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METHOD OF ESSENTIAL FUNCTIONS
AND ITS APPLICATION IN THEORY OF
WIENER — HOPF FACTORIZATION

V.M. ADUKOV

Abstract. By analogy with the previously introduced notions of indices and essential
polynomials of a finite sequence of matrices, we introduce indices and essential functions
for an infinite sequence of matrix Fourier coefficients of an invertible matrix function, which
belongs to the Wiener matrix algebra. Based on these notions, we propose a new proof
of the existence of the Wiener — Hopf factorization of matrix functions by using only the
methods of functional analysis. This method is applied to finding an explicit solution for
the problem on the canonical factorization of a Laurent matrix polynomial of a special form.
We obtain an effective sufficient criterion for the existence of a canonical factorization of
strictly nonsingular second order matrix functions.
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1. INTRODUCTION

The Riemann boundary value problem for a vector is one of the most demanded problems in
the complex analysis. It has numerous applications in the topology (classification of holomor-
phic vector bundles on the Riemann sphere), the operator theory (singular integral operators
with Cauchy kernel, Toeplitz operators, Wiener — Hopf operators), in the analytic theory of
differential equations (the Riemann — Hilbert problem). The Wiener — Hopf technique, based
on the Riemann boundary value problem, is an indispensable working tool in various problems
of mathematical physics and mechanics, namely, in soliton theory [10], in diffraction theory [16],
[17], in elasticity theory [11]. A survey of the current state-of-art of the theory and experience
of applying the Wiener-Hopf technique can be found in [19].

The solving of vector Riemann boundary value problem (homogeneous or inhomogeneous)
reduces to constructing a canonical matrix of the problem, which is equivalent to the following
problem on factorization of matrix functions.

Let I" be a simple piecewise—smooth closed contour in the complex plane C, which encloses a
domain D,. We can suppose that 0 € D,. The complement of D, UI" in the extended complex
plane C = CU {oo} is denoted by D_. Let A(t) be a continuous and invertible matrix function
of order p on I
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The left Wiener — Hopf factorization of A(t) with respect to the contour I' is the following
representation for A(t) :

Alt) = AL (#)DY()AL(t), teT. (1.1)

Here A (t) are continuous and invertible matrix functions on I', which admit analytic
continuation into the domain D., and moreover these continuations are invertible there;
D'(t) = diag[t™,...,t*]. The integers A1, ..., \, are called the left partial indices of A(t).
They are uniquely determined by A(t). We can assume that the partial indices are taken in
the decreasing order \; > ... > A,. It is clear that A; + --- + )\, = 5, where 3 = ind det A(?)
is the index of the determinant of A(t).

The right Wiener — Hopf factorization of A(t) is defined in the same way

A(t) = A” () D" (1) A7, (1). (1.2)

Here D" (t) = diag[t™, ..., t%], p1 < ... < pp, are the right partial indices of A(t). They are also
uniquely determined by A(¢) and they satisfy the identity p; + - - - 4+ p, = s¢. The factorization
problem can also be considered on unbounded contours I', in particular, on the real line.

In what follows we shall consider only the right Wiener — Hopf factorization. This is related
with the fact that the main method of our investigation is the theory of Toeplitz operators.
Results on the left factorization can be obtained by resorting to transposition or inversion of
the matrix function A(t).

Not each continuous matrix function A(t) admits a right (left) factorization with factors
A7 (t) (AL(t)) continuous on the contour. It is known that the factorization problem has a
solution for each invertible matrix function from the algebra H?*P(I'), 0 < a < 1, of Holder
matrix functions, and from the matrix Wiener algebra WP*P on the unit circle or on the real
line. Moreover, the factorization factors Ai,’[r(t) also belong to the corresponding algebra.

There are many works, which established the possibility of factorization in these algebras;
we mention the main ones|2|, [5]-]7], [9].

All of them are based on similar ideas and their essence is existence theorems. Nowadays,
in contrast to the scalar functions, there are no explicit formulas for the factors Alf(t) and
partial indices in the general case. And this is the main problem in factorization theory. The
second problem is that the factorization problem for matrix functions is unstable in the general
case. Moreover, the factorization factors Alj_’f(t) are not determined uniquely. Therefore, a
normalization of factorizations is required, which in the general case is still an open problem.
All this complicates significantly the development of approximate factorization methods.

In this work we propose a new way of proving the factorizability of matrix functions from the
Wiener algebra on the unit circle. The proposed method from complex analysis explicitly uses
only the maximum modulus principle. One can say that factorizability is proved only by means
of functional analysis. Another feature of our approach is that it is an infinite-dimensional
analogue of the method of indices and essential polynomials of a finite sequence of matrices [1],
[13], which was specially developed for the explicit solution of the factorization problem for
matrix polynomials, analytic and meromorphic matrix functions.

Let a(t) be an invertible matrix function from the matrix Wiener algebra WP*? on the unit
circle and {a,}>2 ., a, € CP*P| be the sequence of its matrix Fourier coefficients. In what
follows, when speaking of an infinite sequence of matrices, we shall have in mind precisely this
sequence. It turned out that the proposed method of indices and essential functions for an
infinite sequence is completely equivalent to the method of Wiener — Hopf factorization of
matrix functions. This means that, knowing the indices and essential functions of the sequence
{a,}2 ., one can construct the right Wiener — Hopf factorization of a(t) and, conversely,
the right factorization of the matrix function allows one to determine the indices and essential
functions of the corresponding sequence. In particular, this equivalence allows one to study
the structure of kernel of the Toeplitz operator with the matrix symbol a(¢) and to obtain
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inversion formulas or generalized inversion of Toeplitz operators in terms of indices and essential
functions in the same way as it was done in the finite—dimensional case [13]. This indicates
that there exists a unified approach to the study of Toeplitz operators in the finite—dimensional
and infinite-dimensional cases.

We note that the previously known methods for proving factorizability were essentially pure
existence theorems.

The proposed method allows one to obtain an explicit solution of the factorization problem
for one class of Laurent matrix polynomials arising in the theory of factorization of strictly
nonsingular second order matrix functions [12|. In its turn, this explicit solution is used to
obtain an effective condition for the existence of a canonical factorization for strictly nonsingular
matrix functions of a special form.

The work is organized as follows. In Section 2 we provide the necessary information about
Toeplitz operators T, and the associated operators U,. In the next section, by analogy with
the finite-dimensional case, we include these operators into the families of operators {7} }32_ .,
{Uk}32 . and prove the Noetherian property of the operators belonging to these families. In
the finite-dimensional case this holds immediately. In Section 4 we introduce the notion of
indices and essential functions for the infinite sequence {a,, }5° . In Section 5 the criterion of
essentiality is proved. As in the finite-dimensional case, this is the cornerstone of the theory.
Then in Section 6 we present a new proof of the factorizability of matrix functions by the method
of indices and essential functions and prove the equivalence of this method with the method
of Wiener — Hopf factorization. In Section 7 this method is used to construct explicitly the
canonical factorization of some Laurent matrix polynomials. We also provide the applications
of obtained factorization.

2. PRELIMINARY INFORMATION ON DISCRETE WIENER — HOPF OPERATORS

In foundational work [G], the system of discrete Wiener — Hopf equations was considered in
the entire family EP*! of Banach spaces of vector sequences: [P*! (1 < s < o0), ¢!, &b*",

Since our goal is to propose a new method for proving the possibility of factorization of matrix
functions, we shall restrict ourselves to the minimal collection of spaces necessary for this. We
shall use the following notation: Z is the set of integers, Z.. is the set of nonnegative /nonpositive
integers, and ZY is the set of positive/negative integers.

We introduce the spaces of one-sided vector (column) sequences

o
VAR {1‘+ = (w0, 1, @3,...) s 2 € O, Z il < OO}’
k=0
o0
equipped with the norm ||z4||; := ) ||zk||1, and
k=0

P 7,) = {x+ = (20,71, T2, ...) s T € CP ) sup ||zg oo < oo},
k>0

with the norm ||z ||o := sup ||zl Here || - ||1, || - [|oo are the Holder norms on CP*!. Any of

>0
the spaces (2" (Z,), XY (Z,) is denoted by EP*Y(Z..).
We shall also need similar spaces E**P(Z_) of one-sided row sequences

0
L) = {f- = (oo Foa i fo) : o€ €700 37 il < o0},

k=—o00
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0
with the norm || f_|| ;== > ||fxll1, and

k=—0o0
P2 = {f- = (o fa fas fo)  fi € €77, sup | fill < o0},
k<0

[~ lloo := sup || filloo-
k<0

The spaces EP*}(Z°), EV*P(ZY) and EP*1(Z), E'*P(Z) are defined in the same way. In the
last two cases we are dealing with spaces of two-sided sequences. These two spaces admit the
decompositions

EPN2Z) = EP N (Z.) @ EPN(ZY),  EVP(Z) = EVT(Z-) & EVT(ZY).

The projection from EP*YZ) (E'P(Z)) into EP*Y(Z,) (EY*P(Z_)) parallel to EP*Y(Z")
(E*P(ZY9)) is denoted by P, (II).
We consider an infinite two—sided sequence of matrices

. pXPp
{a] j=—00) a; < C )

o
belonging to the Banach space [§*?(Z). The norm in this space is defined as |ja|| = . |la ]|,
j=—00
where || - ||; is the maximum column norm on CP*?. In some cases we shall use the maximum
row norm || - |-
For a = {a;}2_ € WP (Z) and © = {x;}2_ € EP*Y(Z) we define the convolution

]_700 j—foo

oo
(axz); = Z a,_;xj, 1€,

j=—00

which is an element of the space EP*1(Z). The convolution z * a is defined in the same way,
where x € EV?(Z).
The set [{°F(Z) is a Banach algebra, in which the convolution serves as the multiplication.
The sets I7°P(Z), I7"P(Z° ) are closed subalgebras of [7*?(Z) and
B(Z) = WL ) @ I (Z0).
A linear bounded operator acting in EP**(Z,) by the formula

Toxy = Pilaxxy),

is called the discrete Wiener — Hopf operator. Besides the operator T, we shall also need the
operator U,, acting in E*P(Z_) by the formula

Uaf* = H*(f* * Cl)’

which we call the operator associated with T,. In more detail,

0
T iL‘+ Zaz i3, > 07 (Uaff)i = Z fjaifja 1< 0.

j=—o00
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If we introduce the infinite block Toeplitz matrix generated by the sequence a, then the
action of these operators can be visualized as follows:

ap a—1 A_o9 --- Zo

aq ao a—q1 - I
TaI+ = e

az a1 Qo T2 |’

apg a—1 Qa_o
aq ao a_1

Uaffz(f() fa1 [ ) az 4y ap

It is not difficult to verify that the dual of 2*'(Z,) (l} P (Z_)> is isometrically isomorphic
to I1XP(Z.) (lg’oxl(ZJr)). This isomorphism ¢ +— f_ is given by the formula

o) = forn
k=0

Identifying these spaces, we obtain the following obvious result.

Proposition 2.1. 1) The adjoint operator to T, in IV (Z..) is the operator U, acting in
the space [XXP(Z._).

2) The adjoint operator to U, in 1, P(Z_) is the operator T, acting in 2X(Z).

oo
In the definition of operator 7, we assign the generating matrix function a(t) = > a;t’,
Jj=—00
|t| = 1 with the two-sided matrix sequence a = {a;}3>_, € I7"P(Z), and call it the matrix sym-

bol of the operator. The matrix symbol is expanded into a matrix series absolutely convergent
in the norm [{*?(7Z), which is its matrix Fourier series.

The space of Fourier transforms of elements of I{°F(Z) is denoted by W?*P. This space is
equipped with the norm in [{*?(Z). Under the correspondence a +— a(t) the convolution a x b
passes into the product of matrix functions a(t) - b(t). Thus, the convolution Banach algebra
I"*P(Z)) becomes isometrically isomorphic to the Banach algebra W?*P of matrix functions.
This algebra is called the matrix Wiener algebra. The norm in W?*? is denoted by || - ||w. We
shall also use the notation || - ||w.1, || - ||w.eo Once we need to specify which norm is used for the
matrix Fourier coefficients.

Similarly, the Fourier transform of the subalgebras I{*?(Z.), [{*7(Z° ) generates closed sub-
algebras WP*? and (W?*?)% and moreover WP*? is a decomposable matrix algebra:

WP = WP g (P57,

The projection Py generates a projection (still denoted by the same symbol) from W»*P into
WP*P parallel to (W?*P)% acting by the formula

oo o0
P+< Z (ljtj) = Zajtj.
j=—o0 j=0
If in the definition of discrete Wiener — Hopf operator in the space l‘i’Xl(ZJr) we pass from
sequences to their generating functions (Fourier transforms), we obtain the definition of the
Toeplitz operator: T,z (t) = Py (a(t) : x+(t)>, acting in the space W?*'. We shall often use

the term “Toeplitz operator” as a synonym for the term “discrete Wiener — Hopf operator”.
Everything said above is extended in the obvious way to the associated operator U,.
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The groups of invertible elements of the algebras W?*P, WP*? are denoted by GWP*?, GWL*?,
respectively.

A matrix function a(t) € WP*P is invertible in this algebra if and only if deta(t) # 0 on
the unit circle. It is obvious that if ay(t) € WP (a_(t) € WP™P), then it admits analytic
continuation from the unit circle into the interior (into the exterior) of the unit disk. The
condition a4 (t) € GWI™? (a_(t) € GWP*?) is equivalent to the inequality detay(z) # 0 for
|z] <1 (for |z] > 1). A short proof of these facts can be obtained by means of the theory of
commutative Banach algebras.

The operators T,, U, possess a property critically important for what follows: the mappings
a— T, and a — U, are partially multiplicative:

Toa = Ta,Taa T‘amr = TaTa+7
Us_a = UaUa_a Uaa+ = Ua+ Ua;
for all a(t) € WP*P and ay(t) € WL,
This property is well-known in the theory of Toeplitz operators (see, e.g., [1&, Formula

(2.19))).

An important consequence of partial multiplicativity is the following result.

Proposition 2.2. Ifas(t) € WI*? and are invertible in the algebra WP*P, then the operators
To,, Ua, are one-sidedly invertible, namely T, , U,_ are left invertible and T,_, U, are right
wwvertible. Moreover, the operators Té;l) = Ta;, Ué;l) = Uail are one-sided inverses to T, ,

U...
If, however, ay(t) € GWY*P then the operators T, , U,, are invertible.

These statements can be proved by the direct verification.

3. BASIC PROPERTIES OF OPERATORS T}, Uy

Our further arguing will in a certain sense be a carbon copy of the corresponding constructions
for the case of finite Toeplitz matrices 1], [13]. Those constructions led to the notions of indices
and essential polynomials for a finite sequence of complex matrices. This is exactly what we
are going to do for an infinite sequence of complex matrices. In this section we shall study
those properties of Toeplitz operators and of the operators associated with them that we need,
and that hold immediately in the finite—dimensional case.

We need some information about generalized invertible and Noetherian operators (see [1]);
let us recall it. Let By, By be Banach spaces. We denote by L£(Bj, By) the Banach space
of all linear bounded operators acting from B; to By. An operator A € L(By, By) is called
generalized invertible if there exists an operator A" € L£(By, By) such that AATA = A. In
particular, invertible and one-sidedly invertible operators are generalized invertible.

An operator A is generalized invertible if and only if the following conditions hold:

1) A is a normally solvable operator, i.e., the subspace Im A is closed;
2) the subspace ker A can be complemented in By;

3) the subspace Im A can be complemented in Bs.

In particular, the operator A is invertible on the right (left) if and only if it is normally
solvable, ker A can be complemented in By and ImA = B, (ker A = {0} and Im.A can be
complemented in By).

An operator A € L(Bj, Bs) is called Noetherian or Fredholm if it is normally solvable and its
kernel and cokernel are finite—dimensional. The cokernel coker A of a normally solvable operator
A is the quotient space Bs/Im.A. If the cokernel is finite-dimensional, then dim coker A =
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dim ker A* = codim Im A. Here A* is the adjoint operator and codim Im A is the dimension of
the direct complement of Im . A. The number ind A = dim ker A—dim coker A is called the index
of the Noetherian operator A. Obviously, each Noetherian operator is generalized invertible.

We shall also use the well-known result, which is the lemma on factorization of an element
of a Banach algebra close to the identity element [5, Lm. 2.2|. Let us state it for the particular
case of the Banach algebra WP*?. The identity matrix of order p is denoted by I,,.

Lemma 3.1. There exists a value € > 0 such that each matriz function a(t) from WP*P
satisfying the inequality ||I, — o||lw < € is invertible in the algebra WP*P and admits the repre-
sentations a(t) = B ()B_(t) = v_(t)v.(t). Here B+(t) and v+ (t) belong to GWE™P.

By Ty, k € Z, we denote the Toeplitz operator with the matrix symbol t~*a(t), a(t) € WP*P,
acting in the space EP*!(Z,). Tt is convenient to treat T}, := T}, as the operator generated
by the infinite block Toeplitz matrix

A  Ag—1 Q-2
Qr+1 ar Q-1

Ty =
k Q42 Qp+1 A -0 |7

—00 < k < 0. (3.1)

This sequence of operators is the infinite-dimensional analogue of the finite sequence {7} }}_, .,
m < n, of finite block Toeplitz matrices

Qg Ag—1 A,

Ak+1 Qg Am41
Ty, = . ) ) , m<k<n,

Qp, Ap—1 " Qpi4m—1
generated by the sequence {am, @mi1, ..., an_1,a,}. Consideration of the structure of the right
and left kernels of the matrices from this sequence led us to the notions of indices and essential
polynomials of a finite sequence of matrices [1], [I3]. In order to be able to consider the left
kernels of the infinite block Toeplitz matrices T}, we also introduce the sequence of associated
operators {Uy, := Uk, }rez-

The study of the properties of the families of operators {7} }rez and {Uy}rez in the general
case seems to be an unmanageable problem. To apply the developed method to the problem of
right Wiener — Hopf factorization (1.2), it is sufficient to consider the case with the following
additional assumption:

A. The sequence a = {a;}52_

matrix function a(t) € W»*P,

is the sequence of matrix Fourier coefficients of an invertible

In what follows we assume that condition A is satisfied.

Now we proceed to studying the operators T}, U,. Our goal is to prove that they are Noe-
therian. We shall prove this in three steps. First we show that these operators are generalized
invertible, then we prove the finite-dimensionality of their kernels, and then we shall be able
to prove that they are Noetherian.

Theorem 3.1. Let a(t) € GWP*P. Then the operators Ty, (Uy) are generalized invertible in
any space EP*Y(Z.y) (EYP(Z._)) for all k € Z.

Moreover, there exists an integer n > 0 such that the operator Ty, (Uy) is left (right) invertible
for k < —n and right (left) invertible for k > n.

Proof. We being with proving the one-sided invertibility of the operators 7.

We choose the value ¢ in accordance with Lemma 3.1. For the given invertible matrix function
o0 n
a(t) = Y. a;t’ we choose n > 0 so that for its Laurent matrix polynomial a,(t) = >  a;t’
j=—o0 j=n
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satisfies the inequality
€

la = anllw < =7
la=*lw
Then ||I,—aya™t|lw < € and, in accordance with Lemma 3.1, a,(¢) is invertible in the algebra
WP*P and a,(t)a!(t) admits the factorization a,(t)a(t) = B4 (t)B_(t). Thus,

a(t) = b_(t)by (t)a,(t). (3.2)
Here b.(t) = B (t).
Since t*a,(t) € WE™? for k < —n, by the partial multiplicativity property we obtain:
Ty =T, Ty, Ty+,,,

where, by Proposition 2.2, the operator T;-«, 1is left invertible, and the operators T;, are
invertible. Thus, the operator T} is left invertible for k < —n.

To prove the right invertibility of the operator T) for k > n, we use the inequality |I, —
ala,|lw < € and represent a(t) as

alt) = an(t)b (D54 (1)
Then Tj, = Ti—x,, 15 Tfl;+ and T}-x,, is invertible on the right for k£ > n.

Let us proceed to the proof of generalized invertibility of the operators T}, for —n < k < n.
We first consider the case 0 < k < n. We define the operator Ky = T}, — Tyns; T, Since
Ky = Tyrp (T — Tyng, Ti-n1,)To and the projection T — Tyuy Ti-ng, onto ker Ti-np, is finite—
dimensional, K is finite-dimensional. Thus, T}, = Tyn-k;, T, + K1. The operator Tyn-xy, is
left invertible for n — k > 0, and by the proven part of theorem the operator 7, is right
invertible. It is easy to verify that in this case their product Tin-; T, is a generalized invertible
operator. Thus, the operator T} is represented as the sum of a generalized invertible and a
finite-dimensional operator. By [4, Thm. 5.3| it is generalized invertible.

Let —n < k < 0. We introduce the finite—dimensional operator

Ko =Ty = T_yTi-n-ry, = To(Z — Ting, Ti-n1, ) Ty-r1,-

Since T',, is left invertible and T}-n-xy, is right invertible, 7", T}—n-&; is generalized invertible.
Applying [1, Thm. 5.3| again, we see that T} is generalized invertible.

The part of theorem on the operator Uy can be proved in the same way by using the rep-
resentation «(t) = v_(t)y4(¢t) from Lemma 3.1 and the partial multiplicativity (2.2) for the
operators U,. The proof is complete. O

This theorem implies two obvious corollaries.

Corollary 3.1. If a(t) € GWP*P, then all operators Ty, (Uy) are normally solvable in any of
the spaces EP*Y(Z.,) (EY*P(Z._)).

The criterion of the one-sided invertibility of operators yields the following corollary.
Corollary 3.2. In each space EP*Y(Z.)
kerTp, =0 fork < —n, ImT}, = EP*Y(Z,) for k=>n.
Similarly, in each space EY*P(Z._)
kerU, =0 for k=>n, ImU, = EYP(Z_) for k< —n.
At the second stage we prove that the kernels of operators Ty, Uy are finite-dimensional.

Theorem 3.2. If a(t) € GWP*P, then for any fized k the kernel ker Ty, (ker Uk) is finite—
dimensional and it is the same in all spaces EP*Y(Z,) (EV?P(Z_)).
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Proof. By Corollary 3.2 for the operator Tj we need to consider only the case k& > —n. We
represent ¢ *a,(t) as

t~*a,(t) =t~ F+ry, (1),

where 75, (t) is a matrix polynomial in ¢ of degree at most 2n. Then, by the partial multi-
plicativity we obtain Ty, = T}, T}-m+#) 7, Th,ny, Since Ton(t) is a matrix polynomial belonging to
GWP*P the operator Ty, ,, is left invertible.

Let z, € EP*Y(Z,) be an arbitrary element in the space ker Ty. Since T,_ is an invertible

operator, Ty, r,, ¥4 € ker Ty nimyp , L., T4 € szmn ker T} (nir . Here T/ is the left inverse

P bymon
operator for Ty, ,,. Thus, kerT), C TJMM ker Tt_<n+k)1p.

In each space EP*!(Z.,) the operator T,~mp, acts as a shift to the left by k + n positions.
Therefore, the space ker T, consists of sequences of the form y = (yo, ..., Yn1%-1,0,0,...),
where y; are arbitrary vectors from CP*!. Hence this space is finite-dimensional and is a
subspace of I"*'(Z,). We denote the space of such sequences by 2*'([0,n + k — 1]). Then in
all spaces EP*1(Z.)

ker T}, C T}

b+7r2’n,

N[0, k 4+ m)).

This yields that ker T}, is a finite-dimensional subspace of I#*'(Z, ). The corresponding part of
the theorem on the operator U, can be proved in the same way. The proof is complete. O

Now we are in position to prove the main result of this section.

Theorem 3.3. If a(t) € GWP*P, then for each fized k the operator Ty, (Uy) is Noetherian
and has the same index in each space EP*Y(Z,) (EY*P(Z._)).

Proof. The normal solvability of operators T and Uy is implied by their generalized invertibility
(see Corollary 3.1). By Theorem 3.2, a4 := dimkerT), < oo and is the same in all spaces
EP*Y(Z,). Similarly, 8 := dimker Uy < oo and it is the same in all spaces E'*P(Z_). Tt
remains to prove that

ay, := dim coker ', = dim ker T} < oo
(By; = dim coker U, = dimker U} < c0)

and it is the same in all spaces EP*Y(Z,) (EY*P(Z._)).

If EP<Y(Z,) = 1" (Z,), then T} coincides with the operator Uy, acting in IX?(Z,). Thus,
in this case o = B < 00, i.e., the operator T} is Noetherian and ind 7}, = ay, — 3. In the same
we prove that the operator Uy is Noetherian in the space I} ?(Z_) and ind U, = S, — ay.

We consider the operator T in the space EP*}(Z,) = [£X}(Z,). By Proposition 2.1 it
is adjoint to the Noetherian operator U, acting in the space Z}XP(Z,). Then, by a well-
known theorem from the functional analysis (see, e.g., |8, Thm. 18]), Ty is Noetherian in
[PX1(Z.). Moreover, since the indices of an operator and of its adjoint differ only by sign,

ind Ty, = — ind Uy, = ay — B, the operator T} is Noetherian in all spaces EP*1(Z, ) and its index
is independent on the choice of the space. The same statement holds for the operator U,. The
proof is complete. O

Remark 3.1. The results of this section hold in all Krein spaces EP*Y(Z,) = IP*Y(Z,)
(1<s<00), Y2y, &NTL) and EXP(Z_) = I2XP(Z_), (7)), ¢y P(Z_). In order
not to overload the work, we have considered only those pairs of spaces that will be needed for
the new proof of the existence of a solution to the Wiener — Hopf factorization problem.



10 V.M. ADUKOV

4. INDICES AND ESSENTIAL FUNCTIONS OF INFINITE SEQUENCE OF COMPLEX MATRICES

Now we can proceed to the definition of indices and essential functions for an infinite sequence
of matrices. We shall follow the lines of the case of a finite sequence of matrices [1], [13].

In the spaces EP*'(Z,) and E'P(Z_) we consider the sequence of subspaces ker T and
ker Uy, for k € Z:

keer- = {1'4, € EpX1<Z+) . Zali]x] = OJ { > k}?
7=0

0
kerUp = {f- € B"/(Z_) Y fiai; =0, i<k},

j=—00
These formulas show that
ker Ty, C ker Tj. 1, ker Uy O ker Ugy 1.

We note that the sequence of spaces ker Uy is the analogue of the sequence kery T} in the
finite-dimensional case.

Let us study the structure of the kernels {ker T }rez ({ker Uy }rez)-

By Theorem 3.2 we can restrict ourselves to studying the spaces ker T, (ker Uy) only for
PN Z) (1,7P(Z_)). In this case it is more convenient to pass from the spaces of sequences to
the corresponding spaces of generating vector functions, i.e., to WﬁXI (W),

o
For the matrix function a(t) = ) a;t? € WP*? we define two linear bounded operators
Jj=—00
or: WP — oP*t o WP CI*P,

acting by the formulas

or{R(O} = Y ayry,  o{L®)} = ) Lay, (4.1)

j:—oo j:—OO

for
o

o0
R(t)y= Y rtl eWr' — L{t)= Y It e W
j=—00 j=—00
We denote by N, NF, the space of generating vector functions (i.e., the space of Fourier
transforms) of elements in ker Ty, ker Uy, respectively. It is obvious that

NE = {R(t) e WP op{tTR(t)} =0, i > k}
_ (4.2)
L {L(t) eWP o {tTIL(1)} = 0, i < k:}
We recall that these spaces are finite—-dimensional.
We denote

df =dimNF,  df =dimN},  Af=df-dE .,  Af=df—dp,,.

Theorem 4.1. For each matriz function a(t) € GWP*P there exists an integer n > 0 such

that R R R
0=...=A% | =A" <AY

SN
p=...=Ab =AF [ >AL > >AL

n—1

A§<A§+1:A7]§+2:"':pu 43
>A=AL L =...=0 (43)
= n n+l = T

Proof. Definition (4.2) implies immediately that NV} and tAF are subspaces of M . It is also
easy to observe that NJF NN = tNE |. Therefore, by the Grassmann formula,

dim [N+ tNF] = 2dF — di .
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If hf,, is the dimension of the complement of N + tNF to the entire space NF,, then
hft = Af., — Af. This means that Aff; > Af! for each k € Z. Moreover, by Theorem 3.2
there exists n > 0 such that dff = 0 for k¥ < —n. Therefore, AZ =0 for k < —n.

Let us show that A = p, starting from k = n + 1. If z(t) and y(t) belong to N2, and
x(t) — y(t) € NF, then op{t *z(t)} = or{t "y(t)}. Therefore, the mapping 7 : N | /N
CP*! is well-defined by the rule

m(X) = or{t *ux(t)}.
Here z(t) € NE, is any representative of the class X. This mapping is the embedding of

2N into CP*! and hence, Af, | = dim M2 /N < p for any k € Z.

Let us prove the reverse inequality for £ > n. By the same Theorem 3.2, for £ > n we have
Im T}, = P*Y(Z.). Hence, for such k there exist solutions 2() = {$§1) 20 L =1,...,p, to the
systems of equations

Y ar el = (L), (4.4)

7=0

g =0,  izk+1 (4.5)

M

I
o

J

in the space [¥**(Z, ). Here [I,]' is the I-th column of the identity matrix I,. Equations (4.5)
mean that the generating functions (), I = 1,...,p, belong to the space ,fH, and condi-
tion (4.4) is equivalent to the fact that 2()(¢),... 2 (t) are linearly independent modulo the
space N}, Hence, A, > p and finally A, = p for k > n.

The part of the theorem on the sequence A can be proved in the same way. The proof is

complete. O
Inequalities (4.3) mean that there exist integers —n < py < ... < p, < n such that
_AR _ _ AR _
.—Afn—...—Am =0,

R R .

AMH =...= Aum =1, (4.6)
R R

A[Lp+1:"':An+1:p:""

If the i-th row is absent in these relations, we let p; = ;1.
Similarly, the monotonicity of the sequence AL yields that there exist integers 11 < ... < 1,
such that

=A== AL =,
Al = =A, | =p—i, (4.7)
Al = =Al=0=...

Similar to the finite-dimensional case, in the next theorem we prove that the numbers y; and
v; coincide.

Theorem 4.2. For each matriz function a(t) € GWP*P the numbers i1, . .., p, coincide with
Vi, ..., V. Moreover,

p
> py=—indT,. (4.8)
j=1
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Proof. By the definition of the index of the operator T we obtain
df = ind T}, + dim ker T}

Since the adjoint operator to T} in the space l‘le(ZJr) coincides with the operator U, in the
space [1XP(7Z_) and the dimension of the space ker Uy, is one and the same in all spaces E'*P(Z._),
then dimker T} = d¥. The definition Ty = T,«, and partial multiplicativity imply that T} x, is
the product of Noetherian operators T;-—+;, and 7Tj,. Then

ind 7Ty, = ind Ty-+;, +ind T, = kp + ind T,
for all £ € Z. Since
d¥ = kp+ind T, + df, diy = (k+ Dp+ind T, + dj, 4,

we find A, = p— Af. Relations (4.6), (4.7) hence imply that the numbers y; and v; coincide
fori=1,...,p.

n+1
We proceed to proving the second statement of the theorem. Since dff,, = > AF, by (4.6)

j=-n
p
we obtain d, ; = (n+ 1)p — > p;. On the other hand, by Corollary 3.2 we have Im 7T}, =
j=1
l{’“(ZJr), i.e., ind T, ;1 = dimker T, ;1 and thus
df. =ind T, = (n+1)p+ind T,
Comparing these two formulas, we obtain (4.8). The proof is complete. m

Definition 4.1. The integers jii, . .., j1, determined by relations (4.6) are be called the essen-
tial indices (or, briefly, indices) of the invertible matriz function a(t) and of the corresponding
sequence {a, 150 _ .

Since the dimension th of the complement HY, | of the subspace N} + tN)F to the entire
space J\/',erl is equal to AF,; — A, it follows from (4.6) that hf,; # 0 only for k = p;. In this

case hi 1 coincides with the multiplicity r; of the index ;. Therefore,
i = NN (4.9)
for k # p; and
B= WE N e 1L (4.10)
for k = u;.

Definition 4.2. Fach vector functions R;(t), ..., Ritr._1(t) from Wﬁ“ forming a basis of
the complement ’Hiﬂ, are called the right essential vector functions of the matriz function a(t)

corresponding to the index p; of multiplicity r;, « = 1,...,p. Thus, we obtain the vector func-
tions Ri(t), ..., Ry(t) from the space WP™", which are called the right essential vector functions
of a(t) and of the corresponding sequence {a,}°2 ..
Similarly, for k # u;
L= NEHTINE

and for k = y;
Nty = N+t N @My,
Choosing the bases in the spaces 7—[51,71 (¢ = 1,...,p), we obtain the set Li(t),..., L,(t)
of vector functions in WP, which are called the left essential vector functions of the matrix
function a(t).

In terms of indices and essential functions we can now describe the structure of the spaces
ker Tk, ker Uk.
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Theorem 4.3. Let g, ..., p, be the essential indices of a(t) € GWP*P and Ry(t), ..., R,(t);
Ly(t),...,Ly(t) the right and left essential functions of a(t), respectively. Then in any space
EP*NZ.y) for k € (—oo, 1] we have ker Ty, = 0. For k € (s, pira] i =1,....,p—1) or k €
(p, +00) the vector functions

{R;(t),tR;(t), ..., t" " 'Ri(t)} =10, (4.11)

from W_’in are generating functions for the elements of a basis of the kernel of the operator Ty,
in any space EP*Y(Z.).

Similarly, ker Uy = 0 for k € [u,, +00), and for k € [pi—1,p;) (i = 2,...,p) or for k €
(—o00, 1) the vector functions

from WP are generating functions for the elements of a basis of the kernel of the operator Uy,
in any space EYP(Z._).

Proof. The first statement of the theorem is obvious. Now let k € (p;, i), (1 =1,...,p—1)
or k € (up, +00). Relations (4.9) and (4.10) imply that functions (4.11) generate the space N}
k

Since dif = Y AF, by (4.6) we obtain

j=—n

dy = ki — i:uj.
Jj=1

Thus, df coincides with the number of vector functions in (4.11). Therefore, they form a
basis of the space V. The second part of the theorem can be proved in the same way. The
proof is complete. O

5. ESSENTIALITY CRITERION

For an invertible matrix function a(t) there exists a criterion of essentiality similar to the
corresponding criterion in the finite-dimensional case [13].

Theorem 5.1. Let a(t) € GWP*P, k; < ... < K, be integers satisfying the identity

p
> kj=—indT,
j=1

and Ry(t),...,Ry(t); Li(t),...,Ly(t) be vector functions such that R;(t) € /\/',_fjﬂ, L;(t) €
NE,.

The numbers ki, ...,k, are the essential indices of a(t), and Ry(t),..., Ry(t) are its right
essential functions if and only if the matriz

AR = (O'R{tile(t)} ... O'R{tinpRp(t)}) or AR = (Rl(O) ces Rp<0))

18 tnvertible.

Similarly, ki, ..., Kk, are the essential indices, and Ly(t), ..., L,(t) are the left essential func-
tions of a(t) if and only if the matriz
O'L{t_’il[zl (t)} Ll(OO)
Ap = : or Ap= :
or{t™"Ly(t)} Ly(o0)

18 tnvertible.
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Proof. Necessity. Let ki,...,k, be the essential indices, and R;(t),...,R,(t) be the right
essential functions of a(t). Suppose that the matrix Ag is not invertible. Then there exist
numbers oy, ..., a,, not all being zero, such that

a1op{t " Ri(t)} + ...+ a,op{t " R,(t)} = 0. (5.1)
Let the last index x, have multiplicity r, i.e.,
Rpep < BEprtl = ... = Kp.
We introduce the vector function Q(t) € W?*'(¢):

Q(t) =aat™ M Ry (t) + ...+ ap_ " R, (1)
+ 1Ry () + ..+ apRy(t).

It is obviously that Q(t) belongs to the space ./\/,,f?H.
Condition (5.1) means that or{t™*Q(t)} =0, i.e., Q(t) € NF. But then

apri1Ry 1 (t) + ...+ apRy(t) € NE +NE.

Since R,_,41(t), ..., Ry(t) are the right essential functions corresponding to the index &, this
is possible only if oy, 11 = ... = o, = 0.

Repeating these arguments successively for all the remaining indices, we obtain a; = ... =
a,, = 0. The contradiction shows that Ap is invertible. In the same way we prove the invertibility
of AR, AL and AL.

Sufficiency. Suppose that for the numbers k1, . .., k, and the vector functions Ry (t), ..., R,(t),
the matrix Ap is invertible. We denote by f, ..., i, the essential indices of a(t). Let x; €
[fts; ths;+1), 5 =1,...,p. Here 0 < s; < ... <5, < p, and these numbers are chosen so that, if
Kj = Kjy1, then s; = 5541 and pg; < g, 41 for £; < Kjq1.

Let us estimate the numbers s;. In order to do this, by the first j columns of the invertible
matrix Ar we form the matrix

Ay = (o{tT Ri(D)} ... o{tT R;(1)})

j=1,...,p. It is obvious that the rank of Agz is equal to j.
We are going to estimate this rank. We consider an arbitrary [-th column of this matrix:
o{t™" R(t). By assumption, Ry(t) € N, and x;+1 € (i, ptsy41]- By Theorem 4.3 a basis in

K
the space /\/’,,fﬁrl consists of the functions

{Ri(t),tR(1), ... ’tﬁl_uiRi(t)}i:LZ...,sl .

We expand Ry(t) over this basis selecting explicitly only {#" " R;i(t)},_,

S
Ri(t) =Y ol Ry(t) + w(1).
=1

Here u;(t) is a vector function, which includes all the remaining vector functions in the basis
N, Tt is obvious that op{t™"u(t)} = 0. We denote 0; = op{t " R;(t)}, 0; € CP*'.
Then the column vector or{t™" R,(t)} is represented as the following sum of column vectors:

S1 S5
or{t ™" R(t)} = Zagl)ai = Zal@ai, 1<l <y
i=1 i=1
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@

i

Here we have extended the coefficients agl) by letting «
obtained the following representation of the matrix A7;:

= 0 for s; < i < s;. Thus, we have

Sj Sj

A‘}% = Z(Oé,gl)O'i, Ce ,CYZ(j)O'i) = ZO’Z' (Oéz(l), Ce ,C(,Ej))

i=1 i=1

This means that we have represented the matrix Ag% as a sum of rank one matrices. Therefore,
the rank of the matrix AJ, does not exceed s; (see, e.g., [3, Subsect. 4.44]). We have obtained
the estimate s; > j for j =1,...,p. Therefore, r; > us, > p;. Since

zp:/ij = —ind T, = zp:uj,
j=1 j=1

this is possible only if k; = p;, 7 =1,...,p.

Now we are going to prove that the vector functions Ry (t),..., R,(t) can serve as the right
essential functions. Let p; have multiplicity r1: p1 = ... = pp, < pyr,41. If the functions
Ry(t),..., Ry, (t) from the ry-dimensional space N'F | were linearly dependent, then the first ry

columns of the matrix Ag would also be connected by a linear dependence, which is impossible
due to the invertibility of Ag. Thus, Ry(t),..., R, (t) can serve as the right essential functions
corresponding to the index .

Suppose that the vector functions R;(%),..., R;(t) are the essential functions corresponding
to the indices p1, ..., ;. Let us prove that the functions R, 1(%),. .., Rjy,,, (t) from the space
J\/'lfjJr1+1 can serve as the right essential functions corresponding to the index j;4,. Here 7, is

the multiplicity of the index fi;41:

Mg < Hjt1 = oo = Mjtriy < Hjtrjp+1-
Suppose that there exist numbers a; 1, ..., aji,,,, such that
R R
()éj+1Rj+1 (t) + ...+ aj+7-j+1Rj+rj+1 (t) S Nuj+1 + t’/\/ﬂj+1' (52)

The definition of the right essential polynomials and Theorem 4.3 imply that a basis of the
space Ngﬂ + t/\/;fjer1 consists of the vector functions

{Ri(t), tR;(t), ..., tH+ M R(t) }

=12, "

Therefore, it follows from (5.2) that there exist numbers oy, ..., «; such that

Oéj+10'R {tiuijleJrl (t)} + ...+ Oéj+rj+1O'R {t_‘uj"'rﬁ-l Rj+7‘j+1 (t)}
=Q10R {t_MIRl(t)} —I— e + OéjO'R {t_M’R](t)} .

But by the invertibility of the matrix Ag this is possible only if a; = ... = a;,,,, = 0. This
means that the vector functions R;yi(t),..., Rjir,,,(t) are linearly independent modulo the
space N, ﬁ at tN, £+ .- Therefore, they can serve as the right essential functions corresponding
to the index p1;4;.

The statement of the theorem on the matrices AR, A and AL can be proved in the same
way. The proof is complete. O

6. ESSENTIAL FUNCTIONS AND WIENER — HOPF FACTORIZATION

Now we can find out how the indices and essential functions of an invertible matrix function
a(t) are related to its Wiener — Hopf factorization.
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By the essential vector functions Ry(t),..., R,(t) and Ly(t),..., L,(t) we form the matrix
functions

Lq(t)

R(t) = (Ri(t)...Ry(t),  Lt)=| -

Ly(t)

It is clear that R(t) € WP L(t) € WP, Moreover, we introduce
d(t) = diag[th, ... tH].

In the next theorem we construct the right Wiener — Hopf factorization of a(t) in terms of
its indices and essential functions. In this way we obtain a new proof for the existence of the
Wiener — Hopf factorization. We note that this proof explicitly uses only the tools of functional
analysis, and from the complex analysis, only the maximum modulus principle is required.

Theorem 6.1. Fach matriz function a(t) € GWP*P admits the representations
alt) = a_ (VdORM(E) = L7 () d(b)as (1),

which are its right Wiener — Hopf factorizations.
Thus, the essential indices of a(t) coincide with the right factorization indices of a(t), and
R(t) (L(t)) is the inverse matriz function to one of the factors ai(t) (a_(t)).

Proof. The definition (4.1) of the operator o implies that
O'R{t_iR(t)} = Z ai_kRk = (CL * R)Z,
k=0

i.e., it coincides with the i-th Fourier coefficient of the vector function a(t)R(t). Therefore, the
condition R(t) € N is equivalent to the fact that a(t)R(t) has zero Fourier coefficients with
indices i > k. This yields that the columns of the matrix function a(t)R(t)d~'(¢) belong to the
space WP e,

a(t)R(t)d*(t) = a_(t), (6.1)
for some matrix function a_(t) € W?*P. By the essentiality criterion (Theorem 5.1) we obtain
the invertibility of the matrix

a_(00) = (or{t " Ri(t)}...0p{t " R,(t)}) = Ag.
Similarly,
() L(t)alt) = ar(t), (6.2)

for some a(t) € WP and a,(0) = Ay is invertible.

By (6.1), (6.2) we have

L(t)a(t)R(t) = L(t)a_(t)d(t) = d(t)as(t)R(t).
Passing to the determinants in this identity, we find
detay(t)det R(t) = det a_(t) det L(t).

Since the left hand side of this identity belongs to the algebra W, , and the right hand side does
to the algebra W_, on the unit circle we have detay (t)det R(t) = A, A € C. The maximum
modulus principle then implies that det a(z)det R(z) = A everywhere in the closed unit disk.
Since det a, (0) = det A, # 0 and det R(0) = det Ag # 0, we obtain A # 0. Thus,

deta,(2)det R(z) =X #0

everywhere in the closed unit disk. This means that the matrix functions a;(t), R(t) are
invertible in the algebra W/*F. In the same way we prove the invertibility of a_(t), £(¢) in the
algebra WP*?.
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Therefore, by (6.1) and (6.2) we obtain the right Wiener — Hopf factorizations of the matrix
function a(t) in terms of the right or left essential functions:

a(t) =a_(t)dt)R () = L7 (t)d(t)ar(t).
The proof is complete. O

Remark 6.1. We note that the obtained results imply that the sum of the factorization in-
dices of a(t), taken with the opposite sign, coincides with the index of the operator T,.

Now we are going to prove that knowing any right factorization of a(t), we can find its
essential indices and essential functions. Given a matrix A, we adopt the notation [A}’ for its
j-th column, and [A]; for its j-th row.

Theorem 6.2. If
alt) = a_()d(H)as (1) (6.3)

is a right Wiener — Hopf factorization of a(t), then the right factorization indices of a(t) are
the essential indices of a(t), the vector functions [a'(t)]},..., [a;'(t)]P are the right essential
functions, and [a="(t)]1, ..., [a"(t)], are the left essential functions of a(t).

Proof. If jy, ..., p, are the right factorization indices of a(t), then it follows from (6.3) that

p
Z p; = —ind T5,.
j=1

Moreover, by the factorization (6.3) we also have
ta(t)a @) =[a-@)F, j=1....p.

The Fourier coefficients with positive indices of the vector function t=*ia(t)[a;'(t))’ are equal
to zero. Therefore, [a7' (1)) € N, ,. Since the matrix

Ar = (or{t7[a'®)])'}...or {tT[a' 1)]'}) = a_(o0),
is invertible. The essentiality criterion (Theorem 5.1) implies that the numbers gy, ..., u,
are the essential indices, and the vector functions [a;'(¢)]%,.. ., [a}'(¢)]? are the right essential

functions of a(t).
The second part of the theorem can be proved in the same way. The proof is complete. [J

Thus, in the case of an invertible matrix function the method of essential indices and functions
is completely equivalent to the method of Wiener — Hopf factorization.

Remark 6.2. Let us compare the proof of the existence of factorization proposed in this work
with the classical proof by I.Ts. Gokhberg, now presented in many monographs and surveys on
this topic (see, e.g., 5], [7]). The base of both methods is the lemma on canonical factorization of
matriz functions sufficiently close to the identity matriz. Then in both methods a representation
of form (3.2) is used (see |7]). The further ways of the proof diverge. In the method by
L. Ts. Gokhberg, the existence of a factorization of a matriz function analytic inside the domain
18 proved. This is the most technically complicated part of the proof, and it is a pure existence
theorem. Ezxplicit identification of the partial indices and factorization factors of an analytic
matriz function within this method is hardly possible. The general case in the method of I.Ts.
Gokhberg is reduced to the analytic one by means of representation (3.2).

In the method proposed in this work, representation (3.2) is used to study the chain of kernels
of the operators Ty, Uy, which ultimately leads to the construction of the factorization. This is
a longer path, but it has its advantages, which we shall demonstrate in the next section and in
subsequent works.
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Remark 6.3. If a(t) = a_(t)d(t)ay(t) is a Wiener — Hopf factorization of a(t), then for
the Toeplitz operator T, the operator T = TaileflTa:l 15 1ts generalized inverse. Therefore,

the kernel T, and the generalized inverse TJ = TRTy—1T, are described in terms of the indices
and essential functions of a(t). This fact is the analogue of the corresponding result for finite
Toeplitz matrices. Thus, there exists a unified approach to the study of infinite—dimensional
and finite—dimensional Toeplitz operators: this is the method of indices and essential functions
(polynomials).

Remark 6.4. In this work we consider only the right Wiener — Hopf factorization. A
similar theory can be constructed for left factorization (1.1) if one replaces assumption A by

B. The sequence a = {a;}32

function a='(t) € WP*P,

s the sequence of matriz Fourier coefficients for the matriz

7. EFFECTIVE CRITERION FOR CANONICAL FACTORIZATION OF
STRICTLY NONSINGULAR MATRIX FUNCTIONS

In |12], we studied the problem on finding the partial indices of a strictly nonsingular matrix
function

agl(t) 929 (t)
The factorization of such matrix functions often appears in various problems of mathematical
physics and mechanics, in particular, in the soliton theory [10] and in the diffraction theory
[16]. Under the condition ind a;; = 2ind det A the factorization problem for A(t) was explicitly
reduced to the factorization of the matrix function

(1 51
a<t>_<a+(t) 1+ﬁ-(t)oz+(t))’ (7.1)

where f_(t) € W_, a,(t) € W,. In the particular case when these functions are Laurent
polynomials, a criterion was obtained for the existence of a canonical factorization; however,
the method of [12] did not allow one to construct this factorization.

In this section we shall show that the new factorization method based on indices and essential
functions makes it possible to construct explicitly the canonical factorization of the Laurent
matrix polynomial

A(t) = (a“(“ a”(“) € GW»2 ay(t) € GW.

1 B (#)
R (aim(t) ! +5<N><t>a$“<t>> ’ i

where ﬂ(_N) (1), Ozng) (t) are Laurent polynomials of degree at most N for 5_(t), a(t), respec-
tively:

5(—N)(t) =Bo+ Bt + ..+ BNt &SFN)(t) =g+ ait+ ... +antV.

The factorization of ay(t) will be constructed in terms of the coefficients of BSN)(t), OzS_N)(t).

Having found explicitly the canonical factorization of ay(t), we shall be able to obtain an
effective criterion for the existence of the canonical factorization of a(¢). The method of ob-
taining such a criterion was proposed in [15]. In this work, for the practical implementation of
the method, the ExactMPF package developed by the authors was used, which allows one to
construct, by means of exact (error—free) computations, the factorization of matrix polynomi-
als. Such an approach is suitable for obtaining the factorization of a specific matrix function
a(t) and is not suitable for the theoretical investigation of the problem. In this section we shall
eliminate this shortcoming.
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7.1. Canonical factorization for ay(t). Let us introduce the data necessary for what
follows. We define the numerical matrix Dy = Iy + Ky, where Iy is the identity matrix of
order N and Ky is the product of Toeplitz matrices:

ay ... O B—N 0

Ky = : o : - :

0 ... QN ﬂ—l 6—N

. .. . (NN ) (N)

If the matrix Dy is invertible and Hy = (h” )ij:O is its inverse matrix, then by H, 7, 0 < k <
N-1

N — 1, we denote the k-th column of Hy and H,EN)(t) = > h%)tj stands for the generating
3=0

N

S HYV (1), We

o k=0
recall that P, is the projection from W into W, parallel to (W_)°, acting by the rule

’P+( i aktk> = iaktk,

k=—00

polynomial of this column. We also introduce H](VN) (t) :=t" and H (t)

and P_ =7 — P, is the complementary projection.

Theorem 7.1. The Laurent matriz polynomial ay(t) admits a canonical factorization if and
only if the matriz Dy is invertible.

If this condition is satisfied, then the canonical factorization ay(t) = ay(t)a},(t), normalized
by the condition ay(c0) = Iy, is constructed by the formulas

= =P (BN (O H (1)) P_ (8N HM (1))
M =P (BN )M HNM ) 1+ P (BN 0V HN (1) )

)
- (EV@ P oY)
N B 1+ P (B 0HN 1))

Proof. By Theorem 6.1, the essential indices for the matrix function ay(t) coincide with the
factorization indices of ay(t). The essential indices are equal to zero if and only if the kernel of
the Toeplitz operator Tj := Ty, is trivial. Indeed, if the essential indices are equal to zero, then
ay(t) admits a canonical factorization, the operator Tj is invertible and its kernel is trivial.

On the other hand, if ker Ty = {0}, then for the essential indices p1, po we have g > g > 0.
If we suppose that p; > 0, then 0 = ind det ay () = p1 +pe > 0, which is impossible. Therefore,
i1 = p2 = 0. Thus, the triviality of the kernel of the operator Tj is a criterion for the existence
of a canonical factorization of an(t).

The vector function () = (21(¢), xz(t))T, x1(t), z2(t) € W, belongs to the kernel of the
Toeplitz operator Ty if and only if this vector is a solution of the operator system of equations

Il(t> -+ TB(_N)J}Q(t) = 0,
Ta(;v)xl(t) + (I + TB£N>Q(N))x2(t) =0.

+

(7.3)

This implies that the kernel of the operator T consists of vector functions z,(t) =
(—Tﬂ(me(t),xQ(t))T, where 5(t) is an arbitrary function from the kernel of the operator

D=1+ (T (N)Ta(N) =T (N)Tﬂ(N)). This means that the kernel of Ty is trivial if and only if the
— + —

B al
kernel of D is trivial.
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To find the kernel of the operator D, we decompose the space W, into the direct sum
W, = Py\W, & QnW,, where Py is the projection acting by the rule

00 N-1
PN<Zl'ktk> = Zl’ktk,
k=0 k=0

and Qy = Z — Py is the complementary projection. It is easy to see that the formula Qn =
T;:NTFN holds.

Let us represent the operator D as an operator matrix corresponding to this decomposition
of the space W,

D — PNDPN’IIHPN PNDQN|IH1QN
- \@nDPy|Im Py QnDQn|ImQy )

Let us find the elements of this operator matrix, taking into consideration that 5V (1), oerN) (t)
are polynomials in t71, ¢, respectively, of degree at most N:

DQN = QN + (TﬁgN)Ta:LN) -7 (N)Tﬁ(iN)>71thjt—N

Oy

=N+ (TB£N>Q<+N>tN - TaS_N)T/B(_N)tN)Tt_N

=N+ (T,3<_N>a<+N>tN - TaE‘_N)ﬂ(_N)tN>]jt—N = Un.
In the same we prove that QnD = Q. This yields
PyDQn =0, QNDPy =0, QONDQN = Qn-
It remains to find PyDPy
PyDPy = Py + Py(Tyon T, = To0 Ty ) P

B oy
= PN —+ PN (T;*NGEFN)TtNﬂ(_N) — jliNaiN)ENﬂfNY;NﬁﬁN)) PN
= Py + PNT,_y o0 (Z — QN)TtNIB(N)PN = Py + PNT, o PNT,y g0 Py
+ - + -
Finally,

0 Qn|ImQy
where Ky = PNTt,Na(N)PNTtNBw) Py. Thus, x9(t) = Pyxo(t) + Qnza(t) belongs to the kernel
+ —_
of the operator D if and only if
(PN + ]CN)PN]JQ(t) = 0, QN.CEQ(t) = 0.
In the standard basis the operator (Py + Ky)|Im Py has the matrix Dy = Iy + Ky. We

Do ((PN+/CN)|ImPN 0 ) (7.4)

hence find that x4(t) = > zxt* belongs to the kernel of D only in the case when the vector
k=0
(7o, ...,on_1)T belongs to the kernel of the matrix Dy = Iy + Ky and 2y = x4 = ... = 0.
This means that the kernel of D is trivial if and only if the matrix Dy = Iy + K is invertible.
The criterion for the canonical factorization of ay(t) is obtained.
Let the matrix Dy be invertible; then the essential indices are equal to zero, puy = g = 0.
This means that the essential functions R;(t), Ry(t) lie in the two—dimensional space ker T} :=
ker T;-1,,. Let us find a basis of this space.

If R(t) = (rl(t),rg(t))T € kerTy, then T,, R(t) € kerT;-1;,. The latter kernel consists of
constant vector functions. Thus,

T1 (t) + TﬁgN)TQ(t) = Uy,
Tang)rl (t) + (T + TﬁgN)aim)rg(t) = Uy,
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where uy,uy € C. Then R(t) = (u1 —Tﬁ(mrg(t), r2(t))T, where ry(t) is a solution of the operator

equation Dry(t) = uy — T vyus, ie.,
+

[_'Z—|— (T (_N)TCVS_N) - T (N)Tﬁ(_N))}TQ(t> = U9 — UlOég_N)(t)-

8 af]
Taking into consideration formula (7.4), we obtain
(Py + Kn)Pnra(t) = ug — uleozS_N)(t), Qnra(t) = Qn(ug — ulang) (t) = —ujant™.

Thus, to find the Fourier coefficients r,(f) of the function r5(t), we obtain the system

( r[(f) 1 Qg
Dy : =u || —w : ;
4 TE\?)—l 0 aN_1
r@ — _y
N — 10N,
P =0,k > N.
If Hy is the matrix inverse to Dy, then
r(()2) 1 Qg
: =wHy | i | —uHy : ;
(2) 0 QaN_1

TNZ1
and we obtain

N—-1
Pyray(t) = uos HV (1) —uy 32 a HN (1),
k=0

Qnra(t) = —urant™.

Recall that here H ,gN)(t) is the generating polynomial of the k-th column of the matrix Hy.
Finally, we arrive at the expression for ry(t)

ra(t) = Para(t) + Qura(t) = us HSY (8) — wy HV (8),
N
where HéN)(t) = > akH,gN) (t). Hence,
k=0
r(t) = un (14 Ty HN (1)) — uaTyen HS™ (1),
Thus, an arbitrary vector function from ker 77 is represented as
14+ T, HM (¢ —T o0 HM(t
R(t>:U1< ’89\8\,) ) + U B(*N()N)O ) .
—Ha (1) Hy ™ (t)
The vector functions
Ri(t) = b PJFB({]VV))HO(CN) 0 Ry(t) = —77+ﬂ(_(]]\2)HéN) ()
—Ha (1) Hy ()

form a basis of the space ker 77, i.e., they are the essential vector functions of ay(t).
By Theorem 6.1 we then obtain

() = (LB DI —PeB (01 (1)
N - — g (t) H(()N) () .
The factor
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-1

can be found by the identity ay (t) = aN(t)(aj(,(t)) . Then

ap(t)=1+P B<N><t>HgN (t) = BN () HM (t)
=1-P_BM ) HM(t) € W_, ap(00) = 1,

apy(t) = B0 HY (1) — P ) HS (1) = P (O HT (1) e Wo, agy(00) =0,

a5, (t) = (P + P) [0 (1) + oY ()T HEO (1) — HM (t) — o (0) 857 (1) I (1)]
=alM(t) - [Z + Ty T, —TW)T(N)]HW (t) — P_al™ () g™ () HM (1)
=aM@t) - DEM (1) - P_al (1) () HM (1)
= —P_a (1) <t>H§N><>eW7, a3, (00) = 0.

N

Here we have taken into consideration that DH&N)(t) = > OszH,gN)(t), and since formula
k=0

(7.4) implies immediately DH,E:N)(t) = t*, we have DHSV () = ozS_N)(t). Similar computations

are made for the element ay,(t):

a5 (t) = (P + P [HEV (1) + o ()8 () HS™ (1) — o () Ty HE™ (1))

= [T+ Ty Ty = Tyo0 Ty Hy () + P-al ()85 (1)) B (1)
=D () + P-al (08 () ;™ (1) = 14+ Pl ()57 (1) H"™ (1) € W,
agy(00) = 1.
This leads us to the following result:

= LRI WH () P_p (1) Hy(¢) S
MY\ =PL a0 EM @) 1+ PN @)™ @) HSY (1) -

and moreover, detay(oo) = 1. Since detay () = const, then detay(t) = 1, and hence also

det af(t) = 1. Then

= (0P ﬁ““() 0
VMU AHED @) 1+ P 8MeHN @) )

The proof is complete. O

We are going to provide an example of the application of this theorem.

Example 7.1. We consider the Laurent matriz polynomial

1 B9 )
as(t) = ,
o (af’(t) L4 A9 a1
where N = 3 and
U ( 1 1 1

3)
t)=1+ — .
2! ] 3! () * 2t * 2221¢2 + 2331¢3

aPt)=1+1t+ =

Here the Laurent polynomials of the functions a(t) = €', B_(t) = e/ have been taken as
ozf) (1), 5(_3) (1), respectively. All further computations were made in exact arithmetic by using

the CAS Maple.
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Since the matrix

451 13 1
288 906 48

13 307 1

s 48 288 96
1 1 289

12 48 2883

is invertible, then as(t) admits a canonical factorization. In order not to overload the exposition,
we restrict ourselves to finding only the factor af (t).
Let us find Hy = D3' and write out the generating polynomials for the columns of this matriz

@) 5109408 1294272 79488
HyV () = - t— t2,
7817645 7817645 1563529
647136 7499232 101952
HP () = - - 2
() 7817645 T 7817645 7817645
19872 4
HOW) = 0872 50976 7799904 »
1563529 7817645 = 7817645
By definition,
1 1
HP W =2, HP @) = B 0+ B + 5100 + 517 (1)
We find HSY (t)
4412592 6179472 680112 1
HP(t) = t 24—,
o () = 7817615 * 7817645 T 1563529 1 6

We calculate 5(,3)(t)H(§3)(t), BEWHP(t), and in the obtained Laurent polynomials we select
only the terms with nonnegative powers of t
4412592 1492992 79488

= - t— t
7817645 7817645 1563529
4542390029 386045741, 9724873 , 1
1+ P, (8P ) HO (¢ 2+ 1%,

= t
( )) 2251481760 N 375246960 * 18762348 6

We have found all elements of the matriz polynomial a3 (t): H(()S) (t), Py (6(_3) (t)Hé3) (1), 1P (@),
1+ P, (BP0 HP (1)),

Remark 7.1. The factorization of az(t) has been verified by means of the ExactMPF package
[11]. After normalizing the factorization returned by ExactMPF, we obtain the same result as
i Example 7.1.

Remark 7.2. It makes sense to compare the factorizations of an(t) that are constructed
by means of the ExactMPF package and by explicit formulas (7.3). The ExactMPF package is
universal; it can construct the factorization of matriz polynomials not only of the form ay(t).
However, the algorithm by which the package works is based on the notions of indices and essen-
tial polynomials of a certain finite sequence of numerical matrices [1], [13]. Therefore, it can be
applied only for constructing the factorization of a matriz function ay(t) in which the polyno-
mials ay(t), B_(t) have numerical coefficients. The method of indices and essential functions
proposed in this work allows one to construct the factorization for the case, when a(t), S_(t)
have symbolic coefficients. This is very important for carrying out the theoretical investigation
of the problem. Moreover, this method is economical; the factorization is constructed in terms
of the inverse of one explicitly given matriz.
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7.2. Asymptotics for norms a;N) (t). In order to obtain an effective condition for the

canonical factorization of a(t), we shall need estimates for the norms at) (1).

The norm of matrix function A(t) = (a;;) € W?*? obeys the estimate

lA@)w < ZH%HW

The results obtained while using this estimate W111 be valid both for the norm || - [|w,; and for
| - |lw.co- We shall also need the obvious estimates
N N
1827 @) lw < 18-l ol B)llw < llowe (1)
In what follows || - ||w denotes || - |lw1.

Since ay(00) = Iy, we have
lay (8)llw =1+ lax () — L||w-
Formula (7.3) implies
lax (t) = Lellw <IIB=()llw (1 @) llw + 125 (1) ]lw)
+ 1B-Ollw o @) llw (N @) lw + 1S (@) |w)
=[18-(t)lw (1 + o () llw) (IH @)l + 11HS (8 lw) -

By || - |1 we denote the Hélder norm for a vector and the maximum column norm for matrices.
Then
N N
126 Ollw = 155 Il < [[Hs
and
N-1
N
IESOllw < 3 lowlllH [l + o
k=0
N-1
< (X Jan )1l + o] < flow (8) lw mac{ [ s, 1}
k=0
Thus,
IH @) lw + 1HS™ (Ollw < (14 s (D), mac{ || Hu]l1, 1}
and, finally,
_ 2
lay@llw < 1+ 18- (O)llw (1 + llaes () lw) " max{[| Hw |1, 1}. (7.5)
In the same way we obtain the estimate
lak (O)llw < 1+ (L+[18-(0)llw) (1 + llaws () llw) max{|| Hwll1, 1} (7.6)

Thus, we have obtained the asymptotics ||a% (¢)|lw = O(max{||Hy||:,1}) as N — oc.

7.3. An effective criterion for the canonical factorization of a(¢). Now, relying on the
results in [15], we can obtain an effective criterion for the canonical factorization of a(t).

Let us approximate the matrix function a(t) by the Laurent matrix polynomial ay(t). We
denote oy = ||a(t) — an(t)||w. Effective estimates of the quantity oy are given in [15].

Theorem 7.2. If there exists a number N such that the conditions hold
1. the matriz Dy is invertible,
2. the inequality holds
2
v =1+ [ B-(O)llw (1 + [l (8) )" max{ || Hxl|r, 1}]
L (1 18- Ollw) (1 o (0 ) masc{ [ Hxl1, 1}]dy < 1,
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then a(t) admits a canonical factorization. Here Hy = Dy'.

Proof. We apply Theorem 4.2 in [15]. Condition 1) implies that a canonical factorization
an(t) = ay(t)ay(t) exists, i.e., the first condition of Theorem 4.2 is satisfied. To verify the
second condition of this theorem, we shall need estimates of the norms ||(a%)~'(t)||lw.1. Since
det az(t) = 1, these norms coincide with

1(a3) @) llwir = llay () [ woo-

Here (ai)#(t) is the matrix function adjoint to a’;(t). As noted, estimates (7.5), (7.6) are valid
both for || - |lw,1 and for || - [[w,e. Therefore, if condition 2) of the present theorem is satisfied,
then the second condition of Theorem 4.2 is also satisfied. From this theorem it follows that
a(t) admits a canonical factorization. The proof is complete. ]

Note that a(t) ~ ay(t)ak(t) is an approximate factorization of a(t). In [15] effective error
estimates for this factorization are given.

The above criterion can be formulated without employing the factorization of ay(t), but
using only the coefficients of the functions o (t), 5.

Corollary 7.1. If there exists a number Ny such that
1. the matriz Dy is invertible for N > Ny,

2. sup HD;,lH < 00,

N>=Ny

then a(t) admits a canonical factorization. Here || - || is any matriz norm.

Proof. Since 0y — 0 as N — oo, and the sequence {||Hn||}n>n, is bounded, the quantity gy
can be made smaller than any prescribed number. Condition 2) of the preceding theorem is
satisfied, and a(t) admits a canonical factorization. The proof is complete. O

In conclusion, we consider an example.

1 ezi
t
alt) = (et 1+ et+5t> '

1 1
laellw = llefllw =, lIB-llw = lle2'[lw = e=.
We estimate ||a — ay||lw
lo —anllw < llas = a8 w + 18- = B lw + oy - = L85
<

N N
1+ llag w8 = B Nlw + (1 + 18- Iw) oy — ol

It remains to estimate ||oy — a(+N)HW, 18- — 8™ |lw:

Example 7.2. Let

In this example

1 < N +2

IR N IS R
o = lw = 2 G S AT (WA S (N O O

In the same way,
N +2

(N)
18- — B [lw < NEN T N1

Finally we obtain the required estimate

N+2
V(2N + 3)(N + 1)

N +2

T N

on =lla—an|w < (1+e€)
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For qn we now have the expression

gy = [+ e2(1+ e max{[[Hy ||, 1}] [1+ (1 + e2)(1 + ¢) max{[|Hy |1, 1})on-

The further computations are made by using the CAS Maple, and the results are summarized
in the next table.

TABLE 1.
N 2 3 4 5 6 7 8
Sy | 0.67713 | 0.14871 | 0.027543 | 0.0043788 | 0.00060676 | 0.000074285 | 0.0000081312
det Dy | 1.6289 | 1.6363 | 1.6364 | 1.6364 1.6364 1.6364 1.6364
|Hyl|| | 1.0359 | 1.0550 | 1.0590 | 1.0597 1.0598 1.0598 1.0598
lay|lw | 24.614 | 25.050 | 25.139 | 25.156 25.159 25.159 25.159
laf|lw | 11.202 | 11.391 | 11.429 | 11.437 11.438 11.438 11.438

qn 186.72 | 42.436 | 7.9144 1.2598 0.17461 0.021378 0.0023401

The estimates for the parameters Sy, ||ax|lw are given in the table. All values are indicated
with 5 significant digits.

All the quantities given in the table show a tendency to stabilize. For all N = 2,...,8 we
have det Dy # 0, which, in accordance with the criterion of canonical factorization, means that
an(t), N =2,...,8, admits a canonical factorization. The parameter qy becomes less than 1
starting from N = 6. This means that the matriz function a(t) admits a canonical factorization.

10.

11.
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