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IN SEMINORMED SPACES
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Abstract. In this paper we establish the degree of approximation of a periodic function
by the Abel — Poisson means of its Fourier series in a seminormed space. In addition, the
corresponding problem for the conjugate function, approximated by the conjugate Abel —
Poisson means of the conjugate Fourier series, is considered. Several corollaries of the main
results are derived as special cases.
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1. Introduction

The Hölder class of functions was first studied by Prössdorf [32] and later explored and gener-
alized by Leindler [21], [22], Chandra [1], Mohapatra and Chandra [28], Singh et al. [33]вЂ“[35],
Das et al. [2], [3], Mittal and Rhoades [27], Krasniqi [10]вЂ“[12] and [18], [19], Krasniqi and
Szal [14], Lenski et al. [23], Krasniqi et al. [15]вЂ“[20], Nayak et al. [29], [30], Singh and
Sonker [36], Değer [4], Pradhan et al. [31], and Kim [9]. In most cases, researchers studied
how a 2𝜋-periodic function from these spaces deviates from an approximating polynomial in

the corresponding metrics. For the approximation of conjugate function ̃︀𝑓 in Hölder spaces,
relevant studies include those by Mishra and Khatri [8], [26], Landon et al. [25], and Krasniqi
[13]. Among others, notable contributions to this area come from Sunouchi and Watari [37],
Xu [38], Guven [5], [6], and Jafarov [7], who studied approximation in hexagonal domains and
Morrey spaces. However, only a few studies have focused on approximation using Abel — Pois-
son means of Fourier series or their conjugates. Recent results on approximation in seminormed
spaces using specific Fourier means can be found in [20], [23], and [24]. Although numerous
related results are available in [11]–[18], they are not included here to keep the paper focused
and concise.
For an integrable 2𝜋-periodic function 𝑓(𝑥), by

𝑠𝑛(𝑓 ;𝑥) =
𝑎0
2

+
𝑛∑︁

𝑘=1

𝑎𝑘 cos 𝑘𝑥+ 𝑏𝑘 sin 𝑘𝑥

we denote the 𝑛-th partial sums of Fourier series of 𝑓 at the point 𝑥,

𝑓(𝑥) ∼ 𝑎0
2

+
∞∑︁
𝑘=1

𝑎𝑘 cos 𝑘𝑥+ 𝑏𝑘 sin 𝑘𝑥, (1.1)
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where the Fourier coefficients 𝑎𝑘 and 𝑏𝑘 are defined by

𝑎𝑘 :=
1

𝜋

𝜋∫︁
−𝜋

𝑓(𝑥) cos(𝑘𝑥) 𝑑𝑥, 𝑘 ∈ N ∪ {0}, 𝑏𝑘 :=
1

𝜋

𝜋∫︁
−𝜋

𝑓(𝑥) sin(𝑘𝑥) 𝑑𝑥, 𝑘 ∈ N.

The sums

̃︀𝑠𝑛(𝑓 ;𝑥) = 𝑛∑︁
𝑘=1

(𝑏𝑘 cos 𝑘𝑥− 𝑎𝑘 sin 𝑘𝑥)

are the 𝑛-partial sums of the series

∞∑︁
𝑘=1

(𝑏𝑘 cos 𝑘𝑥− 𝑎𝑘 sin 𝑘𝑥), (1.2)

which indeed is the conjugate series of Fourier series (1.1).
If 𝑓 is integrable functions in the sense of Lebesgue, then it is known that

̃︀𝑓(𝑥) = − 1

2𝜋

𝜋∫︁
0

𝜓𝑥(𝑡) cot
𝑡

2
𝑑𝑡 = lim

𝜀→0

̃︀𝑓(𝑥; 𝜀)
is well–defined s for almost all 𝑥 [39], where

̃︀𝑓(𝑥; 𝜀) = − 1

2𝜋

𝜋∫︁
𝜀

𝜓𝑥(𝑡) cot
𝑡

2
𝑑𝑡

with

𝜓(𝑥; 𝑡) := 𝑓(𝑥+ 𝑡)− 𝑓(𝑥− 𝑡).

Let 𝐿𝑠 (1 ⩽ 𝑠 <∞) [𝐶] be the class of all 2𝜋-periodic real-valued functions integrable in the
Lebesgue sense with 𝑠-th power [continuous] over 𝑄 := [−𝜋, 𝜋] and let 𝑋𝑠 = 𝐿𝑠 for 1 ⩽ 𝑠 <∞
or 𝑋𝑠 = 𝐶 for 𝑠 = ∞.
We introduce the norms in 𝑋𝑠 as

‖𝑓‖
𝑋𝑠 = ‖𝑓( · )‖

𝑋𝑠 :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(︂

1

2𝜋

∫︁
𝑄

|𝑓(𝑥)|𝑠 𝑑𝑥
)︂ 1

𝑠

for 1 ⩽ 𝑠 <∞,

sup
𝑥∈𝑄

|𝑓(𝑥)| for 𝑠 = ∞;

By Riesz theorem [39], if 𝑓 ∈ 𝐿𝑠 for 1 < 𝑠 <∞, then ̃︀𝑓 ∈ 𝐿𝑠.
As is well–known, the conjugate series of a Fourier series is not necessarily itself a Fourier

series. A classical example illustrating this fact is the series
∞∑︀
𝑘=2

sin(𝑘𝑥)
ln 𝑘

, which serves as the

conjugate series for
∞∑︀
𝑘=2

cos(𝑘𝑥)
ln 𝑘

. However, the latter series does not constitute a Fourier series in

the classical sense [39].
For two positive quantities 𝑤1 and 𝑤2 we write 𝑤1 = 𝒪(𝑤2) whenever 𝑤1 ⩽ 𝐾𝑤2, where 𝐾

denotes a positive constant.
Let 𝜉(ℎ) be a function of the modulus of continuity type, that is, the function 𝜉(ℎ) is a

positive non-decreasing continuous function on [0, 2𝜋] with properties:

(i) 𝜉(0) = 0,

(ii) 𝜉(ℎ1 + ℎ2) ⩽ 𝜉(ℎ1) + 𝜉(ℎ2) for 0 ⩽ ℎ1 ⩽ ℎ2 ⩽ ℎ1 + ℎ2 ⩽ 2𝜋.
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The Banach space

𝐻(𝜉)
𝑠 =

{︀
𝑓 ∈ 𝐿𝑠 : ‖𝑓(𝑥+ ℎ)− 𝑓(𝑥)‖𝑠 = 𝒪(𝜉(ℎ)), ℎ > 0, 𝑠 ⩾ 1

}︀
,

equipped with the norm

‖𝑓‖(𝜉)𝑠 = ‖𝑓‖𝑠 + sup
ℎ̸=0

‖𝑓(𝑥+ ℎ)− 𝑓(𝑥)‖𝑠
𝜉(ℎ)

was previously introduced, for example, in [30].
Very recently, we utilized the Abel — Poisson means 𝑓𝑟(𝑥) of the Fourier series of the function

𝑓 and the conjugate Abel — Poisson means ̃︀𝑓𝑟(𝑥) of the conjugate series of Fourier series. They
are defined as follows [39]

𝑓𝑟(𝑥) =
𝑎0
2

+
∞∑︁
𝑘=1

(𝑎𝑘 cos 𝑘𝑥+ 𝑏𝑘 sin 𝑘𝑥)𝑟
𝑘

and ̃︀𝑓𝑟(𝑥) = ∞∑︁
𝑘=1

(𝑏𝑘 cos 𝑘𝑥− 𝑎𝑘 sin 𝑘𝑥)𝑟
𝑘.

In [17] we proved the following two theorems.

Theorem 1.1. Let 𝑓 ∈ 𝐻(𝛼, 𝑠), 𝑠 ⩾ 1, 0 ⩽ 𝛽 < 𝛼 ⩽ 1, and 0 < 𝑟 < 1. Then

‖𝑓𝑟 − 𝑓‖𝛽,𝑠 =𝒪 (1)

{︃
(1− 𝑟)𝛼 for 0 < 𝛼 < 1,

(1− 𝑟)
(︀
log 𝜋𝑒

1−𝑟

)︀
for 𝛼 = 1,

+𝒪 (1)

{︃
(1− 𝑟)𝛼−𝛽 for 0 < 𝛼 < 1,

(1− 𝑟)1−𝛽
(︀
1 + (1− 𝑟) log1−𝛽 𝜋

1−𝑟

)︀
for 𝛼 = 1.

Theorem 1.2. Let 𝑓 ∈ 𝐻(𝛼, 𝑠), 𝑠 ⩾ 1, 0 < 𝛽 < 𝛼 ⩽ 1, and 0 < 𝑟 < 1. Then

‖ ̃︀𝑓𝑟 − ̃︀𝑓‖𝛽,𝑠 = 𝒪𝛼 ((1− 𝑟)𝛼) +𝒪𝑟,𝛼,𝛽 (1) (1− 𝑟)𝛼−𝛽+ 𝛽
𝛼 .

In this research study we are going to consider the seminorms 𝑃 satisfying, for all 𝑓, 𝑔 ∈
(𝑋𝑝, 𝑃 ), the following conditions.

1. For each ℎ ∈ R
𝑃 (𝑓( · + ℎ)) = 𝑃 (𝑓( · )) . (1.3)

2. If |𝑓 (𝑥)| ⩽ |𝑔 (𝑥)| for every 𝑥 ∈ [−𝜋, 𝜋] , then
𝑃 (𝑓) ⩽ 𝑃 (𝑔) . (1.4)

Let 𝜔 be a function of modulus of continuity type on the interval [0, 2𝜋], i.e., a non-decreasing
continuous function such that

𝜔 (0) = 0, 𝜔 (𝛿1 + 𝛿2) ⩽ 𝜔 (𝛿1) + 𝜔 (𝛿2)

for all 0 ⩽ 𝛿1 ⩽ 𝛿2 ⩽ 𝛿1 + 𝛿2 ⩽ 2𝜋.
For 𝑓 ∈ (𝑋𝑝, 𝑃 ), the seminormed space 𝐻

(𝜔)
𝑃 is defined as [20]

𝐻
(𝜔)
𝑃 = {𝑓 ∈ (𝑋𝑝, 𝑃 ) : 𝑀(𝑓 ;𝜔)𝑃 <∞}

with
𝑃 (𝑓)(𝜔) := 𝑃 (𝑓) +𝑀(𝑓 ;𝜔)𝑃 ,

where

𝑀(𝑓 ;𝜔)𝑃 := sup
𝑡̸=0

𝑃 (𝑓( · + 𝑡)− 𝑓( · ))
𝜔(|𝑡|)

.
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Hereinafter, the modulus of continuity 𝜔𝑓(𝛿)𝑃 of 𝑓 , is defined as

𝜔𝑓(𝛿)𝑃 = sup
|𝑡|⩽𝛿

𝑃 (𝑓( · + 𝑡)− 𝑓( · )) .

We note that a function 𝑤 of modulus of continuity type satisfies the inequality 𝑤(𝛿)
𝛿

⩽ 2𝑤(𝜂)
𝜂

for 0 < 𝜂 ⩽ 𝛿. However, we shall focus on functions 𝑣 and 𝑤 of modulus of continuity type
where the ratio 𝑤/𝑣 is almost non–decreasing, meaning that there exists a positive constant 𝐶

such that 𝑤(𝛿)
𝑣(𝛿)

⩽ 𝐶 𝑤(𝜂)
𝑣(𝜂)

for 0 < 𝛿 ⩽ 𝜂.

Motivated by previous studies on approximation, we explore this topic further in seminormed

spaces 𝐻
(𝜔)
𝑃 using the Abel — Poisson means.

At this point, a natural question arises: What is the degree of approximation of a function

from seminormed spaces 𝐻
(𝜔)
𝑃 by Abel — Poisson means of its Fourier series and their conjugate

series, measured in 𝑃 ( · )(∙)?
From this point onward, we focus on answering the above question specifically for 2𝜋-periodic

functions 𝑓 (and their conjugate functions ̃︀𝑓), which constitutes the main objective of this
paper. We assert, based on the available literature, that the results presented in this paper are
novel and have not been published previously. The proofs of our results rely on several key
statements, which are provided in the next section.

2. Some auxiliary lemmas

The following lemmas play a critical role in proving our results.

Lemma 2.1 ([23]). Let 𝑓 ∈ (𝐿𝑝, 𝑃 ) with 1 ⩽ 𝑝 < ∞ and 𝐾 ∈ 𝐿1. If the seminorm 𝑃
satisfies conditions (1.3) and (1.4), then

𝑃

⎛⎝ 𝜋∫︁
−𝜋

𝑓( · + 𝑡)𝐾 (𝑡) 𝑑𝑡

⎞⎠ ⩽

𝜋∫︁
−𝜋

𝑃 (𝑓) |𝐾 (𝑡)| 𝑑𝑡.

Lemma 2.2 ([20]). Let 𝑓 ∈ (𝑋𝑝, 𝑃 ) , where the seminorm 𝑃 satisfies condition (1.3). If
𝑣 and 𝑤 be functions of modulus of continuity type such that 𝑤

𝑣
is an almost non–decreasing

function, then for 𝑓 ∈ Lip(𝑤,𝑃 ) := {𝑓 ∈ (𝑋𝑝, 𝑃 ) : 𝜔𝑓 (𝛿)𝑃 = 𝒪 (𝑤 (𝛿))} we have:

(i) For 𝑡 ⩾ 0,

𝑃 (𝜙· (𝑡)) = 𝒪(1)𝜔𝑓(𝑡)𝑃 = 𝑂 (𝑤(𝑡)) ,

(ii) For 𝑡, 𝑦 > 0,

𝑃 (𝜙·+𝑦 (𝑡)− 𝜙· (𝑡)) = 𝒪
(︂
𝑣 (𝑦)

𝑤(𝑡)

𝑣 (𝑡)

)︂
.

Arguing similarly to the proof of Lemma 2.2, we establish the following result.

Lemma 2.3. Let 𝑓 ∈ (𝑋𝑝, 𝑃 ) , where the seminorm 𝑃 satisfies condition (1.3). If 𝑣 and 𝑤
be functions of modulus of continuity type such that 𝑤

𝑣
is an almost non–decreasing function,

then for 𝑓 ∈Lip(𝑤,𝑃 ) := {𝑓 ∈ (𝑋𝑝, 𝑃 ) : 𝜔𝑓 (𝛿)𝑃 = 𝒪 (𝑤 (𝛿))}:
(i) For 𝑡 ⩾ 0,

𝑃 (𝜓 · (𝑡)) = 𝒪(1)𝜔𝑓(𝑡)𝑃 = 𝑂 (𝑤(𝑡)) ,

(ii) For 𝑡, 𝑦 > 0,

𝑃 (𝜓 ·+𝑦 (𝑡)− 𝜓 · (𝑡)) = 𝒪
(︂
𝑣 (𝑦)

𝑤(𝑡)

𝑣 (𝑡)

)︂
.
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Proof. (i) It follows from direct computation that

𝑃 (𝜓 · (𝑡)) =𝑃 (𝑓 ( · + 𝑡)− 𝑓 ( · − 𝑡)) = 𝑃 (𝑓 ( · + 𝑡)− 𝑓 ( · )− 𝑓 ( · − 𝑡) + 𝑓 ( · ))
⩽𝑃 (𝑓 ( · + 𝑡)− 𝑓 ( · )) + 𝑃 (𝑓 ( · − 𝑡)− 𝑓 ( · )) ⩽ 2𝜔𝑓(𝑡)𝑃 = 𝑂 (𝑤(𝑡)) .

(ii) By applying property (1.3) of the seminorm 𝑃 and case (i), we deduce

𝑃 (𝜓 ·+𝑦 (𝑡)− 𝜓 · (𝑡)) ⩽𝑃 (𝜓 ·+𝑦 (𝑡)) + 𝑃 (𝜓 · (𝑡)) = 𝑃 (𝜓 · (𝑡)) + 𝑃 (𝜓 · (𝑡)) ⩽ 4𝜔𝑓(𝑡)𝑃 = 𝑂 (𝑤(𝑡))

and in the same way,

𝑃 (𝜓 ·+𝑦 (𝑡)− 𝜓 · (𝑡)) = 𝑂 (𝑤(𝑦)) .

Thus, for 𝑡, 𝑦 > 0, we leverage the monotonicity of 𝑣 and 𝑤, as well as the almost monotonicity
of the ratio 𝑤

𝑣
, to derive:

𝑃 (𝜓 ·+𝑦 (𝑡)− 𝜓 · (𝑡)) = 𝑂

(︂
𝑤(𝑡)

𝑣 (𝑡)
𝑣 (𝑡)

)︂
= 𝑂

(︂
𝑤(𝑡)

𝑣 (𝑡)
𝑣 (𝑦)

)︂
for 𝑡 ⩽ 𝑦,

and

𝑃 (𝜓 ·+𝑦 (𝑡)− 𝜓 · (𝑡)) = 𝑂

(︂
𝑤(𝑦)

𝑣 (𝑦)
𝑣 (𝑦)

)︂
= 𝑂

(︂
𝑤(𝑡)

𝑣 (𝑡)
𝑣 (𝑦)

)︂
for 𝑦 ⩽ 𝑡.

This completes the proof.

Undoubtedly, we will use the well–known Abel — Poisson kernel 𝑃 (𝑟, 𝑡) and its conjugate
kernel 𝑄(𝑟, 𝑡), 0 ⩽ 𝑟 < 1, which are defined by [39]

𝑃 (𝑟, 𝑡) :=
1

2
+

∞∑︁
𝑣=1

𝑟𝑣 cos(𝑣𝑡), 𝑄(𝑟, 𝑡) :=
∞∑︁
𝑣=1

𝑟𝑣 sin(𝑣𝑡).

The following lemma can be proved easily.

Lemma 2.4. Let 𝑟 be a fixed number from (0, 1) and 0 < 𝑡 ⩽ 𝜋. Then, the following
identities are valid:

𝑃 (𝑟, 𝑡) = (1− 𝑟)
∞∑︁
𝑣=0

𝑟𝑣
sin
(︀
𝑣 + 1

2

)︀
𝑡

2 sin
(︀
𝑡
2

)︀ , (2.1)

𝑃 (𝑟, 𝑡) = (1− 𝑟)2
∞∑︁
𝑣=0

𝑟𝑣

(︃
sin (𝑣+1)𝑡

2

sin
(︀
𝑡
2

)︀ )︃2

. (2.2)

Proof. First, we define cos 0 := 1
2
. We employ summation by parts and use the identity

𝑘∑︁
𝑗=0

cos 𝑗𝑡 =
sin
(︀
𝑘 + 1

2

)︀
𝑡

2 sin
(︀
𝑡
2

)︀ ,

which allows to to express

𝑃 (𝑟, 𝑡) = lim
𝑘→∞

𝑘∑︁
𝑣=0

𝑟𝑣 cos(𝑣𝑡) = lim
𝑘→∞

(︃
𝑘−1∑︁
𝑣=0

(𝑟𝑣 − 𝑟𝑣+1)
𝑣∑︁

𝑗=0

cos 𝑗𝑡+ 𝑟𝑘
𝑘∑︁

𝑗=0

cos 𝑗𝑡

)︃

=
∞∑︁
𝑣=0

(𝑟𝑣 − 𝑟𝑣+1)
sin
(︀
𝑣 + 1

2

)︀
𝑡

2 sin
(︀
𝑡
2

)︀ = (1− 𝑟)
∞∑︁
𝑣=0

𝑟𝑣
sin
(︀
𝑣 + 1

2

)︀
𝑡

2 sin
(︀
𝑡
2

)︀ ,

which proves (2.1). We then apply summation by parts and use the identity

𝑘∑︁
𝑗=0

sin
(︀
𝑗 + 1

2

)︀
𝑡

sin
(︀
𝑡
2

)︀ =

(︃
sin (𝑘+1)𝑡

2

sin
(︀
𝑡
2

)︀ )︃2
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to derive

𝑃 (𝑟, 𝑡) = lim
𝑘→∞

(1− 𝑟)

(︃
𝑘−1∑︁
𝑣=0

(𝑟𝑣 − 𝑟𝑣+1)
𝑣∑︁

𝑗=0

sin
(︀
𝑗 + 1

2

)︀
𝑡

sin
(︀
𝑡
2

)︀ + 𝑟𝑘
𝑘∑︁

𝑗=0

sin
(︀
𝑗 + 1

2

)︀
𝑡

sin
(︀
𝑡
2

)︀ )︃

=(1− 𝑟)
∞∑︁
𝑣=0

(𝑟𝑣 − 𝑟𝑣+1)

(︃
sin (𝑣+1)𝑡

2

sin
(︀
𝑡
2

)︀ )︃2

=(1− 𝑟)2
∞∑︁
𝑣=0

𝑟𝑣

(︃
sin (𝑣+1)𝑡

2

sin
(︀
𝑡
2

)︀ )︃2

,

and this completes the proof.

In the forthcoming section, we present the principal contributions of the paper.

3. Main results

The initial result is presented below.

Theorem 3.1. Let 𝑣 and 𝑤 be functions of the modulus of continuity type, where 𝑤/𝑣 is

an almost non–decreasing function. Assume that 𝑓 ∈ 𝐻
(𝑤)
𝑃 , with the seminorm 𝑃 satisfying

conditions (1.3) and (1.4). Then, for a fixed 𝑟 ∈ (0, 1),

𝑃 (𝑓𝑟( · )− 𝑓( · ))(𝑣) = 𝒪

⎛⎝𝑤(1− 𝑟)

𝑣(1− 𝑟)
+ (1− 𝑟)

𝜋∫︁
1−𝑟

𝑤(𝑡)

𝑡2𝑣(𝑡)
𝑑𝑡

⎞⎠ . (3.1)

Proof. The Abel — Poisson mean 𝑓𝑟(𝑥) associated with series (1.1) admits the following repre-
sentation [39]:

𝑓𝑟(𝑥) =
1

𝜋

𝜋∫︁
−𝜋

𝑓(𝑥+ 𝑡)𝑃 (𝑟; 𝑡) 𝑑𝑡

where 𝑃 (𝑟; 𝑡) is the Abel — Poisson kernel.
According to the property

2

𝜋

𝜋∫︁
0

𝑃 (𝑟, 𝑡) 𝑑𝑡 = 1,

it follows that

𝐴𝑟𝑓(𝑥) := 𝑓𝑟(𝑥)− 𝑓(𝑥) =
1

𝜋

𝜋∫︁
0

𝜙𝑥(𝑡)𝑃 (𝑟, 𝑡) 𝑑𝑡,

where
𝜙𝑥(𝑡) := 𝑓(𝑥+ 𝑡)− 2𝑓(𝑥) + 𝑓(𝑥− 𝑡).

We aim to derive an upper bound for the quantity

𝑃 (𝐴𝑟𝑓( · ))(𝑣) = 𝑃 (𝐴𝑟𝑓( · )) + sup
𝑦 ̸=0

𝑃 (𝐴𝑟𝑓( · + 𝑦)− 𝐴𝑟𝑓( · ))
𝑣(𝑦)

.

Given 𝑓 ∈ 𝐻
(𝜔)
𝑃 , we apply Lemma 2.1 to the identity

𝐴𝑟𝑓(𝑥+ 𝑦)− 𝐴𝑟𝑓(𝑥) =
1

𝜋

𝜋∫︁
0

(𝜙𝑥+𝑦(𝑡)− 𝜙𝑥(𝑡))𝑃 (𝑟, 𝑡) 𝑑𝑡,



168 Xh. Z. KRASNIQI

to obtain

𝑃 (𝐴𝑟𝑓( · + 𝑦)− 𝐴𝑟𝑓( · )) ⩽
1

𝜋

𝜋∫︁
−𝜋

𝑃 (𝜙 ·+𝑦(𝑡)− 𝜙 · (𝑡))𝑃 (𝑟, 𝑡) 𝑑𝑡

=
1

𝜋

1−𝑟∫︁
0

𝑃 (𝜙 ·+𝑦(𝑡)− 𝜙 · (𝑡))𝑃 (𝑟, 𝑡) 𝑑𝑡⏟  ⏞  
=:𝐴11

+
1

𝜋

𝜋∫︁
1−𝑟

𝑃 (𝜙 ·+𝑦(𝑡)− 𝜙 · (𝑡))𝑃 (𝑟, 𝑡) 𝑑𝑡⏟  ⏞  
=:𝐴12

,

(3.2)

since 𝑃 (𝑟, 𝑡) is positive for all 𝑡 ∈ (0, 𝜋).
By applying standard trigonometric inequalities 𝜋 sin 𝜃 ⩾ 2𝜃 for 𝜃 ∈ [0, 𝜋/2], and | sin 𝜃| ⩽ |𝜃|

for all 𝜃, by (2.2) we readily obtain

𝑃 (𝑟, 𝑡) ⩽ (1− 𝑟)2
∞∑︁
𝑣=0

𝑟𝑣

(︃
(𝑣+1)𝑡

2(︀
𝑡
𝜋

)︀ )︃2

⩽

(︂
𝜋(1− 𝑟)

2

)︂2 ∞∑︁
𝑣=0

(𝑣 + 1)2𝑟𝑣. (3.3)

Substituting the identities

∞∑︁
𝑣=0

𝑟𝑣 =
1

1− 𝑟
for |𝑟| < 1, (3.4)

∞∑︁
𝑣=0

𝑣𝑟𝑣 =
𝑟

(1− 𝑟)2
for |𝑟| < 1,

∞∑︁
𝑣=0

𝑣2𝑟𝑣 =
𝑟(1 + 𝑟)

(1− 𝑟)3
for |𝑟| < 1,

into (3.3), we obtain

𝑃 (𝑟, 𝑡) ⩽

(︂
𝜋(1− 𝑟)

2

)︂2(︂
𝑟(1 + 𝑟)

(1− 𝑟)3
+

2𝑟

(1− 𝑟)2
+

1

1− 𝑟

)︂
,

=
𝜋2

4

(︂
𝑟(1 + 𝑟)

1− 𝑟
+ 2𝑟 + (1− 𝑟)

)︂
=
𝜋2(1 + 𝑟)

4(1− 𝑟)
.

(3.5)

Now, by applying (2.2) together with the estimate in (3.5), we obtain

𝐴11 = 𝒪(𝑣(𝑦))
1 + 𝑟

1− 𝑟

1−𝑟∫︁
0

𝑤(𝑡)

𝑣(𝑡)
𝑑𝑡 = 𝒪 (𝑣(𝑦))

𝑤(1− 𝑟)

𝑣(1− 𝑟)
, (3.6)

where the final estimate follows from the assumption that 𝑤(𝑡)/𝑣(𝑡) is a non–decreasing func-
tion.
We seek an alternative upper bound for the kernel 𝑃 (𝑟, 𝑡), as stated in (2.2). By employing

the inequalities 𝜋 sin 𝜃 ⩾ 2𝜃 for 𝜃 ∈ [0, 𝜋/2], and | sin 𝜃| ⩽ 1 for all 𝜃, we derive (use also (3.4))

𝑃 (𝑟, 𝑡) ⩽ (1− 𝑟)2
∞∑︁
𝑣=0

𝑟𝑣
(︁𝜋
𝑡

)︁2
= (1− 𝑟)

𝜋2

𝑡2
. (3.7)



APPROXIMATION BY ABEL — POISSON MEANS IN SEMINORMED SPACES 169

Hence, by Statement (ii) in Lemma 2.2, we find

𝐴12 = 𝒪(𝑣(𝑦))(1− 𝑟)

𝜋∫︁
1−𝑟

𝑤(𝑡)

𝑡2𝑣(𝑡)
𝑑𝑡. (3.8)

Combining relations from (3.2), (3.6), and (3.8), we obtain

𝑃 (𝐴𝑟𝑓( · + 𝑦)− 𝐴𝑟𝑓( · ))
𝑣(𝑦)

= 𝒪

⎛⎝𝑤(1− 𝑟)

𝑣(1− 𝑟)
+ (1− 𝑟)

𝜋∫︁
1−𝑟

𝑤(𝑡)

𝑡2𝑣(𝑡)
𝑑𝑡

⎞⎠ . (3.9)

Furthermore, we aim to establish an upper bound for the quantity 𝑃 (𝐴𝑟𝑓( · )). To this end,
we first apply Lemma 2.1, which yields

𝑃 (𝐴𝑟𝑓(𝑥)) ⩽
1

𝜋

𝜋∫︁
0

𝑃 (𝜙𝑥(𝑡))𝑃 (𝑟, 𝑡) 𝑑𝑡,

and subsequently invoke Lemma 2.2 (i) to obtain

𝑃 (𝐴𝑟𝑓(𝑥)) =𝒪(1)

𝜋∫︁
0

𝜔(𝑡)𝑃 (𝑟, 𝑡) 𝑑𝑡

=𝒪(1)

(︃ 1−𝑟∫︁
0

𝜔(𝑡)𝑃 (𝑟, 𝑡) 𝑑𝑡

⏟  ⏞  
=:𝐴21

+

𝜋∫︁
1−𝑟

𝜔(𝑡)𝑃 (𝑟, 𝑡) 𝑑𝑡

⏟  ⏞  
=:𝐴22

)︃
.

(3.10)

Since 𝜔(𝑡) is non-decreasing, the estimate in relation (3.5) implies

𝐴21 = 𝒪(𝜔(1− 𝑟))

1−𝑟∫︁
0

1 + 𝑟

1− 𝑟
𝑑𝑡 = 𝒪 (𝑣(𝜋))

𝜔(1− 𝑟)

𝑣(1− 𝑟)
. (3.11)

To handle 𝐴22, we proceed as follows: the estimate given in relation (3.7) implies that

𝐴22 = 𝒪(𝑣(𝜋))(1− 𝑟)

𝜋∫︁
1−𝑟

𝜔(𝑡)

𝑡2𝑣(𝑡)
𝑑𝑡. (3.12)

By collecting relations from (3.10), (3.11), and (3.12), we obtain

𝑃 (𝐴𝑟𝑓(𝑥)) = 𝒪

⎛⎝𝑤(1− 𝑟)

𝑣(1− 𝑟)
+ (1− 𝑟)

𝜋∫︁
1−𝑟

𝑤(𝑡)

𝑡2𝑣(𝑡)
𝑑𝑡

⎞⎠ . (3.13)

Finally, relations in (3.9) and (3.13) imply

𝑃 (𝐴𝑟𝑓( · ))(𝑣) = 𝑃 (𝐴𝑟𝑓( · )) + sup
𝑡̸=0

𝑃 (𝐴𝑟𝑓( · + 𝑦)− 𝐴𝑟𝑓( · ))
𝑣(𝑡)

= 𝒪

⎛⎝𝑤(1− 𝑟)

𝑣(1− 𝑟)
+ (1− 𝑟)

𝜋∫︁
1−𝑟

𝑤(𝑡)

𝑡2𝑣(𝑡)
𝑑𝑡

⎞⎠ .

The proof is complet.
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We proceed by making some useful observations. Note that the first term in (3.1) is bounded
from above, up to a positive constant factor, by

(1− 𝑟)

𝜋∫︁
1−𝑟

𝑤(𝑡)

𝑡2𝑣(𝑡)
𝑑𝑡.

Indeed, since the function 𝑤(𝑡)
𝑣(𝑡)

is non–decreasing and 𝑟 ∈ (0, 1), it follows that

𝜋∫︁
1−𝑟

𝑤(𝑡)

𝑡2𝑣(𝑡)
𝑑𝑡 ⩾

𝑤(1− 𝑟)

𝑣(1− 𝑟)

𝜋∫︁
1−𝑟

𝑡−2 𝑑𝑡 =
𝑤(1− 𝑟)

𝑣(1− 𝑟)

(︂
1

1− 𝑟
− 1

𝜋

)︂

=
𝑤(1− 𝑟)

(1− 𝑟)𝑣(1− 𝑟)

(︂
1− 1− 𝑟

𝜋

)︂
⩾ 𝐶

𝑤(1− 𝑟)

(1− 𝑟)𝑣(1− 𝑟)
,

where 𝐶 := 1− 𝜋−1 (corresponding to the case 𝑟 = 0).
This leads us to the following result.

Corollary 3.1. Assume that the assumptions of Theorem 3.1 are satisfied. Then

𝑃 (𝑓𝑟( · )− 𝑓( · ))(𝑣) = 𝒪

⎛⎝(1− 𝑟)

𝜋∫︁
1−𝑟

𝑤(𝑡)

𝑡2𝑣(𝑡)
𝑑𝑡

⎞⎠ .

If, in addition, 𝑤(𝑡)
𝑡𝑣(𝑡)

is a non–increasing function, then

𝜋∫︁
1−𝑟

𝑤(𝑡) 𝑑𝑡

𝑡2𝑣(𝑡)
⩽

𝑤(1− 𝑟)

(1− 𝑟)𝑣(1− 𝑟)
ln

(︂
𝜋

1− 𝑟

)︂
.

Thus, we obtain the following.

Corollary 3.2. Assume that all the conditions in Theorem 3.1 are satisfied. If, in addition,
𝑤(𝑡)
𝑡𝑣(𝑡)

is a non-increasing function, then

𝑃 (𝑓𝑟( · )− 𝑓( · ))(𝑣) = 𝒪
(︂
𝑤(1− 𝑟)

𝑣(1− 𝑟)
ln

(︂
𝜋

1− 𝑟

)︂)︂
.

We consider the specific choices 𝑤(𝑡) = 𝑡𝛼 and 𝑣(𝑡) = 𝑡𝛽, where the parameters 𝛼 and 𝛽
satisfy 0 ⩽ 𝛽 < 𝛼 ⩽ 1. Using these conditions in Corollary 3.2, we deduce that the function

𝑤(𝑡)

𝑣(𝑡)
= 𝑡𝛼−𝛽

is non–decreasing, whereas
𝑤(𝑡)

𝑡𝑣(𝑡)
=

1

𝑡1−𝛼+𝛽

is non–increasing. Consequently, we establish the following corollary.

Corollary 3.3. Assume that all the conditions in Theorem 3.1 are satisfied. If 0 ⩽ 𝛽 < 𝛼 ⩽
1, then

𝑃 (𝑓𝑟( · )− 𝑓( · ))(𝑣) = 𝒪
(︂
(1− 𝑟)𝛼−𝛽 ln

(︂
𝜋

1− 𝑟

)︂)︂
.

In the particular case where 𝛽 = 0 in Corollary 3.3, we obtain the following statement.
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Corollary 3.4. Assume that all the conditions in Theorem 3.1 are satisfied. If 0 < 𝛼 ⩽ 1,
then

𝑃 (𝑓𝑟( · )− 𝑓( · ))(𝑣) = 𝒪
(︂
(1− 𝑟)𝛼 ln

(︂
𝜋

1− 𝑟

)︂)︂
.

Next result deals with determining the degree of approximation by the conjugate Abel —

Poisson means of the conjugate function ̃︀𝑓 , whenever the function 𝑓 itself belongs to 𝐻
(𝑤)
𝑃 . At

this point, we establish the following result.

Theorem 3.2. Let 𝑣 and 𝑤 be functions of the modulus of continuity type, where 𝑤/𝑣 is

an almost non–decreasing function. Assume that 𝑓 ∈ 𝐻
(𝑤)
𝑃 , with the seminorm 𝑃 satisfying

conditions (1.3) and (1.4). Then, for a fixed 𝑟 ∈ (0, 1),

𝑃
(︁ ̃︀𝑓𝑟( · )− ̃︀𝑓( · ))︁(𝑣) = 𝒪

⎛⎝𝑤(1− 𝑟)

𝑣(1− 𝑟)
+ (1− 𝑟)2

𝜋∫︁
1−𝑟

𝑤(𝑡) 𝑑𝑡

𝑡3𝑣(𝑡)

⎞⎠ (3.14)

provided that
1−𝑟∫︁
0

𝑤(𝑡) 𝑑𝑡

𝑡𝑣(𝑡)
= 𝒪

(︂
𝑤(1− 𝑟)

𝑣(1− 𝑟)

)︂
.

Proof. Although the proof is similar (with some important differences) to the proof of Theorem
3.1, we will outline its main steps. In fact, we know that the conjugate Abel — Poisson meañ︀𝑓𝑟(𝑥) of the series in (1.2) can be expressed as [39]

̃︀𝑓𝑟(𝑥) = − 1

𝜋

𝜋∫︁
−𝜋

𝑓(𝑥+ 𝑡)𝑄(𝑟; 𝑡) 𝑑𝑡,

where

𝑄(𝑟; 𝑡) :=
∞∑︁
𝑘=1

𝑟𝑘 sin(𝑘𝑡) =
𝑟 sin 𝑡

1− 2𝑟 cos 𝑡+ 𝑟2
, 0 < 𝑡 < 𝜋.

Since

𝑄(𝑟; 𝑡) =
2𝑟 sin 𝑡

2
cos 𝑡

2

1− 2𝑟 cos 𝑡+ 𝑟2
=

cos 𝑡
2

sin 𝑡
2

2𝑟 sin2 𝑡
2

1− 2𝑟 cos 𝑡+ 𝑟2

=
cos 𝑡

2

2 sin 𝑡
2

2𝑟(1− cos 𝑡)

1− 2𝑟 cos 𝑡+ 𝑟2
=

1

2 tan 𝑡
2

2𝑟 − 2𝑟 cos 𝑡

1− 2𝑟 cos 𝑡+ 𝑟2

=
1

2 tan 𝑡
2

(︂
1− 2𝑟 cos 𝑡+ 𝑟2 − 1 + 2𝑟 − 𝑟2

1− 2𝑟 cos 𝑡+ 𝑟2

)︂
=

1

2 tan 𝑡
2

(︂
1− (1− 𝑟)2

1− 2𝑟 cos 𝑡+ 𝑟2

)︂
=

1

2 tan 𝑡
2

− 1

2 tan 𝑡
2

(1− 𝑟)2

1− 2𝑟 cos 𝑡+ 𝑟2
,

then a simple computation reveals that

̃︀𝐴𝑟𝑓(𝑥) := ̃︀𝑓𝑟(𝑥)− ̃︀𝑓(𝑥) = (1− 𝑟)2

2𝜋

𝜋∫︁
0

𝜓𝑥(𝑡)

(1− 2𝑟 cos 𝑡+ 𝑟2) tan 𝑡
2

𝑑𝑡

considering that 𝑄(𝑟; 𝑡) is odd with respect to 𝑡.
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According to the definition, we are required to provide an upper estimate for the quantity

𝑃
(︁ ̃︀𝐴𝑟𝑓( · )

)︁(𝑣)
= 𝑃

(︁ ̃︀𝐴𝑟𝑓( · )
)︁
+ sup

𝑦 ̸=0

𝑃
(︁ ̃︀𝐴𝑟𝑓( · + 𝑦)− ̃︀𝐴𝑟𝑓( · )

)︁
𝑣(𝑦)

.

We now proceed to estimate the second term on the right–hand side of the above equality.
The use of Lemma 2.1 to

̃︀𝐴𝑟𝑓(𝑥+ 𝑦)− ̃︀𝐴𝑟𝑓(𝑥) =
(1− 𝑟)2

2𝜋

𝜋∫︁
0

𝜓𝑥+𝑦(𝑡)− 𝜓𝑥(𝑡)

(1− 2𝑟 cos 𝑡+ 𝑟2) tan 𝑡
2

𝑑𝑡,

leads to

𝑃
(︁ ̃︀𝐴𝑟𝑓( · + 𝑦)− ̃︀𝐴𝑟𝑓( · )

)︁
⩽

(1− 𝑟)2

2𝜋

𝜋∫︁
0

𝑃 (𝜓 ·+𝑦(𝑡)− 𝜓 · (𝑡))

(1− 2𝑟 cos 𝑡+ 𝑟2) tan 𝑡
2

𝑑𝑡

=
1

𝜋
(1− 𝑟)2

1−𝑟∫︁
0

𝑃 (𝜓 ·+𝑦(𝑡)− 𝜓 · (𝑡))

(1− 2𝑟 cos 𝑡+ 𝑟2)2 tan 𝑡
2

𝑑𝑡

⏟  ⏞  
=:𝐵11

+
1

𝜋
(1− 𝑟)2

𝜋∫︁
1−𝑟

𝑃 (𝜓 ·+𝑦(𝑡)− 𝜓 · (𝑡))

(1− 2𝑟 cos 𝑡+ 𝑟2)2 tan 𝑡
2

𝑑𝑡

⏟  ⏞  
=:𝐵12

.

(3.15)

Statement (ii) in Lemma 2.3 implies

𝐵11 =𝒪 (𝑣 (𝑦)) (1− 𝑟)2
1−𝑟∫︁
0

𝑤(𝑡) 𝑑𝑡

𝑣(𝑡)((1− 𝑟)2 + 4𝑟 sin2 𝑡
2
)𝑡

=𝒪 (𝑣 (𝑦)) (1− 𝑟)2
1−𝑟∫︁
0

𝑤(𝑡) 𝑑𝑡

𝑣(𝑡)(1− 𝑟)2𝑡
= 𝒪

(︂
𝑣 (𝑦)

𝑤(1− 𝑟)

𝑣(1− 𝑟)

)︂
,

(3.16)

taking into account the inequality tan𝑢 ⩽ 𝑢 for 𝑢 ⩾ 0 .
Again, applying Statement (ii) of Lemma 2.3 and using the inequalities 𝜋 sin 𝜃 ⩾ 2𝜃 for

𝜃 ∈ [0, 𝜋/2] and tan 𝜃 ⩾ 𝜃 for 𝜃 ⩾ 0, we arrive at

𝐵12 =𝒪 (𝑣 (𝑦)) (1− 𝑟)2
𝜋∫︁

1−𝑟

𝑤(𝑡) 𝑑𝑡

𝑣(𝑡)((1− 𝑟)2 + 4𝑟 sin2 𝑡
2
)𝑡

=𝒪 (𝑣 (𝑦)) (1− 𝑟)2
𝜋∫︁

1−𝑟

𝑤(𝑡) 𝑑𝑡

𝑡3𝑣(𝑡)
.

(3.17)

By combining relations from (3.15), (3.16), and (3.17), we obtain

𝑃
(︁ ̃︀𝐴𝑟𝑓( · + 𝑦)− ̃︀𝐴𝑟𝑓( · )

)︁
𝑣(𝑦)

= 𝒪

⎛⎝𝑤(1− 𝑟)

𝑣(1− 𝑟)
+ (1− 𝑟)2

𝜋∫︁
1−𝑟

𝑤(𝑡) 𝑑𝑡

𝑡3𝑣(𝑡)

⎞⎠ . (3.18)
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Following a similar argument as above, we also deduce that

𝑃
(︁ ̃︀𝐴𝑟𝑓( · )

)︁
= 𝒪

⎛⎝𝑤(1− 𝑟)

𝑣(1− 𝑟)
+ (1− 𝑟)2

𝜋∫︁
1−𝑟

𝑤(𝑡) 𝑑𝑡

𝑡3𝑣(𝑡)

⎞⎠ . (3.19)

It is clear that relations (3.18) and (3.19) imply relation (3.14). This completes the proof.

We now present several observations and derive some corollaries. Observe that the first term
in (3.14) is bounded above, up to a positive constant factor, by

(1− 𝑟)2
𝜋∫︁

1−𝑟

𝑤(𝑡)

𝑡3𝑣(𝑡)
𝑑𝑡.

Indeed, since the function 𝑤(𝑡)
𝑣(𝑡)

is non–decreasing and 𝑟 ∈ (0, 1), it follows that

𝜋∫︁
1−𝑟

𝑤(𝑡)

𝑡3𝑣(𝑡)
𝑑𝑡 ⩾

𝑤(1− 𝑟)

𝑣(1− 𝑟)

𝜋∫︁
1−𝑟

𝑡−3 𝑑𝑡 =
𝑤(1− 𝑟)

𝑣(1− 𝑟)

(︂
1

2(1− 𝑟)2
− 1

2𝜋2

)︂

=
𝑤(1− 𝑟)

2(1− 𝑟)2𝑣(1− 𝑟)

(︂
1− (1− 𝑟)2

𝜋2

)︂
⩾ 𝐶

𝑤(1− 𝑟)

(1− 𝑟)2𝑣(1− 𝑟)
,

where 𝐶 := 1− 𝜋−2 (corresponding to the case 𝑟 = 0).
Obviously, the following holds true.

Corollary 3.5. Assume that all the conditions of Theorem 3.2 are satisfied. Then,

𝑃
(︁ ̃︀𝑓𝑟( · )− ̃︀𝑓( · ))︁(𝑣) = 𝒪

⎛⎝(1− 𝑟)2
𝜋∫︁

1−𝑟

𝑤(𝑡) 𝑑𝑡

𝑡3𝑣(𝑡)

⎞⎠
provided that

1−𝑟∫︁
0

𝑤(𝑡) 𝑑𝑡

𝑡𝑣(𝑡)
= 𝒪

(︂
𝑤(1− 𝑟)

𝑣(1− 𝑟)

)︂
.

If, moreover, 𝑤(𝑡)
𝑡𝑣(𝑡)

is a non–increasing function, then

𝜋∫︁
1−𝑟

𝑤(𝑡) 𝑑𝑡

𝑡3𝑣(𝑡)
= 𝒪

(︂
𝑤(1− 𝑟)

(1− 𝑟)2𝑣(1− 𝑟)

)︂
.

Hence, we arrive at the following statement.

Corollary 3.6. Assume that all the conditions in Theorem 3.2 are satisfied. If, in addition,
𝑤(𝑡)
𝑡𝑣(𝑡)

is a non–increasing function, then

𝑃
(︁ ̃︀𝑓𝑟( · )− ̃︀𝑓( · ))︁(𝑣) = 𝒪

(︂
𝑤(1− 𝑟)

𝑣(1− 𝑟)

)︂
provided that

1−𝑟∫︁
0

𝑤(𝑡) 𝑑𝑡

𝑡𝑣(𝑡)
= 𝒪

(︂
𝑤(1− 𝑟)

𝑣(1− 𝑟)

)︂
. (3.20)

We now examine the specific choices 𝑤(𝑡) = 𝑡𝛼 and 𝑣(𝑡) = 𝑡𝛽, where the parameters 𝛼 and 𝛽
satisfy 0 ⩽ 𝛽 < 𝛼 ⩽ 1. By applying these conditions, we see that condition (3.20) is satisfied
immediately. Based on these observations, we derive the following corollary.



174 Xh. Z. KRASNIQI

Corollary 3.7. Assume that all the conditions in Theorem 3.2 are satisfied. If 0 ⩽ 𝛽 < 𝛼 ⩽
1, then

𝑃
(︁ ̃︀𝑓𝑟( · )− ̃︀𝑓( · ))︁(𝑣) = 𝒪

(︀
(1− 𝑟)𝛼−𝛽

)︀
.

When 𝛽 = 0, Corollary 3.7 yields the following result.

Corollary 3.8. Assume that all the conditions in Theorem 3.2 are satisfied. If 0 < 𝛼 ⩽ 1,
then

𝑃
(︁ ̃︀𝑓𝑟( · )− ̃︀𝑓( · ))︁(𝑣) = 𝒪 ((1− 𝑟)𝛼) .

Remark 3.1. Note that the degree of approximation in the corollaries of Theorem 3.2 is of
Jackson order, whereas that in the corollaries of Theorem 3.1 is not, due to the presence of the
factor ln

(︀
𝜋

1−𝑟

)︀
. This difference can be attributed to the distinct mathematical properties of the

kernels 𝑃 (𝑟, 𝑡) and 𝑄(𝑟, 𝑡).

4. Conclusion

The problem of determining the degree of approximation in a seminormed space by Abel —
Poisson means of the Fourier series of a periodic function, as well as by the conjugate Abel —
Poisson means of its conjugate function, has been investigated. This study paves the way for
future research on the degree of approximation of such functions using generalized Abel —
Poisson operators.
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generalized Hölder metric // in “Analysis and Applications”, Narosa Publishing House, New
Delhi, 43–60 (2002).
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