝑇 = 𝑇𝑛.

3. Proofs of Theorems

In this section we present proofs of Theorems 2.1, 2.2 and Lemma 2.1, and also formulate
and prove the necessary auxiliary propositions. The notation of Section 2 is fully preserved.

Proof of Theorem 2.1. The Markov property is implied by the fact that the distribution of the
quantity 𝑇𝑖+1 − 𝑇𝑖 under the condition 𝑇𝑖 = 𝑡 is independent of the quantities 𝑇𝑖−1, 𝑇𝑖−2, . . . ,
𝑇1; recall that it has a distribution function of the form

P(𝑇𝑖+1 − 𝑇𝑖 < 𝑠 | 𝑇𝑖 = 𝑡) = 1− exp
{︁
−

𝑠+𝑡∫︁
𝑡

𝜆(𝑢) 𝑑𝑢
}︁
, 𝑠 ⩾ 0.

For 𝑢 < 𝑣 the relations {𝑇𝑖} = 𝑢 and 𝑣 ⩽ {𝑇𝑖+1} < 𝑣+ 𝑑𝑣 mean that the difference 𝑇𝑖+1 − 𝑇𝑖

can take values only in the intervals

[𝑣 − 𝑢, 𝑣 + 𝑑𝑣 − 𝑢), [1 + 𝑣 − 𝑢, 1 + 𝑣 + 𝑑𝑣 − 𝑢), [2 + 𝑣 − 𝑢, 2 + 𝑣 + 𝑑𝑣 − 𝑢), . . . .

Therefore,

P (𝑋𝑖+1 ∈ [𝑣, 𝑣 + 𝑑𝑣) | 𝑋𝑖 = 𝑢)

=
∞∑︁

𝑚=0

(︂
exp

(︂
−

𝑢+𝑚+(𝑣−𝑢)∫︁
𝑢

𝜆(𝑠) 𝑑𝑠

)︂
− exp

(︂
−

𝑢+𝑚+(𝑣−𝑢)+𝑑𝑣∫︁
𝑢

𝜆(𝑠) 𝑑𝑠

)︂)︂

=
∞∑︁

𝑚=0

exp(−𝑚Λ(1)) exp

(︂
−

𝑣∫︁
𝑢

𝜆(𝑠) 𝑑𝑠

)︂(︂
1− exp

(︂
−

𝑣+𝑑𝑣∫︁
𝑣

𝜆(𝑠) 𝑑𝑠

)︂)︂

= (1− 𝑒−Λ(1))−1 exp

(︂
−

𝑣∫︁
𝑢

𝜆(𝑠) 𝑑𝑠

)︂(︂
1− exp

(︂
−

𝑣+𝑑𝑣∫︁
𝑣

𝜆(𝑠) 𝑑𝑠

)︂)︂
.

For 𝑢 > 𝑣 the case 𝑚 = 0 is excluded. The remaining calculations are analogous. This
implies formulas (2.1) for the transition probability density.
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By direct substitution it is easy to verify that the stationary density 𝜋(𝑢) =
𝜆(𝑢)

Λ(1)
, 0 ⩽ 𝑢 ⩽ 1,

satisfies the integral equation

𝜋(𝑣) =

1∫︁
0

𝜋(𝑢)𝑝(𝑢, 𝑣) 𝑑𝑢, 0 ⩽ 𝑣 ⩽ 1.

The proof is complete.

To prove the limit theorems we shall have to apply the Central Limit Theorem to a Markov
chain. The version of the Central Limit Theorem used in the present work assumes that the
Markov chain is Harris recurrent [6]. Let us establish this property.

Theorem 3.1. Under the assumption 𝜆(𝑡) ⩾ 𝛿 > 0 for some 𝛿 and all 𝑡 ⩾ 0, the Markov

chain {𝑋𝑖; 𝑖 = 0, 1, . . .} is Harris recurrent.

Proof. We use the following criterion of Harris recurrence: if every bounded harmonic function
is a constant, then the given chain is either dissipative or Harris recurrent [6, Thm. 3.8 (ii)].
We need to exclude dissipativity [6, Def. 3.3].
Let ℎ(𝑢), 0 ⩽ 𝑢 ⩽ 1, be a bounded harmonic function. For our Markov chain this means

that it satisfies the equation

ℎ(𝑢) =

1∫︁
0

𝑝(𝑢, 𝑣)ℎ(𝑣) 𝑑𝑣.

Suppose that this function is not identically constant. It is continuous, since the right–hand
side reads

𝑢∫︁
0

ℎ(𝑣)𝜆(𝑣)
𝑒−(Λ(𝑣)−Λ(𝑢))

1− 𝑒−Λ(1)
𝑑𝑣 +

1∫︁
𝑢

ℎ(𝑣)𝜆(𝑣)
𝑒−(Λ(1+𝑣)−Λ(𝑢))

1− 𝑒−Λ(1)
𝑑𝑣

=
𝑒Λ(𝑢)

1− 𝑒−Λ(1)

(︂ 𝑢∫︁
0

ℎ(𝑣)𝜆(𝑣)𝑒−Λ(𝑣) 𝑑𝑣 +

1∫︁
𝑢

ℎ(𝑣)𝜆(𝑣)𝑒−Λ(1+𝑣) 𝑑𝑣

)︂
and this is the product of two continuous functions. Let

min
0⩽𝑢⩽1

ℎ(𝑢) = ℎ*, 𝐻* = {𝑢 : ℎ(𝑢) = ℎ*},

then for each 𝑢 ∈ 𝐻* we have the inequality

ℎ* = ℎ(𝑢) =

(︂∫︁
𝐻*

+

∫︁
[0,1]∖𝐻*

)︂
𝑝(𝑢, 𝑣)ℎ(𝑣) 𝑑𝑣 = ℎ* +

∫︁
[0,1]∖𝐻*

𝑝(𝑢, 𝑣)(ℎ(𝑣)− ℎ*) 𝑑𝑣 > ℎ*.

Here we have taken into consideration that the density 𝑝(𝑢, 𝑣) is nonzero everywhere. This
gives the contradiction of ℎ* < ℎ*.
It remains to exclude dissipativity. In order to do this, we study the properties of the potential

𝐺(𝑢,𝐴) =
∞∑︁
𝑖=0

P(𝑋𝑖 ∈ 𝐴 | 𝑋0 = 𝑢), 𝐴 ∈ ℬ([0, 1]), 0 ⩽ 𝑢 ⩽ 1,

where ℬ([0, 1]) is the 𝜎-algebra of Borel subsets in the interval [0, 1]. Our Markov chain would
be dissipative if it were possible to find a strictly positive measurable function 𝑔(𝑢), 0 ⩽ 𝑢 ⩽ 1,
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such that
1∫︁

0

𝑔(𝑣)𝐺(𝑢, 𝑑𝑣) < ∞ for all 𝑢 ∈ [0, 1].

Let 𝑝𝑖(𝑢, 𝑣) be the transition probability density over 𝑖 steps,

𝑝1(𝑢, 𝑣) = 𝑝(𝑢, 𝑣), 𝑝𝑖+1(𝑢, 𝑣) =

1∫︁
0

𝑝𝑖(𝑢, 𝑡)𝑝(𝑡, 𝑣) 𝑑𝑡.

Then, by induction,

𝑝𝑖+1(𝑢, 𝑣) ⩾

1∫︁
0

𝑝𝑖(𝑢, 𝑡)𝛿 𝑑𝑡 = 𝛿, 𝑖 = 0, 1, . . . .

Hence, for each set 𝐴 ∈ ℬ([0, 1]) of positive Lebesgue measure the corresponding potential
satisfies 𝐺(𝑢,𝐴) = ∞ since

P(𝑋𝑖 ∈ 𝐴 | 𝑋0 = 𝑢) ⩾ 𝛿

∫︁
𝐴

𝑑𝑢 = const

and the series diverges.

Suppose that there exists a measurable function 𝑔(𝑢) > 0 such that
1∫︀
0

𝐺(𝑢, 𝑑𝑣)𝑔(𝑣) < ∞.

Then there exists a positive 𝜀 such that 𝑔(𝑢) ⩾ 𝜀 for some 𝑢 and the Lebesgue measure satisfies
mes{𝑢 : 𝑔(𝑢) ⩾ 𝜀} > 0. But then

1∫︁
0

𝐺(𝑢, 𝑑𝑣)𝑔(𝑣) ⩾
∫︁

𝑢 : 𝑔(𝑢)⩾𝜀

𝐺(𝑢, 𝑑𝑣)𝑔(𝑣) ⩾ 𝜀𝐺(𝑢, {𝑢 : 𝑔(𝑢) ⩾ 𝜀}) = ∞.

The obtained contradiction proves the theorem.

The proof of Theorem 2.2 consists in applying the multi–dimensional version of the Central
Limit Theorem for a Markov random sequence (not necessarily stationary). Let us present here
the needed notation and the formulation of the result, since the multi–dimensional version of
the Central Limit Theorem for a Markov chain has not been encountered by us in the literature,
but it is easily obtained by the well–known Cramér — Wold device (see, e.g., [3, Sect. 6, Ch.
8]) from the one–dimensional Central Limit Theorem [11].

Theorem 3.2. Let {Φ𝑛;𝑛 = 0, 1, . . .} be a Harris recurrent Markov chain with transition

kernel 𝑃 (·, ·) and invariant probability measure 𝜋̃(·), and let the functions 𝑓1(·), 𝑓2(·), . . . , 𝑓𝑟(·)
from 𝐸 to R be such that the solutions 𝑔𝑗(·) of the corresponding Poisson equation

𝑔𝑗(𝑥)−
∫︁
𝐸

𝑔𝑗(𝑦)𝑃 (𝑥, 𝑑𝑦) = 𝑓𝑗(𝑥)−
∫︁
𝐸

𝑓𝑗(𝑦)𝜋̃(𝑑𝑦) (3.1)

exist and the matrix Σ = (𝜎𝑗,𝑘)𝑗,𝑘=1,𝑟 with elements

𝜎𝑗,𝑗 =

∫︁
𝐸

(︂
𝑔2𝑗 (𝑥)−

(︂∫︁
𝐸

𝑔𝑗(𝑦)𝑃 (𝑥, 𝑑𝑦)

)︂2)︂
𝜋̃(𝑑𝑥),

𝜎𝑗,𝑘 =

∫︁
𝐸

(︂
𝑔𝑗(𝑥)𝑔𝑘(𝑥)−

(︂∫︁
𝐸

𝑔𝑗(𝑦)𝑃 (𝑥, 𝑑𝑦)

)︂(︂∫︁
𝐸

𝑔𝑘(𝑦)𝑃 (𝑥, 𝑑𝑦)

)︂)︂
𝜋̃(𝑑𝑥), 𝑗 ̸= 𝑘,
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is positive definite. Then

√
𝑛

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
𝑛

𝑛−1∑︀
𝑖=0

𝑓1(Φ𝑖)−
∫︀
𝐸

𝑓1(𝑦)𝜋̃(𝑑𝑦)

1
𝑛

𝑛−1∑︀
𝑖=0

𝑓2(Φ𝑖)−
∫︀
𝐸

𝑓2(𝑦)𝜋̃(𝑑𝑦)

...

1
𝑛

𝑛−1∑︀
𝑖=0

𝑓𝑟(Φ𝑖)−
∫︀
𝐸

𝑓𝑟(𝑦)𝜋̃(𝑑𝑦)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
𝑑−→ 𝒩 (0,Σ).

Proof of Theorem 2.2. Let us apply the multi–dimensional Central Limit Theorem to the set
of functions

𝑓𝑗(𝑢) = 𝐼(𝑧𝑗−1 ⩽ 𝑢 < 𝑧𝑗), 𝑗 = 1, 2, . . . , 𝑟.

We note that

𝑤𝑛(𝑧𝑗)− 𝑤𝑛(𝑧𝑗−1) =
√
𝑛
(︁ 1
𝑛

𝑗∑︁
𝑖=1

𝑓𝑗(𝑋𝑖)−
1∫︁

0

𝑓𝑗(𝑢)𝜋(𝑢) 𝑑𝑢
)︁
.

In our case,

∆𝑗 =

1∫︁
0

𝑓𝑗(𝑢)𝜋(𝑢) 𝑑𝑢.

Consider the corresponding Poisson equation (3.1), which in our case reads

𝑔𝑗(𝑢) =𝐼(𝑧𝑗−1 ⩽ 𝑢 < 𝑧𝑗)−∆𝑗

+ (1− 𝑒−Λ(1))−1

(︂ 𝑢∫︁
0

𝜆(𝑣)𝑔𝑗(𝑣)𝑒
−(Λ(1+𝑣)−Λ(𝑢)) 𝑑𝑣 +

1∫︁
𝑢

𝜆(𝑣)𝑔𝑗(𝑣)𝑒
−(Λ(𝑣)−Λ(𝑢)) 𝑑𝑣

)︂
.

Since the integrals on the right–hand side are continuous functions of 𝑢, the function 𝑔𝑗(𝑢) at
the points 𝑧𝑗−1 and 𝑧𝑗 experiences a jump of magnitude 1 and −1, respectively. Differentiating
with respect to 𝑢 (and eliminating the sum of integrals by means of the original equation), we
obtain

𝑔′𝑗(𝑢) = 𝜆(𝑢)(∆𝑗 − 𝐼(𝑧𝑗−1 ⩽ 𝑢 < 𝑧𝑗)).

For 𝑗 > 1, taking into consideration the jump at the points 𝑧𝑗−1 and 𝑧𝑗, we have

𝑔𝑗(𝑢) =

⎧⎪⎨⎪⎩
∆𝑗Λ(𝑢), 0 ⩽ 𝑢 < 𝑧𝑗−1,

Λ(𝑢)(∆𝑗 − 1) + 1 + Λ(𝑧𝑗−1), 𝑧𝑗−1 ⩽ 𝑢 < 𝑧𝑗,

(Λ(𝑢)− Λ(1))∆𝑗, 𝑧𝑗 ⩽ 𝑢 ⩽ 1.

The second and third cases will also be used for 𝑗 = 1. Now, having the explicit form of the
functions 𝑔𝑗(𝑢) and noting, for example, that

1∫︁
0

(︂ 1∫︁
0

𝑝(𝑢, 𝑣)𝑔𝑗(𝑣) 𝑑𝑣
)︁2
𝜋(𝑢) 𝑑𝑢 =

1∫︁
0

(𝑔𝑗(𝑢)− 𝐼(𝑧𝑗−1 ⩽ 𝑢 < 𝑧𝑗) + ∆𝑗)
2𝜋(𝑢) 𝑑𝑢,

after routine algebraic simplifications we complete the proof.
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