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RECOVERY OPERATOR FOR HAAR WAVELET SPACES

S.Zh. BASSAROV, N.T. TLEUKHANOVA

Abstract. In this paper we present a constructive approximation of a function by using its
values at certain points. We consider the approximation of functions, the their Fourier —
Haar coefficients of which decay rapidly.

We provide a method for calculating the Fourier — Haar coefficients and analyse the
convergence rate of the error. If the function is a Haar polynomial with a degree at most
2™ — 1 (meaning that Hle k; < 2™ where k; is a degree of ith variable), then the method
approximates Fourier — Haar coefficients with the error O(md*12m), where d is the amount
of points used for the approximation. The method is based on a sparse grid with weights
and nodes given explicitly.

We construct a recovery operator based on our method. The recovery operator is a Haar
polynomial with coefficients expressed in terms of the values of function. The recovery
operator is exact for the corresponding Haar polynomial. We analyse the error made by the
recovery operator in the metric of Lo, and obtain an upper bound for the error in terms of
m.

Keywords: multi-dimension, function approximation, Fourier coefficient, Fourier series,
Haar function, Haar system.
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1. INTRODUCTION

Let m=j+21 =0,1,...,281 -1, k € N. Then m > 1. For k = 0 we let j = 0 and
m = 0. We define

j J J+1 0
Ay =N = [zk_l, 2H>, Ay =A% =[0,1).

Let k,l € Z, ={0,1,...}. The following statements are obviously true.
1. If k=1and i # j, then AL NA] = 0.
2. If AL N A} # (), then either AL C A or A} C AL
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Definition 1.1. Let m = j + 281 j=0,1,...,281 -1, k€ N, x € [0,1). The functions

hg(ﬂ?) = 1,
( . .
k=1 2 J 2j+1
27, $€A;:Ak]+1:{F»T)a L)
4 1.1
hin () = hy(z) = LS| - 2j+1 2j+1 j+1
k —22, l’eAm:Ak]:i: 2k ,W ,
0, othwerwise,
are called the Haar functions.
Definition 1.2. Let d € IN. The function
hea(X) = Py omg (@1, -, 2a) = B (21) 2 (22) - ... - B2 (), (1.2)
is called the multivariate (multiple) Haar function, where m; = j;+2%=1 j; =0,1,... 2~k 11,

kiEZ+7 l'iE[O,l),i:l,...,d.

The question on approximating a function by a polynomial goes back to the famous Weier-
strass theorem. After this theorem, the study developed from the univariate case to the multi-
variate case in various function spaces.

In this paper we consider the following problem. Let o > %, 1<g< oo, 1 <7 <00 and

f € HAZ  (see the definition below). We are interesting in an upper bound for the quantity
sup  |[f = Fon(+5 )l 2w

1l ag =1

in terms of m, which is the logarithm of the highest degree involved in the polynomial F,,(x; f),
which will be defined later in (2.2), (2.3).
An interesting property of the spaces H Ay is the embeddings

Be, < HA®, (1.3)
W(;X — HAg,max(q,Q)a (14)

where By, W are Besov and Sobolev spaces with a dominating mixed derivative, 0 < o < 1,
1<qg,7< 00

Embedding (1.3) are due to [9, Thm. 1.52] with A = 0 and B = 1; we note that By =
B2.10,1)? is the restriction of By (R?). Embedding (1.4) is implied by the known embedding
W, — Bqa,rnax(q,Q)' Here d € IN is the dimension. In what follows vectors will be denoted by the
bold font; we also let

1=(1,...,1), 0=(0,...,0), 2k = 2k . 2F) sen(x) = (sgn(wy), ..., sgn(zg)).

The constant ¢ may vary from line to line.

2. MAIN RESULTS

Definition 2.1. Lel a > 0 and 1 < ¢,7 < co. We define a Haar wavelet space HA7 . =
HA? [0,1)" as a set of functions

fGle{f: / |f(x)|dx<oo}

(0,1)4

such that
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S =

1N

S 2s—1_7 q
1_1)pr .
HfHHAq“,T = Z2(a+2 q)k’ Z ( Z |ad q) < 00, (2.1)
k=0 |S|1—k, j=0
seZd+
where
= [ sea

15 the Haar coefficient of the function f
In case of ¢ = 0o or 7 = oo the norm is to be modified in the usual way as for [,.
1
Remark 2.1. In case o = %, 1 <q<ooandt=1wehave HA;, = S,, where S, was

defined by Sobol” [6]. In case o > 0, ¢ = oo = T we have HAS, = Ea+2, where E was
defined by Entacher |2].

The properties of the space HAZ  will be discussed in Section 3.
We define a recovery operator as follows

2r1-11 2rPa =11 d
e ]L Jz

> D > Tp <thpi> 1175 ), (2.2)

[pli<m, J1=0 ja=0 i=1

pezd
ok1+p1_1 2kdtrd —1
T Z Z Z Tz+1) sgn(k;) T1 Ta (2 3)
mp f 2k1+p17"'72kd+pd * N
|k—|—p\1 m, 71=0 rq=0
kezd

Remark 2.2. The recovery operator (2.2), (2.3) with respect to the trigonometric system
was considered in [4].

Remark 2.3. Similar approaches were considered in |7, 3| for functions with moderate
smoothness. In |7, 3| they used rank one lattice rule for calculating the Fourier coefficients
and approzimation of function.

Theorem 2.1. Let m € N, p € Zi, lpli < m, [ converge to its Fourier — Haar series
> amhm(X) uniformly and the series converges absolutely. Then

d
m€Z+
d |(P—1) sgn(p)| [(s—1) sgn(s)|
. . p—1)sgn(p)|q s—1)sgn(s)|q
il —gd =2 = o
Top | F]] 20 ) — o), =2 » o2
i=1 sl
Si/pi
2k+1(§41)—1 (2.4)
r2s— k—p—1
E E Cs k,p,rg
|k+p\1 m, =2k+1j
s =k; +pi,
8a>ka+pa
where

Csk,p,r = | | Tji ki 9si ki pisris
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(N
gsz; isPisTi 27 S; = kl +pZ7 /l/ - ].7 . .. 7d - ]-7

9sa,ka,para = L
1
1, < 2k +1( Z >
b j + 2 )
1
-1 2k +1< ; )
; Ji + 5

In case p; = 0 we assume that 0 < r; <2k —1, Tjik

Tiikiri =

e = Loand gs, i, p, r. TEMain unchanged.

Corollary 2.1. Let f € L1[0,1)%, m € N and

2k-1_1q

-X athﬁ v), = /f Vil (x (2.5)

[kli<m, j=0
kezd

be a Haar polynomial with a degree not exceeding 2™ — 1. Then

F.(x; P,,) = P,(x). (2.6)
Proof. The statement follows from Theorem 2.1 with T}, , (P Hl 1hif) — a), = 0, where
peZi pli<m,j;=01,....227' -1 i=1,....d O
Theorem 2.2. Let
1
a > —, 1 <qg< o0, 1 <7 <00, m € NN,
q
pEZi, Ipli < m, m > d, feHA;,
Then
d (1-1)(d-1)
; 3 my T 1.1
@~ T (f Hhéz> s 2P g, (2.7)
i=1
where ¢ depends on a,q,7,d. If a >0, q=o00=7 and f € HAS, ., then
d max(m — |p|1, 1) el
i - 1 p1
Ty (th;z) A o (2.8
i=1
where ¢ depends on «, q,T,d.
Theorem 2.3. Let
1
a > —, 1<g< oo, 1<7 <00, m € NN, m > d, J e HAZ ..
q K
Then
(2= (d-1)
sup |f = Fous e < e (2.9)
1 llag =1 20075
where ¢ depends on a,q,7,d. If a >0, q=00=7 and [ € HAS, , then
m2d—1
sup | = Fn(5 e S e (2.10)

1fllag, =1
where ¢ depends on «, q,T,d.

Due to (1.3), (1.4) we have the following corollary.
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Corollary 2.2. Let
1 1 11
-<a<l, 1<q,7< o0, m € IN, m > d, j:min<——>.
q q q

Then

m@-Hd-1)

sup [ = Fn(5 Nllie < e (2.11)

115, =1 ola=g)m

m2- -1

sup || = Fa(5 Ol S e——5—, (2.12)

IFlwg =1 (a=g)m

where ¢ depends on o, q,7,d. If0 < a <1, g=o00=r, then

m2d—1

sup  ||f = Fin(5 e < c—50s (2.13)
£l By, o0 =1 2

where ¢ depends on «, q,T,d.

Remark 2.4. The case o > %, 1 < q,7 < oo for Besov By and Sobolev spaces W in the

metric Lo, was considered in |1, 8|, see also the references therein. Estimates (2.11)—(2.13) are
not optimal with respect to m. However, due to a simple structure of F,,(X; f) the recovery
operator might be of interest for the application.

3. HAAR WAVELET SPACE HAY

Lemma 3.1. Let a >0, 1 < ¢q,7 < o0.
1. If ¢ > q1 and 7 < 7, then

(6% (0%
HAy . — HAY .
2. If ag < iy and 1 < q, 19,71 < 00, then
(6% «
HA. — HAY .
3. Ifag— + = a1 — & and ag > oy, then
q0 a1
(0% (0%
HAY — HAJ ..

4. If ag > a1, 1 < 19,11 < 00, then
(HACYO HAM )QT:HA‘X

q,707 q,71 q,7
where 0 < 0 <1, a = (1—0)ag+ fay.

The proof is analogous to the case of approximation spaces A, see, for example, [5].

Lemma 3.2. Assume that o > %7 7,q > 1 (a > 0 for ¢ = 0o = 7). Then the functions

feHAy (f e HAS ) converge uniformly to their Fourier — Haar series and the Fourier —
Haar series converges absolutely.

1
Proof. Lemma 3.1 implies the embedding HAS — HAj, = S;. Due to [6] the functions
f € S, converge uniformly to their Fourier — Haar series and these Fourier — Haar series
converges absolutely. The limiting case a > 0 when ¢ = oo = 7 is implies by [2]. The proof is
complete. O



RECOVERY OPERATOR FOR HAAR WAVELET SPACES 147

4. PROOFS OF THEOREMS 2.1-2.3
Before we proceed to the proofs, we prove the following lemmas.

Lemma 4.1. Let k€ N, sc Z,, j=0,1,...,2°1 —1. Then

2k 1 i .
S 1, s>k, 52— isinteger
w(m (L)) ={b o2k ’ L1
Z sgn( S\ 2k 0, else. (4.1)

r=0

2k 1 . (=1, t= # is integer, s>=k+1,

S sen (M (5)) =0 2 s=kr=2241, (4.2)
= 0, otherwise.

Proof. Let us prove (4.1). Let s < k. Then AJ = supp(h]) has the same amount of points 2~
in the “positive” part of the interval (AZ)" and in the “negative” one (A?)~. Thus,

k

Tz; sgn (h?s (2—Tk>> =0, s<k.

In the case s > k only one point g lies in the support of function hi provided j = 257*~1p.
Thus,

2k—1 .
Z sgn (h{, <%>> =1, s>k, # is integer.
r=0
The proof of (4.2) follows the same lines. The proof is complete. O

Lemma 4.2. Let
k,s€Z,, k<s, i=0,1,...,281 -1, j=0,1,...,2°71 —1, r€[0,1).
Then

2°5 hi(x), k<s, Alc (A,
k—1 . . -
; : —22 hl(x), kE<s, AlC(A}) ,
(i) = § 72 1R (84 (4.3
2" sgn (hy(z)), k=s, i=},
0, otherwise.

Proof. The statement is implied immediately by the definition of a Haar function and the

properties of A%. O
Lemma 4.3. Assume that m,d € IN, then for fized d we have
> (m—[sh)™" < cam™, (4.4)
Is|1<m,
SGZi

where cq 1s a constant depended on d.

Proof. We consider

d—1
5 e = Y-t 3= - (1T
|s|1<m, n=0 |s|1=n, n=0 -
seZd seZ4

For fixed d we have
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Therefore,

> tm =t () < e S nlm =

n=0 n=1

The function x(m — z) reaches its maximum at the point x = [m/2]. We thus get

Z (m — ‘S|1)d—l < md—l =+ C2m2d—2 Z _ O(de_l).
n=1

|s|1<m,
d
SEZY

The proof is complete. O
Lemma 4.4. Assume that m,d € N, then for ﬁxed d we have

Z 1< egm?™ (4.5)

[s|1=m,
sGZd

Proof. The inequality is implied by the identity
m+d—1
1= = O(m*™).
> (") - owey
[s[1=m,
SEZi
The proof is complete. O

Proof of Theorem 2.1. Using the uniform convergence of the Fourier series Y amhm(x), the
mGZi

definition Al (z) = 25 sgn(h)(x)) and (4.3), we get

d 2s—1_7
Trnp ( th{,g) Z Z Ty p (H hii h)
=1

sEZd z=0

257P(j+1)-1 4
[(p—1) sgn(p)|1 [(s—1)sgn(s)|y
=9 2 Z 2 2 Z Hcsz',pmz,zz ag (H sgn hzz )

sz, z=25"Pj =1
8i2Di
where .
1, z; < 2P <ji + §>7
Cs;,pijirzi —

1
-1, =22 p’(]ﬁ‘é)-
Ass;=p;,i=1,...,d, we get z; = j; and T, , = 27 IP+ssn(®P)li Thys,

d
. . [(p—1)sgn(p)ly [(s=1) sgn(s)|y
Ji —J — % I S—
T, p<thm> =a,+2 2 > 2 e
=1

seZi,
SiZDi
257P(j+1)—
’ Z Hcsz,plﬂuzz S <H Sgn h’Zl >
z—=25— PJ =1
We consider
d 1 otk 2 ea !
Zi =1 sgn r1sgn z 71
Top <H sgn(hSi)> =om Z (—=1)i=1 Z (—1)ms (k1) gomy (h 1 <2k1+p1>)
=1 ‘k+p|1:m7 r1=0

d
kezZ?



RECOVERY OPERATOR FOR HAAR WAVELET SPACES 149

2kd+Pd —1

> s (h (005

ra=0
Due to Lemma 4.1 the functional is nonzero as
s; > ki + pi, T S Ny = Sq = kq + pa, = sa—ka—pa~ly
But considering |k + p|; = m and 257Pij; < z; < 2%7Pi(5; + 1) — 1 we get

sl =m+1, 2’€@+1],< < 2P (G +1) - 1.
O

This leads us to identity (2.4) and completes the proof.
Proof of Theorem 2.2. Using Theorem 2.1 and the Holder inequality, we get

d A % Lp| 2s-1_1 )
aJ;) —Top (thg;l) ; : Z 23 Z Z < Z |aJp|q>
1=1 z=0

SEb]

Isli=n, |k+p|li=m,
s€Zd  ki<si—pi,
kq<sq—pa—1

Diy Ta = Sq — kqg — pq — 1 we obtain the inequality

n=m+1

By the change of variables r; = s; — k; —

B s —m+d—1
Yo=Y 1<( i >

[k+pli=m, r[1=]s]1—m,
ki <s;—p;, Ti<8;—Di,
kq<sq—pg—1 Tq<84—pa—1

Using again the Holder inequality and the condition a > =, we obtain

1
d (;-3)Iph o0 a -
, 2%a 2 o (m—m+d—1
. i (3—o)nT
Tomp (fl—Ilhi;> C——— ( Z 2 ( g1 > |z: ) [ fllmag. -
1= S{1=n,
Using Lemma 4.4 and lettingn =t +m,t =1,2 , we get
1

n=m+1
sGZ‘i
d d—1
. ) t+d-— T
ap = Tonp <th§;1> )) 20 DI £l
i=1
1

o (Zz(l ( d—1

c X (trd—1\" T
2(q o)tr pd-1 2(q 2Pl .
¥ (Z ( ) Il

, and comparing these two terms

The sums depend only on «, ¢, d, 7, where 7
a1

d—1 [eS)
1 m 1 t+d—1 t+d—1 "
< E: (3 —a)tr 2: d—1

t=1

we get
d a t+d—1 v
3 i 2 —a)tr’ - d—
CL‘:) - vap (fH h;%) 2am <Z 2 ! ) ( — 1 ) t 1>
i=1

This leads us to inequality (2.7).
We rewrite the error in (2.4) as
2k+1(j4+1)-1
23 k—p—1

[(p— 1)sgn(P)|1 o0
2 [(s—1) sgn(s)|y
)ORED DD SEIEE D ekt

|k+pl1=m, s1=ki1+p1 r=2k+1j

ki€Z 1

2 ()P0 #1114

sa=kq+pa+1
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We thus get

2% S - Isly

(01 )| = S IS SR
|k+pl1=m, s1=k1+p1 sq=kq+pq+1 z=0,...,25—1-1
ki€Zy
max(m — [p[1, 1) _eh
S G gam 2 s

where c3 depends on «, ¢, d. The proof is complete. B

Proof of Theorem 2.3. Assume that S,,(x; f) is of the type (2.5). Using Minkowski inequality,
we get

1 = Fn(5 P2 < = S5 Pllpae + 119m (5 f) = Fon(3 f)llLae = 11 + L.

We consider I, and apply Theorem 2.2:

> 5 (b=t (1118) ) 0

|Ph<nl =0
SEZ

Lo

d
T (f Hhé@)
1=1

|p|1<m7
sz
(1-2)(d-1)
m Pl1
<c 1 fllag, Y 2
[pli<m
sGfo_

Due to (4.5) we have

Thus,
2= d-1)

I < ez =1/l mag, -
2& q m )

We consider I; and apply the Holder inequality. This gives

2p-1_1
Ip|
L= f=SmGi Nl = D D abhl( <e Y 2% max |d)
j=0,...,2P—1
[pli>m, j=0 Loo Ipl1>m,
pEZd pEeZ4
iy g =1
Ipl1 1_ m T
Z 272 <Z |a;] |q> < C( Z 2(q 04)|P17') ||f||HA§},T < Ca,dWHfHHA%T'
Ipli>m, Ip|1>m, 2%
pezd pezd

The proof of inequality (2.10) follows the same lines. The proof is complete. O
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