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METHOD OF ESSENTIAL FUNCTIONS

AND ITS APPLICATION IN THEORY OF

WIENER — HOPF FACTORIZATION
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Abstract. By analogy with the previously introduced notions of indices and essential
polynomials of a finite sequence of matrices, we introduce indices and essential functions
for an infinite sequence of matrix Fourier coefficients of an invertible matrix function, which
belongs to the Wiener matrix algebra. Based on these notions, we propose a new proof
of the existence of the Wiener — Hopf factorization of matrix functions by using only the
methods of functional analysis. This method is applied to finding an explicit solution for
the problem on the canonical factorization of a Laurent matrix polynomial of a special form.
We obtain an effective sufficient criterion for the existence of a canonical factorization of
strictly nonsingular second order matrix functions.
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1. Introduction

The Riemann boundary value problem for a vector is one of the most demanded problems in
the complex analysis. It has numerous applications in the topology (classification of holomor-
phic vector bundles on the Riemann sphere), the operator theory (singular integral operators
with Cauchy kernel, Toeplitz operators, Wiener — Hopf operators), in the analytic theory of
differential equations (the Riemann — Hilbert problem). The Wiener — Hopf technique, based
on the Riemann boundary value problem, is an indispensable working tool in various problems
of mathematical physics and mechanics, namely, in soliton theory [10], in diffraction theory [16],
[17], in elasticity theory [11]. A survey of the current state–of–art of the theory and experience
of applying the Wiener–Hopf technique can be found in [19].
The solving of vector Riemann boundary value problem (homogeneous or inhomogeneous)

reduces to constructing a canonical matrix of the problem, which is equivalent to the following
problem on factorization of matrix functions.
Let Γ be a simple piecewise–smooth closed contour in the complex plane C, which encloses a

domain 𝐷+. We can suppose that 0 ∈ 𝐷+. The complement of 𝐷+∪Γ in the extended complex
plane C = C∪{∞} is denoted by 𝐷−. Let 𝐴(𝑡) be a continuous and invertible matrix function
of order 𝑝 on Γ.
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The left Wiener — Hopf factorization of 𝐴(𝑡) with respect to the contour Γ is the following
representation for 𝐴(𝑡) :

𝐴(𝑡) = 𝐴𝑙
+(𝑡)𝐷

𝑙(𝑡)𝐴𝑙
−(𝑡), 𝑡 ∈ Γ. (1.1)

Here 𝐴𝑙
±(𝑡) are continuous and invertible matrix functions on Γ, which admit analytic

continuation into the domain 𝐷±, and moreover these continuations are invertible there;
𝐷𝑙(𝑡) = diag[𝑡𝜆1 , . . . , 𝑡𝜆𝑝 ]. The integers 𝜆1, . . ., 𝜆𝑝 are called the left partial indices of 𝐴(𝑡).
They are uniquely determined by 𝐴(𝑡). We can assume that the partial indices are taken in
the decreasing order 𝜆1 ⩾ . . . ⩾ 𝜆𝑝. It is clear that 𝜆1 + · · · + 𝜆𝑝 = κ, where κ = ind det𝐴(𝑡)
is the index of the determinant of 𝐴(𝑡).
The right Wiener — Hopf factorization of 𝐴(𝑡) is defined in the same way

𝐴(𝑡) = 𝐴𝑟
−(𝑡)𝐷

𝑟(𝑡)𝐴𝑟
+(𝑡). (1.2)

Here 𝐷𝑟(𝑡) = diag[𝑡𝜌1 , . . . , 𝑡𝜌𝑝 ], 𝜌1 ⩽ . . . ⩽ 𝜌𝑝, are the right partial indices of 𝐴(𝑡). They are also
uniquely determined by 𝐴(𝑡) and they satisfy the identity 𝜌1 + · · ·+ 𝜌𝑝 = κ. The factorization
problem can also be considered on unbounded contours Γ, in particular, on the real line.
In what follows we shall consider only the right Wiener — Hopf factorization. This is related

with the fact that the main method of our investigation is the theory of Toeplitz operators.
Results on the left factorization can be obtained by resorting to transposition or inversion of
the matrix function 𝐴(𝑡).
Not each continuous matrix function 𝐴(𝑡) admits a right (left) factorization with factors

𝐴𝑟
±(𝑡) (𝐴𝑙

±(𝑡)) continuous on the contour. It is known that the factorization problem has a
solution for each invertible matrix function from the algebra 𝐻𝑝×𝑝

𝛼 (Γ), 0 < 𝛼 < 1, of Hölder
matrix functions, and from the matrix Wiener algebra 𝑊 𝑝×𝑝 on the unit circle or on the real
line. Moreover, the factorization factors 𝐴𝑙,𝑟

± (𝑡) also belong to the corresponding algebra.
There are many works, which established the possibility of factorization in these algebras;

we mention the main ones[2], [5]–[7], [9].
All of them are based on similar ideas and their essence is existence theorems. Nowadays,

in contrast to the scalar functions, there are no explicit formulas for the factors 𝐴𝑙,𝑟
± (𝑡) and

partial indices in the general case. And this is the main problem in factorization theory. The
second problem is that the factorization problem for matrix functions is unstable in the general
case. Moreover, the factorization factors 𝐴𝑙,𝑟

± (𝑡) are not determined uniquely. Therefore, a
normalization of factorizations is required, which in the general case is still an open problem.
All this complicates significantly the development of approximate factorization methods.
In this work we propose a new way of proving the factorizability of matrix functions from the

Wiener algebra on the unit circle. The proposed method from complex analysis explicitly uses
only the maximum modulus principle. One can say that factorizability is proved only by means
of functional analysis. Another feature of our approach is that it is an infinite–dimensional
analogue of the method of indices and essential polynomials of a finite sequence of matrices [1],
[13], which was specially developed for the explicit solution of the factorization problem for
matrix polynomials, analytic and meromorphic matrix functions.
Let 𝑎(𝑡) be an invertible matrix function from the matrix Wiener algebra 𝑊 𝑝×𝑝 on the unit

circle and {𝑎𝑛}∞𝑛=−∞, 𝑎𝑛 ∈ C𝑝×𝑝, be the sequence of its matrix Fourier coefficients. In what
follows, when speaking of an infinite sequence of matrices, we shall have in mind precisely this
sequence. It turned out that the proposed method of indices and essential functions for an
infinite sequence is completely equivalent to the method of Wiener — Hopf factorization of
matrix functions. This means that, knowing the indices and essential functions of the sequence
{𝑎𝑛}∞𝑛=−∞, one can construct the right Wiener — Hopf factorization of 𝑎(𝑡) and, conversely,
the right factorization of the matrix function allows one to determine the indices and essential
functions of the corresponding sequence. In particular, this equivalence allows one to study
the structure of kernel of the Toeplitz operator with the matrix symbol 𝑎(𝑡) and to obtain
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inversion formulas or generalized inversion of Toeplitz operators in terms of indices and essential
functions in the same way as it was done in the finite–dimensional case [13]. This indicates
that there exists a unified approach to the study of Toeplitz operators in the finite–dimensional
and infinite–dimensional cases.
We note that the previously known methods for proving factorizability were essentially pure

existence theorems.
The proposed method allows one to obtain an explicit solution of the factorization problem

for one class of Laurent matrix polynomials arising in the theory of factorization of strictly
nonsingular second order matrix functions [12]. In its turn, this explicit solution is used to
obtain an effective condition for the existence of a canonical factorization for strictly nonsingular
matrix functions of a special form.
The work is organized as follows. In Section 2 we provide the necessary information about

Toeplitz operators 𝑇𝑎 and the associated operators 𝑈𝑎. In the next section, by analogy with
the finite–dimensional case, we include these operators into the families of operators {𝑇𝑘}∞𝑘=−∞,
{𝑈𝑘}∞𝑘=−∞ and prove the Noetherian property of the operators belonging to these families. In
the finite–dimensional case this holds immediately. In Section 4 we introduce the notion of
indices and essential functions for the infinite sequence {𝑎𝑛}∞𝑛=−∞. In Section 5 the criterion of
essentiality is proved. As in the finite–dimensional case, this is the cornerstone of the theory.
Then in Section 6 we present a new proof of the factorizability of matrix functions by the method
of indices and essential functions and prove the equivalence of this method with the method
of Wiener — Hopf factorization. In Section 7 this method is used to construct explicitly the
canonical factorization of some Laurent matrix polynomials. We also provide the applications
of obtained factorization.

2. Preliminary information on discrete Wiener — Hopf operators

In foundational work [6], the system of discrete Wiener — Hopf equations was considered in
the entire family 𝐸𝑝×1 of Banach spaces of vector sequences: 𝑙𝑝×1

𝑠 (1 ⩽ 𝑠 ⩽ ∞), 𝑐𝑝×1, 𝑐𝑝×1
0 .

Since our goal is to propose a new method for proving the possibility of factorization of matrix
functions, we shall restrict ourselves to the minimal collection of spaces necessary for this. We
shall use the following notation: Z is the set of integers, Z± is the set of nonnegative/nonpositive
integers, and Z0

± is the set of positive/negative integers.
We introduce the spaces of one–sided vector (column) sequences

𝑙𝑝×1
1 (Z+) =

{︁
𝑥+ = (𝑥0, 𝑥1, 𝑥2, . . .) : 𝑥𝑘 ∈ C𝑝×1,

∞∑︁
𝑘=0

‖𝑥𝑘‖1 < ∞
}︁
,

equipped with the norm ‖𝑥+‖1 :=
∞∑︀
𝑘=0

‖𝑥𝑘‖1, and

𝑙𝑝×1
∞ (Z+) =

{︁
𝑥+ = (𝑥0, 𝑥1, 𝑥2, . . .) : 𝑥𝑘 ∈ C𝑝×1, sup

𝑘⩾0
‖𝑥𝑘‖∞ < ∞

}︁
,

with the norm ‖𝑥+‖∞ := sup
𝑘⩾0

‖𝑥𝑘‖∞. Here ‖ · ‖1, ‖ · ‖∞ are the Hölder norms on C𝑝×1. Any of

the spaces 𝑙𝑝×1
1 (Z+), 𝑙

𝑝×1
∞ (Z+) is denoted by 𝐸𝑝×1(Z+).

We shall also need similar spaces 𝐸1×𝑝(Z−) of one–sided row sequences

𝑙1×𝑝
1 (Z−) =

{︁
𝑓− = (. . . , 𝑓−2, 𝑓−1, 𝑓0) : 𝑓𝑘 ∈ C1×𝑝,

0∑︁
𝑘=−∞

‖𝑓𝑘‖1 < ∞
}︁
,
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with the norm ‖𝑓−‖1 :=
0∑︀

𝑘=−∞
‖𝑓𝑘‖1, and

𝑙1×𝑝
∞ (Z−) =

{︁
𝑓− = (. . . , 𝑓−2, 𝑓−1, 𝑓0) : 𝑓𝑘 ∈ C1×𝑝, sup

𝑘⩽0
‖𝑓𝑘‖∞ < ∞

}︁
,

‖𝑓−‖∞ := sup
𝑘⩽0

‖𝑓𝑘‖∞.

The spaces 𝐸𝑝×1(Z0
−), 𝐸

1×𝑝(Z0
+) and 𝐸𝑝×1(Z), 𝐸1×𝑝(Z) are defined in the same way. In the

last two cases we are dealing with spaces of two–sided sequences. These two spaces admit the
decompositions

𝐸𝑝×1(Z) = 𝐸𝑝×1(Z+)⊕ 𝐸𝑝×1(Z0
−), 𝐸1×𝑝(Z) = 𝐸1×𝑝(Z−)⊕ 𝐸1×𝑝(Z0

+).

The projection from 𝐸𝑝×1(Z) (𝐸1×𝑝(Z)) into 𝐸𝑝×1(Z+) (𝐸1×𝑝(Z−)) parallel to 𝐸𝑝×1(Z0
−)

(𝐸1×𝑝(Z0
+)) is denoted by 𝒫+ (Π−).

We consider an infinite two–sided sequence of matrices

𝑎 = {𝑎𝑗}∞𝑗=−∞, 𝑎𝑗 ∈ C𝑝×𝑝,

belonging to the Banach space 𝑙𝑝×𝑝
1 (Z). The norm in this space is defined as ‖𝑎‖ =

∞∑︀
𝑗=−∞

‖𝑎𝑗‖1,

where ‖ · ‖1 is the maximum column norm on C𝑝×𝑝. In some cases we shall use the maximum
row norm ‖ · ‖∞.
For 𝑎 = {𝑎𝑗}∞𝑗=−∞ ∈ 𝑙𝑝×𝑝

1 (Z) and 𝑥 = {𝑥𝑗}∞𝑗=−∞ ∈ 𝐸𝑝×1(Z) we define the convolution

(𝑎 * 𝑥)𝑖 =
∞∑︁

𝑗=−∞

𝑎𝑖−𝑗𝑥𝑗, 𝑖 ∈ Z,

which is an element of the space 𝐸𝑝×1(Z). The convolution 𝑥 * 𝑎 is defined in the same way,
where 𝑥 ∈ 𝐸1×𝑝(Z).
The set 𝑙𝑝×𝑝

1 (Z) is a Banach algebra, in which the convolution serves as the multiplication.
The sets 𝑙𝑝×𝑝

1 (Z±), 𝑙
𝑝×𝑝
1 (Z0

−) are closed subalgebras of 𝑙𝑝×𝑝
1 (Z) and

𝑙𝑝×𝑝
1 (Z) = 𝑙𝑝×𝑝

1 (Z+)⊕ 𝑙𝑝×𝑝
1 (Z0

−).

A linear bounded operator acting in 𝐸𝑝×1(Z+) by the formula

𝑇𝑎𝑥+ = 𝒫+(𝑎 * 𝑥+),

is called the discrete Wiener — Hopf operator. Besides the operator 𝑇𝑎 we shall also need the
operator 𝑈𝑎, acting in 𝐸1×𝑝(Z−) by the formula

𝑈𝑎𝑓− = Π−(𝑓− * 𝑎),

which we call the operator associated with 𝑇𝑎. In more detail,

(𝑇𝑎𝑥+)𝑖 =
∞∑︁
𝑗=0

𝑎𝑖−𝑗𝑥𝑗, 𝑖 ⩾ 0, (𝑈𝑎𝑓−)𝑖 =
0∑︁

𝑗=−∞

𝑓𝑗𝑎𝑖−𝑗, 𝑖 ⩽ 0.
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If we introduce the infinite block Toeplitz matrix generated by the sequence 𝑎, then the
action of these operators can be visualized as follows:

𝑇𝑎𝑥+ =

⎛⎜⎜⎝
𝑎0 𝑎−1 𝑎−2 · · ·
𝑎1 𝑎0 𝑎−1 · · ·
𝑎2 𝑎1 𝑎0 · · ·
...

...
...

. . .

⎞⎟⎟⎠
⎛⎜⎜⎝
𝑥0

𝑥1

𝑥2
...

⎞⎟⎟⎠ ,

𝑈𝑎𝑓− =
(︀
𝑓0 𝑓−1 𝑓−2 . . .

)︀⎛⎜⎜⎝
𝑎0 𝑎−1 𝑎−2 · · ·
𝑎1 𝑎0 𝑎−1 · · ·
𝑎2 𝑎1 𝑎0 · · ·
...

...
...

. . .

⎞⎟⎟⎠ .

It is not difficult to verify that the dual of 𝑙𝑝×1
1 (Z+)

(︁
𝑙1×𝑝
1 (Z−)

)︁
is isometrically isomorphic

to 𝑙1×𝑝
∞ (Z−)

(︁
𝑙𝑝×1
∞ (Z+)

)︁
. This isomorphism 𝜙 ↦→ 𝑓− is given by the formula

𝜙(𝑥+) =
∞∑︁
𝑘=0

𝑓−𝑘𝑥𝑘.

Identifying these spaces, we obtain the following obvious result.

Proposition 2.1. 1) The adjoint operator to 𝑇𝑎 in 𝑙𝑝×1
1 (Z+) is the operator 𝑈𝑎 acting in

the space 𝑙1×𝑝
∞ (Z−).

2) The adjoint operator to 𝑈𝑎 in 𝑙1×𝑝
1 (Z−) is the operator 𝑇𝑎 acting in 𝑙𝑝×1

∞ (Z+).

In the definition of operator 𝑇𝑎 we assign the generating matrix function 𝑎(𝑡) =
∞∑︀

𝑗=−∞
𝑎𝑗𝑡

𝑗,

|𝑡| = 1 with the two–sided matrix sequence 𝑎 = {𝑎𝑗}∞𝑗=−∞ ∈ 𝑙𝑝×𝑝
1 (Z), and call it the matrix sym-

bol of the operator. The matrix symbol is expanded into a matrix series absolutely convergent
in the norm 𝑙𝑝×𝑝

1 (Z), which is its matrix Fourier series.
The space of Fourier transforms of elements of 𝑙𝑝×𝑝

1 (Z) is denoted by 𝑊 𝑝×𝑝. This space is
equipped with the norm in 𝑙𝑝×𝑝

1 (Z). Under the correspondence 𝑎 ↦→ 𝑎(𝑡) the convolution 𝑎 * 𝑏
passes into the product of matrix functions 𝑎(𝑡) · 𝑏(𝑡). Thus, the convolution Banach algebra
𝑙𝑝×𝑝
1 (Z) becomes isometrically isomorphic to the Banach algebra 𝑊 𝑝×𝑝 of matrix functions.
This algebra is called the matrix Wiener algebra. The norm in 𝑊 𝑝×𝑝 is denoted by ‖ · ‖𝑊 . We
shall also use the notation ‖ · ‖𝑊,1, ‖ · ‖𝑊,∞ once we need to specify which norm is used for the
matrix Fourier coefficients.
Similarly, the Fourier transform of the subalgebras 𝑙𝑝×𝑝

1 (Z±), 𝑙
𝑝×𝑝
1 (Z0

−) generates closed sub-

algebras 𝑊 𝑝×𝑝
± and (𝑊 𝑝×𝑝

− )0, and moreover 𝑊 𝑝×𝑝 is a decomposable matrix algebra:

𝑊 𝑝×𝑝 = 𝑊 𝑝×𝑝
+ ⊕ (𝑊 𝑝×𝑝

− )0.

The projection 𝒫+ generates a projection (still denoted by the same symbol) from 𝑊 𝑝×𝑝 into
𝑊 𝑝×𝑝

+ parallel to (𝑊 𝑝×𝑝
− )0 acting by the formula

𝒫+

(︁ ∞∑︁
𝑗=−∞

𝑎𝑗𝑡
𝑗
)︁
=

∞∑︁
𝑗=0

𝑎𝑗𝑡
𝑗.

If in the definition of discrete Wiener — Hopf operator in the space 𝑙𝑝×1
1 (Z+) we pass from

sequences to their generating functions (Fourier transforms), we obtain the definition of the

Toeplitz operator: 𝑇𝑎𝑥+(𝑡) = 𝒫+

(︁
𝑎(𝑡) · 𝑥+(𝑡)

)︁
, acting in the space 𝑊 𝑝×1

+ . We shall often use

the term “Toeplitz operator” as a synonym for the term “discrete Wiener — Hopf operator”.
Everything said above is extended in the obvious way to the associated operator 𝑈𝑎.
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The groups of invertible elements of the algebras𝑊 𝑝×𝑝,𝑊 𝑝×𝑝
± are denoted by𝐺𝑊 𝑝×𝑝, 𝐺𝑊 𝑝×𝑝

± ,
respectively.
A matrix function 𝑎(𝑡) ∈ 𝑊 𝑝×𝑝 is invertible in this algebra if and only if det 𝑎(𝑡) ̸= 0 on

the unit circle. It is obvious that if 𝑎+(𝑡) ∈ 𝑊 𝑝×𝑝
+ (𝑎−(𝑡) ∈ 𝑊 𝑝×𝑝

− ), then it admits analytic
continuation from the unit circle into the interior (into the exterior) of the unit disk. The
condition 𝑎+(𝑡) ∈ 𝐺𝑊 𝑝×𝑝

+ (𝑎−(𝑡) ∈ 𝐺𝑊 𝑝×𝑝
− ) is equivalent to the inequality det 𝑎±(𝑧) ̸= 0 for

|𝑧| ⩽ 1 (for |𝑧| ⩾ 1). A short proof of these facts can be obtained by means of the theory of
commutative Banach algebras.
The operators 𝑇𝑎, 𝑈𝑎 possess a property critically important for what follows: the mappings

𝑎 ↦→ 𝑇𝑎 and 𝑎 ↦→ 𝑈𝑎 are partially multiplicative:

𝑇𝑎−𝑎 = 𝑇𝑎−𝑇𝑎, 𝑇𝑎𝑎+ = 𝑇𝑎𝑇𝑎+ , (2.1)

𝑈𝑎−𝑎 = 𝑈𝑎𝑈𝑎− , 𝑈𝑎𝑎+ = 𝑈𝑎+𝑈𝑎, (2.2)

for all 𝑎(𝑡) ∈ 𝑊 𝑝×𝑝 and 𝑎±(𝑡) ∈ 𝑊 𝑝×𝑝
± .

This property is well–known in the theory of Toeplitz operators (see, e.g., [18, Formula
(2.19)]).
An important consequence of partial multiplicativity is the following result.

Proposition 2.2. If 𝑎±(𝑡) ∈ 𝑊 𝑝×𝑝
± and are invertible in the algebra 𝑊 𝑝×𝑝, then the operators

𝑇𝑎±, 𝑈𝑎± are one–sidedly invertible, namely 𝑇𝑎+, 𝑈𝑎− are left invertible and 𝑇𝑎−, 𝑈𝑎+ are right

invertible. Moreover, the operators 𝑇
(−1)
𝑎± := 𝑇𝑎−1

±
, 𝑈

(−1)
𝑎± := 𝑈𝑎−1

±
are one–sided inverses to 𝑇𝑎±,

𝑈𝑎±.

If, however, 𝑎±(𝑡) ∈ 𝐺𝑊 𝑝×𝑝
± , then the operators 𝑇𝑎±, 𝑈𝑎± are invertible.

These statements can be proved by the direct verification.

3. Basic properties of operators 𝑇𝑘, 𝑈𝑘

Our further arguing will in a certain sense be a carbon copy of the corresponding constructions
for the case of finite Toeplitz matrices [1], [13]. Those constructions led to the notions of indices
and essential polynomials for a finite sequence of complex matrices. This is exactly what we
are going to do for an infinite sequence of complex matrices. In this section we shall study
those properties of Toeplitz operators and of the operators associated with them that we need,
and that hold immediately in the finite–dimensional case.
We need some information about generalized invertible and Noetherian operators (see [4]);

let us recall it. Let 𝐵1, 𝐵2 be Banach spaces. We denote by ℒ(𝐵1, 𝐵2) the Banach space
of all linear bounded operators acting from 𝐵1 to 𝐵2. An operator 𝒜 ∈ ℒ(𝐵1, 𝐵2) is called
generalized invertible if there exists an operator 𝒜† ∈ ℒ(𝐵2, 𝐵1) such that 𝒜𝒜†𝒜 = 𝒜. In
particular, invertible and one–sidedly invertible operators are generalized invertible.
An operator 𝒜 is generalized invertible if and only if the following conditions hold:

1) 𝒜 is a normally solvable operator, i.e., the subspace Im𝒜 is closed;

2) the subspace ker𝒜 can be complemented in 𝐵1;

3) the subspace Im𝒜 can be complemented in 𝐵2.

In particular, the operator 𝒜 is invertible on the right (left) if and only if it is normally
solvable, ker𝒜 can be complemented in 𝐵1 and Im𝒜 = 𝐵2 (ker𝒜 = {0} and Im𝒜 can be
complemented in 𝐵2).
An operator 𝒜 ∈ ℒ(𝐵1, 𝐵2) is called Noetherian or Fredholm if it is normally solvable and its

kernel and cokernel are finite–dimensional. The cokernel coker𝒜 of a normally solvable operator
𝒜 is the quotient space 𝐵2/ Im𝒜. If the cokernel is finite–dimensional, then dim coker𝒜 =



METHOD OF ESSENTIAL FUNCTIONS 7

dimker𝒜* = codim Im𝒜. Here 𝒜* is the adjoint operator and codim Im𝒜 is the dimension of
the direct complement of Im𝒜. The number ind𝒜 = dimker𝒜−dim coker𝒜 is called the index
of the Noetherian operator 𝒜. Obviously, each Noetherian operator is generalized invertible.
We shall also use the well-known result, which is the lemma on factorization of an element

of a Banach algebra close to the identity element [5, Lm. 2.2]. Let us state it for the particular
case of the Banach algebra 𝑊 𝑝×𝑝. The identity matrix of order 𝑝 is denoted by 𝐼𝑝.

Lemma 3.1. There exists a value 𝜀 > 0 such that each matrix function 𝛼(𝑡) from 𝑊 𝑝×𝑝

satisfying the inequality ‖𝐼𝑝 − 𝛼‖𝑊 < 𝜀 is invertible in the algebra 𝑊 𝑝×𝑝 and admits the repre-
sentations 𝛼(𝑡) = 𝛽+(𝑡)𝛽−(𝑡) = 𝛾−(𝑡)𝛾+(𝑡). Here 𝛽±(𝑡) and 𝛾±(𝑡) belong to 𝐺𝑊 𝑝×𝑝

± .

By 𝑇𝑘, 𝑘 ∈ Z, we denote the Toeplitz operator with the matrix symbol 𝑡−𝑘𝑎(𝑡), 𝑎(𝑡) ∈ 𝑊 𝑝×𝑝,
acting in the space 𝐸𝑝×1(Z+). It is convenient to treat 𝑇𝑘 := 𝑇𝑡−𝑘𝑎 as the operator generated
by the infinite block Toeplitz matrix

𝑇𝑘 :=

⎛⎜⎜⎝
𝑎𝑘 𝑎𝑘−1 𝑎𝑘−2 · · ·
𝑎𝑘+1 𝑎𝑘 𝑎𝑘−1 · · ·
𝑎𝑘+2 𝑎𝑘+1 𝑎𝑘 · · ·
...

...
...

. . .

⎞⎟⎟⎠ , −∞ < 𝑘 < ∞. (3.1)

This sequence of operators is the infinite–dimensional analogue of the finite sequence {𝑇𝑘}𝑛𝑘=𝑚,
𝑚 < 𝑛, of finite block Toeplitz matrices

𝑇𝑘 :=

⎛⎜⎜⎝
𝑎𝑘 𝑎𝑘−1 · · · 𝑎𝑚
𝑎𝑘+1 𝑎𝑘 · · · 𝑎𝑚+1
...

...
...

𝑎𝑛 𝑎𝑛−1 · · · 𝑎𝑛+𝑚−1

⎞⎟⎟⎠ , 𝑚 ⩽ 𝑘 ⩽ 𝑛,

generated by the sequence {𝑎𝑚, 𝑎𝑚+1, . . . , 𝑎𝑛−1, 𝑎𝑛}. Consideration of the structure of the right
and left kernels of the matrices from this sequence led us to the notions of indices and essential
polynomials of a finite sequence of matrices [1], [13]. In order to be able to consider the left
kernels of the infinite block Toeplitz matrices 𝑇𝑘, we also introduce the sequence of associated
operators {𝑈𝑘 := 𝑈𝑡−𝑘𝑎}𝑘∈Z.
The study of the properties of the families of operators {𝑇𝑘}𝑘∈Z and {𝑈𝑘}𝑘∈Z in the general

case seems to be an unmanageable problem. To apply the developed method to the problem of
right Wiener — Hopf factorization (1.2), it is sufficient to consider the case with the following
additional assumption:

A. The sequence 𝑎 := {𝑎𝑗}∞𝑗=−∞ is the sequence of matrix Fourier coefficients of an invertible
matrix function 𝑎(𝑡) ∈ 𝑊 𝑝×𝑝.

In what follows we assume that condition A is satisfied.
Now we proceed to studying the operators 𝑇𝑘, 𝑈𝑘. Our goal is to prove that they are Noe-

therian. We shall prove this in three steps. First we show that these operators are generalized
invertible, then we prove the finite–dimensionality of their kernels, and then we shall be able
to prove that they are Noetherian.

Theorem 3.1. Let 𝑎(𝑡) ∈ 𝐺𝑊 𝑝×𝑝. Then the operators 𝑇𝑘 (𝑈𝑘) are generalized invertible in
any space 𝐸𝑝×1(Z+) (𝐸

1×𝑝(Z−)) for all 𝑘 ∈ Z.
Moreover, there exists an integer 𝑛 > 0 such that the operator 𝑇𝑘 (𝑈𝑘) is left (right) invertible

for 𝑘 ⩽ −𝑛 and right (left) invertible for 𝑘 ⩾ 𝑛.

Proof. We being with proving the one–sided invertibility of the operators 𝑇𝑘.
We choose the value 𝜀 in accordance with Lemma 3.1. For the given invertible matrix function

𝑎(𝑡) =
∞∑︀

𝑗=−∞
𝑎𝑗𝑡

𝑗 we choose 𝑛 > 0 so that for its Laurent matrix polynomial 𝑎𝑛(𝑡) =
𝑛∑︀

𝑗=−𝑛

𝑎𝑗𝑡
𝑗
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satisfies the inequality

‖𝑎− 𝑎𝑛‖𝑊 <
𝜀

‖𝑎−1‖𝑊
.

Then ‖𝐼𝑝−𝑎𝑛𝑎
−1‖𝑊 < 𝜀 and, in accordance with Lemma 3.1, 𝑎𝑛(𝑡) is invertible in the algebra

𝑊 𝑝×𝑝 and 𝑎𝑛(𝑡)𝑎
−1(𝑡) admits the factorization 𝑎𝑛(𝑡)𝑎

−1(𝑡) = 𝛽+(𝑡)𝛽−(𝑡). Thus,

𝑎(𝑡) = 𝑏−(𝑡)𝑏+(𝑡)𝑎𝑛(𝑡). (3.2)

Here 𝑏±(𝑡) = 𝛽−1
± (𝑡).

Since 𝑡−𝑘𝑎𝑛(𝑡) ∈ 𝑊 𝑝×𝑝
+ for 𝑘 ⩽ −𝑛, by the partial multiplicativity property we obtain:

𝑇𝑘 = 𝑇𝑏−𝑇𝑏+𝑇𝑡−𝑘𝑎𝑛 ,

where, by Proposition 2.2, the operator 𝑇𝑡−𝑘𝑎𝑛 is left invertible, and the operators 𝑇𝑏± are
invertible. Thus, the operator 𝑇𝑘 is left invertible for 𝑘 ⩽ −𝑛.
To prove the right invertibility of the operator 𝑇𝑘 for 𝑘 ⩾ 𝑛, we use the inequality ‖𝐼𝑝 −

𝑎−1𝑎𝑛‖𝑊 < 𝜀 and represent 𝑎(𝑡) as

𝑎(𝑡) = 𝑎𝑛(𝑡)̃︀𝑏−(𝑡)̃︀𝑏+(𝑡).
Then 𝑇𝑘 = 𝑇𝑡−𝑘𝑎𝑛𝑇̃︀𝑏−𝑇̃︀𝑏+ and 𝑇𝑡−𝑘𝑎𝑛 is invertible on the right for 𝑘 ⩾ 𝑛.
Let us proceed to the proof of generalized invertibility of the operators 𝑇𝑘 for −𝑛 < 𝑘 < 𝑛.

We first consider the case 0 ⩽ 𝑘 < 𝑛. We define the operator 𝒦1 = 𝑇𝑘 − 𝑇𝑡𝑛−𝑘𝐼𝑝𝑇𝑛. Since
𝒦1 = 𝑇𝑡−𝑘𝐼𝑝(ℐ − 𝑇𝑡𝑛𝐼𝑝𝑇𝑡−𝑛𝐼𝑝)𝑇𝑎 and the projection ℐ − 𝑇𝑡𝑛𝐼𝑝𝑇𝑡−𝑛𝐼𝑝 onto ker𝑇𝑡−𝑛𝐼𝑝 is finite–
dimensional, 𝒦1 is finite–dimensional. Thus, 𝑇𝑘 = 𝑇𝑡𝑛−𝑘𝐼𝑝𝑇𝑛 + 𝒦1. The operator 𝑇𝑡𝑛−𝑘𝐼𝑝 is
left invertible for 𝑛 − 𝑘 > 0, and by the proven part of theorem the operator 𝑇𝑛 is right
invertible. It is easy to verify that in this case their product 𝑇𝑡𝑛−𝑘𝐼𝑝𝑇𝑛 is a generalized invertible
operator. Thus, the operator 𝑇𝑘 is represented as the sum of a generalized invertible and a
finite–dimensional operator. By [4, Thm. 5.3] it is generalized invertible.
Let −𝑛 < 𝑘 < 0. We introduce the finite–dimensional operator

𝒦2 = 𝑇𝑘 − 𝑇−𝑛𝑇𝑡−𝑛−𝑘𝐼𝑝 = 𝑇𝑎(ℐ − 𝑇𝑡𝑛𝐼𝑝𝑇𝑡−𝑛𝐼𝑝)𝑇𝑡−𝑘𝐼𝑝 .

Since 𝑇−𝑛 is left invertible and 𝑇𝑡−𝑛−𝑘𝐼𝑝 is right invertible, 𝑇−𝑛𝑇𝑡−𝑛−𝑘𝐼𝑝 is generalized invertible.
Applying [4, Thm. 5.3] again, we see that 𝑇𝑘 is generalized invertible.
The part of theorem on the operator 𝑈𝑘 can be proved in the same way by using the rep-

resentation 𝛼(𝑡) = 𝛾−(𝑡)𝛾+(𝑡) from Lemma 3.1 and the partial multiplicativity (2.2) for the
operators 𝑈𝑎. The proof is complete.

This theorem implies two obvious corollaries.

Corollary 3.1. If 𝑎(𝑡) ∈ 𝐺𝑊 𝑝×𝑝, then all operators 𝑇𝑘 (𝑈𝑘) are normally solvable in any of
the spaces 𝐸𝑝×1(Z+) (𝐸

1×𝑝(Z−)).

The criterion of the one–sided invertibility of operators yields the following corollary.

Corollary 3.2. In each space 𝐸𝑝×1(Z+)

ker𝑇𝑘 = 0 fork ⩽ −𝑛, Im𝑇𝑘 = 𝐸𝑝×1(Z+) for 𝑘 ⩾ 𝑛.

Similarly, in each space 𝐸1×𝑝(Z−)

ker𝑈𝑘 = 0 for 𝑘 ⩾ 𝑛, Im𝑈𝑘 = 𝐸1×𝑝(Z−) for 𝑘 ⩽ −𝑛.

At the second stage we prove that the kernels of operators 𝑇𝑘, 𝑈𝑘 are finite–dimensional.

Theorem 3.2. If 𝑎(𝑡) ∈ 𝐺𝑊 𝑝×𝑝, then for any fixed 𝑘 the kernel ker𝑇𝑘

(︀
ker𝑈𝑘

)︀
is finite–

dimensional and it is the same in all spaces 𝐸𝑝×1(Z+)
(︀
𝐸1×𝑝(Z−)

)︀
.
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Proof. By Corollary 3.2 for the operator 𝑇𝑘 we need to consider only the case 𝑘 > −𝑛. We
represent 𝑡−𝑘𝑎𝑛(𝑡) as

𝑡−𝑘𝑎𝑛(𝑡) = 𝑡−(𝑘+𝑛)𝜋2𝑛(𝑡),

where 𝜋2𝑛(𝑡) is a matrix polynomial in 𝑡 of degree at most 2𝑛. Then, by the partial multi-
plicativity we obtain 𝑇𝑘 = 𝑇𝑏−𝑇𝑡−(𝑛+𝑘)𝐼𝑝𝑇𝑏+𝜋2𝑛 . Since 𝜋2𝑛(𝑡) is a matrix polynomial belonging to

𝐺𝑊 𝑝×𝑝, the operator 𝑇𝑏+𝜋2𝑛 is left invertible.
Let 𝑥+ ∈ 𝐸𝑝×1(Z+) be an arbitrary element in the space ker𝑇𝑘. Since 𝑇𝑏− is an invertible

operator, 𝑇𝑏+𝜋2𝑛𝑥+ ∈ ker𝑇𝑡−(𝑛+𝑘)𝐼𝑝 , i.e., 𝑥+ ∈ 𝑇 †
𝑏+𝜋2𝑛

ker𝑇𝑡−(𝑛+𝑘)𝐼𝑝 . Here 𝑇 †
𝑏+𝜋2𝑛

is the left inverse

operator for 𝑇𝑏+𝜋2𝑛 . Thus, ker𝑇𝑘 ⊆ 𝑇 †
𝑏+𝜋2𝑛

ker𝑇𝑡−(𝑛+𝑘)𝐼𝑝 .

In each space 𝐸𝑝×1(Z+) the operator 𝑇𝑡−(𝑘+𝑛)𝐼𝑝 acts as a shift to the left by 𝑘 + 𝑛 positions.
Therefore, the space ker𝑇𝑡−(𝑘+𝑛)𝐼𝑝 consists of sequences of the form 𝑦 = (𝑦0, . . . , 𝑦𝑛+𝑘−1, 0, 0, . . .),

where 𝑦𝑗 are arbitrary vectors from C𝑝×1. Hence this space is finite–dimensional and is a

subspace of 𝑙𝑝×1
1 (Z+). We denote the space of such sequences by 𝑙𝑝×1

1 ([0, 𝑛 + 𝑘 − 1]). Then in
all spaces 𝐸𝑝×1(Z+)

ker𝑇𝑘 ⊆ 𝑇 †
𝑏+𝜋2𝑛

𝑙𝑝×1
1 ([0, 𝑘 +𝑚)).

This yields that ker𝑇𝑘 is a finite-dimensional subspace of 𝑙𝑝×1
1 (Z+). The corresponding part of

the theorem on the operator 𝑈𝑘 can be proved in the same way. The proof is complete.

Now we are in position to prove the main result of this section.

Theorem 3.3. If 𝑎(𝑡) ∈ 𝐺𝑊 𝑝×𝑝, then for each fixed 𝑘 the operator 𝑇𝑘 (𝑈𝑘) is Noetherian
and has the same index in each space 𝐸𝑝×1(Z+) (𝐸

1×𝑝(Z−)).

Proof. The normal solvability of operators 𝑇𝑘 and 𝑈𝑘 is implied by their generalized invertibility
(see Corollary 3.1). By Theorem 3.2, 𝛼𝑘 := dimker𝑇𝑘 < ∞ and is the same in all spaces
𝐸𝑝×1(Z+). Similarly, 𝛽𝑘 := dimker𝑈𝑘 < ∞ and it is the same in all spaces 𝐸1×𝑝(Z−). It
remains to prove that

𝛼*
𝑘 := dim coker𝑇 𝑘 = dimker𝑇 *

𝑘 < ∞
(𝛽*

𝑘 := dim coker𝑈𝑘 = dimker𝑈*
𝑘 < ∞)

and it is the same in all spaces 𝐸𝑝×1(Z+) (𝐸1×𝑝(Z−)).
If 𝐸𝑝×1(Z+) = 𝑙𝑝×1

1 (Z+), then 𝑇 *
𝑘 coincides with the operator 𝑈𝑘 acting in 𝑙1×𝑝

∞ (Z+). Thus,
in this case 𝛼*

𝑘 = 𝛽𝑘 < ∞, i.e., the operator 𝑇𝑘 is Noetherian and ind𝑇𝑘 = 𝛼𝑘−𝛽𝑘. In the same
we prove that the operator 𝑈𝑘 is Noetherian in the space 𝑙1×𝑝

1 (Z−) and ind𝑈𝑘 = 𝛽𝑘 − 𝛼𝑘.
We consider the operator 𝑇𝑘 in the space 𝐸𝑝×1(Z+) = 𝑙𝑝×1

∞ (Z+). By Proposition 2.1 it
is adjoint to the Noetherian operator 𝑈𝑘 acting in the space 𝑙1×𝑝

1 (Z−). Then, by a well–
known theorem from the functional analysis (see, e.g., [8, Thm. 18]), 𝑇𝑘 is Noetherian in
𝑙𝑝×1
∞ (Z+). Moreover, since the indices of an operator and of its adjoint differ only by sign,
ind𝑇𝑘 = − ind𝑈𝑘 = 𝛼𝑘−𝛽𝑘, the operator 𝑇𝑘 is Noetherian in all spaces 𝐸𝑝×1(Z+) and its index
is independent on the choice of the space. The same statement holds for the operator 𝑈𝑎. The
proof is complete.

Remark 3.1. The results of this section hold in all Krein spaces 𝐸𝑝×1(Z+) = 𝑙𝑝×1
𝑠 (Z+)

(1 ⩽ 𝑠 ⩽ ∞), 𝑐𝑝×1(Z+), 𝑐
𝑝×1
0 (Z+) and 𝐸1×𝑝(Z−) = 𝑙1×𝑝

𝑠 (Z−), 𝑐
1×𝑝(Z−), 𝑐

1×𝑝
0 (Z−). In order

not to overload the work, we have considered only those pairs of spaces that will be needed for
the new proof of the existence of a solution to the Wiener — Hopf factorization problem.
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4. Indices and essential functions of infinite sequence of complex matrices

Now we can proceed to the definition of indices and essential functions for an infinite sequence
of matrices. We shall follow the lines of the case of a finite sequence of matrices [1], [13].
In the spaces 𝐸𝑝×1(Z+) and 𝐸1×𝑝(Z−) we consider the sequence of subspaces ker𝑇𝑘 and

ker𝑈𝑘 for 𝑘 ∈ Z:

ker𝑇𝑘 =
{︁
𝑥+ ∈ 𝐸𝑝×1(Z+) :

∞∑︁
𝑗=0

𝑎𝑖−𝑗𝑥𝑗 = 0, 𝑖 ⩾ 𝑘
}︁
,

ker𝑈𝑘 =
{︁
𝑓− ∈ 𝐸1×𝑝(Z−) :

0∑︁
𝑗=−∞

𝑓𝑗𝑎𝑖−𝑗 = 0, 𝑖 ⩽ 𝑘
}︁
.

These formulas show that

ker𝑇𝑘 ⊆ ker𝑇𝑘+1, ker𝑈𝑘 ⊇ ker𝑈𝑘+1.

We note that the sequence of spaces ker𝑈𝑘 is the analogue of the sequence ker𝐿 𝑇𝑘 in the
finite–dimensional case.
Let us study the structure of the kernels {ker𝑇𝑘}𝑘∈Z ({ker𝑈𝑘}𝑘∈Z).
By Theorem 3.2 we can restrict ourselves to studying the spaces ker𝑇𝑘, (ker𝑈𝑘) only for

𝑙𝑝×1
1 (Z+) (𝑙

1×𝑝
1 (Z−)). In this case it is more convenient to pass from the spaces of sequences to

the corresponding spaces of generating vector functions, i.e., to 𝑊 𝑝×1
+ (𝑊 1×𝑝

− ).

For the matrix function 𝑎(𝑡) =
∞∑︀

𝑗=−∞
𝑎𝑗𝑡

𝑗 ∈ 𝑊 𝑝×𝑝 we define two linear bounded operators

𝜎𝑅 : 𝑊 𝑝×1 ↦→ C𝑝×1, 𝜎𝐿 : 𝑊 1×𝑝 ↦→ C1×𝑝,

acting by the formulas

𝜎𝑅{𝑅(𝑡)} =
∞∑︁

𝑗=−∞

𝑎−𝑗𝑟𝑗, 𝜎𝐿{𝐿(𝑡)} =
∞∑︁

𝑗=−∞

𝑙𝑗𝑎−𝑗, (4.1)

for

𝑅(𝑡) =
∞∑︁

𝑗=−∞

𝑟𝑗𝑡
𝑗 ∈ 𝑊 𝑝×1, 𝐿(𝑡) =

∞∑︁
𝑗=−∞

𝑙𝑗𝑡
𝑗 ∈ 𝑊 1×𝑝.

We denote by 𝒩𝑅
𝑘 , 𝒩 𝐿

𝑘 , the space of generating vector functions (i.e., the space of Fourier
transforms) of elements in ker𝑇𝑘, ker𝑈𝑘, respectively. It is obvious that

𝒩𝑅
𝑘 =

{︁
𝑅(𝑡) ∈ 𝑊 𝑝×1

+ : 𝜎𝑅{𝑡−𝑖𝑅(𝑡)} = 0, 𝑖 ⩾ 𝑘
}︁
,

𝒩 𝐿
𝑘 =

{︁
𝐿(𝑡) ∈ 𝑊 1×𝑝

− : 𝜎𝐿{𝑡−𝑖𝐿(𝑡)} = 0, 𝑖 ⩽ 𝑘
}︁
.

(4.2)

We recall that these spaces are finite–dimensional.
We denote

𝑑𝑅𝑘 = dim𝒩𝑅
𝑘 , 𝑑𝐿𝑘 = dim𝒩 𝐿

𝑘 , ∆𝑅
𝑘 = 𝑑𝑅𝑘 − 𝑑𝑅𝑘−1, ∆𝐿

𝑘 = 𝑑𝐿𝑘 − 𝑑𝐿𝑘+1.

Theorem 4.1. For each matrix function 𝑎(𝑡) ∈ 𝐺𝑊 𝑝×𝑝 there exists an integer 𝑛 ⩾ 0 such
that

0 = . . . = ∆𝑅
−𝑛−1 = ∆𝑅

−𝑛 ⩽ ∆𝑅
−𝑛+1 ⩽ . . . ⩽ ∆𝑅

𝑛 ⩽ ∆𝑅
𝑛+1 = ∆𝑅

𝑛+2 = . . . = 𝑝,

𝑝 = . . . = ∆𝐿
−𝑛−2 = ∆𝐿

−𝑛−1 ⩾ ∆𝐿
−𝑛 ⩾ . . . ⩾ ∆𝐿

𝑛−1 ⩾ ∆𝐿
𝑛 = ∆𝐿

𝑛+1 = . . . = 0.
(4.3)

Proof. Definition (4.2) implies immediately that 𝒩𝑅
𝑘 and 𝑡𝒩𝑅

𝑘 are subspaces of 𝒩𝑅
𝑘+1. It is also

easy to observe that 𝒩𝑅
𝑘 ∩ 𝑡𝒩𝑅

𝑘 = 𝑡𝒩𝑅
𝑘−1. Therefore, by the Grassmann formula,

dim [𝒩𝑅
𝑘 + 𝑡𝒩𝑅

𝑘 ] = 2𝑑𝑅𝑘 − 𝑑𝑅𝑘−1.
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If ℎ𝑅
𝑘+1 is the dimension of the complement of 𝒩𝑅

𝑘 + 𝑡𝒩𝑅
𝑘 to the entire space 𝒩𝑅

𝑘+1, then
ℎ𝑅
𝑘+1 = ∆𝑅

𝑘+1 −∆𝑅
𝑘 . This means that ∆𝑅

𝑘+1 ⩾ ∆𝑅
𝑘 for each 𝑘 ∈ Z. Moreover, by Theorem 3.2

there exists 𝑛 ⩾ 0 such that 𝑑𝑅𝑘 = 0 for 𝑘 ⩽ −𝑛. Therefore, ∆𝑅
𝑘 = 0 for 𝑘 ⩽ −𝑛.

Let us show that ∆𝑅
𝑘 = 𝑝, starting from 𝑘 = 𝑛 + 1. If 𝑥(𝑡) and 𝑦(𝑡) belong to 𝒩𝑅

𝑘+1 and
𝑥(𝑡) − 𝑦(𝑡) ∈ 𝒩𝑅

𝑘 , then 𝜎𝑅{𝑡−𝑘𝑥(𝑡)} = 𝜎𝑅{𝑡−𝑘𝑦(𝑡)}. Therefore, the mapping 𝜋 : 𝒩𝑅
𝑘+1/𝒩𝑅

𝑘 ↦→
C𝑝×1 is well–defined by the rule

𝜋(𝑋) = 𝜎𝑅{𝑡−𝑘𝑥(𝑡)}.
Here 𝑥(𝑡) ∈ 𝒩𝑅

𝑘+1 is any representative of the class 𝑋. This mapping is the embedding of
𝒩𝑅

𝑘+1/𝒩𝑅
𝑘 into C𝑝×1 and hence, ∆𝑅

𝑘+1 = dim 𝒩𝑅
𝑘+1/𝒩𝑅

𝑘 ⩽ 𝑝 for any 𝑘 ∈ Z.
Let us prove the reverse inequality for 𝑘 ⩾ 𝑛. By the same Theorem 3.2, for 𝑘 ⩾ 𝑛 we have

Im𝑇𝑘 = 𝑙𝑝×1
1 (Z+). Hence, for such 𝑘 there exist solutions 𝑥(𝑙) = {𝑥(𝑙)

𝑗 }∞𝑗=0, 𝑙 = 1, . . . , 𝑝, to the
systems of equations

∞∑︁
𝑗=0

𝑎𝑘−𝑗𝑥
(𝑙)
𝑗 = [𝐼𝑝]

𝑙, (4.4)

∞∑︁
𝑗=0

𝑎𝑖−𝑗𝑥
(𝑙)
𝑗 = 0, 𝑖 ⩾ 𝑘 + 1 (4.5)

in the space 𝑙𝑝×1
1 (Z+). Here [𝐼𝑝]

𝑙 is the 𝑙-th column of the identity matrix 𝐼𝑝. Equations (4.5)
mean that the generating functions 𝑥(𝑙)(𝑡), 𝑙 = 1, . . . , 𝑝, belong to the space 𝒩𝑅

𝑘+1, and condi-

tion (4.4) is equivalent to the fact that 𝑥(1)(𝑡), . . . , 𝑥(𝑝)(𝑡) are linearly independent modulo the
space 𝒩𝑅

𝑘 . Hence, ∆𝑅
𝑘+1 ⩾ 𝑝 and finally ∆𝑅

𝑘+1 = 𝑝 for 𝑘 ⩾ 𝑛.
The part of the theorem on the sequence ∆𝐿

𝑘 can be proved in the same way. The proof is
complete.

Inequalities (4.3) mean that there exist integers −𝑛 ⩽ 𝜇1 ⩽ . . . ⩽ 𝜇𝑝 ⩽ 𝑛 such that

. . . =∆𝑅
−𝑛 = . . . = ∆𝑅

𝜇1
= 0,

· · · · · ·
∆𝑅

𝜇𝑖+1 = . . . = ∆𝑅
𝜇𝑖+1

= 𝑖,

· · · · · ·
∆𝑅

𝜇𝑝+1 = . . . = ∆𝑅
𝑛+1 = 𝑝 = . . . .

(4.6)

If the 𝑖-th row is absent in these relations, we let 𝜇𝑖 = 𝜇𝑖+1.
Similarly, the monotonicity of the sequence ∆𝐿

𝑘 yields that there exist integers 𝜈1 ⩽ . . . ⩽ 𝜈𝑝
such that

. . . =∆𝐿
−𝑛−1 = . . . = ∆𝐿

𝜈1−1 = 𝑝,

· · · · · ·
∆𝐿

𝜈𝑖
= . . . = ∆𝐿

𝜈𝑖+1−1 = 𝑝− 𝑖,

· · · · · ·
∆𝐿

𝜈𝑝 = . . . = ∆𝐿
𝑛 = 0 = . . . .

(4.7)

Similar to the finite-dimensional case, in the next theorem we prove that the numbers 𝜇𝑖 and
𝜈𝑖 coincide.

Theorem 4.2. For each matrix function 𝑎(𝑡) ∈ 𝐺𝑊 𝑝×𝑝 the numbers 𝜇1, . . . , 𝜇𝑝 coincide with
𝜈1, . . . , 𝜈𝑝. Moreover,

𝑝∑︁
𝑗=1

𝜇𝑗 = − ind𝑇𝑎. (4.8)
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Proof. By the definition of the index of the operator 𝑇𝑘 we obtain

𝑑𝑅𝑘 = ind𝑇𝑘 + dimker𝑇 *
𝑘 .

Since the adjoint operator to 𝑇𝑘 in the space 𝑙𝑝×1
1 (Z+) coincides with the operator 𝑈𝑘 in the

space 𝑙1×𝑝
∞ (Z−) and the dimension of the space ker𝑈𝑘 is one and the same in all spaces 𝐸1×𝑝(Z−),

then dimker𝑇 *
𝑘 = 𝑑𝐿𝑘 . The definition 𝑇𝑘 = 𝑇𝑡−𝑘𝑎 and partial multiplicativity imply that 𝑇𝑡−𝑘𝑎 is

the product of Noetherian operators 𝑇𝑡−𝑘𝐼𝑝 and 𝑇𝑎. Then

ind𝑇𝑘 = ind𝑇𝑡−𝑘𝐼𝑝 + ind𝑇𝑎 = 𝑘𝑝+ ind𝑇𝑎

for all 𝑘 ∈ Z. Since
𝑑𝑅𝑘 = 𝑘𝑝+ ind𝑇𝑎 + 𝑑𝐿𝑘 , 𝑑𝑅𝑘+1 = (𝑘 + 1)𝑝+ ind𝑇𝑎 + 𝑑𝐿𝑘+1,

we find ∆𝑅
𝑘+1 = 𝑝−∆𝐿

𝑘 . Relations (4.6), (4.7) hence imply that the numbers 𝜇𝑖 and 𝜈𝑖 coincide
for 𝑖 = 1, . . . , 𝑝.

We proceed to proving the second statement of the theorem. Since 𝑑𝑅𝑛+1 =
𝑛+1∑︀
𝑗=−𝑛

∆𝑅
𝑗 , by (4.6)

we obtain 𝑑𝑅𝑛+1 = (𝑛 + 1)𝑝 −
𝑝∑︀

𝑗=1

𝜇𝑗. On the other hand, by Corollary 3.2 we have Im𝑇𝑛+1 =

𝑙𝑝×1
1 (Z+), i.e., ind𝑇𝑛+1 = dimker𝑇𝑛+1 and thus

𝑑𝑅𝑛+1 = ind𝑇𝑛+1 = (𝑛+ 1)𝑝+ ind𝑇𝑎.

Comparing these two formulas, we obtain (4.8). The proof is complete.

Definition 4.1. The integers 𝜇1, . . . , 𝜇𝑝 determined by relations (4.6) are be called the essen-
tial indices (or, briefly, indices) of the invertible matrix function 𝑎(𝑡) and of the corresponding
sequence {𝑎𝑛}∞𝑛=−∞.

Since the dimension ℎ𝑅
𝑘+1 of the complement ℋ𝑅

𝑘+1 of the subspace 𝒩𝑅
𝑘 + 𝑡𝒩𝑅

𝑘 to the entire
space 𝒩𝑅

𝑘+1 is equal to ∆𝑅
𝑘+1 −∆𝑅

𝑘 , it follows from (4.6) that ℎ𝑅
𝑘+1 ̸= 0 only for 𝑘 = 𝜇𝑖. In this

case ℎ𝑅
𝑘+1 coincides with the multiplicity 𝑟𝑖 of the index 𝜇𝑖. Therefore,

𝒩𝑅
𝑘+1 = 𝒩𝑅

𝑘 + 𝑡𝒩𝑅
𝑘 (4.9)

for 𝑘 ̸= 𝜇𝑖 and

𝒩𝑅
𝑘+1 = (𝒩𝑅

𝑘 + 𝑡𝒩𝑅
𝑘 )⊕ℋ𝑅

𝑘+1 (4.10)

for 𝑘 = 𝜇𝑖.

Definition 4.2. Each vector functions 𝑅𝑖(𝑡), . . . , 𝑅𝑖+𝑟𝑖−1(𝑡) from 𝑊 𝑝×1
+ forming a basis of

the complement ℋ𝑅
𝜇𝑖+1, are called the right essential vector functions of the matrix function 𝑎(𝑡)

corresponding to the index 𝜇𝑖 of multiplicity 𝑟𝑖, 𝑖 = 1, . . . , 𝑝. Thus, we obtain the vector func-
tions 𝑅1(𝑡), . . . , 𝑅𝑝(𝑡) from the space 𝑊 𝑝×1

+ , which are called the right essential vector functions
of 𝑎(𝑡) and of the corresponding sequence {𝑎𝑛}∞𝑛=−∞.

Similarly, for 𝑘 ̸= 𝜇𝑖

𝒩 𝐿
𝑘−1 = 𝒩 𝐿

𝑘 + 𝑡−1𝒩 𝐿
𝑘

and for 𝑘 = 𝜇𝑖

𝒩 𝐿
𝑘−1 = (𝒩 𝐿

𝑘 + 𝑡−1𝒩 𝐿
𝑘 )⊕ℋ𝐿

𝑘−1.

Choosing the bases in the spaces ℋ𝐿
𝜇𝑖−1 (𝑖 = 1, . . . , 𝑝), we obtain the set 𝐿1(𝑡), . . . , 𝐿𝑝(𝑡)

of vector functions in 𝑊 1×𝑝
− , which are called the left essential vector functions of the matrix

function 𝑎(𝑡).
In terms of indices and essential functions we can now describe the structure of the spaces

ker𝑇𝑘, ker𝑈𝑘.
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Theorem 4.3. Let 𝜇1, . . . , 𝜇𝑝 be the essential indices of 𝑎(𝑡) ∈ 𝐺𝑊 𝑝×𝑝 and 𝑅1(𝑡), . . . , 𝑅𝑝(𝑡);
𝐿1(𝑡), . . . , 𝐿𝑝(𝑡) the right and left essential functions of 𝑎(𝑡), respectively. Then in any space
𝐸𝑝×1(Z+) for 𝑘 ∈ (−∞, 𝜇1] we have ker𝑇𝑘 = 0. For 𝑘 ∈ (𝜇𝑖, 𝜇𝑖+1] (𝑖 = 1, . . . , 𝑝 − 1) or 𝑘 ∈
(𝜇𝑝,+∞) the vector functions

{𝑅𝑗(𝑡), 𝑡𝑅𝑗(𝑡), . . . , 𝑡
𝑘−𝜇𝑗−1𝑅𝑗(𝑡)}𝑗=1,2,...,𝑖 (4.11)

from 𝑊 𝑝×1
+ are generating functions for the elements of a basis of the kernel of the operator 𝑇𝑘

in any space 𝐸𝑝×1(Z+).
Similarly, ker𝑈𝑘 = 0 for 𝑘 ∈ [𝜇𝑝,+∞), and for 𝑘 ∈ [𝜇𝑖−1, 𝜇𝑖) (𝑖 = 2, . . . , 𝑝) or for 𝑘 ∈

(−∞, 𝜇1) the vector functions

{𝐿𝑗(𝑡), 𝑡
−1𝐿𝑗(𝑡), . . . , 𝑡

−(𝜇𝑗−𝑘−1)𝐿𝑗(𝑡)}𝑗=𝑖,𝑖+1,...,𝑝

from 𝑊 1×𝑝
− are generating functions for the elements of a basis of the kernel of the operator 𝑈𝑘

in any space 𝐸1×𝑝(Z−).

Proof. The first statement of the theorem is obvious. Now let 𝑘 ∈ (𝜇𝑖, 𝜇𝑖+1], (𝑖 = 1, . . . , 𝑝− 1)
or 𝑘 ∈ (𝜇𝑝,+∞). Relations (4.9) and (4.10) imply that functions (4.11) generate the space 𝒩𝑅

𝑘 .

Since 𝑑𝑅𝑘 =
𝑘∑︀

𝑗=−𝑛

∆𝑅
𝑗 , by (4.6) we obtain

𝑑𝑅𝑘 = 𝑘𝑖−
𝑖∑︁

𝑗=1

𝜇𝑗.

Thus, 𝑑𝑅𝑘 coincides with the number of vector functions in (4.11). Therefore, they form a
basis of the space 𝒩𝑅

𝑘 . The second part of the theorem can be proved in the same way. The
proof is complete.

5. Essentiality criterion

For an invertible matrix function 𝑎(𝑡) there exists a criterion of essentiality similar to the
corresponding criterion in the finite–dimensional case [13].

Theorem 5.1. Let 𝑎(𝑡) ∈ 𝐺𝑊 𝑝×𝑝, 𝜅1 ⩽ . . . ⩽ 𝜅𝑝 be integers satisfying the identity
𝑝∑︁

𝑗=1

𝜅𝑗 = − ind𝑇𝑎

and 𝑅1(𝑡), . . . , 𝑅𝑝(𝑡); 𝐿1(𝑡), . . . , 𝐿𝑝(𝑡) be vector functions such that 𝑅𝑗(𝑡) ∈ 𝒩𝑅
𝜅𝑗+1, 𝐿𝑗(𝑡) ∈

𝒩 𝐿
𝜅𝑗−1.

The numbers 𝜅1, . . . , 𝜅𝑝 are the essential indices of 𝑎(𝑡), and 𝑅1(𝑡), . . . , 𝑅𝑝(𝑡) are its right
essential functions if and only if the matrix

Λ𝑅 =
(︀
𝜎𝑅{𝑡−𝜅1𝑅1(𝑡)} . . . 𝜎𝑅{𝑡−𝜅𝑝𝑅𝑝(𝑡)}

)︀
or Λ̂𝑅 =

(︀
𝑅1(0) . . . 𝑅𝑝(0)

)︀
.

is invertible.
Similarly, 𝜅1, . . . , 𝜅𝑝 are the essential indices, and 𝐿1(𝑡), . . . , 𝐿𝑝(𝑡) are the left essential func-

tions of 𝑎(𝑡) if and only if the matrix

Λ𝐿 =

⎛⎝𝜎𝐿{𝑡−𝜅1𝐿1(𝑡)}
...

𝜎𝐿{𝑡−𝜅𝑝𝐿𝑝(𝑡)}

⎞⎠ or Λ̂𝐿 =

⎛⎝𝐿1(∞)
...

𝐿𝑝(∞)

⎞⎠ .

is invertible.
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Proof. Necessity. Let 𝜅1, . . . , 𝜅𝑝 be the essential indices, and 𝑅1(𝑡), . . . , 𝑅𝑝(𝑡) be the right
essential functions of 𝑎(𝑡). Suppose that the matrix Λ𝑅 is not invertible. Then there exist
numbers 𝛼1, . . . , 𝛼𝑝, not all being zero, such that

𝛼1𝜎𝑅{𝑡−𝜅1𝑅1(𝑡)}+ . . .+ 𝛼𝑝𝜎𝑅{𝑡−𝜅𝑝𝑅𝑝(𝑡)} = 0. (5.1)

Let the last index 𝜅𝑝 have multiplicity 𝑟, i.e.,

𝜅𝑝−𝑟 < 𝜅𝑝−𝑟+1 = . . . = 𝜅𝑝.

We introduce the vector function 𝑄(𝑡) ∈ 𝑊 𝑝×1
+ (𝑡):

𝑄(𝑡) =𝛼1𝑡
𝜅𝑝−𝜅1𝑅1(𝑡) + . . .+ 𝛼𝑝−𝑟𝑡

𝜅𝑝−𝜅𝑝−𝑟𝑅𝑝−𝑟(𝑡)

+ 𝛼𝑝−𝑟+1𝑅𝑝−𝑟+1(𝑡) + . . .+ 𝛼𝑝𝑅𝑝(𝑡).

It is obviously that 𝑄(𝑡) belongs to the space 𝒩𝑅
𝜅𝑝+1.

Condition (5.1) means that 𝜎𝑅{𝑡−𝜅𝑝𝑄(𝑡)} = 0, i.e., 𝑄(𝑡) ∈ 𝒩𝑅
𝜅𝑝
. But then

𝛼𝑝−𝑟+1𝑅𝑝−𝑟+1(𝑡) + . . .+ 𝛼𝑝𝑅𝑝(𝑡) ∈ 𝒩𝑅
𝜅𝑝

+ 𝑡𝒩𝑅
𝜅𝑝
.

Since 𝑅𝑝−𝑟+1(𝑡), . . . , 𝑅𝑝(𝑡) are the right essential functions corresponding to the index 𝜅𝑝, this
is possible only if 𝛼𝑝−𝑟+1 = . . . = 𝛼𝑝 = 0.
Repeating these arguments successively for all the remaining indices, we obtain 𝛼1 = . . . =

𝛼𝑝 = 0. The contradiction shows that Λ𝑅 is invertible. In the same way we prove the invertibility

of Λ̂𝑅, Λ𝐿 and Λ̂𝐿.

Sufficiency. Suppose that for the numbers 𝜅1, . . . , 𝜅𝑝 and the vector functions𝑅1(𝑡), . . . , 𝑅𝑝(𝑡),
the matrix Λ𝑅 is invertible. We denote by 𝜇1, . . . , 𝜇𝑝 the essential indices of 𝑎(𝑡). Let 𝜅𝑗 ∈
[𝜇𝑠𝑗 , 𝜇𝑠𝑗+1), 𝑗 = 1, . . . , 𝑝. Here 0 ⩽ 𝑠1 ⩽ . . . ⩽ 𝑠𝑝 ⩽ 𝑝, and these numbers are chosen so that, if
𝜅𝑗 = 𝜅𝑗+1, then 𝑠𝑗 = 𝑠𝑗+1 and 𝜇𝑠𝑗 < 𝜇𝑠𝑗+1 for 𝜅𝑗 < 𝜅𝑗+1.
Let us estimate the numbers 𝑠𝑗. In order to do this, by the first 𝑗 columns of the invertible

matrix Λ𝑅 we form the matrix

Λ𝑗
𝑅 =

(︀
𝜎{𝑡−𝜅1𝑅1(𝑡)} . . . 𝜎{𝑡−𝜅𝑗𝑅𝑗(𝑡)}

)︀
,

𝑗 = 1, . . . , 𝑝. It is obvious that the rank of Λ𝑗
𝑅 is equal to 𝑗.

We are going to estimate this rank. We consider an arbitrary 𝑙-th column of this matrix:
𝜎{𝑡−𝜅𝑙𝑅𝑙(𝑡). By assumption, 𝑅𝑙(𝑡) ∈ 𝒩𝑅

𝜅𝑙+1 and 𝜅𝑙 +1 ∈ (𝜇𝑠𝑙 , 𝜇𝑠𝑙+1]. By Theorem 4.3 a basis in

the space 𝒩𝑅
𝜅𝑙+1 consists of the functions{︀

𝑅𝑖(𝑡), 𝑡𝑅𝑖(𝑡), . . . , 𝑡
𝜅𝑙−𝜇𝑖𝑅𝑖(𝑡)

}︀
𝑖=1,2,...,𝑠𝑙

.

We expand 𝑅𝑙(𝑡) over this basis selecting explicitly only {𝑡𝜅𝑙−𝜇𝑖𝑅𝑖(𝑡)}𝑖=1,2,...,𝑠𝑙
:

𝑅𝑙(𝑡) =

𝑠𝑙∑︁
𝑖=1

𝛼
(𝑙)
𝑖 𝑡𝜅𝑙−𝜇𝑖𝑅𝑖(𝑡) + 𝑢𝑙(𝑡).

Here 𝑢𝑙(𝑡) is a vector function, which includes all the remaining vector functions in the basis
𝒩𝑅

𝜅𝑙+1. It is obvious that 𝜎𝑅{𝑡−𝜅𝑙𝑢𝑙(𝑡)} = 0. We denote 𝜎𝑖 = 𝜎𝑅{𝑡−𝜇𝑖𝑅𝑖(𝑡)}, 𝜎𝑖 ∈ C𝑝×1.
Then the column vector 𝜎𝑅{𝑡−𝜅𝑙𝑅𝑙(𝑡)} is represented as the following sum of column vectors:

𝜎𝑅{𝑡−𝜅𝑙𝑅𝑙(𝑡)} =

𝑠𝑙∑︁
𝑖=1

𝛼
(𝑙)
𝑖 𝜎𝑖 =

𝑠𝑗∑︁
𝑖=1

𝛼
(𝑙)
𝑖 𝜎𝑖, 1 ⩽ 𝑙 ⩽ 𝑗.
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Here we have extended the coefficients 𝛼
(𝑙)
𝑖 by letting 𝛼

(𝑙)
𝑖 = 0 for 𝑠𝑙 < 𝑖 ⩽ 𝑠𝑗. Thus, we have

obtained the following representation of the matrix Λ𝑗
𝑅:

Λ𝑗
𝑅 =

𝑠𝑗∑︁
𝑖=1

(︁
𝛼
(1)
𝑖 𝜎𝑖, . . . , 𝛼

(𝑗)
𝑖 𝜎𝑖

)︁
=

𝑠𝑗∑︁
𝑖=1

𝜎𝑖

(︀
𝛼
(1)
𝑖 , . . . , 𝛼

(𝑗)
𝑖

)︀
.

This means that we have represented the matrix Λ𝑗
𝑅 as a sum of rank one matrices. Therefore,

the rank of the matrix Λ𝑗
𝑅 does not exceed 𝑠𝑗 (see, e.g., [3, Subsect. 4.44]). We have obtained

the estimate 𝑠𝑗 ⩾ 𝑗 for 𝑗 = 1, . . . , 𝑝. Therefore, 𝜅𝑗 ⩾ 𝜇𝑠𝑗 ⩾ 𝜇𝑗. Since

𝑝∑︁
𝑗=1

𝜅𝑗 = − ind𝑇𝑎 =

𝑝∑︁
𝑗=1

𝜇𝑗,

this is possible only if 𝜅𝑗 = 𝜇𝑗, 𝑗 = 1, . . . , 𝑝.
Now we are going to prove that the vector functions 𝑅1(𝑡), . . . , 𝑅𝑝(𝑡) can serve as the right

essential functions. Let 𝜇1 have multiplicity 𝑟1: 𝜇1 = . . . = 𝜇𝑟1 < 𝜇𝑟1+1. If the functions
𝑅1(𝑡), . . . , 𝑅𝑟1(𝑡) from the 𝑟1-dimensional space 𝒩𝑅

𝜇1+1 were linearly dependent, then the first 𝑟1
columns of the matrix Λ𝑅 would also be connected by a linear dependence, which is impossible
due to the invertibility of Λ𝑅. Thus, 𝑅1(𝑡), . . . , 𝑅𝑟1(𝑡) can serve as the right essential functions
corresponding to the index 𝜇1.
Suppose that the vector functions 𝑅1(𝑡), . . . , 𝑅𝑗(𝑡) are the essential functions corresponding

to the indices 𝜇1, . . . , 𝜇𝑗. Let us prove that the functions 𝑅𝑗+1(𝑡), . . . , 𝑅𝑗+𝑟𝑗+1
(𝑡) from the space

𝒩𝑅
𝜇𝑗+1+1 can serve as the right essential functions corresponding to the index 𝜇𝑗+1. Here 𝑟𝑗+1 is

the multiplicity of the index 𝜇𝑗+1:

𝜇𝑗 < 𝜇𝑗+1 = . . . = 𝜇𝑗+𝑟𝑗+1
< 𝜇𝑗+𝑟𝑗+1+1.

Suppose that there exist numbers 𝛼𝑗+1, . . . , 𝛼𝑗+𝑟𝑗+1
such that

𝛼𝑗+1𝑅𝑗+1(𝑡) + . . .+ 𝛼𝑗+𝑟𝑗+1
𝑅𝑗+𝑟𝑗+1

(𝑡) ∈ 𝒩𝑅
𝜇𝑗+1

+ 𝑡𝒩𝑅
𝜇𝑗+1

. (5.2)

The definition of the right essential polynomials and Theorem 4.3 imply that a basis of the
space 𝒩𝑅

𝜇𝑗+1
+ 𝑡𝒩𝑅

𝜇𝑗+1
consists of the vector functions{︀

𝑅𝑖(𝑡), 𝑡𝑅𝑖(𝑡), . . . , 𝑡
𝜇𝑗+1−𝜇𝑖𝑅𝑖(𝑡)

}︀
𝑖=1,2,...,𝑗

.

Therefore, it follows from (5.2) that there exist numbers 𝛼1, . . . , 𝛼𝑗 such that

𝛼𝑗+1𝜎𝑅

{︀
𝑡−𝜇𝑗+1𝑅𝑗+1(𝑡)

}︀
+ . . .+ 𝛼𝑗+𝑟𝑗+1

𝜎𝑅

{︀
𝑡−𝜇𝑗+𝑟𝑗+1𝑅𝑗+𝑟𝑗+1

(𝑡)
}︀

=𝛼1𝜎𝑅

{︀
𝑡−𝜇1𝑅1(𝑡)

}︀
+ . . .+ 𝛼𝑗𝜎𝑅

{︀
𝑡−𝜇𝑗𝑅𝑗(𝑡)

}︀
.

But by the invertibility of the matrix Λ𝑅 this is possible only if 𝛼1 = . . . = 𝛼𝑗+𝑟𝑗+1
= 0. This

means that the vector functions 𝑅𝑗+1(𝑡), . . . , 𝑅𝑗+𝑟𝑗+1
(𝑡) are linearly independent modulo the

space 𝒩𝑅
𝜇𝑗+1

+ 𝑡𝒩𝑅
𝜇𝑗+1

. Therefore, they can serve as the right essential functions corresponding
to the index 𝜇𝑗+1.

The statement of the theorem on the matrices Λ̂𝑅, Λ𝐿 and Λ̂𝐿 can be proved in the same
way. The proof is complete.

6. Essential functions and Wiener — Hopf factorization

Now we can find out how the indices and essential functions of an invertible matrix function
𝑎(𝑡) are related to its Wiener — Hopf factorization.
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By the essential vector functions 𝑅1(𝑡), . . . , 𝑅𝑝(𝑡) and 𝐿1(𝑡), . . . , 𝐿𝑝(𝑡) we form the matrix
functions

ℛ(𝑡) =
(︀
𝑅1(𝑡) . . . 𝑅𝑝(𝑡)

)︀
, ℒ(𝑡) =

⎛⎝𝐿1(𝑡)
...

𝐿𝑝(𝑡)

⎞⎠ .

It is clear that ℛ(𝑡) ∈ 𝑊 𝑝×𝑝
+ , ℒ(𝑡) ∈ 𝑊 𝑝×𝑝

− . Moreover, we introduce

𝑑(𝑡) = diag[𝑡𝜇1 , . . . , 𝑡𝜇𝑝 ].

In the next theorem we construct the right Wiener — Hopf factorization of 𝑎(𝑡) in terms of
its indices and essential functions. In this way we obtain a new proof for the existence of the
Wiener — Hopf factorization. We note that this proof explicitly uses only the tools of functional
analysis, and from the complex analysis, only the maximum modulus principle is required.

Theorem 6.1. Each matrix function 𝑎(𝑡) ∈ 𝐺𝑊 𝑝×𝑝 admits the representations

𝑎(𝑡) = 𝑎−(𝑡)𝑑(𝑡)ℛ−1(𝑡) = ℒ−1(𝑡)𝑑(𝑡)𝑎+(𝑡),

which are its right Wiener — Hopf factorizations.
Thus, the essential indices of 𝑎(𝑡) coincide with the right factorization indices of 𝑎(𝑡), and

ℛ(𝑡)
(︀
ℒ(𝑡)

)︀
is the inverse matrix function to one of the factors 𝑎+(𝑡)

(︀
𝑎−(𝑡)

)︀
.

Proof. The definition (4.1) of the operator 𝜎𝑅 implies that

𝜎𝑅{𝑡−𝑖𝑅(𝑡)} =
∞∑︁
𝑘=0

𝑎𝑖−𝑘𝑅𝑘 = (𝑎 *𝑅)𝑖,

i.e., it coincides with the 𝑖-th Fourier coefficient of the vector function 𝑎(𝑡)𝑅(𝑡). Therefore, the
condition 𝑅(𝑡) ∈ 𝒩𝑅

𝑘 is equivalent to the fact that 𝑎(𝑡)𝑅(𝑡) has zero Fourier coefficients with
indices 𝑖 ⩾ 𝑘. This yields that the columns of the matrix function 𝑎(𝑡)ℛ(𝑡)𝑑−1(𝑡) belong to the
space 𝑊 𝑝×1

− , i.e.,

𝑎(𝑡)ℛ(𝑡)𝑑−1(𝑡) = 𝑎−(𝑡), (6.1)

for some matrix function 𝑎−(𝑡) ∈ 𝑊 𝑝×𝑝
− . By the essentiality criterion (Theorem 5.1) we obtain

the invertibility of the matrix

𝑎−(∞) =
(︀
𝜎𝑅{𝑡−𝜇1𝑅1(𝑡)} . . . 𝜎𝑅{𝑡−𝜇𝑝𝑅𝑝(𝑡)}

)︀
= Λ𝑅.

Similarly,
𝑑−1(𝑡)ℒ(𝑡)𝑎(𝑡) = 𝑎+(𝑡), (6.2)

for some 𝑎+(𝑡) ∈ 𝑊 𝑝×𝑝
+ , and 𝑎+(0) = Λ𝐿 is invertible.

By (6.1), (6.2) we have

ℒ(𝑡)𝑎(𝑡)ℛ(𝑡) = ℒ(𝑡)𝑎−(𝑡)𝑑(𝑡) = 𝑑(𝑡)𝑎+(𝑡)ℛ(𝑡).

Passing to the determinants in this identity, we find

det 𝑎+(𝑡) detℛ(𝑡) = det 𝑎−(𝑡) detℒ(𝑡).
Since the left hand side of this identity belongs to the algebra 𝑊+, and the right hand side does
to the algebra 𝑊−, on the unit circle we have det 𝑎+(𝑡) detℛ(𝑡) = 𝜆, 𝜆 ∈ C. The maximum
modulus principle then implies that det 𝑎+(𝑧) detℛ(𝑧) = 𝜆 everywhere in the closed unit disk.

Since det 𝑎+(0) = detΛ𝐿 ̸= 0 and detℛ(0) = det Λ̂𝑅 ̸= 0, we obtain 𝜆 ̸= 0. Thus,

det 𝑎+(𝑧) detℛ(𝑧) = 𝜆 ̸= 0

everywhere in the closed unit disk. This means that the matrix functions 𝑎+(𝑡), ℛ(𝑡) are
invertible in the algebra 𝑊 𝑝×𝑝

+ . In the same way we prove the invertibility of 𝑎−(𝑡), ℒ(𝑡) in the
algebra 𝑊 𝑝×𝑝

− .
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Therefore, by (6.1) and (6.2) we obtain the right Wiener — Hopf factorizations of the matrix
function 𝑎(𝑡) in terms of the right or left essential functions:

𝑎(𝑡) = 𝑎−(𝑡)𝑑(𝑡)ℛ−1(𝑡) = ℒ−1(𝑡)𝑑(𝑡)𝑎+(𝑡).

The proof is complete.

Remark 6.1. We note that the obtained results imply that the sum of the factorization in-
dices of 𝑎(𝑡), taken with the opposite sign, coincides with the index of the operator 𝑇𝑎.

Now we are going to prove that knowing any right factorization of 𝑎(𝑡), we can find its
essential indices and essential functions. Given a matrix 𝐴, we adopt the notation [𝐴]𝑗 for its
𝑗-th column, and [𝐴]𝑗 for its 𝑗-th row.

Theorem 6.2. If

𝑎(𝑡) = 𝑎−(𝑡)𝑑(𝑡)𝑎+(𝑡) (6.3)

is a right Wiener — Hopf factorization of 𝑎(𝑡), then the right factorization indices of 𝑎(𝑡) are
the essential indices of 𝑎(𝑡), the vector functions [𝑎−1

+ (𝑡)]1, . . . , [𝑎−1
+ (𝑡)]𝑝 are the right essential

functions, and [𝑎−1
− (𝑡)]1, . . . , [𝑎

−1
− (𝑡)]𝑝 are the left essential functions of 𝑎(𝑡).

Proof. If 𝜇1, . . . , 𝜇𝑝 are the right factorization indices of 𝑎(𝑡), then it follows from (6.3) that

𝑝∑︁
𝑗=1

𝜇𝑗 = − ind𝑇𝑎.

Moreover, by the factorization (6.3) we also have

𝑡−𝜇𝑗𝑎(𝑡)[𝑎−1
+ (𝑡)]𝑗 = [𝑎−(𝑡)]

𝑗, 𝑗 = 1, . . . , 𝑝.

The Fourier coefficients with positive indices of the vector function 𝑡−𝜇𝑗𝑎(𝑡)[𝑎−1
+ (𝑡)]𝑗 are equal

to zero. Therefore, [𝑎−1
+ (𝑡)]𝑗 ∈ 𝒩𝑅

𝜇𝑗+1. Since the matrix

Λ𝑅 =
(︀
𝜎𝑅

{︀
𝑡−𝜇1 [𝑎−1

+ (𝑡)]1
}︀
. . . 𝜎𝑅

{︀
𝑡−𝜇𝑝 [𝑎−1

+ (𝑡)]𝑝
}︀)︀

= 𝑎−(∞),

is invertible. The essentiality criterion (Theorem 5.1) implies that the numbers 𝜇1, . . . , 𝜇𝑝

are the essential indices, and the vector functions [𝑎−1
+ (𝑡)]1, . . . , [𝑎−1

+ (𝑡)]𝑝 are the right essential
functions of 𝑎(𝑡).
The second part of the theorem can be proved in the same way. The proof is complete.

Thus, in the case of an invertible matrix function the method of essential indices and functions
is completely equivalent to the method of Wiener — Hopf factorization.

Remark 6.2. Let us compare the proof of the existence of factorization proposed in this work
with the classical proof by I.Ts. Gokhberg, now presented in many monographs and surveys on
this topic (see, e.g., [5], [7]). The base of both methods is the lemma on canonical factorization of
matrix functions sufficiently close to the identity matrix. Then in both methods a representation
of form (3.2) is used (see [7]). The further ways of the proof diverge. In the method by
I.Ts. Gokhberg, the existence of a factorization of a matrix function analytic inside the domain
is proved. This is the most technically complicated part of the proof, and it is a pure existence
theorem. Explicit identification of the partial indices and factorization factors of an analytic
matrix function within this method is hardly possible. The general case in the method of I.Ts.
Gokhberg is reduced to the analytic one by means of representation (3.2).
In the method proposed in this work, representation (3.2) is used to study the chain of kernels

of the operators 𝑇𝑘, 𝑈𝑘, which ultimately leads to the construction of the factorization. This is
a longer path, but it has its advantages, which we shall demonstrate in the next section and in
subsequent works.
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Remark 6.3. If 𝑎(𝑡) = 𝑎−(𝑡)𝑑(𝑡)𝑎+(𝑡) is a Wiener — Hopf factorization of 𝑎(𝑡), then for
the Toeplitz operator 𝑇𝑎 the operator 𝑇 †

𝑎 := 𝑇𝑎−1
+
𝑇𝑑−1𝑇𝑎−1

−
is its generalized inverse. Therefore,

the kernel 𝑇𝑎 and the generalized inverse 𝑇 †
𝑎 = 𝑇ℛ𝑇𝑑−1𝑇ℒ are described in terms of the indices

and essential functions of 𝑎(𝑡). This fact is the analogue of the corresponding result for finite
Toeplitz matrices. Thus, there exists a unified approach to the study of infinite–dimensional
and finite–dimensional Toeplitz operators: this is the method of indices and essential functions
(polynomials).

Remark 6.4. In this work we consider only the right Wiener — Hopf factorization. A
similar theory can be constructed for left factorization (1.1) if one replaces assumption A by

B. The sequence 𝑎 := {𝑎𝑗}∞𝑗=−∞ is the sequence of matrix Fourier coefficients for the matrix
function 𝑎−1(𝑡) ∈ 𝑊 𝑝×𝑝.

7. Effective criterion for canonical factorization of

strictly nonsingular matrix functions

In [12], we studied the problem on finding the partial indices of a strictly nonsingular matrix
function

𝐴(𝑡) =

(︂
𝑎11(𝑡) 𝑎12(𝑡)
𝑎21(𝑡) 𝑎22(𝑡)

)︂
∈ 𝐺𝑊 2×2, 𝑎11(𝑡) ∈ 𝐺𝑊.

The factorization of such matrix functions often appears in various problems of mathematical
physics and mechanics, in particular, in the soliton theory [10] and in the diffraction theory
[16]. Under the condition ind 𝑎11 = 2 ind det𝐴 the factorization problem for 𝐴(𝑡) was explicitly
reduced to the factorization of the matrix function

𝑎(𝑡) =

(︂
1 𝛽−(𝑡)

𝛼+(𝑡) 1 + 𝛽−(𝑡)𝛼+(𝑡)

)︂
, (7.1)

where 𝛽−(𝑡) ∈ 𝑊−, 𝛼+(𝑡) ∈ 𝑊+. In the particular case when these functions are Laurent
polynomials, a criterion was obtained for the existence of a canonical factorization; however,
the method of [12] did not allow one to construct this factorization.
In this section we shall show that the new factorization method based on indices and essential

functions makes it possible to construct explicitly the canonical factorization of the Laurent
matrix polynomial

𝑎𝑁(𝑡) =

(︃
1 𝛽

(𝑁)
− (𝑡)

𝛼
(𝑁)
+ (𝑡) 1 + 𝛽

(𝑁)
− (𝑡)𝛼

(𝑁)
+ (𝑡)

)︃
, (7.2)

where 𝛽
(𝑁)
− (𝑡), 𝛼

(𝑁)
+ (𝑡) are Laurent polynomials of degree at most 𝑁 for 𝛽−(𝑡), 𝛼+(𝑡), respec-

tively:

𝛽
(𝑁)
− (𝑡) = 𝛽0 + 𝛽−1𝑡

−1 + . . .+ 𝛽−𝑁 𝑡
−𝑁 , 𝛼

(𝑁)
+ (𝑡) = 𝛼0 + 𝛼1𝑡+ . . .+ 𝛼𝑁 𝑡

𝑁 .

The factorization of 𝑎𝑁(𝑡) will be constructed in terms of the coefficients of 𝛽
(𝑁)
− (𝑡), 𝛼

(𝑁)
+ (𝑡).

Having found explicitly the canonical factorization of 𝑎𝑁(𝑡), we shall be able to obtain an
effective criterion for the existence of the canonical factorization of 𝑎(𝑡). The method of ob-
taining such a criterion was proposed in [15]. In this work, for the practical implementation of
the method, the ExactMPF package developed by the authors was used, which allows one to
construct, by means of exact (error–free) computations, the factorization of matrix polynomi-
als. Such an approach is suitable for obtaining the factorization of a specific matrix function
𝑎(𝑡) and is not suitable for the theoretical investigation of the problem. In this section we shall
eliminate this shortcoming.



METHOD OF ESSENTIAL FUNCTIONS 19

7.1. Canonical factorization for 𝑎𝑁(𝑡). Let us introduce the data necessary for what
follows. We define the numerical matrix 𝐷𝑁 = 𝐼𝑁 + 𝐾𝑁 , where 𝐼𝑁 is the identity matrix of
order 𝑁 and 𝐾𝑁 is the product of Toeplitz matrices:

𝐾𝑁 =

⎛⎝𝛼𝑁 . . . 𝛼1
...

. . .
...

0 . . . 𝛼𝑁

⎞⎠⎛⎝𝛽−𝑁 . . . 0
...

. . .
...

𝛽−1 . . . 𝛽−𝑁

⎞⎠ .

If the matrix 𝐷𝑁 is invertible and 𝐻𝑁 =
(︀
ℎ
(𝑁)
𝑖,𝑗

)︀𝑁−1

𝑖,𝑗=0
is its inverse matrix, then by 𝐻

(𝑁)
𝑘 , 0 ⩽ 𝑘 ⩽

𝑁 − 1, we denote the 𝑘-th column of 𝐻𝑁 and 𝐻
(𝑁)
𝑘 (𝑡) =

𝑁−1∑︀
𝑗=0

ℎ
(𝑁)
𝑗𝑘 𝑡𝑗 stands for the generating

polynomial of this column. We also introduce 𝐻
(𝑁)
𝑁 (𝑡) := 𝑡𝑁 and 𝐻

(𝑁)
𝛼 (𝑡) :=

𝑁∑︀
𝑘=0

𝛼𝑘𝐻
(𝑁)
𝑘 (𝑡). We

recall that 𝒫+ is the projection from 𝑊 into 𝑊+ parallel to (𝑊−)
0, acting by the rule

𝒫+

(︃
∞∑︁

𝑘=−∞

𝑎𝑘𝑡
𝑘

)︃
=

∞∑︁
𝑘=0

𝑎𝑘𝑡
𝑘,

and 𝒫− = ℐ − 𝒫+ is the complementary projection.

Theorem 7.1. The Laurent matrix polynomial 𝑎𝑁(𝑡) admits a canonical factorization if and
only if the matrix 𝐷𝑁 is invertible.
If this condition is satisfied, then the canonical factorization 𝑎𝑁(𝑡) = 𝑎−𝑁(𝑡)𝑎

+
𝑁(𝑡), normalized

by the condition 𝑎−𝑁(∞) = 𝐼2, is constructed by the formulas

𝑎−𝑁(𝑡) =

(︃
1− 𝒫−

(︀
𝛽
(𝑁)
− (𝑡)𝐻

(𝑁)
𝛼 (𝑡)

)︀
𝒫−
(︀
𝛽
(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡)

)︀
−𝒫−

(︀
𝛽
(𝑁)
− (𝑡)𝛼

(𝑁)
+ (𝑡)𝐻

(𝑁)
𝛼 (𝑡)

)︀
1 + 𝒫−

(︀
𝛽
(𝑁)
− (𝑡)𝛼

(𝑁)
+ (𝑡)𝐻

(𝑁)
0 (𝑡)

)︀)︃ ,

𝑎+𝑁(𝑡) =

(︃
𝐻

(𝑁)
0 (𝑡) 𝒫+

(︀
𝛽
(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡)

)︀
𝐻

(𝑁)
𝛼 (𝑡) 1 + 𝒫+

(︀
𝛽
(𝑁)
− (𝑡)𝐻

(𝑁)
𝛼 (𝑡)

)︀)︃ .

(7.3)

Proof. By Theorem 6.1, the essential indices for the matrix function 𝑎𝑁(𝑡) coincide with the
factorization indices of 𝑎𝑁(𝑡). The essential indices are equal to zero if and only if the kernel of
the Toeplitz operator 𝑇0 := 𝑇𝑎𝑁 is trivial. Indeed, if the essential indices are equal to zero, then
𝑎𝑁(𝑡) admits a canonical factorization, the operator 𝑇0 is invertible and its kernel is trivial.
On the other hand, if ker𝑇0 = {0}, then for the essential indices 𝜇1, 𝜇2 we have 𝜇2 ⩾ 𝜇1 ⩾ 0.

If we suppose that 𝜇1 > 0, then 0 = ind det 𝑎𝑁(𝑡) = 𝜇1+𝜇2 > 0, which is impossible. Therefore,
𝜇1 = 𝜇2 = 0. Thus, the triviality of the kernel of the operator 𝑇0 is a criterion for the existence
of a canonical factorization of 𝑎𝑁(𝑡).

The vector function 𝑥+(𝑡) =
(︀
𝑥1(𝑡), 𝑥2(𝑡)

)︀𝑇
, 𝑥1(𝑡), 𝑥2(𝑡) ∈ 𝑊+, belongs to the kernel of the

Toeplitz operator 𝑇0 if and only if this vector is a solution of the operator system of equations{︃
𝑥1(𝑡) + 𝑇

𝛽
(𝑁)
−

𝑥2(𝑡) = 0,

𝑇
𝛼
(𝑁)
+

𝑥1(𝑡) + (ℐ + 𝑇
𝛽
(𝑁)
− 𝛼

(𝑁)
+

)𝑥2(𝑡) = 0.

This implies that the kernel of the operator 𝑇0 consists of vector functions 𝑥+(𝑡) =(︀
−𝑇

𝛽
(𝑁)
−

𝑥2(𝑡), 𝑥2(𝑡)
)︀𝑇
, where 𝑥2(𝑡) is an arbitrary function from the kernel of the operator

𝒟 = ℐ +
(︀
𝑇
𝛽
(𝑁)
−

𝑇
𝛼
(𝑁)
+

− 𝑇
𝛼
(𝑁)
+

𝑇
𝛽
(𝑁)
−

)︀
. This means that the kernel of 𝑇0 is trivial if and only if the

kernel of 𝒟 is trivial.
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To find the kernel of the operator 𝒟, we decompose the space 𝑊+ into the direct sum
𝑊+ = 𝑃𝑁𝑊+ ⊕𝑄𝑁𝑊+, where 𝑃𝑁 is the projection acting by the rule

𝑃𝑁

(︃
∞∑︁
𝑘=0

𝑥𝑘𝑡
𝑘

)︃
=

𝑁−1∑︁
𝑘=0

𝑥𝑘𝑡
𝑘,

and 𝑄𝑁 = ℐ − 𝑃𝑁 is the complementary projection. It is easy to see that the formula 𝑄𝑁 =
𝑇𝑡𝑁𝑇𝑡−𝑁 holds.
Let us represent the operator 𝒟 as an operator matrix corresponding to this decomposition

of the space 𝑊+:

𝒟 =

(︂
𝑃𝑁𝒟𝑃𝑁 | Im𝑃𝑁 𝑃𝑁𝒟𝑄𝑁 | Im𝑄𝑁

𝑄𝑁𝒟𝑃𝑁 | Im𝑃𝑁 𝑄𝑁𝒟𝑄𝑁 | Im𝑄𝑁

)︂
.

Let us find the elements of this operator matrix, taking into consideration that 𝛽
(𝑁)
− (𝑡), 𝛼

(𝑁)
+ (𝑡)

are polynomials in 𝑡−1, 𝑡, respectively, of degree at most 𝑁 :

𝒟𝑄𝑁 = 𝑄𝑁 +
(︀
𝑇
𝛽
(𝑁)
−

𝑇
𝛼
(𝑁)
+

− 𝑇
𝛼
(𝑁)
+

𝑇
𝛽
(𝑁)
−

)︁
𝑇𝑡𝑁𝑇𝑡−𝑁

= 𝑄𝑁 +
(︀
𝑇
𝛽
(𝑁)
− 𝛼

(𝑁)
+ 𝑡𝑁

− 𝑇
𝛼
(𝑁)
+

𝑇
𝛽
(𝑁)
− 𝑡𝑁

)︁
𝑇𝑡−𝑁

= 𝑄𝑁 +
(︀
𝑇
𝛽
(𝑁)
− 𝛼

(𝑁)
+ 𝑡𝑁

− 𝑇
𝛼
(𝑁)
+ 𝛽

(𝑁)
− 𝑡𝑁

)︁
𝑇𝑡−𝑁 = 𝑄𝑁 .

In the same we prove that 𝑄𝑁𝒟 = 𝑄𝑁 . This yields

𝑃𝑁𝒟𝑄𝑁 = 0, 𝑄𝑁𝒟𝑃𝑁 = 0, 𝑄𝑁𝒟𝑄𝑁 = 𝑄𝑁 .

It remains to find 𝑃𝑁𝒟𝑃𝑁

𝑃𝑁𝒟𝑃𝑁 = 𝑃𝑁 + 𝑃𝑁

(︀
𝑇
𝛽
(𝑁)
−

𝑇
𝛼
(𝑁)
+

− 𝑇
𝛼
(𝑁)
+

𝑇
𝛽
(𝑁)
−

)︁
𝑃𝑁

= 𝑃𝑁 + 𝑃𝑁

(︀
𝑇
𝑡−𝑁𝛼

(𝑁)
+

𝑇
𝑡𝑁𝛽

(𝑁)
−

− 𝑇
𝑡−𝑁𝛼

(𝑁)
+

𝑇𝑡𝑁𝑇𝑡−𝑁𝑇
𝑡𝑁𝛽

(𝑁)
−

)︁
𝑃𝑁

= 𝑃𝑁 + 𝑃𝑁𝑇𝑡−𝑁𝛼
(𝑁)
+

(ℐ −𝑄𝑁)𝑇𝑡𝑁𝛽
(𝑁)
−

𝑃𝑁 = 𝑃𝑁 + 𝑃𝑁𝑇𝑡−𝑁𝛼
(𝑁)
+

𝑃𝑁𝑇𝑡𝑁𝛽
(𝑁)
−

𝑃𝑁 .

Finally,

𝒟 =

(︂
(𝑃𝑁 +𝒦𝑁)| Im𝑃𝑁 0

0 𝑄𝑁 | Im𝑄𝑁

)︂
, (7.4)

where 𝒦𝑁 = 𝑃𝑁𝑇𝑡−𝑁𝛼
(𝑁)
+

𝑃𝑁𝑇𝑡𝑁𝛽
(𝑁)
−

𝑃𝑁 . Thus, 𝑥2(𝑡) = 𝑃𝑁𝑥2(𝑡) +𝑄𝑁𝑥2(𝑡) belongs to the kernel

of the operator 𝒟 if and only if

(𝑃𝑁 +𝒦𝑁)𝑃𝑁𝑥2(𝑡) = 0, 𝑄𝑁𝑥2(𝑡) = 0.

In the standard basis the operator (𝑃𝑁 + 𝒦𝑁)| Im𝑃𝑁 has the matrix 𝐷𝑁 = 𝐼𝑁 + 𝐾𝑁 . We

hence find that 𝑥2(𝑡) =
∞∑︀
𝑘=0

𝑥𝑘𝑡
𝑘 belongs to the kernel of 𝒟 only in the case when the vector

(𝑥0, . . . , 𝑥𝑁−1)
𝑇 belongs to the kernel of the matrix 𝐷𝑁 = 𝐼𝑁 +𝐾𝑁 and 𝑥𝑁 = 𝑥𝑁+1 = . . . = 0.

This means that the kernel of 𝒟 is trivial if and only if the matrix 𝐷𝑁 = 𝐼𝑁+𝐾𝑁 is invertible.
The criterion for the canonical factorization of 𝑎𝑁(𝑡) is obtained.
Let the matrix 𝐷𝑁 be invertible; then the essential indices are equal to zero, 𝜇1 = 𝜇2 = 0.

This means that the essential functions 𝑅1(𝑡), 𝑅2(𝑡) lie in the two–dimensional space ker𝑇1 :=
ker𝑇𝑡−1𝑎𝑁 . Let us find a basis of this space.

If 𝑅(𝑡) =
(︀
𝑟1(𝑡), 𝑟2(𝑡)

)︀𝑇 ∈ ker𝑇1, then 𝑇𝑎𝑁𝑅(𝑡) ∈ ker𝑇𝑡−1𝐼2 . The latter kernel consists of
constant vector functions. Thus,{︃

𝑟1(𝑡) + 𝑇
𝛽
(𝑁)
−

𝑟2(𝑡) = 𝑢1,

𝑇
𝛼
(𝑁)
+

𝑟1(𝑡) + (ℐ + 𝑇
𝛽
(𝑁)
− 𝛼

(𝑁)
+

)𝑟2(𝑡) = 𝑢2,
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where 𝑢1, 𝑢2 ∈ C. Then 𝑅(𝑡) =
(︀
𝑢1−𝑇

𝛽
(𝑁)
−

𝑟2(𝑡), 𝑟2(𝑡)
)︀𝑇
, where 𝑟2(𝑡) is a solution of the operator

equation 𝒟𝑟2(𝑡) = 𝑢2 − 𝑇
𝛼
(𝑁)
+

𝑢1, i.e.,[︀
ℐ +

(︀
𝑇
𝛽
(𝑁)
−

𝑇
𝛼
(𝑁)
+

− 𝑇
𝛼
(𝑁)
+

𝑇
𝛽
(𝑁)
−

)︀]︀
𝑟2(𝑡) = 𝑢2 − 𝑢1𝛼

(𝑁)
+ (𝑡).

Taking into consideration formula (7.4), we obtain

(𝑃𝑁 +𝒦𝑁)𝑃𝑁𝑟2(𝑡) = 𝑢2 − 𝑢1𝑃𝑁𝛼
(𝑁)
+ (𝑡), 𝑄𝑁𝑟2(𝑡) = 𝑄𝑁(𝑢2 − 𝑢1𝛼

(𝑁)
+ (𝑡)) = −𝑢1𝛼𝑁 𝑡

𝑁 .

Thus, to find the Fourier coefficients 𝑟
(2)
𝑘 of the function 𝑟2(𝑡), we obtain the system⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝐷𝑁

⎛⎜⎝ 𝑟
(2)
0
...

𝑟
(2)
𝑁−1

⎞⎟⎠ = 𝑢2

⎛⎜⎝1
...

0

⎞⎟⎠− 𝑢1

⎛⎜⎝ 𝛼0

...

𝛼𝑁−1

⎞⎟⎠ ,

𝑟
(2)
𝑁 = −𝑢1𝛼𝑁 ,

𝑟
(2)
𝑘 = 0, 𝑘 > 𝑁.

If 𝐻𝑁 is the matrix inverse to 𝐷𝑁 , then⎛⎜⎝ 𝑟
(2)
0
...

𝑟
(2)
𝑁−1

⎞⎟⎠ = 𝑢2𝐻𝑁

⎛⎝1
...
0

⎞⎠− 𝑢1𝐻𝑁

⎛⎝ 𝛼0
...

𝛼𝑁−1

⎞⎠ ,

and we obtain ⎧⎨⎩𝑃𝑁𝑟2(𝑡) = 𝑢2𝐻
(𝑁)
0 (𝑡)− 𝑢1

𝑁−1∑︀
𝑘=0

𝛼𝑘𝐻
(𝑁)
𝑘 (𝑡),

𝑄𝑁𝑟2(𝑡) = −𝑢1𝛼𝑁 𝑡
𝑁 .

Recall that here 𝐻
(𝑁)
𝑘 (𝑡) is the generating polynomial of the 𝑘-th column of the matrix 𝐻𝑁 .

Finally, we arrive at the expression for 𝑟2(𝑡)

𝑟2(𝑡) = 𝑃𝑁𝑟2(𝑡) +𝑄𝑁𝑟2(𝑡) = 𝑢2𝐻
(𝑁)
0 (𝑡)− 𝑢1𝐻

(𝑁)
𝛼 (𝑡),

where 𝐻
(𝑁)
𝛼 (𝑡) =

𝑁∑︀
𝑘=0

𝛼𝑘𝐻
(𝑁)
𝑘 (𝑡). Hence,

𝑟1(𝑡) = 𝑢1

(︀
1 + 𝑇

𝛽
(𝑁)
−

𝐻(𝑁)
𝛼 (𝑡)

)︀
− 𝑢2𝑇𝛽

(𝑁)
−

𝐻
(𝑁)
0 (𝑡).

Thus, an arbitrary vector function from ker𝑇1 is represented as

𝑅(𝑡) = 𝑢1

(︃
1 + 𝑇

𝛽
(𝑁)
−

𝐻
(𝑁)
𝛼 (𝑡)

−𝐻
(𝑁)
𝛼 (𝑡)

)︃
+ 𝑢2

(︃
−𝑇

𝛽
(𝑁)
−

𝐻
(𝑁)
0 (𝑡)

𝐻
(𝑁)
0 (𝑡)

)︃
.

The vector functions

𝑅1(𝑡) =

(︃
1 + 𝒫+𝛽

(𝑁)
− 𝐻

(𝑁)
𝛼 (𝑡)

−𝐻
(𝑁)
𝛼 (𝑡)

)︃
, 𝑅2(𝑡) =

(︃
−𝒫+𝛽

(𝑁)
− 𝐻

(𝑁)
0 (𝑡)

𝐻
(𝑁)
0 (𝑡)

)︃
form a basis of the space ker𝑇1, i.e., they are the essential vector functions of 𝑎𝑁(𝑡).
By Theorem 6.1 we then obtain(︀

𝑎+𝑁(𝑡)
)︀−1

=

(︃
1 + 𝒫+𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
𝛼 (𝑡) −𝒫+𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡)

−𝐻
(𝑁)
𝛼 (𝑡) 𝐻

(𝑁)
0 (𝑡)

)︃
.

The factor

𝑎−𝑁(𝑡) =

(︂
𝑎−11(𝑡) 𝑎−12(𝑡)
𝑎−21(𝑡) 𝑎−22(𝑡)

)︂
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can be found by the identity 𝑎−𝑁(𝑡) = 𝑎𝑁(𝑡)(𝑎
+
𝑁(𝑡)

)︀−1
. Then

𝑎−11(𝑡) = 1 + 𝒫+𝛽
(𝑁)
− (𝑡)𝐻(𝑁)

𝛼 (𝑡)− 𝛽
(𝑁)
− (𝑡)𝐻(𝑁)

𝛼 (𝑡)

= 1− 𝒫−𝛽
(𝑁)
− (𝑡)𝐻(𝑁)

𝛼 (𝑡) ∈ 𝑊−, 𝑎−11(∞) = 1,

𝑎−12(𝑡) = 𝛽
(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡)− 𝒫+𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡) = 𝒫−𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡) ∈ 𝑊−, 𝑎−12(∞) = 0,

𝑎−21(𝑡) = (𝒫+ + 𝒫−)
[︀
𝛼
(𝑁)
+ (𝑡) + 𝛼

(𝑁)
+ (𝑡)𝑇

𝛽
(𝑁)
−

𝐻(𝑁)
𝛼 (𝑡)−𝐻(𝑁)

𝛼 (𝑡)− 𝛼
(𝑁)
+ (𝑡)𝛽

(𝑁)
− (𝑡)𝐻(𝑁)

𝛼 (𝑡)
]︀

= 𝛼
(𝑁)
+ (𝑡)−

[︀
ℐ + 𝑇

𝛽
(𝑁)
−

𝑇
𝛼
(𝑁)
+

− 𝑇
𝛼
(𝑁)
+

𝑇
𝛽
(𝑁)
−

]︀
𝐻(𝑁)

𝛼 (𝑡)− 𝒫−𝛼
(𝑁)
+ (𝑡)𝛽

(𝑁)
− (𝑡)𝐻(𝑁)

𝛼 (𝑡)

= 𝛼
(𝑁)
+ (𝑡)−𝒟𝐻(𝑁)

𝛼 (𝑡)− 𝒫−𝛼
(𝑁)
+ (𝑡)𝛽

(𝑁)
− (𝑡)𝐻(𝑁)

𝛼 (𝑡)

= −𝒫−𝛼
(𝑁)
+ (𝑡)𝛽

(𝑁)
− (𝑡)𝐻(𝑁)

𝛼 (𝑡) ∈ 𝑊−, 𝑎−21(∞) = 0.

Here we have taken into consideration that 𝒟𝐻
(𝑁)
𝛼 (𝑡) =

𝑁∑︀
𝑘=0

𝛼𝑘𝒟𝐻
(𝑁)
𝑘 (𝑡), and since formula

(7.4) implies immediately 𝒟𝐻
(𝑁)
𝑘 (𝑡) = 𝑡𝑘, we have 𝒟𝐻

(𝑁)
𝛼 (𝑡) = 𝛼

(𝑁)
+ (𝑡). Similar computations

are made for the element 𝑎−22(𝑡):

𝑎−22(𝑡) = (𝒫+ + 𝒫−)
[︀
𝐻

(𝑁)
0 (𝑡) + 𝛼

(𝑁)
+ (𝑡)𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡)− 𝛼

(𝑁)
+ (𝑡)𝑇

𝛽
(𝑁)
−

𝐻
(𝑁)
0 (𝑡)

]︀
=
[︀
ℐ + 𝑇

𝛽
(𝑁)
−

𝑇
𝛼
(𝑁)
+

− 𝑇
𝛼
(𝑁)
+

𝑇
𝛽
(𝑁)
−

]︀
𝐻

(𝑁)
0 (𝑡) + 𝒫−𝛼

(𝑁)
+ (𝑡)𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡)

= 𝒟𝐻
(𝑁)
0 (𝑡) + 𝒫−𝛼

(𝑁)
+ (𝑡)𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡) = 1 + 𝒫−𝛼

(𝑁)
+ (𝑡)𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡) ∈ 𝑊−,

𝑎−22(∞) = 1.

This leads us to the following result:

𝑎−𝑁(𝑡) =

(︃
1− 𝒫−𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
𝛼 (𝑡) 𝒫−𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡)

−𝒫−𝛼
(𝑁)
+ (𝑡)𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
𝛼 (𝑡) 1 + 𝒫−𝛼

(𝑁)
+ (𝑡)𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡)

)︃
∈ 𝑊 2×2

− ,

and moreover, det 𝑎−𝑁(∞) = 1. Since det 𝑎−𝑁(𝑡) = const, then det 𝑎−𝑁(𝑡) = 1, and hence also
det 𝑎+𝑁(𝑡) = 1. Then

𝑎+𝑁(𝑡) =

(︃
𝐻

(𝑁)
0 (𝑡) 𝒫+𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
0 (𝑡)

𝐻
(𝑁)
𝛼 (𝑡) 1 + 𝒫+𝛽

(𝑁)
− (𝑡)𝐻

(𝑁)
𝛼 (𝑡)

)︃
.

The proof is complete.

We are going to provide an example of the application of this theorem.

Example 7.1. We consider the Laurent matrix polynomial

𝑎3(𝑡) =

(︃
1 𝛽

(3)
− (𝑡)

𝛼
(3)
+ (𝑡) 1 + 𝛽

(3)
− (𝑡)𝛼

(3)
+ (𝑡)

)︃
,

where 𝑁 = 3 and

𝛼
(3)
+ (𝑡) = 1 + 𝑡+

𝑡2

2!
+

𝑡3

3!
, 𝛽

(3)
− (𝑡) = 1 +

1

2𝑡
+

1

222!𝑡2
+

1

233!𝑡3
.

Here the Laurent polynomials of the functions 𝛼+(𝑡) = 𝑒𝑡, 𝛽−(𝑡) = 𝑒1/2𝑡 have been taken as

𝛼
(3)
+ (𝑡), 𝛽

(3)
− (𝑡), respectively. All further computations were made in exact arithmetic by using

the CAS Maple.
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Since the matrix

𝐷3 = 𝐼3 +𝐾3 =

⎛⎜⎜⎜⎜⎜⎜⎝

451

288

13

96

1

48

13

48

307

288

1

96

1

12

1

48

289

288

⎞⎟⎟⎟⎟⎟⎟⎠
is invertible, then 𝑎3(𝑡) admits a canonical factorization. In order not to overload the exposition,
we restrict ourselves to finding only the factor 𝑎+3 (𝑡).
Let us find 𝐻3 = 𝐷−1

3 and write out the generating polynomials for the columns of this matrix

𝐻
(3)
0 (𝑡) =

5109408

7817645
− 1294272

7817645
𝑡− 79488

1563529
𝑡2,

𝐻
(3)
1 (𝑡) = − 647136

7817645
+

7499232

7817645
𝑡− 101952

7817645
𝑡2,

𝐻
(3)
2 (𝑡) = − 19872

1563529
− 50976

7817645
𝑡+

7799904

7817645
𝑡2.

By definition,

𝐻
(3)
3 (𝑡) = 𝑡3, 𝐻(3)

𝛼 (𝑡) = 𝐻
(3)
0 (𝑡) +𝐻

(3)
1 (𝑡) +

1

2
𝐻

(3)
2 (𝑡) +

1

6
𝐻

(3)
3 (𝑡).

We find 𝐻
(3)
𝛼 (𝑡)

𝐻(3)
𝛼 (𝑡) =

4412592

7817645
+

6179472

7817645
𝑡+

680112

1563529
𝑡2 +

1

6
𝑡3.

We calculate 𝛽
(3)
− (𝑡)𝐻

(3)
0 (𝑡), 𝛽

(3)
− (𝑡)𝐻

(3)
𝛼 (𝑡), and in the obtained Laurent polynomials we select

only the terms with nonnegative powers of 𝑡

𝒫+

(︀
𝛽
(3)
− (𝑡)𝐻

(3)
0 (𝑡)

)︀
=

4412592

7817645
− 1492992

7817645
𝑡− 79488

1563529
𝑡2,

1 + 𝒫+

(︀
𝛽
(3)
− (𝑡)𝐻(3)

𝛼 (𝑡)
)︀
=

4542390029

2251481760
+

386045741

375246960
𝑡+

9724873

18762348
𝑡2 +

1

6
𝑡3.

We have found all elements of the matrix polynomial 𝑎+3 (𝑡): 𝐻
(3)
0 (𝑡), 𝒫+

(︀
𝛽
(3)
− (𝑡)𝐻

(3)
0 (𝑡)

)︀
, 𝐻

(3)
𝛼 (𝑡),

1 + 𝒫+

(︀
𝛽
(3)
− (𝑡)𝐻

(3)
𝛼 (𝑡)

)︀
.

Remark 7.1. The factorization of 𝑎3(𝑡) has been verified by means of the ExactMPF package
[14]. After normalizing the factorization returned by ExactMPF, we obtain the same result as
in Example 7.1.

Remark 7.2. It makes sense to compare the factorizations of 𝑎𝑁(𝑡) that are constructed
by means of the ExactMPF package and by explicit formulas (7.3). The ExactMPF package is
universal; it can construct the factorization of matrix polynomials not only of the form 𝑎𝑁(𝑡).
However, the algorithm by which the package works is based on the notions of indices and essen-
tial polynomials of a certain finite sequence of numerical matrices [1], [13]. Therefore, it can be
applied only for constructing the factorization of a matrix function 𝑎𝑁(𝑡) in which the polyno-
mials 𝛼+(𝑡), 𝛽−(𝑡) have numerical coefficients. The method of indices and essential functions
proposed in this work allows one to construct the factorization for the case, when 𝛼+(𝑡), 𝛽−(𝑡)
have symbolic coefficients. This is very important for carrying out the theoretical investigation
of the problem. Moreover, this method is economical; the factorization is constructed in terms
of the inverse of one explicitly given matrix.
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7.2. Asymptotics for norms 𝑎
(𝑁)
± (𝑡). In order to obtain an effective condition for the

canonical factorization of 𝑎(𝑡), we shall need estimates for the norms 𝑎
(𝑁)
± (𝑡).

The norm of matrix function 𝐴(𝑡) = (𝑎𝑖𝑗) ∈ 𝑊 𝑝×𝑝 obeys the estimate

‖𝐴(𝑡)‖𝑊 ⩽
∑︁
𝑖,𝑗

‖𝑎𝑖𝑗‖𝑊 .

The results obtained while using this estimate will be valid both for the norm ‖ · ‖𝑊,1 and for
‖ · ‖𝑊,∞. We shall also need the obvious estimates

‖𝛽(𝑁)
− (𝑡)‖𝑊 ⩽ ‖𝛽−(𝑡)‖𝑊 , ‖𝛼(𝑁)

+ (𝑡)‖𝑊 ⩽ ‖𝛼+(𝑡)‖𝑊 .

In what follows ‖ · ‖𝑊 denotes ‖ · ‖𝑊,1.
Since 𝑎−𝑁(∞) = 𝐼2, we have

‖𝑎−𝑁(𝑡)‖𝑊 = 1 + ‖𝑎−𝑁(𝑡)− 𝐼2‖𝑊 .

Formula (7.3) implies

‖𝑎−𝑁(𝑡)− 𝐼2‖𝑊 ⩽‖𝛽−(𝑡)‖𝑊
(︀
‖𝐻(𝑁)

𝛼 (𝑡)‖𝑊 + ‖𝐻(𝑁)
0 (𝑡)‖𝑊

)︀
+ ‖𝛽−(𝑡)‖𝑊‖𝛼+(𝑡)‖𝑊

(︀
‖𝐻(𝑁)

𝛼 (𝑡)‖𝑊 + ‖𝐻(𝑁)
0 (𝑡)‖𝑊

)︀
=‖𝛽−(𝑡)‖𝑊

(︀
1 + ‖𝛼+(𝑡)‖𝑊

)︀(︀
‖𝐻(𝑁)

𝛼 (𝑡)‖𝑊 + ‖𝐻(𝑁)
0 (𝑡)‖𝑊

)︀
.

By ‖ · ‖1 we denote the Hölder norm for a vector and the maximum column norm for matrices.
Then

‖𝐻(𝑁)
0 (𝑡)‖𝑊 = ‖𝐻(𝑁)

0 ‖1 ⩽ ‖𝐻𝑁‖1
and

‖𝐻(𝑁)
𝛼 (𝑡)‖𝑊 ⩽

𝑁−1∑︁
𝑘=0

|𝛼𝑘|‖𝐻(𝑁)
𝑘 ‖1 + |𝛼𝑁 |

⩽
(︁𝑁−1∑︁

𝑘=0

|𝛼𝑘|
)︁
‖𝐻𝑁‖1 + |𝛼𝑁 | ⩽ ‖𝛼+(𝑡)||𝑊 max{‖𝐻𝑁‖1, 1}.

Thus,

‖𝐻(𝑁)
𝛼 (𝑡)‖𝑊 + ‖𝐻(𝑁)

0 (𝑡)‖𝑊 ⩽
(︀
1 + ‖𝛼+(𝑡)‖

)︀
𝑊
max{‖𝐻𝑁‖1, 1}

and, finally,

‖𝑎−𝑁(𝑡)‖𝑊 ⩽ 1 + ‖𝛽−(𝑡)‖𝑊
(︀
1 + ‖𝛼+(𝑡)‖𝑊

)︀2
max{‖𝐻𝑁‖1, 1}. (7.5)

In the same way we obtain the estimate

‖𝑎+𝑁(𝑡)‖𝑊 ⩽ 1 +
(︀
1 + ‖𝛽−(𝑡)‖𝑊

)︀(︀
1 + ‖𝛼+(𝑡)‖𝑊

)︀
max{‖𝐻𝑁‖1, 1}. (7.6)

Thus, we have obtained the asymptotics ‖𝑎±𝑁(𝑡)‖𝑊 = O(max{‖𝐻𝑁‖1, 1}) as 𝑁 → ∞.

7.3. An effective criterion for the canonical factorization of 𝑎(𝑡). Now, relying on the
results in [15], we can obtain an effective criterion for the canonical factorization of 𝑎(𝑡).
Let us approximate the matrix function 𝑎(𝑡) by the Laurent matrix polynomial 𝑎𝑁(𝑡). We

denote 𝛿𝑁 = ‖𝑎(𝑡)− 𝑎𝑁(𝑡)‖𝑊 . Effective estimates of the quantity 𝛿𝑁 are given in [15].

Theorem 7.2. If there exists a number 𝑁 such that the conditions hold

1. the matrix 𝐷𝑁 is invertible,

2. the inequality holds

𝑞𝑁 :=
[︀
1 + ‖𝛽−(𝑡)‖𝑊

(︀
1 + ‖𝛼+(𝑡)‖𝑊

)︀2
max{‖𝐻𝑁‖1, 1}

]︀
·
[︀
1 +

(︀
1 + ‖𝛽−(𝑡)‖𝑊

)︀(︀
1 + ‖𝛼+(𝑡)‖𝑊

)︀
max{‖𝐻𝑁‖1, 1}

]︀
𝛿𝑁 < 1,
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then 𝑎(𝑡) admits a canonical factorization. Here 𝐻𝑁 = 𝐷−1
𝑁 .

Proof. We apply Theorem 4.2 in [15]. Condition 1) implies that a canonical factorization
𝑎𝑁(𝑡) = 𝑎−𝑁(𝑡)𝑎

+
𝑁(𝑡) exists, i.e., the first condition of Theorem 4.2 is satisfied. To verify the

second condition of this theorem, we shall need estimates of the norms ‖(𝑎±𝑁)−1(𝑡)‖𝑊,1. Since
det 𝑎±𝑁(𝑡) = 1, these norms coincide with

‖(𝑎±𝑁)
#(𝑡)‖𝑊,1 = ‖𝑎±𝑁(𝑡)‖𝑊,∞.

Here (𝑎±𝑁)
#(𝑡) is the matrix function adjoint to 𝑎±𝑁(𝑡). As noted, estimates (7.5), (7.6) are valid

both for ‖ · ‖𝑊,1 and for ‖ · ‖𝑊,∞. Therefore, if condition 2) of the present theorem is satisfied,
then the second condition of Theorem 4.2 is also satisfied. From this theorem it follows that
𝑎(𝑡) admits a canonical factorization. The proof is complete.

Note that 𝑎(𝑡) ≈ 𝑎−𝑁(𝑡)𝑎
+
𝑁(𝑡) is an approximate factorization of 𝑎(𝑡). In [15] effective error

estimates for this factorization are given.
The above criterion can be formulated without employing the factorization of 𝑎𝑁(𝑡), but

using only the coefficients of the functions 𝛼+(𝑡), 𝛽.

Corollary 7.1. If there exists a number 𝑁0 such that

1. the matrix 𝐷𝑁 is invertible for 𝑁 ⩾ 𝑁0,

2. sup
𝑁⩾𝑁0

‖𝐷−1
𝑁 ‖ < ∞,

then 𝑎(𝑡) admits a canonical factorization. Here ‖ · ‖ is any matrix norm.

Proof. Since 𝛿𝑁 → 0 as 𝑁 → ∞, and the sequence {‖𝐻𝑁‖}𝑁⩾𝑁0 is bounded, the quantity 𝑞𝑁
can be made smaller than any prescribed number. Condition 2) of the preceding theorem is
satisfied, and 𝑎(𝑡) admits a canonical factorization. The proof is complete.

In conclusion, we consider an example.

Example 7.2. Let

𝑎(𝑡) =

(︃
1 𝑒

1
2𝑡

𝑒𝑡 1 + 𝑒𝑡+
1
2
𝑡

)︃
.

In this example

‖𝛼+‖𝑊 = ‖𝑒𝑡‖𝑊 = 𝑒, ‖𝛽−‖𝑊 = ‖𝑒
1
2
𝑡‖𝑊 = 𝑒

1
2 .

We estimate ‖𝑎− 𝑎𝑁‖𝑊

‖𝑎− 𝑎𝑁‖𝑊 ⩽ ‖𝛼+ − 𝛼
(𝑁)
+ ‖𝑊 + ‖𝛽− − 𝛽

(𝑁)
− ‖𝑊 + ‖𝛼+𝛽− − 𝛼

(𝑁)
+ 𝛽

(𝑁)
− ‖𝑊

⩽ (1 + ‖𝛼+‖𝑊 )‖𝛽− − 𝛽
(𝑁)
− ‖𝑊 + (1 + ‖𝛽−‖𝑊 )‖𝛼+ − 𝛼

(𝑁)
+ ‖𝑊 .

It remains to estimate ‖𝛼+ − 𝛼
(𝑁)
+ ‖𝑊 , ‖𝛽− − 𝛽

(𝑁)
− ‖𝑊 :

‖𝛼+ − 𝛼
(𝑁)
+ ‖𝑊 =

∞∑︁
𝑘=𝑁+1

1

𝑘!
⩽

1

(𝑁 + 1)!

∞∑︁
𝑘=0

1

(𝑁 + 2)𝑘
⩽

𝑁 + 2

(𝑁 + 1)(𝑁 + 1)!
.

In the same way,

‖𝛽− − 𝛽
(𝑁)
− ‖𝑊 ⩽

𝑁 + 2

2𝑁(2𝑁 + 3)(𝑁 + 1)!
.

Finally we obtain the required estimate

𝛿𝑁 := ‖𝑎− 𝑎𝑁‖𝑊 ⩽ (1 + 𝑒)
𝑁 + 2

2𝑁(2𝑁 + 3)(𝑁 + 1)!
+ (1 + 𝑒

1
2 )

𝑁 + 2

(𝑁 + 1)(𝑁 + 1)!
.
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For 𝑞𝑁 we now have the expression

𝑞𝑁 :=
[︀
1 + 𝑒

1
2 (1 + 𝑒)2max{‖𝐻𝑁‖1, 1}

]︀[︀
1 + (1 + 𝑒

1
2 )(1 + 𝑒

)︀
max{‖𝐻𝑁‖1, 1}]𝛿𝑁 .

The further computations are made by using the CAS Maple, and the results are summarized
in the next table.

Table 1.

𝑁 2 3 4 5 6 7 8
𝛿𝑁 0.67713 0.14871 0.027543 0.0043788 0.00060676 0.000074285 0.0000081312

det𝐷𝑁 1.6289 1.6363 1.6364 1.6364 1.6364 1.6364 1.6364
‖𝐻𝑁‖ 1.0359 1.0550 1.0590 1.0597 1.0598 1.0598 1.0598
‖𝑎−𝑁‖𝑊 24.614 25.050 25.139 25.156 25.159 25.159 25.159
‖𝑎+𝑁‖𝑊 11.202 11.391 11.429 11.437 11.438 11.438 11.438
𝑞𝑁 186.72 42.436 7.9144 1.2598 0.17461 0.021378 0.0023401

The estimates for the parameters 𝛿𝑁 , ‖𝑎±𝑁‖𝑊 are given in the table. All values are indicated
with 5 significant digits.
All the quantities given in the table show a tendency to stabilize. For all 𝑁 = 2, . . . , 8 we

have det𝐷𝑁 ̸= 0, which, in accordance with the criterion of canonical factorization, means that
𝑎𝑁(𝑡), 𝑁 = 2, . . . , 8, admits a canonical factorization. The parameter 𝑞𝑁 becomes less than 1
starting from 𝑁 = 6. This means that the matrix function 𝑎(𝑡) admits a canonical factorization.
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