
ISSN 2074-1871 Уфимский математический журнал. Том 18 № 4 (2026). С. 152-161.

OPERATOR ESTIMATES FOR WEAKLY NON–LINEAR SIEVE

PROBLEMS WITH MIXED BOUNDARY CONDITIONS:

HOMOGENIZED DIRICHLET CONDITION

D.I. BORISOV

Abstract. We consider a boundary value problem for a weakly nonlinear elliptic equation
in a multi–dimensional domain, which contains a finely perforated surface. The perforation
is arbitrary and non–periodic. We arbitrarily partition each side of surface into two subsets,
on one subsect we impose the Dirichlet condition, the other is subject to a weakly nonlinear
Robin condition. As a particular case, the mentioned partition includes the one consisting of
small pieces, which leads to the frequent alternation of boundary conditions. We formulate
quite weak geometric conditions of the perforation of surface and the partitions of its sides,
under which the homogenization leads to the Dirichlet condition on both sides of the surface.
Our main results are 𝑊 1

2 – and 𝐿2–operator estimates.

Keywords: sieve problem, alternation of boundary conditions, homogenization, operator
estimate.

Mathematics Subject Classification: 35B27, 35B40

1. Introduction

Operator estimates for homogenization problems is a rather new field, which is developed
quite intensively nowadays. In contrast to classical results in the homogenization theory, which
established the convergence of solutions to perturbed problems to ones of homogenized problems
strongly or weakly in appropriate Lebesgue and Sobolev spaces for fixed right hand sides in
equations or boundary conditions, the operators estimates ensure the uniform in right hand
sides convergence. Such operator estimates are much stronger and in fact, this is the best
possible convergence result.
One of wide direction in the homogenization theory aims on studying boundary homogeniza-

tion problems, which involve perturbation concentrated on or near some surfaces of codimension
one or higher. The homogenization usually preserves the equation, but brings some effective
boundary condition on the surface, along which the perturbation is distributed. The type and
form of the boundary condition depends essentially on the structure of the perturbation. As
possible examples we can mention problems with alternating boundary conditions, with a fine
perforation along a given manifold, with fast oscillating boundaries. The operators estimates
for such type of perturbations were developed during last 20 years in series of works, see, for
instance, [4], [10], [11], [12], [13], [14], [15], [5], [6], [3], [7], [8]. The main advantage is that
we succeeded to study the cases of essentially non–periodic perturbations under rather weak
assumptions formulated in geometric terms.
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One more class of problems in the boundary homogenization theory are so–called sieve prob-
lems. The main feature of such problem is the presence of finely perforated manifold inside
the domain, and on this surface one of classical conditions is imposed. There are quite a lot
of classical works, in which such problems were considered and the weak or strong convergence
was established, see, for instance, [2], [16], [17], [18], [23], [24], [1], [22]. The operator estimates
for the Neumann sieve problems were recently established in [20], [21].
In the present paper we consider a boundary value problem in a multi–dimensional domain

with a finely perforated surface for a weakly nonlinear elliptic equation. The perforation is
arbitrary and non–periodic. We arbitrarily partition each side of surface into two subsets, on
one subsect we impose the Dirichlet condition, the other is subject to a weakly nonlinear Robin
condition. As a particular case, the mentioned partition includes the one consisting of small
pieces, which leads to the frequent alternation of boundary conditions. We formulate quite
weak geometric conditions of the perforation of surface and the partitions of its sides, under
which the homogenization leads to the Dirichlet condition on both sides of the surface. Our
main results are 𝑊 1

2 – and 𝐿2–operator estimates.

2. Problem and main results

Let 𝑥 = (𝑥1, . . . , 𝑥𝑛) be Cartesian coordinates in R𝑛, 𝑛 ⩾ 2, and Ω be some bounded or
unbounded domain in R𝑛 with a 𝐶1–boundary. By 𝑆 we denote an oriented manifold of
codimension one with no edge, which is located inside Ω and is separated from 𝜕Ω by a positive
distance. By 𝑆± we denote the sides of 𝑆 and the symbol 𝜈 stands for the unit normal vector
associated with the sides 𝑆±. By 𝜏 we denote the distance to a point measured along the vector
𝜈+, and

Π𝑟 := {𝑥 ∈ Ω : dist(𝑥, 𝑆) < 𝑟}, Π𝑟
± := Π𝑟 ∩ {𝑥 : ±𝜏 > 0}.

We suppose that the surface is regular, namely, we make the following assumption.

(A1). There exists 𝜏0 > 0 and some local variables 𝑠 = (𝑠1, . . . , 𝑠𝑛−1) on 𝑆 such that in Π𝜏0 ⊂ Ω
the variables (𝑠, 𝜏) are well–defined, and all partial derivatives of 𝑥 in (𝑠, 𝜏) and of (𝑠, 𝜏)
in 𝑥 up to the second order are uniformly bounded.

In the domain Ω we define a matrix function A = A(𝑥) of size 𝑛× 𝑛 and an 𝑛–dimensional
vector function B = B(𝑥) as well as two complex–valued functions 𝑉 = 𝑉 (𝑥, 𝑢) on Ω× C and
𝑎± = 𝑎±(𝑥, 𝑢) on 𝑆± × C. We suppose that A ∈ 𝑊 1

∞(Ω), B ∈ 𝐿∞(Ω), the functions 𝑉 and 𝑎±
are measurable, and

ReA(𝑥)𝑧 · 𝑧 ⩾ 𝑐1|𝑧|2, |𝑉 (𝑥, 𝑢1)− 𝑉 (𝑥, 𝑢2)| ⩽ 𝑐2|𝑢1 − 𝑢2|,
|𝑎±(𝑥, 𝑢1)− 𝑎±(𝑥, 𝑢2)| ⩽ 𝑐2|𝑢1 − 𝑢2|, 𝑉 (𝑥, 0) = 0, 𝑎±(𝑥, 0) = 0

(2.1)

where · stands for the scalar product in C𝑛, and 𝑐1, 𝑐2 are some fixed positive constants inde-
pendent of 𝑥 ∈ Ω, 𝑧 = (𝑧1, . . . , 𝑧𝑛) ∈ C𝑛, 𝑢1, 𝑢2 ∈ C.
By 𝜀 we denote a small positive parameter. On the surface 𝑆 we make an arbitrary number

of holes of arbitrary shapes, which can depend on 𝜀, and the remaining part is denoted by a
subset 𝑆𝜀. The sides of 𝑆𝜀 are denoted by 𝑆𝜀

±, and we suppose that for each 𝜀 the edge of 𝑆𝜀 is
𝐶1–smooth manifold in R𝑛 of codimension two. We let Ω𝜀 := Ω ∖ 𝑆𝜀. On both sides 𝑆𝜀

± of 𝑆𝜀

we arbitrarily choose subsets 𝛾𝜀±, which can also depend on 𝜀.
The main object of our study is the following non–linear boundary value problem

(ℋ̂ − 𝜆)𝑢𝜀 = 𝑓 in Ω𝜀,

𝑢𝜀 = 0 on 𝜕Ω ∪ 𝛾𝜀+ ∪ 𝛾𝜀−,
𝜕𝑢𝜀

𝜕𝜈±
− 𝑎±( · , 𝑢𝜀) = 0 on 𝑆𝜀

± ∖ 𝛾𝜀±.
(2.2)
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where 𝜆 ∈ C is a scalar parameter, 𝑓 ∈ 𝐿2(Ω) is an arbitrary function, and

ℋ𝜀𝑢 := − div A∇𝑢+ B𝑡∇𝑢+ 𝑉 ( · , 𝑢), 𝜕

𝜕𝜈±
= 𝜈± · A∇− 1

2
𝜈 · B

The main aim of this work is to study solvability of this problem and behavior of its solution
as 𝜀→ +0 under some appropriate conditions on 𝑆𝜀 and 𝛾𝜀±.

We treat this problem in the generalized sense. Namely, by 𝑊̊ 1
2 (Ω,Υ) we denote the Sobolev

space of functions vanishing on a given surface Υ ⊂ Ω. In 𝐿2(Ω𝜀) we introduce the non–linear
form

h𝜀(𝑢, 𝑣) =(A∇𝑢,∇𝑣)𝐿2(Ω) +
1

2
(B𝑡∇𝑢, 𝑣)𝐿2(Ω) −

1

2

(︀
𝑢, div B𝑣

)︀
𝐿2(Ω)

+
(︀
𝑉 ( · , 𝑢), 𝑣

)︀
𝐿2(Ω)

+
(︀
𝑎+( · , 𝑢), 𝑣

)︀
𝐿2(𝑆𝜀

+∖𝛾𝜀
+)

+
(︀
𝑎−( · , 𝑢), 𝑣

)︀
𝐿2(𝑆𝜀

−∖𝛾𝜀
−)

on the domain D(h𝜀) := 𝑊̊ 1
2 (Ω𝜀, 𝜕Ω ∪ 𝛾𝜀+ ∪ 𝛾𝜀−). A solution to problem (2.2) is a function in

D(h𝜀), which satisfies the integral identity

h𝜀(𝑢, 𝑣)− 𝜆(𝑢, 𝑣)𝐿2(Ω) = (𝑓, 𝑣)𝐿2(Ω) for all 𝑣 ∈ D(h𝜀). (2.3)

We proceed to the conditions on 𝑆𝜀 and 𝛾𝜀±. Let 𝛾 ⊂ R𝑛−1 × {0} be a non–empty bounded
(𝑛− 1)–dimensional domain with 𝐶1–boundary. Then the problem

∆𝜉𝑋𝛾 = 0, 𝜉𝑛 > 0, 𝑋𝛾 = 0, 𝜉 ∈ 𝛾,
𝜕𝑋𝛾

𝜕𝜉𝑛
= 0, 𝜉 ∈ (R𝑛−1 × {0}) ∖ 𝛾, (2.4)

has a unique solution (see, for instance, [3, Lm. 6.1]), which has a differentiable asymptotics

𝑋𝛾(𝑥) = 1 +𝐾𝛾|𝜉|−𝑛+2 +𝑂(|𝜉|−𝑛+1), 𝜉 → ∞, (2.5)

where 𝐾𝛾 is some constant.
Let 𝜂 = 𝜂(𝜀) be a small positive parameter and a positive function, which obeys the conditions

0 < 𝜂(𝜀) < 1, 𝜀𝜂−𝑛+2(𝜀) → 0, 𝜀→ +0. (2.6)

By 𝐵𝑟(𝑦) we denote the open ball in R𝑛 of a radius 𝑟 centered at a point 𝑦.

(A2). There exist countably many points𝑀 𝜀
𝑘,± ⊂ 𝛾𝜀±, 𝑘 ∈ N, and a fixed numbers 𝑅1, 𝑅2, 𝑅3 > 0

independent of 𝜀 and 𝑘 such that

Π𝑅2𝜀
± ∩

⋃︁
𝑘∈N

𝐵𝑅1𝜀(𝑀
𝜀
𝑘,±) = Π𝑅2𝜀

± , |𝑀 𝜀
𝑘,± −𝑀 𝜀

𝑗,±| ⩾ 𝑅3𝜀, 𝑘 ̸= 𝑗. (2.7)

(A3). For each point 𝑀 𝜀
𝑘,± there exists a subset 𝛾𝜀𝑘,± ⊂ 𝛾𝜀± such that 𝑀 𝜀

𝑘,± ∈ 𝛾𝜀𝑘,± ⊂ 𝐵𝜀𝜂(𝑀
𝜀
𝑘,±)

and for the set

𝛾𝜀𝑘,± := {𝜉′ ∈ R𝑛−1 : 𝜉′ = (𝑠(𝑥)− 𝑠(𝑀 𝜀
𝑘,±))𝜀

−1𝜂−1(𝜀), 𝑥 ∈ 𝛾𝜀𝑘,±},

treated as located on R𝑛−1×{0}, in asymptotics (2.5) for the corresponding solution 𝑋𝛾𝜀
𝑘,±

the error term and its first derivatives are uniform in 𝑘 and 𝜀, while the constant 𝐾𝛾𝜀
𝑘,±

satisfies the estimate

0 < 𝑐3 ⩽ |𝐾𝛾𝜀
𝑘,±

| ⩽ 𝑐4, (2.8)

with some fixed positive constants 𝑐𝑖, 𝑖 = 3, 4, independent of 𝜀 and 𝑘.

Under the made assumptions, the homogenized problem for problem (2.2) is that with the
Dirichlet condition on 𝑆 :

(ℋ̂ − 𝜆)𝑢0 = 𝑓 in Ω ∖ 𝑆, 𝑢 = 0 on 𝜕Ω ∪ 𝑆. (2.9)
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This problem is again treated in the generalized sense. The corresponding form h0 in 𝐿2(Ω) on

the domain D(h0) := 𝑊̊ 1
2 (Ω, 𝜕Ω ∪ 𝑆) and the integral identity read

h0(𝑢, 𝑣) = (A∇𝑢,∇𝑣)𝐿2(Ω) +
1

2
(B𝑡∇𝑢, 𝑣)𝐿2(Ω) −

1

2

(︀
𝑢, div𝐵𝑣

)︀
𝐿2(Ω)

+
(︀
𝑉 ( · , 𝑢), 𝑣

)︀
𝐿2(Ω)

, (2.10)

h0(𝑢0, 𝑣)− 𝜆(𝑢0, 𝑣) = (𝑓, 𝑣)𝐿2(Ω). (2.11)

Now we are in position to formulate our main result.

Theorem 2.1. Under Assumption (A1), there exists 𝜆0 independent of 𝜀 such that both
problems (2.2) and (2.9) are uniquely solvable for Re𝜆 ⩽ 𝜆0 for all sufficiently small 𝜀. Under
additional assumptions (A2), (A3) and condition (2.6) the operator estimate holds

‖𝑢𝜀 − 𝑢0‖𝐿2(Ω)→𝑊 1
2 (Ω) ⩽ 𝐶𝜀

1
2𝜂−

𝑛
2
+1(𝜀)‖𝑓‖𝐿2(Ω), (2.12)

where 𝐶 is a constant independent of 𝜀 and 𝑓. If, in addition,

B ∈ 𝑊 1
∞(Ω), (2.13)

then the operator estimate holds

‖𝑢𝜀 − 𝑢0‖𝐿2(Ω)→𝐿2(Ω) ⩽ 𝐶𝜀𝜂−𝑛+2(𝜀)‖𝑓‖𝐿2(Ω) (2.14)

with a constant 𝐶 independent of 𝜀 and 𝑓.

Let us briefly discuss the main features of our problem and main result. Our domain Ω𝜀

contains the perforated surface 𝑆𝜀, and the perforation can be chosen quite arbitrarily and
essentially non–periodic. The surface 𝑆𝜀 is considered as two–sided and the boundary conditions
are imposed on both sides independently. Each side of the surface 𝑆𝜀 is partitioned into two
subsets, on one of them the Dirichlet condition is imposed, the other is subject to the weakly
non–linear Robin condition, see (2.2). These are the main features of the perturbation we
consider. In earlier works on homogenization of sieve problems the boundary condition was
of the same type on both sides of the surface, the alternation of boundary conditions was not
considered and in most part of works the perforation was periodic or locally–periodic. This is
why our setting is new and in such generality it was not considered before. One more feature is
that we consider the weakly nonlinear problem, the nonlinearity is involved both in the equation
and boundary conditions, while the most part of earlier problems were for linear operators.
It should also be said that we consider the case, when the homogenization leads to the

Dirichlet condition on the surface 𝑆. Such case is due to Assumptions (A2), (A3) and conver-
gence (2.6). The most important here are Assumption (A2) and convergence (2.6), exactly these
conditions ensure the Dirichlet condition. Once we omit at least one of these conditions, the
homogenized problem changes. Assumption (A3) means that the sets 𝛾𝜀± are regular enough.
Our main results are two operator estimates (2.12) and (2.14). They state the uniform in

the right hand 𝑓 convergence of solution of the perturbed problem to that of the homogenized
problem. In (2.12) we estimate the difference 𝑢𝜀 − 𝑢0 in 𝑊 1

2 (Ω)–norm, while in (2.14) this is
done in 𝐿2(Ω)–norm. Since the second norm is weaker, the convergence rate in (2.14) is twice
higher than in (2.12). Such estimates are best possible in the sense that they are uniform in
𝐿2(Ω)–norm of the right hand side 𝑓 ; in most classical results in the homogenization theory
the convergence usually established for each fixed 𝑓 , and the constants in the estimates for the
convergence rates just depend somehow on 𝑓. For the linear problems estimates (2.12), (2.14)
imply the norm resolvent convergence with the corresponding estimates for the convergence
rates. Despite our problem is very general and the perturbation is essential non–periodic, we
succeeded to prove such best possible estimates and this is the main advantage of our main
result.
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3. Solvability and convergence

The proof of solvability follows quite standard scheme based on Browder — Minti theory. In
our case such proof almost literally reproduces the proofs of Lemma 5.1 in [4] and of Lemma 2.1
in [7] and this is why we do not dwell on it. We also mention that within this proof, the estimates
can be established

Re(h𝜀(𝑢, 𝑢− 𝑣)− h𝜀(𝑣, 𝑢− 𝑣)− 𝜆‖𝑢− 𝑣‖𝐿2(Ω) ⩾ 𝐶‖𝑢− 𝑣‖2𝑊 1
2 (Ω), 𝑢, 𝑣 ∈ D(h𝜀),

‖𝑢0‖𝑊 2
2 (Π

𝜏0∖𝑆) ⩽ 𝐶‖𝑓‖𝐿2(Ω),
(3.1)

where 𝐶 is some fixed positive constant independent of 𝑢 and 𝜀. The first estimate also holds
for 𝜀 = 0; then 𝑢, 𝑣 ∈ D(h0).
The proof of operator estimates also follows quite standard scheme originally proposed in [5],

and later it was successfully employed in many other works, see, for instance, [4], [6], [7], [8].
Namely, let 𝑓 ∈ 𝐿2(Ω) be an arbitrary function, Re𝜆 ⩽ 𝜆0, and 𝑢

𝜀 and 𝑢0 are the corresponding
solutions to problems (2.2), (2.9), and 𝜒 = 𝜒(𝑡) be an infinitely differentiable cut–off function,
which equals to one as |𝑡| > 2

3
and vanishes as |𝑡| < 1

3
. We then let

𝜒𝜀(𝑥) := 𝜒

(︂
𝜏

𝑅2𝜀

)︂
in Π𝑅2𝜀, 𝜒𝜀(𝑥) := 1 outside Π𝑅2𝜀.

This function is infinitely differentiable and vanishes identically in Π
𝑅2𝜀
3 . We then let 𝑣𝜀 :=

𝑢𝜀−𝜒𝜀𝑢0 and write integral identities (2.3), (2.9) with 𝑣 = 𝑣𝜀 and 𝑣 = 𝑣𝜀𝜒𝜀, respectively. Then
we take the difference of these identities using the obvious identity

h0(𝑢0, 𝑣𝜀𝜒𝜀) = h0(𝑢0𝜒𝜀, 𝑣𝜀) + 𝐹 𝜀(𝑢0, 𝑣𝜀), (3.2)

𝐹 𝜀(𝑢, 𝑣) := (A∇𝑢, 𝑣∇𝜒𝜀)𝐿2(Π𝑅2𝜀) − (𝑢A∇𝜒𝜀,∇𝑣)𝐿2(Π𝑅2𝜀) (3.3)

− 1

2
(B𝑡𝑢∇𝜒𝜀, 𝑣)𝐿2(Π𝑅2𝜀) + (𝜒𝜀𝑉 ( · , 𝑢)− 𝑉 ( · , 𝜒𝜀𝑢), 𝑣)𝐿2(Π𝑅2𝜀).

This gives

h𝜀(𝑢𝜀, 𝑣𝜀)− h𝜀(𝑢0𝜒𝜀, 𝑣𝜀)− 𝜆‖𝑣𝜀‖2𝐿2(Ω) = (𝑓, (1− 𝜒𝜀)𝑣𝜀)𝐿2(Π𝑅2𝜀) + 𝐹 𝜀(𝑢0, 𝑣𝜀). (3.4)

The next step is to estimate the left hand side of this identity. We first of all mention the
estimates [7, Lm. 2.2]

‖𝑢‖𝐿2(Π𝑅2𝜀) ⩽ 𝐶𝜀
1
2‖𝑢‖𝑊 1

2 (Ω), 𝑢 ∈ 𝑊 1
2 (Ω𝜀), ‖𝑢‖𝐿2(Π𝑅2𝜀) ⩽ 𝐶𝜀

3
2‖𝑢‖𝑊 2

2 (Ω), (3.5)

where 𝐶 are some constants independent of 𝜀 and 𝑢. On the base of these estimates and
the second estimate in (3.1) all terms in 𝐹 𝜀(𝑢0, 𝑣𝜀) except for the first one are estimated by

𝐶𝜀
1
2‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝑊 1

2 (Ω); hereinafter 𝐶 are some constants independent of 𝜀, 𝑓, 𝑢0, 𝑢𝜀, 𝑣𝜀. The
most nontrivial estimate here is that for the first term in 𝐹 𝜀; this term can be immediately
estimated by 𝐶𝜀−

1
2‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝐿2(Π𝑅2𝜀). The required estimate for this term is provided by the

next lemma.

Lemma 3.1. Under Assumptions (A2), (A3) for all 𝑣 ∈ 𝑊 1
2 (Ω

𝜀, 𝜕Ω∪ 𝛾𝜀+ ∪ 𝛾−) the estimate
holds

‖𝑣‖𝐿2(Π𝑅2𝜀) ⩽ 𝐶𝜀𝜂−
𝑛
2
+1(𝜀)‖𝑣‖𝑊 1

2 (Ω),

where 𝐶 is a constant independent of 𝜀 and 𝑣.

We shall prove this crucial lemma in what follows and this is in fact the main con-
tent of our work. Once this lemma holds, the right hand side of (3.4) is estimated by

𝐶𝜀
1
2𝜂−

𝑛
2
+1(𝜀)‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝑊 1

2 (Ω). This immediately gives

‖𝑣𝜀‖𝑊 1
2 (Ω

𝜀) ⩽ 𝐶𝜀
1
2𝜂−

𝑛
2
+1(𝜀)‖𝑓‖𝐿2(Ω). (3.6)
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Then it follows from (3.1), (3.5) that

‖(1− 𝜒𝜀)𝑢0‖𝐿2(Ω𝜀) ⩽ 𝐶𝜀
3
2‖𝑓‖𝐿2(Ω), ‖∇(1− 𝜒𝜀)𝑢0‖𝐿2(Ω𝜀) ⩽ 𝐶𝜀

1
2‖𝑓‖𝐿2(Ω), (3.7)

and this gives estimate (2.12).
The proof of estimate (2.14) follows the scheme used in [7], [8], [10] and based on duality

approach [25], [26]. We consider the boundary value problem(︃
−

𝑛∑︁
𝑖,𝑗=1

𝜕

𝜕𝑥𝑗
𝐴𝑖𝑗

𝜕

𝜕𝑥𝑖
−

𝑛∑︁
𝑗=1

𝜕

𝜕𝑥𝑗
𝐴𝑗 − 𝜆

)︃
𝑤 = 𝑣𝜀 in Ω ∖ 𝑆, 𝑤 = 0 on 𝜕Ω ∪ 𝑆. (3.8)

This problem is a particular case of (2.9) and this is why, without loss of generality, we suppose
that it is solvable for Re𝜆 ⩽ 𝜆0. The estimate similar to the second one in (3.1) holds

‖𝑤‖𝑊 2
2 (Π

𝜏0∖𝑆) ⩽ 𝐶‖𝑣𝜀‖𝐿2(Ω). (3.9)

We write the integral identity for problem (3.8) with the test function 𝜒𝜀𝑣𝜀 and rewrite it using
an identity similar to (3.2). This gives

h𝜀(𝑢𝜀, 𝜒𝜀𝑤)− h𝜀(𝑢0𝜒𝜀, 𝜒𝜀𝑤)− 𝜆(𝑣𝜀, 𝜒𝜀𝑤)𝐿2(Ω) +𝐺𝜀 = (𝜒𝜀𝑣𝜀, 𝑣𝜀)𝐿2(Ω), (3.10)

𝐺𝜀 := (A𝑣𝜀∇𝜒𝜀,∇𝑤)𝐿2(Π𝑅2𝜀) − (A∇𝑣𝜀, 𝑤∇𝜒𝜀)𝐿2(Π𝑅2𝜀) +
1

2
(𝑣𝜀, 𝑤B𝑡∇𝜒𝜀)𝐿2(Π𝑅2𝜀)

− (𝑉 ( · , 𝑢𝜀), 𝜒𝜀𝑤)𝐿2(Π𝑅2𝜀) + (𝑉 ( · , 𝑢𝜀𝜒𝜀), 𝑤)𝐿2(Π𝑅2𝜀).

Then we reproduce the arguing, which led to identity (3.4) but initially use the test functions
𝜒𝜀𝑤 and (𝜒𝜀)2𝑤 in integral identities (2.3), (2.9). This gives the identity similar to (3.4):

h𝜀(𝑢𝜀, 𝑤𝜒𝜀)− h𝜀(𝑢0𝜒𝜀, 𝑤𝜒𝜀)− 𝜆(𝑣𝜀, 𝜒𝜀𝑤)𝐿2(Ω) = (𝑓, (1− 𝜒𝜀)𝜒𝜀𝑤)𝐿2(Π𝑅2𝜀) + 𝐹 𝜀(𝑢0, 𝑤𝜒𝜀).

This identity and (3.10) yields

(𝜒𝜀𝑣𝜀, 𝑣𝜀)𝐿2(Ω) = 𝐺𝜀 + (𝑓, (1− 𝜒𝜀)𝜒𝜀𝑤)𝐿2(Π𝑅2𝜀) + 𝐹 𝜀(𝑢0, 𝑤𝜒𝜀).

Now we estimate all terms in the right hand side by means of (3.5), (3.6), (3.9) and Lemma 3.1
and we obtain

‖𝑣𝜀‖2𝐿2(Ω) =
(︀
(1− 𝜒𝜀)𝑣𝜀, 𝑣𝜀

)︀
𝐿2(Ω)

+ (𝜒𝜀𝑣𝜀, 𝑣𝜀)𝐿2(Ω) ⩽ 𝐶𝜀𝜂−𝑛+2(𝜀)‖𝑣𝜀‖𝐿2(Ω)‖𝑓‖𝐿2(Ω).

This estimate and the second estimate in (3.5) prove (2.14).

4. Proof of Lemma 3.1

In this section we prove Lemma 3.1. We begin with two auxiliary statements; the proof of
first statements reproduces literally the proof of Lemma 4.2 in [4].

Lemma 4.1. We fix 𝑅4 ⩾ 𝑅1. Under Assumption (A2), for each point 𝑥 ∈ 𝑆, the number
of balls 𝐵𝑅4𝜀(𝑀

𝜀
𝑘,±) containing this point is bounded by some constant which is independent of

𝑘 and 𝜀 but depends on 𝑅4.

Lemma 4.2. Under Assumption (A3), for all 𝑟 > 1 the functions 𝑋𝛾𝜀
𝑘,±

satisfy uniform in

𝑘, 𝜀 and 𝑟 estimate

‖𝑋𝛾𝜀
𝑘,±

− 1‖2𝐿2(𝜃𝑟)
⩽ 𝐶κ(𝑟), 𝜃𝑟 := 𝐵𝑟(0) ∩ {𝜉 : 𝜉𝑛 > 0}, κ(𝑟) :=

⎧⎪⎨⎪⎩
𝑟, 𝑛 = 3,

ln 𝑟, 𝑛 = 4,

1, 𝑛 ⩾ 5.
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Proof. To simplify the notations, within the proof we let 𝑋̃ := 𝑋𝛾𝜀
𝑘,±

− 1. Since by Assump-

tion (A3) asymptotics (2.5) for 𝑋𝛾𝜀
𝑘,±

is uniform in 𝑘 and 𝜀, in view of estimate (2.8) there

exists a fixed 𝑟0 > 1 such that for 𝑟 > 𝑟0 we have

‖𝑋̃‖2𝐿2(𝜃𝑟∖𝜃𝑟0 )
⩽ 𝐶

∫︁
𝜃𝑟∖𝜃𝑟0

|𝜉|−2𝑛+4 𝑑𝑥 ⩽ 𝐶κ(𝑟); (4.1)

here and till the end of the proof by 𝐶 we denote inessential positive constant independent of
𝑟, 𝑘, 𝜀 and 𝜉. Integrating by parts, in view of boundary value problem (2.4) we find

0 =

∫︁
𝜃𝑟

𝑋𝛾𝜀
𝑘,±

∆𝜉𝑋𝛾𝜀
𝑘,±

=

∫︁
𝜕𝜃𝑟∩{𝜉: 𝜉𝑛>0}

𝑋𝛾𝜀
𝑘,±

𝜕

𝜕|𝜉|
𝑋𝛾𝜀

𝑘,±
𝑑𝑠− ‖∇𝜉𝑋𝛾𝜀

𝑘,±
‖2𝐿2(𝜃𝑟)

,

and by (2.5), (2.8) we get

‖∇𝜉𝑋̃‖2𝐿2(𝜃𝑟)
= ‖∇𝜉𝑋𝛾𝜀

𝑘,±
‖2𝐿2(𝜃𝑟)

⩽ 𝐶|𝐾𝛾𝜀
𝑘,±

| ⩽ 𝐶. (4.2)

In the same way we integrate by parts

‖𝑋̃‖2𝐿2(𝜃2𝑟0 )
=

1

2

∫︁
𝜃2𝑟0

𝑋̃2∆𝜉𝜉
2
𝑛 𝑑𝜉 =

∫︁
𝜕𝜃2𝑟0∩{𝜉: 𝜉𝑛>0}

(︂
𝑋̃2 𝜕𝜉

2
𝑛

𝜕|𝜉|
− 𝜉2𝑛𝑋̃

𝜕𝑋̃

𝜕|𝜉|

)︂
𝑑𝑠− ‖𝜉𝑛∇𝜉𝑋̃‖2𝐿2(𝜃2𝑟0 )

.

Hence, in view of (2.5), (2.8), (4.2), the norm ‖𝑋̃‖2𝐿2(𝜃2𝑟0 )
is bounded uniformly in 𝑘 and 𝜀, and

together with (4.1) this completes the proof.

We choose 𝑅4 ⩾ 𝑅1 and denote

𝜔𝜀
𝑘,± :=

{︀
𝑥 : |𝑠− 𝑠(𝑀 𝜀

𝑘,±)|2 + |𝜏 |2 < 𝑅2
4𝜀

2, ±𝜏 > 0
}︀
.

In view of Assumptions (A1), (A2), it is clear that for all sufficiently large 𝑅4 we have

Π𝑅2𝜀
± ⊂

⋃︁
𝑘∈N

𝜔𝜀
𝑘,± =: 𝜔𝜀

±. (4.3)

We let

𝜆𝜀𝑘,± := inf
𝑢∈𝑊̊ 1(𝜔𝜀

𝑘,±,𝛾𝜀
𝑘,±)

‖∇𝑢‖2𝐿2(𝜔𝜀
𝑘,±)

‖𝑢‖2𝐿2(𝜔𝜀
𝑘,±)

, 𝜆𝜀± := inf
𝑘∈N

𝜆𝜀𝑘,±,Γ
𝜀
± :=

⋃︁
𝑘∈N

𝛾𝜀𝑘,±.

In view of Lemma 4.1 and embedding (4.3), for all 𝑢 ∈ 𝑊̊ 1
2 (𝜔

𝜀
±,Γ

𝜀
±) we have

‖𝑢‖2𝐿2(𝜔𝜀
±) ⩽

∑︁
𝑘∈N

‖𝑢‖2𝐿2(𝜔𝜀
𝑘,±) ⩽

1

𝜆𝜀±

∑︁
𝑘∈N

‖∇𝑢‖2𝐿2(𝜔𝜀
𝑘,±) ⩽

𝐶

𝜆𝜀±

∑︁
𝑘∈N

‖∇𝑢‖2𝐿2(𝜔𝜀
𝑘,±), (4.4)

where 𝐶 is some constant independent of 𝜀 and 𝑢. Hence, in order to prove Lemma 3.1, it is
sufficient to find an appropriate lower bound for 𝜆𝜀±, or, equivalently, a lower bound for all 𝜆𝜀𝑘,±
uniformly in 𝑘. We shall show that under Assumptions (A1), (A2), (A3) the needed bound
reads

𝜆𝜀𝑘,± ⩾ 𝐶𝜀−2𝜂𝑛−2(𝜀), (4.5)

where 𝐶 is a fixed positive constant independent of 𝜀, 𝑘. In view of (4.4) such estimate obviously
implies the statement of Lemma 3.1, and this is why in what follows we are going to prove
estimate (4.5).
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In each domain 𝜔𝜀
𝑘,±, we pass to the variables 𝜁 :=

(︀
𝑠(𝑥)− 𝑠(𝑀 𝜀

𝑘,±))𝑅
−1
4 𝜀−1,±𝜏𝑅−1

4 𝜀−1
)︀
. The

image of each domain 𝜔𝜀
𝑘,± in terms of these variables is obviously 𝜔 :=

{︀
𝜁 : |𝜁| < 1, 𝜉𝑛 > 0

}︀
.

Then in view of Assumption (A1) we immediately see that

𝜆𝜀𝑘,± ⩾ 𝐶𝑅−1
4 𝜀−2𝜇𝜀

𝑘,±, 𝜇𝜀
𝑘,± := inf

𝑢∈𝑊̊ 1
2 (𝜔,𝛾

𝜀
𝑘,±)

‖∇𝜁𝑢‖2𝐿2(𝜔)

‖𝑢‖2𝐿2(𝜔)

, (4.6)

where 𝐶 is some fixed positive constant independent of 𝑘 and 𝜀 and 𝛾𝜀𝑘,± := {𝜁 : 𝑅4𝜁 ∈
𝛾𝜀𝑘,±, 𝜁𝑛 = 0}. It is clear that 𝜇𝜀

𝑘,± is the lowest eigenvalue of the negative Laplacian operator

ℋ𝜀
𝑘,± in 𝜔 subject to the Dirichlet condition on 𝛾𝜀𝑘,± and to the Neumann condition on 𝜕𝜔∖𝛾𝜀𝑘,±.
It follows from the embedding 𝛾𝜀𝑘,± ⊂ 𝐵𝜀𝜂(𝑀

𝜀
𝑘,±) and the boundedness of 𝜂 (see (2.6)) that

the set 𝛾𝜀𝑘,± is located inside the ball 𝐵𝐶𝑅−1
4 𝜂(𝜀)(0), where 𝐶 is some constant independent of

𝑅4 and 𝜂(𝜀), and this ball shrinks to the origin as 𝑅4 → +∞. By ℋ we denote the negative
Neumann Laplacian in 𝜔. Literally reproducing the proof Theorem 1.2 in [9], we can establish
that the operator ℋ𝜀

𝑘,± converges to ℋ in the norm resolvent sense as 𝑅4 → +∞ and the
estimate holds

‖(ℋ𝜀
𝑘,± + 1)−1 − (ℋ + 1)−1‖ ⩽ 𝐶𝜌

(︀
𝜂(𝜀)𝑅−1

4

)︀
, (4.7)

where 𝐶 is some fixed constant independent of 𝜂, 𝑅4 and 𝑘, and 𝜌(𝑡) → 0 as 𝑡→ +0. Hence, all
lowest eigenvalues 𝜇𝜀

𝑘,± tend to zero as 𝑅4 → +∞ uniformly in 𝑘 and 𝜀, while other eigenvalues
of ℋ𝜀

𝑘,± are uniformly separated from zero by some fixed positive distance.
In terms of the functions 𝑋𝛾𝜀

𝑘,±
(𝜉) mentioned in Assumption (A3) we introduce the function

Φ(𝜁) :=1 +
(︁
𝑋𝛾𝜀

𝑘,±

(︀
𝑅4𝜂

−1(𝜀)𝜁
)︀
− 1
)︁
𝜒
(︀
𝑅

1
2
4 𝜂

− 1
2 (𝜀)|𝜁|

)︀
+𝐾𝛾𝜀

𝑘,±
𝑅−𝑛+2

4 𝜂𝑛−2(𝜀)
(︀
1− 𝜒

(︀
𝑅

1
2
4 𝜂

− 1
2 (𝜀)|𝜁|

)︀)︀(︂
|𝜁|−𝑛+2 +

𝑛− 2

2
|𝜁|2
)︂
.

(4.8)

It is straightforward to verify that the function Φ satisfies the Dirichlet condition on 𝛾𝜀𝑘,± and

the Neumann condition on 𝜕𝜔 ∖ 𝛾𝜀𝑘,± and belongs to the domain of operator ℋ𝜀
𝑘,±. By direct

calculations we find

(ℋ𝜀
𝑘,± − 𝜇̂)Φ = ℎ := ℎ1 + ℎ2 + ℎ3, 𝜇̂ := −𝑛(𝑛− 2)𝐾𝛾𝜀

𝑘,±
𝑅−𝑛+2

4 𝜂𝑛−2(𝜀),

ℎ1(𝜁) := −𝑛− 2

2
𝐾𝛾𝜀

𝑘,±
𝑅−𝑛+2

4 𝜂𝑛−2(𝜀)∆𝜁𝜒
(︀
𝑅

1
2
4 𝜂

− 1
2 (𝜀)|𝜁|

)︀
|𝜁|2,

ℎ2(𝜁) := −2∇𝜁𝜒
(︀
𝑅

1
2
4 𝜂

− 1
2 (𝜀)|𝜁|

)︀
· ∇𝜁

(︁
𝐾𝛾𝜀

𝑘,±
𝑅−𝑛+2

4 𝜂𝑛−2(𝜀)|𝜁|−𝑛+2 −𝑋𝛾𝜀
𝑘,±

(︀
𝑅4𝜂

−1(𝜀)𝜁
)︀)︀)︁

,

ℎ3(𝜁) := −
(︁
𝐾𝛾𝜀

𝑘,±
𝑅−𝑛+2

4 𝜂𝑛−2(𝜀)|𝜁|−𝑛+2 + 1−𝑋𝛾𝜀
𝑘,±

(︀
𝑅4𝜂

−1(𝜀)𝜁
)︀)︁

∆𝜁

(︀
𝑅

1
2
4 𝜂

− 1
2 (𝜀)|𝜁|

)︀
.

Let us estimate the 𝐿2(𝜔)–norms of function ℎ𝑖.We recall that by Assumption (A3) all constants
𝐾𝛾𝜀

𝑘,±
are bounded from above and below, see (2.8); in further calculations we employ this fact

not mentioning it explicitly.
Using asymptotics (2.5) for 𝑋𝑋𝛾𝜀

𝑘,±
and the fact that it is uniform in 𝑘 and 𝜀, by direct

calculations we verify the estimates

‖ℎ1‖𝐿2(𝜔) ⩽ 𝐶

(︂
𝜂(𝜀)

𝑅4

)︂𝑛−2+𝑛
4

, ‖ℎ2‖𝐿2(𝜔) + ‖ℎ3‖𝐿2(𝜔) ⩽ 𝐶

(︂
𝜂(𝜀)

𝑅4

)︂𝑛−1+𝑛−2
4

. (4.9)

hereinafter by 𝐶 we denote inessential positive constants independent of 𝜀, 𝑅4, 𝜂 and 𝑘. Using
Lemma 4.2, we can estimate the norm ‖Φ− 1‖𝐿2(𝜔) and we obtain

‖Φ− 1‖𝐿2(𝜔) ⩽ 𝐶

(︂
𝜂(𝜀)

𝑅4

)︂ 1
2

, ‖Φ‖𝐿2(Ω) ⩾ 𝐶 > 0. (4.10)
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It follows from (2.8) that |𝜇| ⩽ 𝐶𝑅−𝑛+2
4 𝜂𝑛−2(𝜀). Then, in view of (4.7) and the standard re-

sults on the behavior of resolvents of self–adjoint operators in the vicinity of isolated eigenvalues
[19, Ch. V, Sect. 3.5], we have

Φ = (ℋ𝜀
𝑘,± − 𝜇̂)−1ℎ =

𝜓𝜀
𝑘,±(ℎ, 𝜓

𝜀
𝑘,±)

𝜇𝜀
𝑘,± − 𝜇̂

+ℛ𝜀
𝑘,±ℎ,

where 𝜓𝜀
𝑘,± is the eigenfunction of ℋ𝜀

𝑘,± associated of 𝜇𝜀
𝑘,± normalized in 𝐿2(𝜔), and ℛ𝜀

𝑘,± is the
associated reduced resolvent, which is bounded uniformly in 𝑘 and 𝜀. It follows from the above
representation and (4.9), (4.10) that

0 < 𝐶 ⩽ ‖Φ−ℛ𝜀
𝑘,±ℎ‖ ⩽

𝐶

|𝜇𝜀
𝑘,± − 𝜇̂|

, |𝜇𝜀
𝑘,± − 𝜇̂| ⩽ 𝐶‖ℎ‖𝐿2(𝜔)) ⩽ 𝐶

(︂
𝜂(𝜀)

𝑅4

)︂𝑛−2+𝑛
4

.

In view of the definition of 𝜇̂, we then get

𝜇𝜀
𝑘,± ⩾ 𝐶𝑅−𝑛+2

4 𝜂𝑛−2(𝜀),

provided 𝑅4 is large enough. We choose and fix such sufficiently large 𝑅4 and substitute
then the above estimate into (4.6), which immediately gives (4.5) and completes the proof of
Theorem 2.1.
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