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APPROXIMATION BY ABEL — POISSON AND
CONJUGATE ABEL — POISSON MEANS
IN SEMINORMED SPACES

Xh. Z. KRASNIQI

Abstract. In this paper we establish the degree of approximation of a periodic function
by the Abel — Poisson means of its Fourier series in a seminormed space. In addition, the
corresponding problem for the conjugate function, approximated by the conjugate Abel —
Poisson means of the conjugate Fourier series, is considered. Several corollaries of the main
results are derived as special cases.
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1. INTRODUCTION

The Holder class of functions was first studied by Prossdorf [32] and later explored and gener-
alized by Leindler [21], [22], Chandra [1|, Mohapatra and Chandra 28], Singh et al. [33]s3H*[35],
Das et al. [2], [3], Mittal and Rhoades [27], Krasniqi [10]sDH“[12] and [18], [19], Krasniqi and
Szal [14], Lenski et al. [23], Krasniqi et al. [15|8H*[20], Nayak et al. [29], [30], Singh and
Sonker [36], Deger [4], Pradhan et al. [31], and Kim [9]. In most cases, researchers studied
how a 2m-periodic function from these spaces deviates from an approximating polynomial in
the corresponding metrics. For the approximation of conjugate function f in Holder spaces,
relevant studies include those by Mishra and Khatri [8], [26], Landon et al. [25], and Krasniqi
[13]. Among others, notable contributions to this area come from Sunouchi and Watari [37],
Xu [38], Guven [5], [6], and Jafarov [7], who studied approximation in hexagonal domains and
Morrey spaces. However, only a few studies have focused on approximation using Abel — Pois-
son means of Fourier series or their conjugates. Recent results on approximation in seminormed
spaces using specific Fourier means can be found in [20], [23], and [24]. Although numerous
related results are available in [11]-[18], they are not included here to keep the paper focused
and concise.

For an integrable 27-periodic function f(z), by

a
sn(f;x):§0+ ay cos kx + by sin kx
k=1
we denote the n-th partial sums of Fourier series of f at the point z,

flz) ~ %—I-Zakcoskx—kbksinkx, (1.1)
k=1
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where the Fourier coefficients a; and b, are defined by

ay = l/f(m) cos(kz)dx, ke INU{0}, by = %/f(x) sin(kz)dz, k€ NN.

™

—T

The sums
n

Sn(fix) = Z(bk cos kx — ay, sin kx)

k=1
are the n-partial sums of the series

(by, cos kx — ay sin kx), (1.2)

K

B
Il

1

which indeed is the conjugate series of Fourier series (1.1).
If f is integrable functions in the sense of Lebesgue, then it is known that

N - b
Fla) = =57 [ ult) cot 5 dt = lim Flas
0
is well-defined s for almost all = [39], where

flze) = —%/wx(t) cot%dt

with
(x;t) == fx +t) — f(x —1).

Let L® (1 < s < 00) [C] be the class of all 2r-periodic real-valued functions integrable in the
Lebesgue sense with s-th power [continuous| over @ := [—7, 7| and let X* = L* for 1 < s < 00
or X° = (C for s = oo.

We introduce the norms in X* as

1 :
(—/|f(x)]5dx) for 1<s< o0,
2m
Q
sup | f(z)] for s = oc;

zeQ

By Riesz theorem [39], if f € L® for 1 < s < oo, then fe Ls.
As is well-known, the conjugate series of a Fourier series is not necessarily itself a Fourier

/]

xe = 17

xs 1T

e, o]
series. A classical example illustrating this fact is the series > S”llrg kz), which serves as the
k=2
S~ cos(ka)
conjugate series for ) =577 . However, the latter series does not constitute a Fourier series in

k=2
the classical sense [39].

For two positive quantities w; and ws we write w; = O(wy) whenever w; < Kws, where K
denotes a positive constant.

Let £(h) be a function of the modulus of continuity type, that is, the function £(h) is a
positive non-decreasing continuous function on [0, 27| with properties:

(i) £(0) =0,
(11) g(hl + hg) < f<h1> +§(h2) for 0 < hl < hg < hl + hQ < 2.
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The Banach space
HE ={feL’:|f(z+h) = f(@)lls = OE(h)), h>0, s >1},
equipped with the norm

1Sz +h) — f)]]s
§(h)

A1 = [ £1ls + sup
h£0

was previously introduced, for example, in [30].

Very recently, we utilized the Abel — Poisson means f,.(x) of the Fourier series of the function
f and the conjugate Abel — Poisson means f,.(z) of the conjugate series of Fourier series. They
are defined as follows [39]

a - :
fr(x) = ?0 + ;(ak cos kx + by sin ka)r”
and .
fr(z) = Z(bk cos kx — ay, sin kx)r”.
k=1

In [17] we proved the following two theorems.

Theorem 1.1. Let f € H(a,s),s>1,0< <a<1,and0<r <1. Then

(1 —r)> for 0<a<l,

(1—7)(log£&) for a=1,

(1 —r)o? for 0<a<l,

(1—r)t=7~ (1 +(1-7) log!~? &) for a=1.

HfT - fHﬁ,s =0 (1> {

+(9(1){

Theorem 1.2. Let f € H(a,s), s> 1,0< 8 <a<]1,and0<r <1. Then
- - N B8
1fr = Fllgs = Oa (1 =7)%) + Orap (1) (1 =) FFa.

In this research study we are going to consider the seminorms P satisfying, for all f, g €
(XP, P), the following conditions.

1. For each h € R

P(f(-+h)=P((-)) (1.3)
2. If | f (z)| < |g (x)] for every x € [—7, 7|, then
P(f)<P(g). (1.4)

Let w be a function of modulus of continuity type on the interval [0, 2], i.e., a non-decreasing
continuous function such that

W(O) = 0, W((Sl ‘I‘(SQ) < W((Sl) +W(52)

for a110<(51 <52 <(51+52<27T
For f € (X7, P), the seminormed space Hl(pw) is defined as [20]

HE = {f € (X*,P): M(f;w)p < o0}
with
PN = P(f) + M(f;w)p,

L PUC AN
MUIse=s =0y

where
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Hereinafter, the modulus of continuity wf(J)p of f, is defined as

wf(0)p =sup P (f(- +1) = f(+)).
|t|<8
We note that a function w of modulus of continuity type satisfies the inequality @ < 2@

for 0 < n < §. However, we shall focus on functions v and w of modulus of continuity type
where the ratio w/v is almost non—decreasing, meaning that there exists a positive constant C'
such that % < C’% for 0 <o < n.

Motivated by previous studies on approximation, we explore this topic further in seminormed
spaces ng) using the Abel — Poisson means.

At this point, a natural question arises: What is the degree of approximation of a function
from seminormed spaces Hl(gw) by Abel — Poisson means of its Fourier series and their conjugate
series, measured in P (-)®?

From this point onward, we focus on answering the above question specifically for 2m-periodic
functions f (and their conjugate functions f), which constitutes the main objective of this
paper. We assert, based on the available literature, that the results presented in this paper are
novel and have not been published previously. The proofs of our results rely on several key
statements, which are provided in the next section.

2. SOME AUXILIARY LEMMAS

The following lemmas play a critical role in proving our results.

Lemma 2.1 (|23]). Let f € (LP,P) with 1 < p < oo and K € L'. If the seminorm P
satisfies conditions (1.3) and (1.4), then

™

P /f(- O (1) dt </P(f)u<’(t)\ d.
Lemma 2.2 (|20]). Let f € (X?,P), where the seminorm P satisfies condition (1.3). If

v and w be functions of modulus of continuity type such that < is an almost non-decreasing

function, then for f € Lip(w, P) :={f € (X?,P):wf (6)p = 0O (w(0))} we have:
(i) Fort >0,
P(p.(t) =0Q)wf(t)r = O (w(t)),
(ii) Fort,y >0,

Pl ® -0 =0 (0) 23 ).

Arguing similarly to the proof of Lemma 2.2, we establish the following result.

Lemma 2.3. Let f € (X?, P), where the seminorm P satisfies condition (1.3). If v and w
be functions of modulus of continuity type such that % is an almost non-decreasing function,
then for f €Lip(w, P) :={f € (X?,P) :wf (0)p = O (w(0))}:

(i) Fort >0,

P (. (t) = O0Q)wf(t)p = O (w(t)),
(ii) Fort,y >0,
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Proof. (i) It follows from direct computation that
P.@)=PfC+)-fC-t)=PUC+)=F)=SC=0)+f())
<SPUCH)=FCN+PUC =)= F()) S20f(t)p =0 (w@)).
(ii) By applying property (1.3) of the seminorm P and case (i), we deduce
Py @) =1 (1) SP(.yy (1) + P (4. (1)) = P (. (1)) + P (¥. (1) < 4wf(t)p = O (w(t))
and in the same way,
P4y () =9 () = O (w(y)) .

Thus, for ¢,y > 0, we leverage the monotonicity of v and w, as well as the almost monotonicity
of the ratio ¥, to derive:

P -0 ) =0 (20e) =0 (X)) for t<y

v (t) v (t)
and
P ®-v. ) =0 (2ow) =0 (4ew) for s
This completes the proof. O

Undoubtedly, we will use the well-known Abel — Poisson kernel P(r,t) and its conjugate
kernel Q(r,t), 0 < r < 1, which are defined by [39]

r,t) = % + Zr” cos(vt), Q(r,t) = ZT” sin(vt).
v=1 v=1

The following lemma can be proved easily.

Lemma 2.4. Let v be a fized number from (0,1) and 0 < t < w. Then, the following
wdentities are valid:

Pirt) = (1= 3 Sl 2

: (2.1)
— 2sin (1)
00 - (v+1)t 2
sin =+
P(rit)=(1-7)*) (— 2 ) : (2.2)
= sin (5)
Proof. First, we define cos0 := % We employ summation by parts and use the identity
k
sin (k+ 3)t
Z cos jt = ( t2)
o 2 sin (5)

which allows to to express

k k—1 v k
P(r,t) = lim r¥ cos(vt) = lim ( (r* —rvth Z cos jt + " Z cosjt)

k—o0 k—o0 - -
v=0 7=0 j=0
> sin (v+ 2)¢ . sin(v4+13)t
_ Z(rv . Tv—i—l) ( t2) _ (1 _ T) er ( t2) :
o 2sin (5) o 2sin (5)
which proves (2.1). We then apply summation by parts and use the identity

isin(j—i—%)t _ sin@ ’
sin (%) sin (%)

Jj=0
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to derive

P( )—hml— g _UHZSln(j—l— kzsm j—|—
k—o0 " 7“ " sm sm

v=0 j=0 Jj=0
00 s (v+1)t 2
sin ~5=*=
=(1—r rv— ety [ /2
1o ><sm<%>>
o0 (o)t 2
sin =
=(1—1r)? P —2—
RS ( an (4 )
and this completes the proof. O]

In the forthcoming section, we present the principal contributions of the paper.

3. MAIN RESULTS
The initial result is presented below.

Theorem 3.1. Let v and w be functions of the modulus of continuity type, where w/v is

an almost non—decreasing function. Assume that f € HI(;“”), with the seminorm P satisfying

conditions (1.3) and (1./). Then, for a fized r € (0,1),

™

PO =0 =0 (M- [ ). )

1—r

Proof. The Abel — Poisson mean f,.(x) associated with series (1.1) admits the following repre-
sentation [39]:

_ %/f(ert)P(r;t) dt

where P(r;t) is the Abel — Poisson kernel.
According to the property

™

2
— [ P(r,t)dt =1
S UL

0
it follows that

Af@) = 1@) = Ja) =+ [ a0t

where
pa(t) == f(z+1) = 2f(x) + f(z —t).
We aim to derive an upper bound for the quantity

PMJCW”ZPMJH%ﬁgPMJVt&—mﬂq)

Given f € H](Dw), we apply Lemma 2.1 to the identity

™

Acf@ ) = Anf(@) = = [(@ars(®) = oalt) PO 1)

0
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to obtain

PG +9) = Af() <5 [ Plof) = o (0) Pl dt

0 (3.2)

since P(r,t) is positive for all ¢t € (0, 7).
By applying standard trigonometric inequalities 7 sin 6 > 26 for 6 € [0, /2], and |sin 0| < |6
for all 6, by (2.2) we readily obtain

(%S) (v+1)t 2 T . 2 o0
P(rt) < (1—r)*> 1" (ﬁ) < (%) > (w41 (3.3)

v=0 ™ v=0

Substituting the identities

G 1
ZTU:E for |r| <1, (3.4)
v=0
= r
Zvr” = ——— for [r[<1,
— (1—r)
G 1

V27 rid+r) for |r] <1,

(1—r)3

v=0

into (3.3), we obtain

P(r,t) < (W(IQ_ T))Q (ﬁlfr;i 4 3%2 T 1 r) !

(3.5)
_7r_2 r(1+7) ot (1)) = (1 +7)
4 1—r 41—
Now, by applying (2.2) together with the estimate in (3.5), we obtain
1—r
B L+r [w(t) , w(l—r)
An = O [ T8t = 0 () T (3.

0

where the final estimate follows from the assumption that w(t)/v(t) is a non-decreasing func-
tion.

We seek an alternative upper bound for the kernel P(r,t), as stated in (2.2). By employing
the inequalities msin @ > 26 for 6 € [0,7/2], and |sinf| < 1 for all 8, we derive (use also (3.4))

™\ 2 2

P(rt) < (1-r)?3 1 (?) = (1= (3.7)

v=0
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Hence, by Statement (ii) in Lemma 2.2, we find

[ w(t)

A= OL)(1 =) [ it

1—r

Combining relations from (3.2), (3.6), and (3.8), we obtain

™

PASC +0) = ASC) o fwl=r) T wl)
o(y) =l T '/ Zu(t)

1—r

169

(3.8)

(3.9)

Furthermore, we aim to establish an upper bound for the quantity P (A, f(-)). To this end,

we first apply Lemma 2.1, which yields

P(AS@) < 1 [ Plostt)POo) dt,
0
and subsequently invoke Lemma 2.2 (i) to obtain
P(4.1() =0(1) [ w()P(r0)de

0

= (1)(/w(t)P(r,t)dt+/w(t)P(r,t)dt).

0 1—r
o~ N

=:A21 =:Ao9o

Since w(t) is non-decreasing, the estimate in relation (3.5) implies

Aoy = O(w(1 = 1)) / 1 =0 (u(m)) wil =r)

To handle Asy, we proceed as follows: the estimate given in relation (3.7) implies that

T

Agy = O(v(m))(1 =) /

1—r

w(t)
t2v(t)

By collecting relations from (3.10), (3.11), and (3.12), we obtain

T

P(A, f(z)) =0 —“’((11_ )+(1—r)/;2”v(2) dt

1-r
Finally, relations in (3.9) and (3.13) imply

P(Af(- ) = P(Af(-)) +sup

140 v(t)
Cofwi=n ' w(t)
=0\ sy )/r oy &

The proof is complet.

(3.10)

(3.11)

(3.12)

(3.13)
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We proceed by making some useful observations. Note that the first term in (3.1) is bounded
from above, up to a positive constant factor, by

[ w(t)
(1—r) / (1) dt.

1—r

Indeed, since the function % is non—decreasing and r € (0, 1), it follows that

[0 ) [0 (L1

1—r 1—r

w(l —7) L= w(l —r)
(L= r)o(l — 1) (1 77 ) S

where C':= 1 — 7! (corresponding to the case r = 0).
This leads us to the following result.

Corollary 3.1. Assume that the assumptions of Theorem 3.1 are satisfied. Then

™

P(()— () =0 (1—7«)/t%(t)dt

1—r

If, in addition wd) §g 5 non—increasing function, then

(o)
[ < wmaa(5)

1—r

Thus, we obtain the following.

Corollary 3.2. Assume that all the conditions in Theorem 3.1 are satisfied. If, in addition,

t) . . . .
) s g non-increasing function, then

to(t)
P(f,(-)=f(:-)" =0 (fﬁ::)) ln(lir)> |

We consider the specific choices w(t) = t* and v(t) = t°, where the parameters o and 3
satisfy 0 < 8 < a < 1. Using these conditions in Corollary 3.2, we deduce that the function
w(t)

v(t)

— o b

is non—decreasing, whereas
w(t) 1

to(t)  tl-ots

is non—increasing. Consequently, we establish the following corollary.

Corollary 3.3. Assume that all the conditions in Theorem 3.1 are satisfied. If 0 < f < a <
1, then

P50 =0 (1= (7).

1—7r

In the particular case where 8 = 0 in Corollary 3.3, we obtain the following statement.
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Corollary 3.4. Assume that all the conditions in Theorem 3.1 are satisfied. If 0 < o < 1,

then
P(f()=f(:)" =0 ((1—r>“1n (13)) -

Next result deals with determining the degree of approximation by the conjugate Abel —

Poisson means of the conjugate function f whenever the function f itself belongs to Hp () At
this point, we establish the following result.

Theorem 3.2. Let v and w be functions of the modulus of continuity type, where w/v is

an almost non—decreasing function. Assume that f € H](Dw), with the seminorm P satisfying
conditions (1.3) and (1./). Then, for a fized r € (0, 1),

™

P(ﬁ(-)—f(-))(v)zo %—i—(l—rﬁ/%ﬁ—gf (3.14)

v(l —r)

/ w(t) dt w(l—r)
=0(———).
to(t) v(l—r)
0
Proof. Although the proof is similar (with some important differences) to the proof of Theorem
3.1, we will outline its main steps. In fact, we know that the conjugate Abel — Poisson mean

fr(x) of the series in (1.2) can be expressed as [39]

1—r

provided that

rw) =~ [ fa+ QG

where
> rsint
Zrksmkt , O<t<m.
1 —2rcost+ 12
k=1
Since

2rsin £ cos & cos i 2rsin? L

Qrit) = 2 2 _ 72 2

1 —2rcost + r2 sm%1—2rcost—|—r2

_cosy 2r(l—cost) 1 2r — 2rcost
_QSin%1—2r008t+r2_2tan%1—2rcost—|—7‘2
1 1—2rcost+71%2—142r —r2
_Qtan%( 1 —2rcost + 12 )

1 ) (1—17)?
_2tan§ 1 —2rcost+ 12

1 1 (1—7r)?

- 2tan% B Qtan% 1 —2rcost+r?’

then a simple computation reveals that

A= Fo) - o) = U [

27 1 —2rcost+r?)tant
0

considering that Q(r;t) is odd with respect to t.
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According to the definition, we are required to provide an upper estimate for the quantity

» (grf( | ))(v) b <A}f( . )) . ap P (Arf(- 4;(1))— A f(- )) |

We now proceed to estimate the second term on the right-hand side of the above equality.

The use of Lemma 2.1 to

~ ~ _ (1 - T)z /7r ¢x+y(t) B wm(t) dt
( )

A, — A,
Jx+y) /() 27 1 —2rcost+72)tan L

0

leads to

p(ﬁrf(. y) — Af(-) 1_7’2/ P y(t) —v.(2))

1 —2rcost+r?)tan

=1«1_m3/(1”¢+ﬁﬂ—w«w>

1 —2rcost+r?)2tan L

-~

=:B11

2 P 1y(t) =¥ (1))
+;(1_T) /(1—27“cost+7“2)2tan§

Statement (ii) in Lemma 2.3 implies

By, =0 (1-—

H (w( r) /v 1—7’ +47"sm Ot
0
1-

-7

taking into account the inequality tanu < u for u > 0 .

Again, applying Statement (ii) of Lemma 2.3 and using the inequalities wsinf >

0 € [0,7/2] and tanf > 6 for 6 > 0, we arrive at

Ba =0 (0(s)) (1 = |

zowwﬂrwffiﬂf‘

1—r

w(t) dt
v(t)((1 —7)? 4 4rsin® L)t

By combining relations from (3.15), (3.16), and (3.17), we obtain

}%@ﬂﬁw%ﬁﬁm>_ozM—ﬂ+uﬂ¥/w@ﬁ

v(y) -\ d=)

1-r

(3.15)

(3.16)

20 for

(3.17)

(3.18)
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Following a similar argument as above, we also deduce that

™

P@J@U:@ ﬂi%Luqu/%%g . (3.19)

It is clear that relations (3.18) and (3.19) imply relation (3.14). This completes the proof. [

We now present several observations and derive some corollaries. Observe that the first term
in (3.14) is bounded above, up to a positive constant factor, by

(1—70)2/7r wt) g

t3v(t)

1—r

Indeed, since the function % is non—decreasing and r € (0, 1), it follows that

/ w(t) dt}w(l_r)/t_g’dt:w(l_r) 1 1
t3v(t) v(l —r) v(l—r) \2(1—=7)2 272
1-r 1-r
— — )2 —
_ w(l—r) 1 (1—r) > w(l—r) |
2(1 —=r)2v(l =) 2 (I —=r)2v(l—r)
where C':= 1 — 72 (corresponding to the case r = 0).
Obviously, the following holds true.

Corollary 3.5. Assume that all the conditions of Theorem 3.2 are satisfied. Then,

™

- ~ (v) w(t) dt
P(RC)-F0)" =0 a-np [508
1-r
provided that
1—r
/ w(t)dt o w(l—r)
to(t) v(l—r) )"
0
If, moreover, % is a non—increasing function, then
]w@ﬁ_o w1 —7)
tBou(t) (1—r)2w(l-r))
1—r

Hence, we arrive at the following statement.

Corollary 3.6. Assume that all the conditions in Theorem 5.2 are satisfied. If, in addition,

w(t) . . . .
to(@) 18 @ non-increasing function, then

provided that

[ w(t) dt 1
/ wdt o (Wl =) (3.20)
to(t) v(l —7)
0
We now examine the specific choices w(t) = t* and v(t) = t°, where the parameters a and 3

satisfy 0 < § < o < 1. By applying these conditions, we see that condition (3.20) is satisfied
immediately. Based on these observations, we derive the following corollary.
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Corollary 3.7. Assume that all the conditions in Theorem 3.2 are satisfied. If 0 < f < a <
1, then

~ ~ (v) _
P(H)=F() =o(-r7).
When g = 0, Corollary 3.7 yields the following result.

Corollary 3.8. Assume that all the conditions in Theorem 3.2 are satisfied. If 0 < o < 1,
then

P(7C) =) = o-r).

Remark 3.1. Note that the degree of approzimation in the corollaries of Theorem 3.2 is of
Jackson order, whereas that in the corollaries of Theorem 3.1 is not, due to the presence of the
factor In (&) This difference can be attributed to the distinct mathematical properties of the
kernels P(r,t) and Q(r,t).

4. (CONCLUSION

The problem of determining the degree of approximation in a seminormed space by Abel —
Poisson means of the Fourier series of a periodic function, as well as by the conjugate Abel —
Poisson means of its conjugate function, has been investigated. This study paves the way for
future research on the degree of approximation of such functions using generalized Abel —
Poisson operators.
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