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ON INTEGRABLE REDUCTIONS
OF NONLINEAR EQUATIONS OF
TWO-DIMENSIONAL TODA CHAIN TYPE
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Abstract. We consider nonlinear integrable differential-difference equations with three in-
dependent variables, two of which are continuous and one is discrete. Such equations, called
chains, admit finite—field reductions associated with truncations in the discrete variable. We
present reductions in the form of systems of nonlinear hyperbolic partial differential equa-
tions possessing complete sets of characteristic integrals in both characteristic directions.
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1. INTRODUCTION

Nowadays nonlinear differential-difference equations of two—dimensional Toda chain type is
a well-studied class of equations with three independent variables. Equations of this class
appeared in the 18th century in works by Laplace, which were devoted to the study of linear
hyperbolic differential equations with variable coefficients. Methods for constructing explicit
solutions to the so—called open chains, directly related to the Toda chain, were proposed in the
works by Darboux, Goursat, Moutard, Liouville, and others (see, e.g., survey [1]). Interest in
this topic was revived in the second half of the last century after the discovery of the inverse
scattering method. After works [12], [13] it became clear that integrable equations of Toda chain
type can be used in constructing explicit particular solutions of integrable nonlinear partial
differential equations of the Davey — Stewartson class. The list of integrable models in 3D
of Toda chain type (which seems to be exhaustive) was first obtained by Shabat and Yamilov
in [13] as a result of two-dimensionalization in the framework of the symmetry approach of
integrable chains of dimension 1+1 from the classification list compiled first by Yamilov, see,
e.g., [11]. The problem on constructing characteristic integrals of special finite—field reductions
of integrable chains of Toda type was previously investigated in 2], [6], [8], [9], [11]-

In the present work we discuss a method for constructing complete sets of characteristic
integrals of finite—field reductions by means of the Lax pair. Using this method, we shall
construct complete sets of integrals for systems obtained from the following equations of Toda
chain type

<E1) un,ﬂ,‘y == 6“"+1*2“n+un—1’
<E2> Un7y = un(Un+1 — ’Un)7 /UTL,QB = Uy — Up_1,

(E3) Unay = (€17 — €71 )ty g,
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by imposing special truncation conditions on the discrete variable n. We note that there exist
various methods for constructing characteristic integrals: by means of characteristic algebras
[9], [6], [3], by means of the generalized d’Alembert equation [2], [10], from a Lax pair [8], [11],
on the base of Laplace invariants of the linearized system [1], [7], etc.

2. COMPLETE SETS OF CHARACTERISTIC INTEGRALS
FOR SYSTEM OF HYPERBOLIC DIFFERENTIAL EQUATIONS

We dwell on some basic facts of the theory of equations integrable in the Darboux sense. We
consider a system, which consists of N equations of hyperbolic type

uiyxy:Fi(ul,...,uN,uLx,...,uNmuLy,...,uN7y), ’i:1,2,...,N, (21)

where Fj are analytic functions defined on some domain of the space C3V. Let us recall the
necessary definitions (see, e.g., [3]). A smooth function of the form

I= I(ula"‘7“N7u1,27"'7uN,x7u1,xx7-”7uN,xxa-"7ul,r7"'7uN,r)7

S
where we adopt the notation u;, = ﬁuj’ is called the y-integral of order r of system of
x

equations (2.1) if the following condition holds: D,I = 0, where the derivative with respect to
the variable y is calculated by virtue of system (2.1). In other words, the identity must hold

0 0 0
DHA:E;(mygarﬂéa;%DAFDam@x+-~)I::YI=0.

Integrals in the direction x are introduced in the same way.
A set of y-integrals {I;}*, of orders r; of system of equations (2.1) forms a complete set of
independent y-integrals if the following condition holds

ol ol ol
ou ou T Ou
a[ 1,71 2,1 N,rq
da( "): . . |#0 (2.2)
auivm 8]]\[ 8[]\[ EHN
8u17,‘N 8u27,‘N o 6’uN,,,«N

To determine Darboux integrability of a system of hyperbolic equations, there is an effective
algebraic criterion based on the notion of characteristic Lie algebra introduced in 1980 by
Shabat [9], see also monograph |[3].

Theorem 2.1. System of hyperbolic equations (2.1) admits a complete set of independent
y-integrals if and only if the characteristic Lie algebra over the ring of locally analytic functions
of the variables U, U, Uy, Uy, ... generated by the characteristic operators

)
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3. INTEGRALS OF FINITE-FIELD REDUCTION OF EQUATION E;

We consider the system of equations

__us—2uq
UL,y = € )

_ juz—2uz+ug
U gy — € )

......... (31)

UN 12y = N HINITUN=2

_ —2un+tun_
uN,:):y —e NTUN 1’

obtained from E as a result of imposing the truncation conditions ug = 0 and uy,1 = 0. System
of equations (3.1), called the open chain, was studied by many authors. It was proved in [9] that
the characteristic algebras of system (3.1) has a finite dimension, and this implies immediately
follows that the system admits complete sets of characteristic integrals. The characteristic
integrals were found by means of the generalized d’Alembert equation in [2]. Here we shall use
system (3.1) as a model system for explaining the algorithm for constructing complete sets of
characteristic integrals by means of the Lax pair. The Lax pair for (3.1) is given in the form of
two systems of differential equations determining the dynamics in x

Yox = U1 g% + U1, (3.2)
Vkw = (U120 — Uk o) Vk + Y1, 1<ESN

and the dynamics in y
=0,
Vo (3.3)
Ypy = —eUrim2untuos ] kN,
Let us first construct the y-integrals. In order to do this, by using system (3.2) we derive the
series of relations
P = (Dz - Ul,z)¢07

77Z)2 - (D;r — U2 g + ul,x)(D:v - ul,:v)w(%
wN - (D:r —UN + uNfl,:c) ce (D:c - ul,x)¢0~
By the identities ©y41 = 0 and uy,; = 0 the last identity in system (3.2) reads
YNz + unPn = 0.

Therefore, the function ¢ satisfies the equation By = 0, where the differential operator B is
given by the relation

B = (Dac + UN,JJ)(DQ: — UNx + uN—l,x) T (Dx - ul,x)'
We rewrite the operator B as the polynomial
B=DY" 4y DYy 2 DY 4+ De 4 0.

In view of the first equation in system (3.3), the function 1, satisfies the following pair of
equations
By =0, Dy =0. (3.4)

System (3.4) obviously implies the relation
Dy (yxn-1)D3 "o + Dy(yn—2)Dy "*to + -+ + Dy(1) Datho + Dy(0)th0 = 0,

which holds on an arbitrary solution of Lax equations (3.2), (3.3). Hence, the functions DY 14y,
DN=24y, ..., 1o, generally speaking, are not linearly dependent. This yields that the condition
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Dyv; = 0 holds for all = 0,1,..., N — 1. Using Theorem 2.1, one can show that the functions
Yo, Y1, ---, YN—1 form a complete set of independent characteristic y-integrals of system of
equations (3.1). Integrals in the other direction are sought in the same way.

3.1. Examples. For N = 2 the system reads

— pu2—2u1
{ul,xy € ) (35)

U gy = € 20201,
The Lax pair for (3.5) is given by the equations
Vo.e = W1 2Po + V1,

U1 p = (Uap — Urg) Y1 + Yo, (3.6)
¢2,x = —Uz,a:%
and
Yoy =0,
Pry = —e2, (3.7)

¢2,y — 672u2+u1.
By relations (3.6) we obtain
(Dx + u2,x) (Dx - <u2,x - ul,x)) (Dx - ul,x) wO = 0.

The first equation in system (3.7) implies Dy1)9 = 0. In the expanded form the operator B
reads

3 2 2
B :Da: + (_U2,xx — Ul zz + U2,2U1,p — Uy & — UQ,J:) Dl’
2 2 2
+ _ul,xzm + u2,xxu1,x - ul,:(:ul,:c:(: + u27xu1,m - ulyxulx )

this operator is the required generating function of the integrals. Hence, the functions

2 2

Jl = U2z — Ulzx + U2, zUY oz — ul’g; - u2’$7
2 2

Jo = —UL gz T U2 22Ul e — 2u1,mu1,$m + Ug ULy — Uy U2z

are y-integrals of the system.

4. REDUCTIONS OF POLYNOMIAL TODA EQUATION

We recall that the infinite system of equations
Upy = Up(Vps1 — Un), Upg = Uy — Up_1, N EZ (4.1)
is called the polynomial Toda chain. It has a Lax pair given by the system of linear equations

wn,x = _und)n-‘rla wn,y = _Und]n + ¢n—1- (42)
In what follows we study the Darboux integrability of the system of hyperbolic equations
ULZ/ = ul(Ug — Ul),

U27y = U,Q(Ug — Ug),

(4.3)

UN—-2y = UN72(UN71 - UN72)7
N-2

UN_1y = —UN_1 <2UN71 + Z Uj)

Jj=1
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and

......... (44)
UN-1z = UN-1 — UN-2;,
UN-1z = —UN-1;
obtained from the chain (4.1) as a result of imposing the truncation conditions
ug = 0, uy =0, v +vy+ - +ouy =0. (4.5)

As far as the authors know, such reductions of chain (4.1) have not been discussed before in
the literature. We note that once the conditions

‘I’OZO, \I;N+1:0

are satisfied, linear system (4.2) becomes the Lax pair for system (4.3), (4.4). The dynamics of
the eigenfunctions with respect to the variable x is determined by the system of equations

wm = —u1to,
Yo = —U21s3,
......... (4.6)
YN-_12 = —Uun-_1YN,
YNz =0
while the dynamics in y is determined by the system
1y = —v1thy,
oy = —ate + U1,

YN_1y = —UN_1¥N-1 + UN_2,
N-1

Uy = Z VYN + UN_1.

Jj=1

(4.7)

To find the z-integrals of system (4.3), (4.4), we use equations (4.7), which imply the series of
relations

N-1
1/) -1 = Dy - J 1/1 )
N-1 ( o U) N
N-1
7vDN72 - (Dy + ’UN71><Dy - o= Uj>wN7 (48)
N—1
Y1 = (Dy +02)(Dy +v3) -+ (Dy +ow1) (Dy = D v ),
j=1

By the last relation in (4.8), first equation in system (4.7) yields the identity Biy = 0, where
the operator B reads

B = (Dy+ 01)(Dy + 03)(Dy + v5) -+ (Dy + v 1) (Dy = D v5).
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On the other hand we have ¢, = 0. Therefore, as a result, we arrive at the pair of relations
for the function ¢y:

Byy =0,  Dyihy =0, (4.9)
which obviously imply
D,(B)yn = 0. (4.10)
We rewrite the operator B in expanded form
B=D)Y+yyD) "+ 47D, + .
Then the relation D,(B)iyn = 0 becomes

Dw(’YN)DéVfl(wN) + DI(VN—1>D572(¢N> + 4 Dp(72) Dy(¥n) + Da(m1)bn = 0.

Next we observe that the function 1y is an arbitrary solution to the linear equation By = 0
of order NV, therefore the functions ¥, Dy, ..., Dév_le, generally speaking, are not linearly
dependent. Hence, the coefficients of the linear combination above, namely, the functions
D.(m1), Dz(72), ..., Dz(vn), vanish. In other words, 71, 72, ..., 7n are z-integrals of system
(4.3), (4.4).

We construct the y-integrals of the system (4.3), (4.4) using the relation Ry1; = 0, where
the operator R; reads

1 1 1
D, D,...—D,. (4.11)
UN—1  UN-2 Uy

R, =D,

This relation is a simple consequence of system of equations (4.6). On the other hand, by (4.7)
we have the equation v, = —v;91, which we need to rewrite in a form convenient for solving.
In order to do this, we use the substitutions

Uy = €q27q1, Uy = quitn, ceey UN—1 = €qN7qN71, (412)

and the identities

VL= Gy U2 =Gy, e UN = 4Ny, (4.13)
which relate system (4.3), (4.4) with the following system of hyperbolic equations
s = B _ ) QN = —eIN TN (4.14)

1,2y q2,zy

which is a reduction of the exponential Toda chain (see [13]). It is easy to verify that the
identity holds

(1 + @+ +an)sy =0,

and therefore we have ¢; + ¢2 + -+ + qv = a(x) + b(y), where a(x) and b(y) are arbitrary
functions. To find the functions gy, ¢, ..., qx from the known uy, us, ..., uy one can use the
system of equations

nt+q@t-t+qv=a+b,

g2 — q1 = Inuy,

......... (4.15)
qN-1 — qn—2 = Inuy_o,

gy — qn-—1 = Inuy_4.
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By means of elementary transformations one can find explicit expressions for the required
functions

g1 = (a+b— (N—=1)lnu; — (N —=2)Inuy--- —3Inuy_3 —2Inuy_» —lnuN_l),

Ga = (a+b+lnu1 —(N—=2)lnug---—3lnuy_3—2Inux_o —lnuN_l),

1
qN-1 = N(a+b+lnu1 +2Inug---+ (N —=3)Inuy_3+ (N —2)lnuy_» —lnuN_l),

1
qN = N(ow—b—l—lnul +2Inug -+ (N =3)Inuy_3+ (N —2)Inuy_o + (N — 1)1nuN,1).

In the relations
Ry =0, 1y = —01Yn (4.16)
we pass to the variables ¢; and ¢, by letting ¢y = e~ %¢; and using the identity v; = ¢y, (see

above). As a result we obtain D,¢; = 0, Re % ¢; = 0, where the functions e*? are assumed
to be expressed in terms of u;. Next we transform the operator R; according to the rule

R = e‘“u1u2 Ce uN_lRle_’“.

It is not difficult to verify that the obtained operator

1 1 1
R = eMuguy. . Uy <Dm D,——D, ... —Dx) e
UN-1 UN—2 Uy

can be represented in the form of a polynomial in the operator D,
R= DY+ By DY 4+ BiDy + fo,

where the functions 3; depend only on the variables u;, ug, ..., ux_; and their derivatives with
respect to x. The pair of relations

Dy¢1 =0, Ripr =0
implies immediately that D,(R;)¢; = 0, or in expanded form
Dy(Bn-1)(Dy " 1) + Dy(By—2) (DY "2¢1) + -+ - 4+ Dy(Bo)¢1 = 0.

Due to the fact that the functions DY"1¢,, DN=2¢,, ..., D,é1, ¢, generally speaking, are
linearly independent, all coefficients in the linear expression above are equal to zero. Therefore,
for each j =0,..., N — 1 the function j; is a characteristic y-integral of system (4.3), (4.4).

4.1. Examples. Let us provide illustrative examples.

Example 1. For N = 2 system (4.3), (4.4) reads
Uy, = —2uv, Uy = U. (4.17)
Its Lax pair is given by the equations
V1a = —uiy, V2. =0,
Y1y = —vin, Py = vih2 + 1.

In order to find the z-integrals, we employ the generating function of the integrals
B = (Dy+v)(Dy —v) = D; — v, — v°.

Therefor, the function I = v, 4+ v? is an z-integral of system (4.17).
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To construct the integral in the direction y, we use the operator
Ry = e_qlDIQquDxe_(n = Dg + Qaz — Qix

Passing to the variables w in the expression g 4, + q%x, we obtain

) 1/ upe 302
neect il = =5 (5~ 538)
Hence, the function
 Uge 3 “:25
w22

is a y-integral of system (4.17). We note that system (4.17) is easily reduced to the equation
Ugy + 200, = 0,

found in |7], where its Darboux integrability was proved.

Example 2. For N = 3 system of equations (4.3), (4.4) reads

Uy = Uy (v2 — 1), Uy = —uy (209 + v1), (4.18)
Vg = U1, Vgz = Uy — Uy. (4.19)

’

We represent the operator
B = (D, +v1)(Dy + v2) (D, — v1 — v2)

in the expanded form

B = Dz + (h — 2w, — w*) D, — wy, —ww, — hw,
where w = v; + vy, h = vay + v1v2. After some simplifications we obtain a complete set of
independent integrals for system (4.18), (4.19)

I = 2v1 4y + vy + U% + U% + V19,

Iy = vy yy + Vo + (V1 + V2) (V1 + 209, + V1V2).

The generating function of the y-integrals is the operator

1 1
R =e®uyusD,—D,— D e 9.
U2 Uy

In view of truncation conditions (4.5), by relations (4.12) we find the representations u; = e~ %,
Uy = e~227% which imply

R = @ 0D 22T =2 o~0
Direct calculations show that the operator R can be represented as
R=D?+ J.D, + J,
where the coefficients J;, J, read
Ji = =2Q100 — @ar + Q2P — (e + @)
J2 = —Qlaee + Qaar — Qalics T G o0 + Qoo

at the same time, the conditions D,J; = 0, D,J, = 0 are satisfied. Passing to the initial
variables w1, us by means of the substitution

1 1 Uy
n=-3 In(ugu?), G2 = gln(u:)
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we obtain a complete set of y-integrals of system (4.18), (4.19):

2 2
ul,xx u?,mx 4 ul,r 1 ul,xu2,x 4 u2,m
Jl = + T 9.2 T 9 T 9,20
Uy Usy 3 uy 3 Uiusy 3 uj
2 UL, zxx U2, zax 8 Ui,z U2,z \ Ul,zx U2,z U2z
Ty == —(= -2
3 Uy SUQ 3 Ui 3U2 Ui Uy

3 2 2 3
56 ul,z 4 ul,JJU’Q,x u2,33u17$ 16 U’2,a:

27 w3 9 uduy Qudu; 27 w3

5. CHARACTERISTIC INTEGRALS OF FINITE REDUCTION OF EQUATION Fj

We consider the system of equations

— Uu2—u1
UL gy = UL ,2€ )

— U3 —u2 U2—ul
U2y = U222 (6 —¢€ ) ’

......... )
UN—-12y = UN-1,2 (e“NﬁUN—l _ euN_1fuN_2) ’
UN,zy = _UN,a:euN_uN*17

obtained from F3 by imposing the truncation conditions ug = 400 and uy;; = —oo. The Lax

pair for (5.1) is introduced as two systems of differential equations determining the dynamics
in x:

wk’,x - uk,x (wk - ¢k+1) ) 1 < k < N - 1a (5 2)
wN,a: = uN,waa
and the dynamics in y :

Y =0 (5.3)
Yy =" (P — ), 2< k<N -1

We first construct the y-integrals. We express v, from the first equation in system (5.2):

Ui,z

Then we express 13, using identity (5.2) once again,

1 1
w=(i-20) (- Lo,
U2, U,z
sz:<1— ! Dm)(l— ! Dx>...(1— 1px)¢1.
UN-1,z UN—-2.x Uy x

The last equation in (5.2) implies D, (e *“¥¢y) = 0, and hence, the function ¢); belongs to the
kernel of the operator

1 1 1
B =Dy (1 - DI) (1 - Dz) . (1 - DI) .
UN-1,z UN-22 U,z

By of ¢, = 0 this leads us to the system of relations for 1;:
BQ/Jl - 07 Dywl - 0,

Then
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which implies D,(B)y; = 0 or in the expanded form

Dy(Bn-1)(DY 1) + Dy(Bn-2) (DY 1) + -+ - + Dy(Bo)tb1 = 0.

Since the functions DY =1y, DN=2¢p; ... D,apy, 11, generally speaking, are linearly indepen-
dent, all coefficients in the linear expression above are equal to zero. Therefore, for each
j=0,...,N —1 the function §; is a characteristic y-integral of system (5.1).

5.1. Examples. Let us consider illustrative examples.

Example 1. For N = 2 system (5.1) reads

{ul"ﬂy = e, (5.4)

U2, zy = _u2,xeu27UI~
The Lax pair for (5.4) is given by the equations

¢1,x = U1z (¢1 - ¢2) ) 1/)2,33 = Uz,xlbz,
Pry =0, gy = €27 (Y1 —1hy) .

The relations imply
1
(Dx — u2,x> E— (Dx — ul,x) ?,Dl = O

U,z

)

or

(De = (2 + w2 ) ) (Do = w0) ¥y =0,

ul,x
In expanded form the operator B reads
u
B =D+ (ﬂ + Uy 5 + ul,x> Dy + ug g 2,
ul,m
and it is the generating function for the integrals. Hence, the functions
UL zx

Ji = + U2z + Ut g, Jo = U pU1 ¢
U1,z

are y-integrals of system (5.4). Calculating determinant (2.2), we verify that the integrals are
independent:

L 0
U1,z =1.
U2z Ul
Example 2. For N = 3 system (5.1) reads
UL, zy = ul,x€UQ_U1>
UQ gy = U2z (eu3_u2 — 6“2_1“) , (55)
U3, zy = _u3,zeu3_u2‘

The Lax pair for (5.5) is given by the equations

¢1,x = Ulz (1/11 - %) )
¢2,x = Uz ¢ (sz - QZ]S) s (56)
wS,x = ug,ﬂﬂs,
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and
1y =0,
Yoy = €27 (Y1 — tha), (5.7)
Y3y = €372 (P2 — P3).

These relations yield

Bwl = (Dx - u37x) ( !

u2,:1:

) (Dz — ug2) ( ! ) (D —w1z) Y1 = 0.

ul,z

We write the operator B, which is the generating function of the integrals, in the expanded
form

B:D§;+(7“1+7"2+7”3)D3;+(T2,x+27”1,x+T‘17“2+7"27“3+7‘17“3)Dx

+ T pe T 71272 +T1722 + 73710 + 717273,

where
UL,z UL,z U2,z
T = Ulg, To = + Uz, rg=——+=+ + U3 z-
U,z U, U2,z
Therefore, the functions
2
U1 zzx UL,z UY,zzU2 22 Ul g
Jy=— +2—— + + (U3 + Uzz)
U1,z Uy g UL,z U2 o U1 2
u2,xmu1,x
+ + U,z U2 2 + U2 2 U3 + U2 U3 2
u2,:(:
U1 zx UQ
o =ty g 4 gy + gy + 22 4 D2
Ui,z U2 o

J3 =U3,zU2,2UL 2

are y-integrals for system (5.5). We calculate determinant (2.2) for the obtained integrals:

—1
0 0
ul,x
1 - _
0 - 1.
ul,:r u2,:1:

U3 U2 UL U3z Ul zU g

It is non—zero, therefore, the found functions form a complete set of independent integrals.
Let us construct the integrals in the direction z. In order to do this, we use system (5.3) and
express ¥n_1, ¥Un_a, ..., P71 in terms of Y y:

Uy = (7N Dy + 1) by, w1 = Uy — Un-1,

Un_o = (V2D + 1) (e7“N-1D, + 1) ¢y,

Y1 = (e “'Dy+1) - (e “N 1Dy + 1) Y.
Using the first equation in (5.2), we obtain

Hyy =0,
where
H=D, (e‘“lDy + 1) e (e_wN—lDy + 1) .

On the other hand, by the last equation in system (5.3) we obtain

D, (e ""Vipy) = 0.
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Therefore, the function R = e "Ny satisfies the system of equations
HR=0, D,R=0.

Therefore, in view of the above arguing, the operator H is the generating function of charac-
teristic a-integrals for system (5.1).

Example 3. For N = 2 the system has form (5.4), the Lax pair is given by the equations

¢1,x = Ul (wl - ¢2) ) ¢2,x = Uz,mwz
wl,y = 07 ¢2,y = e (¢1 - 1/)2) )

and we thus obtain
Dy (6—u2+u1Dy + 1) ¢2 — 07 (Da: — UQJ;) 77/12 =0
or
D, (e7™ D, + 1) "¢ =0, D¢ =0, £ =e "“hy.

Then the operator H becomes

D2 + (ugy +u1y + €"27) Dy + (unyy + u1 sy + € “ugy)
and the functions

Jl = U,Zy —+ ULy —+ 6“2_u17 JQ — uQ,yy -+ ULyUQ’y —+ 6”2_U1U2’y

are z-integrals of system (5.4).
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