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PERTURBED LINEAR EQUATIONS WITH

HILFER FRACTIONAL DERIVATIVE

V.E. FEDOROV, A.A. BYKOV

Abstract. We study issues on unique solvability for the Cauchy–type problem for linear
equations in a Banach space with the Hilfer fractional derivative, with an operator generat-
ing a strongly continuous resolving family, and with a bounded perturbation operator, either
constant or time–dependent. It is shown that the addition of a constant bounded operator
does not move us outside the class of generators of strongly continuous resolving families
of operators. Based on the technique of the proof of this result, we show the existence
of a unique solution to the Cauchy–type problem for the equation with a nonautonomous
perturbation operator. We employ abstract results in the study of the unique solvability
of an initial boundary value problem with periodic conditions in the spatial variable for
the equation with the Hilfer fractional derivative in time and with the Laplace operator
perturbed by a nonautonomous linear integral operator.

Keywords: Hilfer fractional derivative, resolving family of operators, perturbation theo-
rem, nonautonomous perturbation, initial boundary value problem.
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1. Introduction

Differential equations with fractional derivatives have been the subject of active theoretical
research in recent decades [9], [8] and are often used in mathematical modelling in applied
problems [2], [10], [11], [12]. The interest in studying equations with the Hilfer fractional
derivative 𝐷𝛼,𝛽𝑧 = 𝐽𝛽(𝑚−𝛼)𝐷𝑚𝐽 (1−𝛽)(𝑚−𝛼)𝑧 [7] is due to the fact that this class of derivatives
includes the Gerasimov — Caputo fractional derivatives (for 𝛽 = 1) and the Riemann — Liouville
fractional derivatives (for 𝛽 = 0), which are most commonly used in mathematical models.
Previously, for equations in Banach spaces

𝐷𝛼,𝛽𝑧(𝑡) = 𝐴𝑧(𝑡), 𝑡 ∈ R+, (1.1)

necessary and sufficient conditions were obtained for the existence of strongly continuous [4] and
analytic [5] resolving families of operators in terms of the resolvent of a linear closed densely
defined operator 𝐴 in a Banach space 𝒵. In [5], a perturbation theorem was established,
which provided sufficient conditions on the perturbing linear operator 𝐵 ensuring that once 𝐴
generates an analytic resolving family of operators, then 𝐴 + 𝐵 also generates such a family.
Any bounded operator 𝐵 satisfies this perturbation theorem.
In the present work, we study the solvability of the equation

𝐷𝛼,𝛽𝑧(𝑡) = 𝐴𝑧(𝑡) +𝐵𝑧(𝑡), 𝑡 ∈ R+,
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with an operator 𝐴 generating a strongly continuous resolving family of operators. First, we
show that adding a bounded operator 𝐵 to such an operator 𝐴 yields an operator 𝐴 + 𝐵
which also generates a strongly continuous resolving family. Then the case of an operator
𝐵 = 𝐵(𝑡) depending on 𝑡 and bounded for each 𝑡 is considered, and results on the solvability
of homogeneous and inhomogeneous equations

𝐷𝛼,𝛽𝑧(𝑡) = 𝐴𝑧(𝑡) +𝐵(𝑡)𝑧(𝑡) 𝐷𝛼,𝛽𝑧(𝑡) = 𝐴𝑧(𝑡) +𝐵(𝑡)𝑧(𝑡) + 𝑓(𝑡),

are obtained.
In Section 2 we introduce preliminary information and define the class of operators 𝒞𝛼,𝛽. We

present a theorem on the necessity and sufficiency of the inclusion 𝐴 ∈ 𝒞𝛼,𝛽 for the existence of
a strongly continuous resolving family of operators for equation (1.1). In Section 3 we obtain
a theorem on the solvability of the linear inhomogeneous equation 𝐷𝛼,𝛽𝑧(𝑡) = 𝐴𝑧(𝑡) + 𝑓(𝑡)
in the case 𝐴 ∈ 𝒞𝛼,𝛽 under more general conditions on the function 𝑓 than in [4], allowing
for a power–type singularity at zero. In Section 4 we obtain a perturbation theorem for the
operator 𝐴 ∈ 𝒞𝛼,𝛽: we prove that the inclusions 𝐴 ∈ 𝒞𝛼,𝛽, 𝐵 ∈ ℒ(𝒵) imply 𝐴 + 𝐵 ∈ 𝒞𝛼,𝛽.
Section 5 provides a theorem on the solvability of the equation with the Hilfer derivative and
a nonautonomous perturbation operator 𝐵 = 𝐵(𝑡). In the last section, the obtained results
are used to prove the unique solvability of an initial boundary value problem for a partial
differential equation with a fractional derivative in time.

2. Strongly continuous and analytic resolving families of operators

Let 𝒵 be a Banach space, ℎ ∈ 𝐿1,loc(R+;𝒵). The Riemann — Liouville fractional integral of
order 𝛽 > 0 for the function ℎ is defined as

𝐽𝛽ℎ(𝑡) :=
1

Γ(𝛽)

𝑡∫︁
0

(𝑡− 𝑠)𝛽−1ℎ(𝑠) 𝑑𝑠, 𝑡 > 0.

The Riemann — Liouville fractional derivative of order 𝛼 reads 𝐷𝛼ℎ(𝑡) := 𝐷𝑚𝐽𝑚−𝛼ℎ(𝑡), where
𝑚 − 1 < 𝛼 ⩽ 𝑚 ∈ N, 𝐷𝑚 is the operator of differentiation of integer order 𝑚. For 𝛼 > 0 we
shall use the notation 𝐽𝛼ℎ(𝑡) = 𝐷−𝛼ℎ(𝑡).
We denote

𝐷𝛾ℎ(0) := lim
𝑡→0+

𝐷𝛾ℎ(𝑡), 𝛾 ∈ R.

The Hilfer derivative of order 𝛼 ∈ (𝑚− 1,𝑚], 𝑚 ∈ Z, and type 𝛽 ∈ [0, 1] is defined as

𝐷𝛼,𝛽ℎ(𝑡) = 𝐷𝑚−𝛽(𝑚−𝛼)

(︃
𝐽 (1−𝛽)(𝑚−𝛼)ℎ(𝑡)−

𝑚−1∑︁
𝑘=0

𝐷𝑘−(1−𝛽)(𝑚−𝛼)ℎ(0)
𝑡𝑘

𝑘!

)︃

= 𝐷𝑚

(︃
𝐽𝑚−𝛼ℎ(𝑡)−

𝑚−1∑︁
𝑘=0

𝐷𝑘−(1−𝛽)(𝑚−𝛼)ℎ(0)𝑡𝑘+𝛽(𝑚−𝛼)

Γ(𝑘 + 𝛽(𝑚− 𝛼) + 1)

)︃
.

(2.1)

For sufficiently smooth ℎ, identity (2.1) implies the standard form of the Hilfer derivative

𝐷𝛼,𝛽ℎ(𝑡) = 𝐽𝛽(𝑚−𝛼)𝐷𝑚𝐽 (1−𝛽)(𝑚−𝛼)ℎ(𝑡).

Remark 2.1. It is clear that for 𝛽 = 0 the Hilfer fractional derivative coincides with the
Riemann — Liouville fractional derivative, and for 𝛽 = 1 does with the Gerasimov — Caputo
fractional derivative.

Remark 2.2. For 𝛼 = 𝑚 we have 𝐷𝛼,𝛽 = 𝐷𝑚,𝛽 = 𝐷𝑚 for each 𝛽 ∈ [0, 1].
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By L[ℎ] we denote the Laplace transform for the function ℎ : R+ → 𝒵. Hereinafter we shall
use the notation R+ := R+ ∪ {0} and the principal branch of the power function of a complex
variable.

Lemma 2.1 ([5]). Let 𝑚− 1 < 𝛼 ⩽ 𝑚 ∈ N, 𝛽 ∈ [0, 1], and for ℎ : R+ → 𝒵 there exist L[ℎ],
𝐷𝛼,𝛽ℎ, L[𝐷𝛼,𝛽ℎ]. Then

L[𝐷𝛼,𝛽ℎ](𝜆) = 𝜆𝛼L[ℎ](𝜆)−
𝑚−1∑︁
𝑘=0

𝐷𝑘−(1−𝛽)(𝑚−𝛼)ℎ(0)𝜆𝑚−1−𝑘−𝛽(𝑚−𝛼).

By the symbol ℒ(𝒵) we denote the Banach space of all linear bounded operators on the
space 𝒵, and by 𝒞𝑙(𝒵) the set of all linear closed operators densely defined in the space 𝒵 and
acting in this space. We equip the domain 𝐷𝐴 of the operator 𝐴 ∈ 𝒞𝑙(𝒵) with its graph norm
‖ · ‖𝐷𝐴

:= ‖ · ‖𝒵 + ‖𝐴 · ‖𝒵 and thereby obtain the Banach space 𝐷𝐴.
By 𝐴𝐶𝑚(R+;𝒵) we denote the set of all functions ℎ ∈ 𝐶𝑚−1(R+;𝒵) having absolutely

continuous on each interval [𝑡0, 𝑇 ] ⊂ R+ derivative of order 𝑚− 1.
Consider the Cauchy–type problem

𝐷𝑘−(1−𝛽)(𝑚−𝛼)𝑧(0) = 𝑧𝑘, 𝑘 = 0, 1, . . . ,𝑚− 1, (2.2)

for the linear equation
𝐷𝛼,𝛽𝑧(𝑡) = 𝐴𝑧(𝑡), 𝑡 ∈ R+, (2.3)

where 𝑚 − 1 < 𝛼 ⩽ 𝑚 ∈ N, 𝐴 ∈ 𝒞𝑙(𝒵). A solution to problem (2.2), (2.3) is a function
𝑧 ∈ 𝐶(R+;𝐷𝐴) ∩ 𝐿1,loc(R+;𝒵) such that 𝐽 (1−𝛽)(𝑚−𝛼)𝑧 ∈ 𝐴𝐶𝑚(R+;𝒵), 𝐷𝛼,𝛽𝑧 ∈ 𝐶(R+;𝒵),
conditions (2.2) hold, and identity (2.3) holds for 𝑡 ∈ R+.
Let 𝑚− 1 < 𝛼 ⩽ 𝑚 ∈ N, 𝛽 ∈ [0, 1]. A family of operators {𝑆(𝑡) ∈ ℒ(𝒵) : 𝑡 ∈ R+} is called

a resolving family for equation (2.3) if the following conditions hold:

(i) there exist 𝜔 ⩾ 0 and 𝐾 > 0 such that

‖𝑆(𝑡)‖ℒ(𝒵) ⩽ 𝐾𝑡−(1−𝛽)(𝑚−𝛼)𝑒𝜔𝑡

for all 𝑡 ∈ R+;

(ii) for all 𝑧0 ∈ 𝒵 𝑆(𝑡)𝑧0 ∈ 𝐶(R+;𝒵),

s-lim
𝑡→0+

𝐽 (1−𝛽)(𝑚−𝛼)𝑆(𝑡) = 𝐼;

(iii) 𝑆(𝑡)[𝐷𝐴] ⊂ 𝐷𝐴, 𝑆(𝑡)𝐴𝑧0 = 𝐴𝑆(𝑡)𝑧0 for all 𝑧0 ∈ 𝐷𝐴, 𝑡 ∈ R+;

(iv) for each 𝑧0 ∈ 𝐷𝐴 the function 𝑆(𝑡)𝑧0 is a solution of the Cauchy–type problem

𝐷−(1−𝛽)(𝑚−𝛼)𝑧(0) = 𝑧0, 𝐷𝑘−(1−𝛽)(𝑚−𝛼)𝑧(0) = 0, 𝑘 = 1, 2, . . . ,𝑚− 1,

for the equation (2.3).

It is easy to show that for all 𝑧0, 𝑧1, . . . , 𝑧𝑚−1 ∈ 𝐷𝐴, the sum
𝑚−1∑︀
𝑘=0

𝐽𝑘𝑆(𝑡)𝑧0 solves problem

(2.2), (2.3).

Remark 2.3. For 𝐴 ∈ ℒ(𝒵) the resolving family of operators for equation (2.3) reads (see,
e.g., [1])

𝑆(𝑡) =
∞∑︁
𝑙=0

𝑡𝛼𝑙+(1−𝛽)(𝛼−𝑚)𝐴𝑙

Γ(𝛼𝑙 + (1− 𝛽)(𝛼−𝑚) + 1)
= 𝑡(1−𝛽)(𝛼−𝑚)𝐸𝛼,(1−𝛽)(𝛼−𝑚)+1(𝑡

𝛼𝐴), 𝑡 ∈ R+,

where

𝐸𝛼,𝛽(𝑧) :=
∞∑︁
𝑛=0

𝑧𝑛

Γ(𝛼𝑛+ 𝛽)
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is the Mittag–Leffler function.

For 𝑚 − 1 < 𝛼 ⩽ 𝑚 ∈ N, 𝛽 ∈ [0, 1] an operator 𝐴 ∈ 𝒞𝑙(𝒵) is called an operator of class
𝒞𝛼,𝛽(𝐾,𝜔), where 𝐾 > 0, 𝜔 ⩾ 0, if the following two conditions hold:

(i) if Re𝜆 > 𝜔, then 𝜆𝛼 ∈ 𝜌(𝐴) := {𝜇 ∈ C : (𝜇− 𝐴)−1 ∈ ℒ(𝒵)};
(ii) for all Re𝜆 > 𝜔 and 𝑛 ∈ N0 := N ∪ {0}⃦⃦⃦⃦

𝑑𝑛

𝑑𝜆𝑛

(︀
𝜆𝑚−1−𝛽(𝑚−𝛼)(𝜆𝛼 − 𝐴)−1

)︀⃦⃦⃦⃦
ℒ(𝒵)

⩽
𝐾Γ((1− 𝛽)(𝛼−𝑚) + 𝑛+ 1)

(Re𝜆− 𝜔)(1−𝛽)(𝛼−𝑚)+𝑛+1
.

We introduce the notations

𝒞𝛼,𝛽(𝜔) :=
⋃︁
𝐾>0

𝒞𝛼,𝛽(𝐾,𝜔), 𝒞𝛼,𝛽 :=
⋃︁
𝜔⩾0

𝒞𝛼,𝛽(𝜔).

Theorem 2.1 ([4]). Let 𝛽 ∈ [0, 1], 𝛼 > 2. Then 𝐶𝛼,𝛽 ⊂ ℒ(𝒵).

Let 𝐴 ∈ 𝒞𝛼,𝛽(𝜔) for some 𝜔 ⩾ 0; for Re𝜆 > 𝜔,

𝐻𝛽(𝜆) := 𝜆𝑚−1−𝛽(𝑚−𝛼)(𝜆𝛼 − 𝐴)−1,

and 𝑛 ∈ N, 𝑡 ∈ R+ we define the operators

𝒮𝑛(𝑡) := 𝑒−𝑛𝑡

∞∑︁
𝑘=0

(−1)𝑘(𝑛(𝑛+ 𝜔)𝑡)𝑘+1

𝑘!(𝑘 + 1)!
𝐻

(𝑘)
𝛽 (𝑛+ 𝜔).

Theorem 2.2 ([4]). Let 𝑚−1 < 𝛼 ⩽ 𝑚 ∈ N, 𝛽 ∈ [0, 1]. Then a resolving family of operators
for equation (2.3) exists if and only if 𝐴 ∈ 𝒞𝛼,𝛽. Moreover, 𝑆(𝑡) = s-lim

𝑛→∞
𝒮𝑛(𝑡) for all 𝑡 > 0.

3. Linear inhomogeneous equation with Hilfer derivative

We consider Cauchy–type problem (2.2) for the linear inhomogeneous equation

𝐷𝛼,𝛽𝑧(𝑡) = 𝐴𝑧(𝑡) + 𝑓(𝑡), 𝑡 ∈ (0, 𝑇 ], (3.1)

where 𝑚− 1 < 𝛼 ⩽ 𝑚 ∈ N, 𝛽 ∈ [0, 1], 𝐴 ∈ 𝒞𝑙(𝒵), 𝑓 : [0, 𝑇 ] → 𝒵. A solution to problem (2.2),
(3.1) is a function 𝑧 ∈ 𝐶((0, 𝑇 ];𝐷𝐴) ∩ 𝐿1(0, 𝑇 ;𝒵) such that

𝐽 (1−𝛽)(𝑚−𝛼)𝑧 ∈ 𝐶𝑚−1([0, 𝑇 ];𝒵) ∩ 𝐴𝐶𝑚((0, 𝑇 ];𝒵), 𝐷𝛼,𝛽𝑧 ∈ 𝐶((0, 𝑇 ];𝒵),

and it satisfies conditions (2.2) and equation (2.3) for 𝑡 ∈ (0, 𝑇 ].
The space of functions 𝑣 ∈ 𝐶((0, 𝑇 ];𝒵) such that 𝑡𝛾𝑣(𝑡) ∈ 𝐶([0, 𝑇 ];𝒵) for some 𝛾 ∈ R is

denoted by 𝐶𝛾((0, 𝑇 ];𝒵) and equipped with the norm

‖𝑣‖𝐶𝛾((0,𝑇 ];𝒵) := sup
𝑡∈[0,𝑇 ]

‖𝑡𝛾𝑣(𝑡)‖𝒵 .

Under this notation 𝐶0((0, 𝑇 ];𝒵) = 𝐶([0, 𝑇 ];𝒵). For 𝛾, 𝛿 ∈ R, 𝛾 < 𝛿 we have 𝐶𝛾((0, 𝑇 ];𝒵) ⊂
𝐶𝛿((0, 𝑇 ];𝒵).
For each 𝛾 ∈ R and 𝑣 ∈ 𝐶𝛾((0, 𝑇 ];𝒵) we have

‖𝑣(𝑡)‖𝒵 ⩽ 𝑡−𝛾‖𝑣‖𝐶𝛾((0,𝑇 ];𝒵), 𝑡 ∈ (0, 𝑇 ].

This is why as 𝛾 < 0, we have 𝑣(0) = 0 for 𝑣 ∈ 𝐶𝛾((0, 𝑇 ];𝒵).

Theorem 3.1. Let 𝛼 ∈ (1, 2], 𝛽 ∈ [0, 1], 𝐴 ∈ 𝒞𝛼,𝛽, 𝑓 ∈ 𝐶𝛾((0, 𝑇 ];𝒵), 𝛾 < 1 − 𝛽(2 − 𝛼),
𝑓(𝑡) ∈ 𝐷𝐴 for 𝑡 > 0. Then the Cauchy–type problem

𝐷−(1−𝛽)(2−𝛼)𝑧(0) = 𝑧0, 𝐷1−(1−𝛽)(2−𝛼)𝑧(0) = 𝑧1
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for equation (3.1) for all 𝑧0, 𝑧1 ∈ 𝐷𝐴 has a unique solution. Moreover, it has the form

𝑧(𝑡) = 𝑆(𝑡)𝑧0 + 𝐽1𝑆(𝑡)𝑧1 +

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠.

Proof. The uniqueness of the solution of the problem follows from the uniqueness of the solution
𝑧(𝑡) = 𝑆(𝑡)𝑧0+𝐽1𝑆(𝑡)𝑧1 of the Cauchy–type problem for the homogeneous equation 𝐷𝛼,𝛽𝑧(𝑡) =
𝐴𝑧(𝑡), which was proved in [4, Cor. 5]. It sufficient to prove that the function

𝑧𝑓 (𝑡) =

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠

solves the problem

𝐷−(1−𝛽)(2−𝛼)𝑧(0) = 0, 𝐷1−(1−𝛽)(2−𝛼)𝑧(0) = 0

for equation (3.1).
For 𝑡 > 0, in view of the definition of the resolving family of operators,

‖𝐽1−𝛽(2−𝛼)𝑆(𝑡)‖ℒ(𝒵) ⩽ 𝐾

𝑡∫︁
0

(𝑡− 𝑠)−𝛽(2−𝛼)𝑠−(1−𝛽)(2−𝛼)

Γ(1− 𝛽(2− 𝛼))
𝑒𝜔𝑠 𝑑𝑠 ⩽ 𝐶1𝑒

𝜔𝑡𝑡𝛼−1,

‖𝑧𝑓 (𝑡)‖𝒵 ⩽
𝐶1𝑒

𝜔𝑡

Γ(𝛼)

𝑡∫︁
0

(𝑡− 𝑠)𝛼−1‖𝑓(𝑠)‖𝒵 𝑑𝑠 ⩽ 𝐶2𝑒
𝜔𝑡𝑡𝛼−𝛾,

‖𝐽 (1−2𝛽)(2−𝛼)+1𝑆(𝑡)‖ℒ(𝒵) ⩽ 𝐾

𝑡∫︁
0

(𝑡− 𝑠)(1−2𝛽)(2−𝛼)𝑠−(1−𝛽)(2−𝛼)

Γ((1− 2𝛽)(2− 𝛼) + 1)
𝑒𝜔𝑠 𝑑𝑠 ⩽ 𝐶3𝑒

𝜔𝑡𝑡1−𝛽(2−𝛼)

for some 𝜔 ⩾ 0. Since 1− 𝛽(2− 𝛼) > 0, we have 𝐽 (1−2𝛽)(2−𝛼)+1𝑆(0) = 0. Therefore,

‖𝐽 (1−𝛽)(2−𝛼)𝑧𝑓 (𝑡)‖𝒵 =

⃦⃦⃦⃦
⃦⃦

𝑡∫︁
0

𝐽 (1−2𝛽)(2−𝛼)+1𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠

⃦⃦⃦⃦
⃦⃦
𝒵

⩽ 𝐶4𝑒
𝜔𝑡𝑡2−𝛽(2−𝛼)−𝛾

and hence 𝐽 (1−𝛽)(2−𝛼)𝑧𝑓 (0) = 0.
We then find

𝐷1𝐽 (1−2𝛽)(2−𝛼)+1𝑆(𝑡)𝑧0 = 𝐽1−𝛽(2−𝛼)𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆(𝑡)𝑧0 +
𝑡−𝛽(2−𝛼)𝑧0

Γ(1− 𝛽(2− 𝛼))
,

and by the identity 𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆(0) = 0, obtained in the proof of Theorem 2.2 (see [4]), we
get

‖𝐷1𝐽 (1−2𝛽)(2−𝛼)+1𝑆(𝑡)𝑧0‖𝒵 ⩽ 𝐶5𝑒
𝜔𝑡𝑡−𝛽(2−𝛼)‖𝑧0‖𝒵 ,

𝐷1−(1−𝛽)(2−𝛼)𝑧𝑓 (𝑡) = 𝐷1

𝑡∫︁
0

𝐽 (1−2𝛽)(2−𝛼)+1𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠 = 𝐽 (1−2𝛽)(2−𝛼)+1𝑆(0)𝑓(𝑡)

+

𝑡∫︁
0

𝐷1𝐽 (1−2𝛽)(2−𝛼)+1𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠 =

𝑡∫︁
0

𝐷1𝐽 (1−2𝛽)(2−𝛼)+1𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠.
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This is why

‖𝐷1−(1−𝛽)(2−𝛼)𝑧𝑓 (𝑡)‖𝒵 ⩽ 𝐶5𝑒
𝜔𝑡

𝑡∫︁
0

(𝑡− 𝑠)−𝛽(2−𝛼)‖𝑓(𝑠)‖𝒵 𝑑𝑠 ⩽ 𝐶6𝑒
𝜔𝑡𝑡1−𝛽(2−𝛼)−𝛾,

and hence 𝐷1−(1−𝛽)(2−𝛼)𝑧𝑓 (0) = 0, since 1− 𝛽(2− 𝛼)− 𝛾 > 0.
By definition, the Hilfer derivative has the form (2.1), i.e. in this case

𝐷𝛼,𝛽ℎ(𝑡) = 𝐷2−𝛽(2−𝛼)(𝐽 (1−𝛽)(2−𝛼)ℎ(𝑡)−𝐷−(1−𝛽)(2−𝛼)ℎ(0)−𝐷1−(1−𝛽)(2−𝛼)ℎ(0)𝑡).

Using this identity, the identities

𝐽 (1−𝛽)(2−𝛼)𝑆(0) = 𝐼, 𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆(0) = 0

and the condition 𝑓(𝑠) ∈ 𝐷𝐴 for 𝑠 > 0, for 𝑡 ∈ (0, 𝑇 ] we obtain

𝐴

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠 =

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝐴𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠

=

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝐷2−𝛽(2−𝛼)(𝐽 (1−𝛽)(2−𝛼)𝑆(𝑡− 𝑠)− 𝐼)𝑓(𝑠) 𝑑𝑠

=

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝐷1𝐽𝛽(2−𝛼)𝐷1(𝐽 (1−𝛽)(2−𝛼)𝑆(𝑡− 𝑠)− 𝐼)𝑓(𝑠) 𝑑𝑠

=

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝐷1𝐽𝛽(2−𝛼)𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠

=

𝑡∫︁
0

𝐷1𝐽1−𝛽(2−𝛼)𝐽𝛽(2−𝛼)𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠

=

𝑡∫︁
0

𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠.

(3.2)
The last integral converges since 𝛾 < 1, and therefore 𝑧𝑓 (𝑡) ∈ 𝐷𝐴 for all 𝑡 ∈ (0, 𝑇 ].
Finally, since

𝐷−(1−𝛽)(2−𝛼)𝑧𝑓 (0) = 𝐷1−(1−𝛽)(2−𝛼)𝑧𝑓 (0) = 0,

we have

𝐷𝛼,𝛽𝑧𝑓 (𝑡) =𝐷2𝐽2−𝛼

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠 = 𝐷2

𝑡∫︁
0

𝐽1+(1−𝛽)(2−𝛼)𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠

=𝐷1[𝐽1+(1−𝛽)(2−𝛼)𝑆(0)𝑓(𝑡)] +𝐷1

𝑡∫︁
0

𝐽 (1−𝛽)(2−𝛼)𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠

=𝐽 (1−𝛽)(2−𝛼)𝑆(0)𝑓(𝑡) +

𝑡∫︁
0

𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠 = 𝑓(𝑡) + 𝐴𝑧𝑓 (𝑡)

(3.3)
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by (3.2) and the identities

𝐽 (1−𝛽)(2−𝛼)𝑆(0) = 𝐼, 𝐽1+(1−𝛽)(2−𝛼)𝑆(0) = 0.

The proof is complete.

4. Equation with stationary perturbation

Theorem 4.1. Let 𝛼 ∈ (1, 2), 𝛽 ∈ [0, 1], 𝐴 ∈ 𝒞𝛼,𝛽(𝐾,𝜔), 𝐵 ∈ ℒ(𝒵). Then

𝐴+𝐵 ∈ 𝒞𝛼,𝛽(𝐾2, 𝜔 +𝐾
1
𝛼‖𝐵‖

1
𝛼

ℒ(𝒵)Γ(1− (1− 𝛽)(2− 𝛼))
1
𝛼 )

for some 𝐾2 > 0.

Proof. According to Theorem 3.1, the solution of the Cauchy–type problem

𝐽 (1−𝛽)(𝑚−𝛼)𝑧(0) = 𝑧0, 𝐷1−(1−𝛽)(𝑚−𝛼)𝑧(0) = 𝑧1

for the equation

𝐷𝛼,𝛽𝑣(𝑡) = (𝐴+𝐵)𝑣(𝑡), (4.1)

in the case of existence reads

𝑣(𝑡) = 𝑆𝐴(𝑡)𝑧0 +

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵𝑣(𝑠) 𝑑𝑠,

where 𝑆𝐴(𝑡) are the operators of the resolving family of the unperturbed equation (2.3). There-
fore, the operators of the resolving family of equation (4.1) should read

𝑆𝐴+𝐵(𝑡) = 𝑆𝐴(𝑡) +

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵𝑆𝐴+𝐵(𝑠) 𝑑𝑠, (4.2)

if we take into consideration the boundedness of the operators on both sides of this identity and
the fact that 𝐷𝐴 is dense in 𝒵. We seek 𝑆𝐴+𝐵(𝑡) by the method of successive approximations
in the form

𝑆𝐴+𝐵(𝑡) =
∞∑︁
𝑛=0

𝑆𝑛(𝑡), (4.3)

where 𝑆0(𝑡) = 𝑆𝐴(𝑡),

𝑆𝑛+1(𝑡) =

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆0(𝑡− 𝑠)𝐵𝑆𝑛(𝑠) 𝑑𝑠, 𝑛 ∈ N.

At the same time for 𝑡 > 0 we have

‖𝐽1−𝛽(2−𝛼)𝑆0(𝑡)‖ℒ(𝒵) ⩽𝐾

𝑡∫︁
0

(𝑡− 𝑠)−𝛽(2−𝛼)

Γ(1− 𝛽(2− 𝛼))
𝑒𝜔𝑠𝑠−(1−𝛽)(2−𝛼) 𝑑𝑠

⩽
𝐾𝑒𝜔𝑡𝑡𝛼−1

Γ(1− 𝛽(2− 𝛼))
ℬ(1− 𝛽(2− 𝛼), 1− (1− 𝛽)(2− 𝛼))

=
𝐾1𝑒

𝜔𝑡𝑡𝛼−1

Γ(𝛼)
,

(4.4)
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where ℬ is the Euler beta function, 𝐾1 = 𝐾Γ(1− (1− 𝛽)(2− 𝛼)). By induction one can prove
the inequalities

‖𝑆𝑛(𝑡)‖ℒ(𝒵) ⩽
𝐾𝑛+1

1 ‖𝐵‖𝑛ℒ(𝒵)𝑒
𝜔𝑡𝑡𝑛𝛼−(1−𝛽)(2−𝛼)

Γ(𝑛𝛼− (1− 𝛽)(2− 𝛼) + 1)
, 𝑡 > 0, 𝑛 ∈ N0.

Indeed, for 𝑛 = 0 the inequality holds; further, for 𝑡 > 0 and provided that this inequality holds
for a given 𝑛 ∈ N we have

‖𝑆𝑛+1(𝑡)‖ℒ(𝒵) ⩽

𝑡∫︁
0

𝐾1𝑒
𝜔(𝑡−𝑠)(𝑡− 𝑠)𝛼−1

Γ(𝛼)

𝐾𝑛+1
1 ‖𝐵‖𝑛+1

ℒ(𝒵)𝑒
𝜔𝑠𝑠𝑛𝛼−(1−𝛽)(2−𝛼)

Γ(𝑛𝛼− (1− 𝛽)(2− 𝛼) + 1)
𝑑𝑠

⩽
𝐾𝑛+2

1 ‖𝐵‖𝑛+1
ℒ(𝒵)𝑒

𝜔𝑡𝑡(𝑛+1)𝛼−(1−𝛽)(2−𝛼)

Γ(𝛼)Γ(𝑛𝛼− (1− 𝛽)(2− 𝛼) + 1)
ℬ(𝛼, 𝑛𝛼− (1− 𝛽)(2− 𝛼) + 1)

=
𝐾𝑛+2

1 ‖𝐵‖𝑛+1
ℒ(𝒵)𝑒

𝜔𝑡𝑡(𝑛+1)𝛼−(1−𝛽)(2−𝛼)

Γ((𝑛+ 1)𝛼− (1− 𝛽)(2− 𝛼) + 1)
.

This is why series (4.3) converges and

‖𝑆𝐴+𝐵(𝑡)‖ℒ(𝒵) ⩽
∞∑︁
𝑛=0

𝐾𝑛+1
1 ‖𝐵‖𝑛ℒ(𝒵)𝑒

𝜔𝑡𝑡𝑛𝛼−(1−𝛽)(2−𝛼)

Γ(𝑛𝛼− (1− 𝛽)(2− 𝛼) + 1)

=𝐾1𝑡
−(1−𝛽)(2−𝛼)𝑒𝜔𝑡𝐸𝛼,1−(1−𝛽)(2−𝛼)(𝑡

𝛼𝐾1‖𝐵‖ℒ(𝒵))

⩽𝐾2𝑡
−(1−𝛽)(2−𝛼)𝑒𝑡(𝜔+𝐾

1
𝛼
1 ‖𝐵‖

1
𝛼
ℒ(𝒵)

), 𝑡 > 0,

for some 𝐾2 > 0.

For Re𝜆 > 𝜔 +𝐾
1
𝛼
1 ‖𝐵‖

1
𝛼

ℒ(𝒵) by (4.2) we obtain

̂︀𝑆𝐴+𝐵(𝜆) =

∞∫︁
0

𝑒−𝜆𝑡𝑆𝐴+𝐵(𝑡)𝑑𝑡 =

∞∫︁
0

𝑒−𝜆𝑡𝑆𝐴(𝑡)𝑑𝑡+

∞∫︁
0

𝑒−𝜆𝑡

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵𝑆𝐴+𝐵(𝑠)𝑑𝑠𝑑𝑡

=𝜆1−𝛽(2−𝛼)(𝜆𝛼 − 𝐴)−1 +

∞∫︁
0

∞∫︁
𝑠

𝑒−𝜆𝑡𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵𝑆𝐴+𝐵(𝑠)𝑑𝑡𝑑𝑠

=𝜆1−𝛽(2−𝛼)(𝜆𝛼 − 𝐴)−1 +

∞∫︁
0

∞∫︁
0

𝑒−𝜆(𝜏+𝑠)𝐽1−𝛽(2−𝛼)𝑆𝐴(𝜏)𝐵𝑆𝐴+𝐵(𝑠)𝑑𝜏 𝑑𝑠

=𝜆1−𝛽(2−𝛼)(𝜆𝛼 − 𝐴)−1 + (𝜆𝛼 − 𝐴)−1𝐵 ̂︀𝑆𝐴+𝐵(𝜆),

since
L[𝐽1−𝛽(2−𝛼)𝑆𝐴](𝜆) = (𝜆𝛼 − 𝐴)−1.

This yields

𝜆𝛽(2−𝛼)−1(𝜆𝛼 − 𝐴−𝐵)̂︀𝑆𝐴+𝐵(𝜆) = 𝐼.

Since

‖𝐵‖ℒ(𝒵) <
(Re𝜆− 𝜔)𝛼

𝐾1

⩽
(Re𝜆− 𝜔)𝛼−1+𝛽(2−𝛼)|𝜆|1−𝛽(2−𝛼)

𝐾1

= ‖(𝜆𝛼 − 𝐴)−1‖−1
ℒ(𝒵),

we have
‖(𝜆𝛼 − 𝐴)−1𝐵‖ℒ(𝒵) < 1,

the operator
𝜆𝛼 − 𝐴−𝐵 = (𝜆𝛼 − 𝐴)(𝐼 − (𝜆𝛼 − 𝐴)−1𝐵)
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is invertible and the identity ̂︀𝑆𝐴+𝐵(𝜆) = 𝜆1−𝛽(2−𝛼)(𝜆𝛼 − 𝐴−𝐵)−1

holds. Then for all Re𝜆 > 𝜔 +𝐾
1
𝛼
1 ‖𝐵‖

1
𝛼

ℒ(𝒵), 𝑛 ∈ N0, we have⃦⃦⃦⃦
𝑑𝑛

𝑑𝜆𝑛
[𝜆1−𝛽(2−𝛼)(𝜆𝛼 − 𝐴−𝐵)−1]

⃦⃦⃦⃦
ℒ(𝒵)

=

⃦⃦⃦⃦
⃦⃦

∞∫︁
0

(−𝑡)𝑛𝑒−𝜆𝑡𝑆𝐴+𝐵(𝑡)𝑑𝑡

⃦⃦⃦⃦
⃦⃦
ℒ(𝒵)

⩽𝐾2

∞∫︁
0

𝑡𝑛−(1−𝛽)(2−𝛼)𝑒𝑡(𝜔+𝐾
1
𝛼
1 ‖𝐵‖

1
𝛼
ℒ(𝒵)

−Re𝜆)𝑑𝑡

=
𝐾2Γ(𝑛− (1− 𝛽)(2− 𝛼) + 1)

(Re𝜆− 𝜔 −𝐾
1
𝛼
1 ‖𝐵‖

1
𝛼

ℒ(𝒵))
𝑛−(1−𝛽)(2−𝛼)+1

.

Therefore,

𝐴+𝐵 ∈ 𝒞𝛼,𝛽(𝐾2, 𝜔 +𝐾
1
𝛼
1 ‖𝐵‖

1
𝛼

ℒ(𝒵)).

The proof is complete.

Remark 4.1. It is clear that a solution to the problem

𝐽 (1−𝛽)(𝑚−𝛼)𝑧(0) = 𝑧0, 𝐷1−(1−𝛽)(𝑚−𝛼)𝑧(0) = 𝑧1

for the equation
𝐷𝛼,𝛽𝑧(𝑡) = (𝐴+𝐵)𝑧(𝑡)

for 𝛼 ∈ (1, 2), 𝛽 ∈ [0, 1], 𝐴 ∈ 𝒞𝛼,𝛽(𝐾,𝜔), 𝐵 ∈ ℒ(𝒵), 𝑧0, 𝑧1 ∈ 𝐷𝐴 is the function

𝑧(𝑡) = 𝑆𝐴+𝐵(𝑡)𝑧0 + 𝐽1𝑆𝐴+𝐵(𝑡)𝑧1.

Corollary 4.1. Under the assumptions of Theorem 4.1

‖𝑆𝐴+𝐵(𝑡)− 𝑆𝐴(𝑡)‖ℒ(𝒵)

⩽ 𝐾1𝑒
𝜔𝑡𝑡−(1−𝛽)(2−𝛼)

(︂
𝐸𝛼,1−(1−𝛽)(2−𝛼)(𝑡

𝛼𝐾1‖𝐵‖ℒ(𝒵))−
1

Γ(1− (1− 𝛽)(2− 𝛼))

)︂
.

Proof. It follows from the proof of Theorem 4.1, by construction,

𝑆𝐴+𝐵(𝑡)− 𝑆𝐴(𝑡) =
∞∑︁
𝑛=1

𝑆𝑛(𝑡),

this is why

‖𝑆𝐴+𝐵(𝑡)− 𝑆𝐴(𝑡)‖ℒ(𝒵) ⩽
∞∑︁
𝑛=1

𝐾𝑛+1
1 ‖𝐵‖𝑛ℒ(𝒵)𝑒

𝜔𝑡𝑡𝑛𝛼−(1−𝛽)(2−𝛼)

Γ(𝑛𝛼− (1− 𝛽)(2− 𝛼) + 1)
,

and this completes the proof.

Since 𝐷𝛼,1 is the Gerasimov — Caputo derivative operator, and 𝐷𝛼,0 is the Riemann —
Liouville derivative operator, by letting 𝛽 = 1 and 𝛽 = 0 in the formulation of Theorem 4.1,
we obtain statements for equations with the Gerasimov — Caputo and Riemann — Liouville
derivatives, respectively.

Corollary 4.2. Let 𝛼 ∈ (1, 2), 𝐴 ∈ 𝒞𝛼,1(𝐾,𝜔), 𝐵 ∈ ℒ(𝒵). Then for some 𝐾2 > 0

𝐴+𝐵 ∈ 𝒞𝛼,1(𝐾2, 𝜔 +𝐾
1
𝛼‖𝐵‖

1
𝛼

ℒ(𝒵))

for some 𝐾2 > 0.
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Corollary 4.3. Let 𝛼 ∈ (1, 2), 𝐴 ∈ 𝒞𝛼,0(𝐾,𝜔), 𝐵 ∈ ℒ(𝒵). Then for some 𝐾2 > 1

𝐴+𝐵 ∈ 𝒞𝛼,0(𝐾2, 𝜔 +𝐾
1
𝛼‖𝐵‖

1
𝛼

ℒ(𝒵)Γ(𝛼− 1)
1
𝛼 )

for some 𝐾2 > 0.

5. Equation with non–stationary perturbation

For 𝐵 ∈ 𝐶𝛾(R+;ℒ(𝒵)) we denote 𝑏𝑡 := max
𝑠∈[0,𝑡]

‖𝑠𝛾𝐵(𝑠)‖ℒ(𝒵) for 𝑡 > 0, then for 𝑠 ∈ (0, 𝑡] we

have ‖𝐵(𝑠)‖ℒ(𝒵) ⩽ 𝑏𝑡𝑠
−𝛾.

Theorem 5.1. Let 𝛼 ∈ (1, 2), 𝛽 ∈ [0, 1], 𝐴 ∈ 𝒞𝛼,𝛽(𝐾,𝜔), 𝐵 ∈ 𝐶𝛾(R+;ℒ(𝒵)), im𝐵(𝑡) ⊂ 𝐷𝐴

for 𝑡 ∈ R+, 𝛾 < 𝛼− 1. Then for each 𝑧0 ∈ 𝒵 the Cauchy problem

𝐽 (1−𝛽)(2−𝛼)𝑧(0) = 𝑧0, 𝐷1−(1−𝛽)(2−𝛼)𝑧(0) = 0 (5.1)

for the equation

𝐷𝛼,𝛽𝑧(𝑡) = (𝐴+𝐵(𝑡))𝑧(𝑡), 𝑡 ∈ R+, (5.2)

has a unique solution, which reads

𝑧(𝑡) = 𝑍𝐴+𝐵(𝑡)𝑧0 :=
∞∑︁
𝑛=0

𝑍𝑛(𝑡)𝑧0, (5.3)

where 𝑍0(𝑡) = 𝑆𝐴(𝑡),

𝑍𝑛+1(𝑡) =

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑍𝑛(𝑠) 𝑑𝑠, 𝑡 ∈ R+, 𝑛 ∈ N0.

Moreover, there exists 𝐶 > 0 such that for all 𝑡 > 0 we have

‖𝑍𝐴+𝐵(𝑡)‖ℒ(𝒵) ⩽ 𝐾𝑡−(1−𝛽)(2−𝛼)𝑒𝜔𝑡+𝐶𝑏𝑡𝑡𝛼−𝛾

, (5.4)

‖𝑍𝐴+𝐵(𝑡)− 𝑆𝐴(𝑡)‖ℒ(𝒵) ⩽ 𝐾𝑡−(1−𝛽)(2−𝛼)𝑒𝜔𝑡(𝑒𝐶𝑏𝑡𝑡𝛼−𝛾 − 1). (5.5)

Proof. By the asymptotic representation for the Gamma function

Γ(𝑢) ∼
√
2𝜋𝑢𝑢

√
𝑢𝑒𝑢

, | arg 𝑢| < 𝜋

for some 𝐶 > 0 and all 𝑘 ∈ N we have

Γ((𝑘 − 1)(𝛼− 𝛾)− (1− 𝛽)(2− 𝛼)− 𝛾 + 1)

Γ(𝑘(𝛼− 𝛾)− (1− 𝛽)(2− 𝛼) + 1)
⩽ 𝐶1(𝑘(𝛼− 𝛾) + 1− (1− 𝛽)(2− 𝛼))−𝛼 ⩽ 𝐶2𝑘

−𝛼.

Here we have taken into consideration that for sufficiently large 𝑘 ∈ N we have

𝛾 <
1− (1− 𝛽)(2− 𝛼)

𝑘
+

(︂
1− 1

𝑘

)︂
𝛼.

By induction we can prove the inequalities

‖𝑍𝑛(𝑡)‖ℒ(𝒵) ⩽
𝐾𝐾𝑛

1𝐶
𝑛
2 𝑏

𝑛
𝑡 𝑒

𝜔𝑡𝑡𝑛(𝛼−𝛾)−(1−𝛽)(2−𝛼)

(𝑛!)𝛼
, 𝑡 > 0, 𝑛 ∈ N0, (5.6)
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where 𝐾1 := 𝐾Γ(1− (1− 𝛽)(2− 𝛼)), as above. Indeed, for 𝑛 = 0 this inequality follows from
the definition of 𝑆𝐴(𝑡). For 𝑛 ∈ N, taking into consideration inequality (4.4) from (5.6) for a
given 𝑛 ∈ N, we obtain

‖𝑍𝑛+1(𝑡)‖ℒ(𝒵) ⩽

𝑡∫︁
0

𝐾1𝑒
𝜔(𝑡−𝑠)(𝑡− 𝑠)𝛼−1

Γ(𝛼)
‖𝐵(𝑠)‖ℒ(𝒵)

𝐾𝐾𝑛
1𝐶

𝑛
2 𝑏

𝑛
𝑡 𝑒

𝜔𝑠𝑠𝑛(𝛼−𝛾)−(1−𝛽)(2−𝛼)

(𝑛!)𝛼
𝑑𝑠

⩽

𝑡∫︁
0

𝐾1𝑒
𝜔(𝑡−𝑠)(𝑡− 𝑠)𝛼−1

Γ(𝛼)

𝐾𝐾𝑛
1𝐶

𝑛
2 𝑏

𝑛+1
𝑡 𝑒𝜔𝑠𝑠𝑛(𝛼−𝛾)−(1−𝛽)(2−𝛼)−𝛾

(𝑛!)𝛼
𝑑𝑠

⩽
𝐾𝐾𝑛+1

1 𝐶𝑛
2 𝑏

𝑛+1
𝑡 𝑒𝜔𝑡𝑡(𝑛+1)(𝛼−𝛾)−(1−𝛽)(2−𝛼)

Γ(𝛼)(𝑛!)𝛼
ℬ(𝛼, 𝑛(𝛼− 𝛾)− (1− 𝛽)(2− 𝛼)− 𝛾 + 1)

=
𝐾𝐾𝑛+1

1 𝐶𝑛
2 𝑏

𝑛+1
𝑡 𝑒𝜔𝑡𝑡(𝑛+1)(𝛼−𝛾)−(1−𝛽)(2−𝛼)

(𝑛!)𝛼
Γ(𝑛(𝛼− 𝛾)− (1− 𝛽)(2− 𝛼)− 𝛾 + 1)

Γ((𝑛+ 1)(𝛼− 𝛾)− (1− 𝛽)(2− 𝛼) + 1)

⩽
𝐾𝐾𝑛+1

1 𝐶𝑛+1
2 𝑏𝑛+1

𝑡 𝑒𝜔𝑡𝑡(𝑛+1)(𝛼−𝛾)−(1−𝛽)(2−𝛼)

(𝑛!)𝛼(𝑛+ 1)𝛼

=
𝐾𝐾𝑛+1

1 𝐶𝑛+1
2 𝑏𝑛+1

𝑡 𝑒𝜔𝑡𝑡(𝑛+1)(𝛼−𝛾)−(1−𝛽)(2−𝛼)

((𝑛+ 1)!)𝛼
.

It follows from inequalities (5.6) that series (5.3) converges in the space ℒ(𝒵) uniformly on
compact subsets of the variable 𝑡. Therefore, the operator–valued function 𝑍𝐴+𝐵(𝑡) is strongly
continuous on R+. Moreover,

‖𝑧(𝑡)‖ℒ(𝒵) ⩽ 𝐾𝑒𝜔𝑡𝑡−(1−𝛽)(2−𝛼)

∞∑︁
𝑛=0

𝐾𝑛
1𝐶

𝑛
2 𝑏

𝑛
𝑡 𝑡

𝑛(𝛼−𝛾)

(𝑛!)𝛼
‖𝑧0‖𝒵 ,

and this implies inequalities (5.4) and (5.5).
We have

𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(0)𝑧0 = 𝑧0, 𝐷1−(1−𝛽)(2−𝛼)𝑆𝐴(0)𝑧0 = 0,

by (5.6) for 𝑡 > 0, 𝑛 ∈ N, we also have

‖𝐽 (1−𝛽)(2−𝛼)𝑍𝑛(𝑡)‖ℒ(𝒵) ⩽
𝐾𝐾𝑛

1𝐶
𝑛
2 𝑏

𝑛
𝑡 𝑒

𝜔𝑡𝑡𝑛(𝛼−𝛾)

(𝑛!)𝛼
ℬ((1− 𝛽)(2− 𝛼), 𝑛(𝛼− 𝛾)− (1− 𝛽)(2− 𝛼) + 1),

and this is why 𝐽 (1−𝛽)(2−𝛼)𝑍𝑛(0)𝑧0 = 0. Moreover,

𝐽 (1−𝛽)(2−𝛼)𝑍𝑛+1(𝑡) =

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑍𝑛(𝑠) 𝑑𝑠,

𝐷1−(1−𝛽)(2−𝛼)𝑍𝑛+1(𝑡) = 𝐽1−𝛽(2−𝛼)𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(0)𝐵(𝑡)𝑍𝑛(𝑡)

+

𝑡∫︁
0

𝐷1𝐽1−𝛽(2−𝛼)𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑍𝑛(𝑠) 𝑑𝑠

= 𝐽1−𝛽(2−𝛼)

𝑡∫︁
0

𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑍𝑛(𝑠) 𝑑𝑠

+

𝑡∫︁
0

(𝑡− 𝑠)−𝛽(2−𝛼)

Γ(1− 𝛽(2− 𝛼))
𝐵(𝑠)𝑍𝑛(𝑠) 𝑑𝑠,
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𝑡∫︁
0

(𝑡− 𝑠)−𝛽(2−𝛼)

Γ(1− 𝛽(2− 𝛼))
𝐵(𝑠)𝑍𝑛(𝑠) 𝑑𝑠

⃦⃦⃦⃦
⃦⃦
ℒ(𝒵)

⩽

𝑡∫︁
0

(𝑡− 𝑠)−𝛽(2−𝛼)

Γ(1− 𝛽(2− 𝛼))

𝐾𝐾𝑛
1𝐶

𝑛
2 𝑏

𝑛+1
𝑡 𝑒𝜔𝑠𝑠𝑛(𝛼−𝛾)−(1−𝛽)(2−𝛼)−𝛾

(𝑛!)𝛼
𝑑𝑠

⩽
𝐾𝐾𝑛

1𝐶
𝑛
2 𝑏

𝑛+1
𝑡 𝑒𝜔𝑡𝑡𝑛(𝛼−𝛾)−1+𝛼−𝛾

(𝑛!)𝛼
Γ(𝑛(𝛼− 𝛾)− (1− 𝛽)(2− 𝛼)− 𝛾 + 1)

Γ(𝑛(𝛼− 𝛾) + 𝛼− 𝛾)
.

Therefore, taking into account the uniform convergence of series (5.3) and the inequality 𝛾 <
𝛼− 1, we have

𝐽 (1−𝛽)(2−𝛼)𝑧(0) = 𝑧0, 𝐷1−(1−𝛽)(2−𝛼)𝑧(0) = 0.

By (5.3) and the uniform convergence of the series proved above, we find

𝑧(𝑡) = 𝑍𝐴+𝐵(𝑡)𝑧0 :=𝑆𝐴(𝑡)𝑧0 +
∞∑︁
𝑛=0

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑍𝑛(𝑠)𝑧0 𝑑𝑠

=𝑆𝐴(𝑡)𝑧0 +

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑧(𝑠) 𝑑𝑠.

(5.7)

Since

𝐽 (1−𝛽)(2−𝛼)

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑧(𝑠) 𝑑𝑠|𝑡=0

=
∞∑︁
𝑛=0

𝐽 (1−𝛽)(2−𝛼)

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑍𝑛(𝑠) 𝑑𝑠|𝑡=0

= 𝐽1−𝛽(2−𝛼)

∞∑︁
𝑛=0

𝑡∫︁
0

𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑍𝑛(𝑠) 𝑑𝑠|𝑡=0 = 0,

𝐷1𝐽 (1−𝛽)(2−𝛼)

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑧(𝑠) 𝑑𝑠|𝑡=0

=
∞∑︁
𝑛=0

𝐷1𝐽 (1−𝛽)(2−𝛼)

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑍𝑛(𝑠) 𝑑𝑠|𝑡=0

=
∞∑︁
𝑛=0

𝑡∫︁
0

𝐷1𝐽1−𝛽(2−𝛼)𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑍𝑛(𝑠) 𝑑𝑠|𝑡=0 = 0,

= 𝐽1−𝛽(2−𝛼)

∞∑︁
𝑛=0

𝑡∫︁
0

(︂
𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡− 𝑠)− (𝑡− 𝑠)−𝛽(2−𝛼)

Γ(1− 𝛽(2− 𝛼))

)︂
𝐵(𝑠)𝑍𝑛(𝑠) 𝑑𝑠|𝑡=0 = 0,

by (5.7) we obtain the identity

𝐷𝛼,𝛽𝑧(𝑡) = 𝐴𝑆𝐴(𝑡)𝑧0 +𝐷𝛼

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑧(𝑠) 𝑑𝑠. (5.8)
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By the condition im𝐵(𝑡) ⊂ 𝐷𝐴 for 𝑡 > 0, as in the proof of identities (3.2), (3.3), we obtain

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝐴𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑧(𝑠) 𝑑𝑠 =

𝑡∫︁
0

𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑧(𝑠) 𝑑𝑠,

at the same time,

‖𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑧(𝑠)‖ℒ(𝒵) ⩽ 𝐶3𝑠
−(1−𝛽)(2−𝛼)−𝛾, −(1− 𝛽)(2− 𝛼)− 𝛾 > −1,

since 𝛾 < 𝛼− 1, and the latter integral hence converges

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑧(𝑠) 𝑑𝑠 ∈ 𝐷𝐴, 𝑡 > 0,

and by analogy with the proof of identity (3.3) we prove the identity

𝐷𝛼,𝛽

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑧(𝑠) 𝑑𝑠 = 𝐴

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑧(𝑠) 𝑑𝑠+𝐵(𝑡)𝑧(𝑡).

Let us establish the uniqueness of the solution. We observe that

𝐽𝛽(2−𝛼)(𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡)𝑧0 − 𝑧0)|𝑡=0 = 0,

𝐷1𝐽𝛽(2−𝛼)(𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡)𝑧0 − 𝑧0)|𝑡=0 = 𝐽𝛽(2−𝛼)𝐷1(𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡)𝑧0 − 𝑧0)|𝑡=0

= 𝐽𝛽(2−𝛼)𝐷1𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(0)𝑧0 = 0,

this is why

𝐽𝛼𝐷𝛼,𝛽𝑆𝐴(𝑡)𝑧0 =𝐽𝛼𝐷2𝐽𝛽(2−𝛼)(𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡)𝑧0 − 𝑧0)

=𝐷2𝐽𝛼𝐽𝛽(2−𝛼)(𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡)𝑧0 − 𝑧0)

=𝑆𝐴(𝑡)𝑧0 −
𝑡−(1−𝛽)(2−𝛼)𝑧0

Γ(1− (1− 𝛽)(2− 𝛼))
= 𝐽𝛼𝐴𝑆𝐴(𝑡)𝑧0.

Thus, for each 𝑧0 ∈ 𝐷𝐴,

𝑧0 =𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡)𝑧0 − 𝐽 (1−𝛽)(2−𝛼)𝐽𝛼𝐴𝑆𝐴(𝑡)𝑧0

=(𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡)− 𝑔𝛼 * 𝐴𝐽 (1−𝛽)(2−𝛼)𝑆𝐴(𝑡))𝑧0,

where 𝑔𝛽(𝑡) := 𝑡𝛽−1/Γ(𝛽) and the Laplace convolution * is defined by the identity

(𝑓 * 𝑔)(𝑡) =
𝑡∫︁

0

𝑓(𝑡− 𝑠)𝑔(𝑠) 𝑑𝑠.

Suppose some function 𝑥 satisfies equation (5.2) and conditions (5.1) with 𝑧0 = 0. Then

𝐽𝛼𝐷𝛼,𝛽𝑥(𝑡) = 𝐽𝛼𝐷2𝐽𝛽(2−𝛼)𝐽 (1−𝛽)(2−𝛼)𝑥(𝑡) = 𝑥(𝑡) = 𝐽𝛼(𝐴+𝐵)𝑥(𝑡),

1 * 𝑥 = (𝐽 (1−𝛽)(2−𝛼)𝑆𝐴 − 𝑔𝛼 * 𝐴𝐽 (1−𝛽)(2−𝛼)𝑆𝐴) * 𝑥
= 𝐽 (1−𝛽)(2−𝛼)𝑆𝐴 * (𝑥− 𝑔𝛼 * 𝐴𝑥) = 𝐽 (1−𝛽)(2−𝛼)𝑆𝐴 * 𝐽𝛼𝐵𝑥

= 𝐽 (1−𝛽)(2−𝛼)+𝛼𝑆𝐴 *𝐵𝑥.

Thus,

𝑥 = 𝐷1𝐽 (1−𝛽)(2−𝛼)+𝛼𝑆𝐴 *𝐵𝑥 = 𝐽 (1−𝛽)(2−𝛼)+𝛼−1𝑆𝐴 *𝐵𝑥 = 𝐽1−𝛽(2−𝛼)𝑆𝐴 *𝐵𝑥
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or

𝑥(𝑡) =

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑆𝐴(𝑡− 𝑠)𝐵(𝑠)𝑥(𝑠) 𝑑𝑠 := (𝐹𝑥)(𝑡). (5.9)

For the solution of equation (5.9), by inequality (4.4) for 𝑡 > 0 we have

‖(𝐹𝑧)(𝑡)‖𝒵 ⩽

𝑡∫︁
0

𝐾Γ(1− (1− 𝛽)(2− 𝛼))𝑒𝜔(𝑡−𝑠)(𝑡− 𝑠)𝛼−1

Γ(𝛼)
‖𝐵(𝑠)‖ℒ(𝒵)‖𝑧(𝑠)‖𝒵 𝑑𝑠

⩽
𝐾Γ(1− (1− 𝛽)(2− 𝛼))Γ(1− (1− 𝛽)(2− 𝛼)− 𝛾)

Γ(𝛼− (1− 𝛽)(2− 𝛼)− 𝛾 + 1)
𝑒𝜔𝑡𝑡𝛼−(1−𝛽)(2−𝛼)−𝛾𝑏𝑡‖𝑧‖𝐶(1−𝛽)(2−𝛼)((0,𝑡];𝒵).

Therefore,

‖𝐹𝑧‖𝐶(1−𝛽)(2−𝛼)((0,𝑇1];𝒵) ⩽
𝐾Γ(1− (1− 𝛽)(2− 𝛼))Γ(1− (1− 𝛽)(2− 𝛼)− 𝛾)𝑒𝜔𝑇1

Γ(𝛼− (1− 𝛽)(2− 𝛼)− 𝛾 + 1)

· 𝑇𝛼−𝛾
1 𝑏𝑇‖𝑧‖𝐶(1−𝛽)(2−𝛼)((0,𝑇1];𝒵).

For sufficiently small 𝑇1 ⩽ 𝑇 , the operator 𝐹 is contracting in the Banach space
𝐶(1−𝛽)(2−𝛼)((0, 𝑇1];𝒵), and by the contraction mapping theorem we get 𝑧 ≡ 0 on (0, 𝑇1]. If
𝑇1 < 𝑇 , we take the space

𝐶𝑇1

(1−𝛽)(2−𝛼)((0, 𝑇2];𝒵) := {𝑧 ∈ 𝐶(1−𝛽)(2−𝛼)((0, 𝑇2];𝒵) : 𝑧(𝑡) = 0, 𝑡 ∈ (0, 𝑇1]}

for 𝑇2 = 2(𝛼−𝛾)−1
𝑇1, then

‖𝐹𝑧‖
𝐶

𝑇1
(1−𝛽)(2−𝛼)

((0,𝑇2];𝒵)
⩽
𝐾Γ(1− (1− 𝛽)(2− 𝛼))Γ(1− (1− 𝛽)(2− 𝛼)− 𝛾)

Γ(𝛼− (1− 𝛽)(2− 𝛼)− 𝛾 + 1)

· 𝑒𝜔𝑇1(2𝑇𝛼−𝛾
1 − 𝑇𝛼−𝛾

1 )𝑏𝑇‖𝑧‖𝐶𝑇1
(1−𝛽)(2−𝛼)

((0,𝑇2];𝒵)
.

Therefore the operator 𝐹 is contracting in the Banach space 𝐶𝑇1

(1−𝛽)(2−𝛼)((0, 𝑇2];𝒵) and 𝑧 ≡ 0 on

(0, 𝑇2]. After a finite number 𝑛 of steps we obtain 2(𝛼−𝛾)−1𝑛𝑇1 ⩾ 𝑇 . The proof is complete.

Analogously to Theorem 3.1, with the operators 𝑆𝐴(𝑡) replaced by the operators 𝑍𝐴+𝐵(𝑡),
the following statement can be proved.

Theorem 5.2. Let 𝛼 ∈ (1, 2], 𝛽 ∈ [0, 1], 𝐴 ∈ 𝒞𝛼,𝛽, 𝐵 ∈ 𝐶𝛾(R+;ℒ(𝒵)), 𝑓 ∈ 𝐶𝛾((0, 𝑇 ];𝒵),
im𝐵(𝑡) ⊂ 𝐷𝐴, 𝑓(𝑡) ∈ 𝐷𝐴 for 𝑡 ∈ R+, 𝛾 < 𝛼− 1. Then the Cauchy type problem

𝐷−(1−𝛽)(2−𝛼)𝑧(0) = 𝑧0, 𝐷1−(1−𝛽)(2−𝛼)𝑧(0) = 𝑧1

for the equation

𝐷𝛼,𝛽𝑧(𝑡) = (𝐴+𝐵(𝑡))𝑧(𝑡) + 𝑓(𝑡)

has a unique solution for all 𝑧0, 𝑧1 ∈ 𝐷𝐴. This solution reads

𝑧(𝑡) = 𝑍𝐴+𝐵(𝑡)𝑧0 + 𝐽1𝑍𝐴+𝐵(𝑡)𝑧1 +

𝑡∫︁
0

𝐽1−𝛽(2−𝛼)𝑍𝐴+𝐵(𝑡− 𝑠)𝑓(𝑠) 𝑑𝑠.



PERTURBED LINEAR EQUATIONS WITH HILFER FRACTIONAL DERIVATIVE 83

6. Example

For 𝛼 ∈ (1, 2), 𝛽 = 0, consider the Cauchy–type problem

𝐷𝛼
𝑡 𝑣(𝜉, 𝑡) =

𝜕2𝑣

𝜕𝜉2
(𝜉, 𝑡) +

2𝜋∫︁
0

𝑏(𝜉, 𝜂, 𝑡)𝑣(𝜂, 𝑡)𝑑𝜂, (𝜉, 𝑡) ∈ (0, 2𝜋)×R+, (6.1)

𝑣(0, 𝑡) = 𝑣(2𝜋, 𝑡),
𝜕𝑣

𝜕𝜉
(0, 𝑡) =

𝜕𝑣

𝜕𝜉
(2𝜋, 𝑡), 𝑡 ∈ R+, (6.2)

𝐷𝛼−2+𝑘
𝑡 𝑣(𝜉, 0) = 𝑣𝑘(𝜉), 𝜉 ∈ (0, 2𝜋), 𝑘 = 0, 1, (6.3)

where the subscript 𝑡 denotes the variable with respect to which the fractional derivative or
fractional integral is calculated. We choose the space 𝒵 = 𝐿2(0, 2𝜋) and the operator 𝐴 =

𝜌𝐷2
𝜉 = 𝜌 𝜕2

𝜕𝜉2
acting in it with the domain

𝐷𝐴 = {𝑤 ∈ 𝐻2(0, 2𝜋) : 𝑤(0) = 𝑤(2𝜋), 𝐷1
𝜉𝑤(0) = 𝐷1

𝜉𝑤(2𝜋)},
where 𝐻2(0, 2𝜋) := 𝑊 2

2 (0, 2𝜋) is the Sobolev space. By the embedding theorems for the func-
tions from this space and their first derivatives, the value of the trace at a point is well–defined.
It is easy to find the spectrum 𝜎(𝐴) = {−𝑘2 : 𝑘 ∈ Z} and the corresponding orthonormal

system of eigenfunctions {(2𝜋)− 1
2 𝑒𝑖𝑘𝜉 : 𝑘 ∈ Z}, which forms a basis in 𝐿2(0, 2𝜋). Therefore, for

Re 𝛾 > 0,

(𝜆𝛾 − 𝐴)𝑤(𝜉) =
∑︁
𝑘∈Z

(𝜆𝛾 + 𝑘2)

⟨
𝑤,

𝑒𝑖𝑘𝜉√
2𝜋

⟩
𝑒𝑖𝑘𝜉√
2𝜋

, (𝜆𝛾 − 𝐴)−1𝑤(𝜉) =
∑︁
𝑘∈Z

⟨
𝑤, 𝑒𝑖𝑘𝜉√

2𝜋

⟩
𝑒𝑖𝑘𝜉√
2𝜋

𝜆𝛾 + 𝑘2
.

For the operator cosine function we have

L

[︃∑︁
𝑘∈Z

cos(𝑘𝑡)

⟨
·, 𝑒𝑖𝑘𝜉√

2𝜋

⟩
𝑒𝑖𝑘𝜉√
2𝜋

]︃
=

1

2

∑︁
𝑘∈Z

(︂
1

𝜆+ 𝑖𝑘
+

1

𝜆− 𝑖𝑘

)︂⟨
·, 𝑒𝑖𝑘𝜉√

2𝜋

⟩
𝑒𝑖𝑘𝜉√
2𝜋

=
∑︁
𝑘∈Z

𝜆

𝜆2 + 𝑘2

⟨
·, 𝑒𝑖𝑘𝜉√

2𝜋

⟩
𝑒𝑖𝑘𝜉√
2𝜋

= 𝜆(𝜆2 − 𝐴)−1.

Therefore, by [3, Lm. 5.8], the operator 𝐴 generates an operator cosine function, i.e. 𝐴 ∈ 𝒜2,0,
and hence, by [6, Thm. 5], 𝐴 ∈ 𝒜𝛼,0. By Theorem 5.1 we immediately obtain the following
result.

Theorem 6.1. Let 𝛼 ∈ (1, 2), 𝑏(𝜉, 𝜂, 𝑡) ∈ 𝐶𝛾(R+;𝐷𝐴 × 𝐿2(0, 2𝜋)), 𝛾 < 𝛼 − 1. Then for all
𝑣0, 𝑣1 ∈ 𝐷𝐴 problem (6.1)–(6.3) has a unique solution.
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