ISSN 2304-0122 Ufa Mathematical Journal. Vol. 18. No 3 (2026). P. 69-84.

doi:10.13108 /2026-18-3-69

PERTURBED LINEAR EQUATIONS WITH
HILFER FRACTIONAL DERIVATIVE

V.E. FEDOROV, A.A. BYKOV

Abstract. We study issues on unique solvability for the Cauchy—type problem for linear
equations in a Banach space with the Hilfer fractional derivative, with an operator generat-
ing a strongly continuous resolving family, and with a bounded perturbation operator, either
constant or time—dependent. It is shown that the addition of a constant bounded operator
does not move us outside the class of generators of strongly continuous resolving families
of operators. Based on the technique of the proof of this result, we show the existence
of a unique solution to the Cauchy-type problem for the equation with a nonautonomous
perturbation operator. We employ abstract results in the study of the unique solvability
of an initial boundary value problem with periodic conditions in the spatial variable for
the equation with the Hilfer fractional derivative in time and with the Laplace operator
perturbed by a nonautonomous linear integral operator.

Keywords: Hilfer fractional derivative, resolving family of operators, perturbation theo-
rem, nonautonomous perturbation, initial boundary value problem.

Mathematics Subject Classification: 34G10, 35R11.

1. INTRODUCTION

Differential equations with fractional derivatives have been the subject of active theoretical
research in recent decades [9], [8] and are often used in mathematical modelling in applied
problems [2], [10], [11], [I2]. The interest in studying equations with the Hilfer fractional
derivative D®fz = JB(m=e) pm jA=B)(m=a)» [7] is due to the fact that this class of derivatives
includes the Gerasimov — Caputo fractional derivatives (for 5 = 1) and the Riemann — Liouville
fractional derivatives (for § = 0), which are most commonly used in mathematical models.
Previously, for equations in Banach spaces

D*P2(t) = Az(t), te Ry, (1.1)

necessary and sufficient conditions were obtained for the existence of strongly continuous |1] and
analytic [5] resolving families of operators in terms of the resolvent of a linear closed densely
defined operator A in a Banach space Z. In [5], a perturbation theorem was established,
which provided sufficient conditions on the perturbing linear operator B ensuring that once A
generates an analytic resolving family of operators, then A + B also generates such a family.
Any bounded operator B satisfies this perturbation theorem.

In the present work, we study the solvability of the equation

DPy(t) = Az(t) + Bz(t), te Ry,
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with an operator A generating a strongly continuous resolving family of operators. First, we
show that adding a bounded operator B to such an operator A yields an operator A + B
which also generates a strongly continuous resolving family. Then the case of an operator
B = B(t) depending on t and bounded for each ¢ is considered, and results on the solvability
of homogeneous and inhomogeneous equations

D¥Pz(t) = Az(t) + B(t)z(t)  D*Pz(t) = Az(t) + B(t)z(t) + f(1),

are obtained.

In Section 2 we introduce preliminary information and define the class of operators C, 5. We
present a theorem on the necessity and sufficiency of the inclusion A € C, g for the existence of
a strongly continuous resolving family of operators for equation (1.1). In Section 3 we obtain
a theorem on the solvability of the linear inhomogeneous equation D%’z(t) = Az(t) + f(t)
in the case A € C,p under more general conditions on the function f than in [1], allowing
for a power-type singularity at zero. In Section 4 we obtain a perturbation theorem for the
operator A € C,3: we prove that the inclusions A € Cy3, B € L(Z) imply A+ B € Cop.
Section 5 provides a theorem on the solvability of the equation with the Hilfer derivative and
a nonautonomous perturbation operator B = B(t). In the last section, the obtained results
are used to prove the unique solvability of an initial boundary value problem for a partial
differential equation with a fractional derivative in time.

2. STRONGLY CONTINUOUS AND ANALYTIC RESOLVING FAMILIES OF OPERATORS

Let Z be a Banach space, h € Ly oc(R4; Z). The Riemann — Liouville fractional integral of
order § > 0 for the function h is defined as

t

JOh(t) = ﬁ / (t— ) lh(s)ds, >0,

The Riemann — Liouville fractional derivative of order « reads D*h(t) := D™J™ *h(t), where
m—1<a<méeN, D™ is the operator of differentiation of integer order m. For a > 0 we
shall use the notation J*h(t) = D=“h(t).

We denote

D7h(0) == tl_i)rgir D7h(t), v € R.

The Hilfer derivative of order o € (m — 1, m], m € Z, and type § € [0,1] is defined as

m—1 k

t
Da’ﬂh(t) — pm—B(m—a) <J(1—ﬁ)(m—a)h(t) _ E Dk—(l—ﬂ)(m—a)h@)E)
k=0 )

(2.1)

3

-1
Dk—(l—ﬂ)(m—a) k+B(m—a)
e <Jm_ah(t) B h(0)t

k4 B(m—a)+1)

B
Il

0

For sufficiently smooth h, identity (2.1) implies the standard form of the Hilfer derivative
D*Ph(t) = JPm=e) pm Ja=Am=e)p ),

Remark 2.1. [t is clear that for f = 0 the Hilfer fractional derivative coincides with the
Riemann — Liouville fractional derivative, and for B = 1 does with the Gerasimov — Caputo
fractional derivative.

Remark 2.2. For a = m we have D*? = D™# = D™ for each 3 € [0, 1].
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By £[h] we denote the Laplace transform for the function b : Ry — Z. Hereinafter we shall
use the notation Ry := R, U {0} and the principal branch of the power function of a complex
variable.

Lemma 2.1 ([5]). Letm—1<a<meN, g€|0,1], and for h: Ry — Z there exist £[h],
D*Bh, £[D*Ph]. Then

L[D*Ph)(N) = A2 L[R](\) — )  DE-U=Altm=a)p (o) \m—1-k=plm—a)
0

3

>
Il

By the symbol £(Z) we denote the Banach space of all linear bounded operators on the
space Z, and by Cl(Z) the set of all linear closed operators densely defined in the space Z and
acting in this space. We equip the domain D, of the operator A € Cl(Z) with its graph norm
|- llp, == 1l-llz+ ||A- |z and thereby obtain the Banach space Dy.

By AC™(R,; Z) we denote the set of all functions h € C™ '(R,; Z) having absolutely
continuous on each interval [ty, 7] C R, derivative of order m — 1.

Consider the Cauchy-type problem

Dk_(l_ﬁ)(m_a)z(o) = Zk; k= 07 17 cee, M= 17 (22)

for the linear equation
DPx(t) = Az(t),  teRy, (2.3)
where m — 1 < o < m € N, A € CI(Z). A solution to problem (2.2), (2.3) is a function
z € C(Ry;Da) N Lyjoe(Ry; Z) such that JI=AMm=)z ¢ AC™(R,; Z), D2 € C(R,; 2),
conditions (2.2) hold, and identity (2.3) holds for t € R.
Let m—1<a<mel,pel0,1]. A family of operators {S(t) € L(Z) : t € R, } is called
a resolving family for equation (2.3) if the following conditions hold:

(i) there exist w > 0 and K > 0 such that
15 llez) < KE=0mmle
for all t € Ry;
(ii) for all zo € Z S(t)zp € C(Ry; 2),
s-lim JU=A M=) g(4) = T,

t—0+
(iii) S(t)[Da] C Da, S(t)Azy = AS(t)z, for all zy € Da, t € Ry;
(iv) for each zg € D4 the function S(t)z is a solution of the Cauchy—type problem
D=U=Am=0)y(0) = 25, DUy =0, k=1,2,...,m—1,
for the equation (2.3).

m—1
It is easy to show that for all 2o, 21,...,2m_1 € Dy, the sum > J¥S(¢)z solves problem
k=0
(2.2), (2.3).
Remark 2.3. For A € L(Z) the resolving family of operators for equation (2.3) reads (see,

- 1)

e al+(1-8)(a—m) gl

Z tad+(1=B)(a—m) 4 — t-Be-mp
—~ T(ad+ (1 - B)(a—m)+1) *

8)(a—m)+1(t*A), te Ry,

where

oo Zn
Eeol?) = 2 Nan+5)
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15 the Mittag—Leffler function.

Form—1<a<meN, (e l01] an operator A € CI(Z) is called an operator of class
Co (K, w), where K > 0, w > 0, if the following two conditions hold:

(i) if ReA > w, then A € p(A) :=={pueC:(u—A)"1eLlL(2)};
(ii) for all ReA > w and n € Ny := INU {0}

dr
o

. KT((1=B)la=m)+n+1)

m—1-B(m—a)/ yo -1
(>\ ()‘ A) ) = (Re)\ _ w)(lfﬁ)(afm)+n+1

We introduce the notations

Cap(w) = | Cap(K.w),  Cap:=|]Caslw).

K>0 w>0
Theorem 2.1 ([1]). Let § €[0,1], a > 2. Then C,p5 C L(Z).
Let A € Cy 3(w) for some w > 0; for Re A > w,
Hg(\) := Am-1-Bm=a)(yo _ )=
and n € N, t € R, we define the operators

(1) = e 3 D H T

Kk 1 1)! g (n+w).

k=0

Theorem 2.2 ([1]). Letm—1 <a <meN, 5 €[0,1]. Then a resolving family of operators
for equation (2.3) exists if and only if A € Co. Moreover, S(t) = s-lim S, (t) for all t > 0.
n—o0

3. LINEAR INHOMOGENEOUS EQUATION WITH HILFER DERIVATIVE

We consider Cauchy—type problem (2.2) for the linear inhomogeneous equation
D*Px(t) = Az(t) + f(t),  te(0,T], (3.1)

wherem —1<a<meN,3€l0,1], A€ Cl(Z), f:[0,T] — Z. A solution to problem (2.2),
(3.1) is a function z € C((0,T]; D4) N L1(0,T; Z) such that

JA=Am=a), e cm=1([0, T); Z) N AC™((0,T]; Z), Dz € C((0,T]; 2),

and it satisfies conditions (2.2) and equation (2.3) for t € (0, 7.
The space of functions v € C((0,T]; Z) such that t"v(t) € C([0,T]; Z) for some v € R is
denoted by C,((0,T]; Z) and equipped with the norm

[olle,omizy == sup [[£7v(t)]|z.
te[0,7T

Under this notation Cy((0,7]; Z) = C([0,T]; Z). For 7,0 € R, v < § we have C,((0,7]; Z) C
Cs((0,T7; 2).
For each v € R and v € C,((0,77; Z) we have

lv@®)llz <t vlle,omz),  te€(0,T].
This is why as 7 < 0, we have v(0) = 0 for v € Cy((O,T];Z).

Theorem 3.1. Let o € (1,2], B € [0,1], A € Cop, f € C,((0,T];2), v < 1—-5(2— ),
f(t) € Dy fort > 0. Then the Cauchy—type problem

D—(l—ﬁ)@—a)z(o) = 2o, Dl—(l—ﬁ)@—a)Z(O) =2
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for equation (3.1) for all zo, 21 € D has a unique solution. Moreover, it has the form
t
2(t) = S(t)zo + J'S(t)z1 + / JIPC=IG(t — 5) f(s) ds.
0

Proof. The uniqueness of the solution of the problem follows from the uniqueness of the solution
2(t) = S(t)zo+ J*S(t)2z, of the Cauchy—type problem for the homogeneous equation D*#z(t) =
Az(t), which was proved in |1, Cor. 5|. It sufficient to prove that the function

t
zf(t) = /J1_5(2_°‘)S(t —s)f(s)ds
0
solves the problem
D—(l—b’)@—a)z(o) =0, Dl—(l—ﬁ)(Q—a)Z@) -0

for equation (3.1).
For t > 0, in view of the definition of the resolving family of operators,

1-8(2— @) g~ (1=F)2=e) tra—1
1/ “S()llzz) K/ 5 —a) e ds < Cre®'t* !,

250l < s / (t = 5)" Y £(s) 1z ds < Caetto,

JO-28)@-)+1g(4) <K )(1-26)(2—0) g—(1-H)(2—a) ds < Cyeetyl—B2=0)
(6% LUS w t (0%
H (1)]lecz) / 1—2/3(2—a>+1> 5 < Che
for some w > 0. Since 1 — B(2 — a) > 0, we have J1=202-9+15(() = 0. Therefore,
t
]\J(l’ﬁ)(z’“)zf(t)\]g - /J(125)(2a)+15(t —8)f(s)ds| < O, et B2y
0 z

and hence J1=AC=2) 4 (0) = 0.
We then find

t=P2=a)
PA=52=-a)

and by the identity D'J1=9=2)§(0) = 0, obtained in the proof of Theorem 2.2 (see [4]), we
get

“Dl J(1726)(27a)+15<t)ZOHZ < C5€wtt76(2fa) ||Z(]H27
t

DA, (1) = D! / JU2ACE=HLG (¢ — 5) f(s) ds = JUT2PEFLG(0) f(¢)

Dl J(172ﬁ)(27a)+15(t)20 — Jlfﬁ(Zfa)DlJ(l*,@)(Zfa)S(t»zo +

t t
+ / D JA=2AC=)H1 G+ ) f(s)ds = / D JA=2HC=)H1 g+ _ 5) f(s) ds.
0 0
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This is why
t
D09 1)z < Caet [ 9) P2 1(5) 2 ds < Coetel P2,
0

and hence D'~(1=AZ=2)2(0) = 0, since 1 — 3(2 — a) — v > 0.
By definition, the Hilfer derivative has the form (2.1), i.e. in this case

D*Ph(t) = D2—,6’(2—a)(J(I—B)(2—a)h(t) _ D—(l—ﬁ)(2—a)h(0) _ Dl—(l—ﬂ)(2—a)h(0)t)'
Using this identity, the identities
J(lfﬁ)(%a)s(o) =1, Dlj(lfﬁ)(2*a)5(0) =0

and the condition f(s) € D4 for s > 0, for t € (0,7] we obtain
t t

A / TP G4 — 5 f(s) ds — / JIPC-0) A5(¢ — 5) f(s) ds

0

0
t

_ / J1-0(2-0) p2-BR-0) ( J1-0)2-0) §(4 _ &) _ [)f(s) ds

0
t

= / Ji=BC=) pl pBR-e) pl(JA=AC= g+ — 5) — I)f(s) ds

0
t

= / J1PE=) pl ghR=e) L JA=AE=0) gt — 5) f(s) ds

0

t
= / D' jtmPE=e) gBR=e) pl jU=AEa) gt — ) f(s) ds
0

t
= / DY JA=AC=e)g(t — ) f(s)ds.
0

(3.2)
The last integral converges since v < 1, and therefore z;(t) € D4 for all ¢t € (0, 7.
Finally, since
D—(l—ﬁ)(Q—a)Zf(()) — Dl—(l—ﬂ)(Z—a)Zf(o) =0,
we have
t t
D*Pz(t) =D*J* / JPR-G(t — 5)f(s)ds = D? / JIHA=HC=IGg(t — ) f(s)ds
0 0
t
=D [JHI=AC=25(0) f(t)] + D" / JU=PC=G(t — 5)f(s)ds (3.3)
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by (3.2) and the identities
J(lfﬁ)(%a)g(o) =1, J1+(176)(2*a)5(0) =0

The proof is complete.

4. EQUATION WITH STATIONARY PERTURBATION
Theorem 4.1. Let o € (1,2), f € [0,1], A€ Cop(K,w), B € L(Z). Then

A+ B € Cap(Kapyo+ K3 | B 01— (L= B)(2 = o))
for some Ky > 0.
Proof. According to Theorem 3.1, the solution of the Cauchy-type problem
JA=Am=a) () = 2, DI-(=8m=a) () = 2

for the equation
Da’ﬁv(t) = (A+ B)v(t),

in the case of existence reads

v(t) = Sa(t)zo + / JI=BC=2) G, (t — s)Bu(s) ds,

75

(4.1)

where S, (t) are the operators of the resolving family of the unperturbed equation (2.3). There-

fore, the operators of the resolving family of equation (4.1) should read

t

SA+B(t) = SA(t) + / Jl_B(Q_a)SA(t — S)BSA+B(S) ds,

0

(4.2)

if we take into consideration the boundedness of the operators on both sides of this identity and
the fact that Dy is dense in Z. We seek S4.p(t) by the method of successive approximations

in the form

Sarp(t) =) Salt)

where Sy(t) = Sa(t),
t
Spya(t) = / JI7PC=)S (t — §)BS,(s)ds,  n€N.

At the same time for ¢ > 0 we have

(t —s)7AC=)
HjlfB(Qfa)S HE 2 < K/ o a))ewssf(lfﬁ)@fa) ds
0
Kewtta 1
Klewttafl

O

(4.3)

(4.4)
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where B is the Euler beta function, K, =

the inequalities

n+1 ”BHZ(Z) ewttnaf(lf/o’)(Zfa)

KT'(1—-(1-8)(2— «)). By induction one can prove

a—(1-0)2—-a)+1)’

t>0, nG]NO

Indeed, for n = 0 the inequality holds; further, for ¢ > 0 and provided that this inequality holds

for a given n € IN we have

. )a 1KTL+1||B||71+1 ews gna— (1-8)(2—a)

ds

/Klew(t s)

[Sn1 (@)l 2cz)

Kn+2||B||n+1 wtt(n+1) —(1

F(na—(1-8)2-a)+1)
—B)(2—a)

1=8E2-a)+1)

ST — 1= A @ —a) £ 1) Dl na =

Kn+2HBHn+1 wtt(n—&-l)a—(l B)(2—c)
T((n+Da—(1-B)2—a)+1)

This is why series (4.3) converges and

) K{H—l||B||z(z)6wttna7(lf,8)(27a)
—~ D(na—(1-5)2-a)+1)
=Kt~ (1) @=a) gt Eo1-(- 5)(2 o) (K1 Bl (z))

[Sa+8()llciz) <

P T IBE ) )

for some Ky > 0.
For ReA > w + K| B3z by (4.2) we obtain

Sars(\) :/e”SAJrB(t)dt:/

0 0

MSA(t)dt + / e / JIBC=) G, (t — 5)BS 4 p(s)dsdt
0 0

=\ (N — A)7t 4 e N JITPETOS (- 5)BSayp(s)dtds

m\g

:)\175(2704) ()\a .

0\8 0\8

/6 T+S)J1 AR QSA( )BSA+B( )deS
0

:)\175(2704)()\04_14)71_’_

—~

A% — A) BSA+B( )7

since
LI G, 1 (N) = (A — A)~L
This yields

A==t _ A — B)S, p(\) = I.

Since
_ ) — ) 1+8(2—a)| \|1-B(2—a)
IBllezy < B ¢ BeAZelt 2 TREZ S e — 4,
we have
(A = A7 Blleez) < 1,
the operator
N —A-B=XN"-A)T -\ —A)"'B)
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is invertible and the identity
Sarp(A) = NP (\e _ 4 — Byt
holds. Then for all Re A > w + Ké||B||§ n € Ny, we have

/ e MSuyp(t)dt
£(2)

1 1
<IK, / r=(1=8)(2=0) i HKE Bl £ z)~Re) gy
0

AP — A - BT

A
A"

L(2)

B KyI'(n ( B)(2—a)+1)
(Re)\ W — K HB“E )n—(l—ﬁ)(2—a)+1
Therefore,
A+ B e Cop(Koyw+ Ky ||B||g(z)).

The proof is complete. O

Remark 4.1. It is clear that a solution to the problem

JA=Am=a) 5(0) = 2, DI-=8m=a) () = 2
for the equation
D*Pz(t) = (A + B)2(t)
fora € (1,2), 5€[0,1], A€ Cop(K,w), Be L(Z), 20,21 € Dy is the function
Z(t) = SA+B(t)ZO + J15A+B(t>21
Corollary 4.1. Under the assumptions of Theorem 4.1

1Sas5(t) — Salt)|lzcz)

wty—(1—-B)(2—a o 1
< K16 tt (1=0)E=a) (Ea,l(lﬁ)(Za)(t KlHB”ﬁ(Z)) - F(l . <1 o ﬁ)<2 . Oé))) .

Proof. Tt follows from the proof of Theorem 4.1, by construction,

Savs(t) Z S

this is why
oo KIHrlHB"Z(Z)ewttna—(l—ﬁ)@—a)

—~ T'ha-(1-8)2-a)+1)’
and this completes the proof. O

1Sa+5(t) = Sa(®)llez) <

Since D*! is the Gerasimov — Caputo derivative operator, and D" is the Riemann —
Liouville derivative operator, by letting # = 1 and # = 0 in the formulation of Theorem 4.1,
we obtain statements for equations with the Gerasimov — Caputo and Riemann — Liouville
derivatives, respectively.

Corollary 4.2. Let a € (1,2), A€ Co1(K,w), B € L(Z). Then for some Ky >0
1
A+ B € Cop(Ka,w + K=||Bl|g z)
for some Ky > 0.



78 V.E. FEDOROV, A.A. BYKOV

Corollary 4.3. Let a € (1,2), A€ Coo(K,w), B € L(Z). Then for some Ky > 1

A+ B € Coo(Ky,w+ Ko ||Bl|g 5 (e — 1)7)

for some Ky > 0.

5. EQUATION WITH NON—STATIONARY PERTURBATION
For B € C,(R4+;L(Z)) we denote b, := m[ax] |sYB(s)||zz) for t > 0, then for s € (0,t] we
s€(0,t
have || B(s)|z(z) < bis™.

Theorem 5.1. Let a € (1,2), S €[0,1], A€ Cop(K,w), B C(Ry; L(Z)), imB(t) C Dy
fort e Ry, v <a—1. Then for each zy € Z the Cauchy problem

JA=AE=) 1 (0) = 2, DI==8)C=2)5(0) = 0 (5.1)
for the equation
D*Pz(t) = (A+ B(t))z(t), t € Ry, (5.2)
has a unique solution, which reads
2(t) = Zasp(t)zo =Y Zn(t)z0, (5.3)
n=0

where Zy(t) = Sa(t),
t
Zir(£) = / TP Gt B(s)Zu(s)ds,  teR., el
0

Moreover, there exists C' > 0 such that for all t > 0 we have
1Zasn(t)llz) < Kt~ UmPEma)gurr (5.4)
1 Zasn(t) = Sa(t)|o(z) < Kt~UPEm0 et (07 1), (5.5)
Proof. By the asymptotic representation for the Gamma function

vV 2mut
Vuet '
for some C > 0 and all £ € IN we have

Pk —1(e=7)-(1-pR2—-a)—7+1)
Pk(a=7) =1 -5)2-a)+1)

Here we have taken into consideration that for sufficiently large k € IN we have

- 1—(1—5)(2—0)+(1_%)a.

By induction we can prove the inequalities

[(u) largu| < m

SCikla=7)+1-(1=p)2—-a)™" < Ck™.

KK?Cgbgewttn(a*v)*(lfﬁ)(Z*a)
(nt)* ’

1Zn ()l cz) < t>0, nelN, (5.6)
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where K; := KI'(1 — (1 — 8)(2 — «)), as above. Indeed, for n = 0 this inequality follows from
the definition of S4(t). For n € IN, taking into consideration inequality (4.4) from (5.6) for a
given n € IN, we obtain

K1€ (t—s) )a—l Kncnbn ws na v)—(1-8)(2—a)
1 Zun ®)lecz) / 1B(5)ccz o ds
Kqe¥ w(t—s)(4+ _ )a 1KKnCnbn+1ews n(a—y)—(1-8)(2—a)—y
/ ds
(nl)"
Kn+1Cnbn+1 wtt(nJrl)(a 7)—(1-8)(2—a)
< Bla,n(a—7) —(1—B)(2—a) —y+1
e (a.n(0=7) — (1= B)2~0) —7+1)
_KKn-‘rlCnbn—I—l wtt(nJrl)(a ¥)—(1-8)(2—a) P(?’L(Oé _ ,Y) _ (1 _ /6)(2 _ a) — v+ 1)
(nl)e P{(n+Dla=7) =1 =F)2-a)+1)
KKIL-&-ICSL-&-IZ);L—Hewtt(n+1)(af'y)f(lfﬁ)(Qfa)
s () + 1)
KKIL-&-ICSL-&-IZ);L—Hewtt(n+1)(af'y)f(lfﬁ)(Qfa)
- ((n+1)he

It follows from inequalities (5.6) that series (5.3) converges in the space £(Z) uniformly on
compact subsets of the variable ¢. Therefore, the operator—valued function Z4, g(t) is strongly
continuous on R.. Moreover,

0 Knonbntn(a—'y)
wtr—(1-6)(2—a) 1~2%¢
J2(t)lez) < Ke't > ol

n=0

and this implies inequalities (5.4) and (5.5).
We have
JU=AC= g, (0)2y = 2, DU g (0)2 = 0,
by (5.6) for t > 0, n € IN, we also have
KKPCybpettr@=)
()

and this is why J0=9@=2) 7 (0)z, = 0. Moreover,

702, (1)) < B((1- )2 = a),nla =) = (1= A2 - a) +1),

t
J(1—5)(2—Q)Zn+1(t) _ /Jl—,B(Q—a)J(l—,B)(z—a)SA(t — 8)B(5)Z,(s) ds,
0
Dl—(l—,@)(Q—a)Zn+1(t) _ J1—5(2_°‘)J(l_ﬂ)@_o‘)SA(O)B(t)Zn(t)

+ / D jt=8C=e) JA=B)2=) g\ (t — 5)B(s)Z,(s) ds

_ Ji-B2-a) /Dlj(l—ﬁ)@—a)SA(t — 8)B(s)Z,(s)ds

/ (t — 3)*5(2704)
" / ['(1-p8(2- a))B(S)Zn(S) ds,

0
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L(2)

ds

t
. / (t — s)P@=a) K KnCpppt!ews gnla—)-1-F)2-a)—y
I'1-52-a) (n!)e

KKpCyp et 1t Din(a —9) — (1 = B)(2 —a) =y +1)
- (nh)e P(n(a—7)+a—7)
Therefore, taking into account the uniform convergence of series (5.3) and the inequality v <
a — 1, we have

J(l—ﬂ)(Q—a)Z(O) = 2o, Dl—(l—ﬁ)(2—a)z(0> =0.
By (5.3) and the uniform convergence of the series proved above, we find

2(t) = Zayp(t)zo :==Sa(t)zo + Z / JITPE=G (t — ) B(8) Zy(8)z0 ds
e (5.7)

=54(t)z0 + / JBC=2) G, (t — 5)B(s)2(s) ds.

Since
t

J(l_ﬁ)(z_a)/Jl_ﬁ(Q_“)SA(t — 5)B(s)z(s) ds|i=o

0
00 t
=Y JaAeme / JIPR=) G (t — §)B(8) Zn(s) ds|i—o
n=0 0
00 t
= Jiem / JU=BAC=0 G\ (t — 5)B(5) Zy(5) ds|—o = 0,
n=0 0

Dl ja-8e-a) / JIPR=A)G, (t — 5)B(s)2(s) ds| o
0

t
=Y Dlji-Aeme / JIPC= G (t — ) B(5) Zy(s) ds|i—g
n=0 0

00 t
=> / D' Ji=BC=) JU=B2=0) g (t — $YB(5) Zn(s) ds|i—o = 0,
n=0 0

— Ji-B2-a) i/ (Dlj(l—ﬁ)(Q—O‘)SA(t —8) = F((tl_—sﬂ)(j(i;)))) B(8)Zn(s) dsli=o = 0,
n=0 0

by (5.7) we obtain the identity
t

D*P2(t) = ASA(t)zo + D° / JBC=a) G, (t — 5)B(s)z(s) ds. (5.8)
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By the condition im B(t) C D4 for t > 0, as in the proof of identities (3.2), (3.3), we obtain
t t
/ TP 4G (¢ — §)B(s)2(s) ds — / DP9 g, (¢t — §)B(s)=(s) ds.
0 0

at the same time,
| DTG, (+ — 5)B(s)z(s)||g(z) < Cgs™ 7A@, —(1-08)2—-a)—v>—1,

since v < a — 1, and the latter integral hence converges

t
/Jl_ﬁ(g_o‘)SA(t — 5)B(s)z(s)ds € Dy, t>0,
0
and by analogy with the proof of identity (3.3) we prove the identity
t t
D~P / JIBC=) G, (t — 5)B(s)z(s) ds = A/JI_B(Q_O‘)SA(t — s)B(s)z(s)ds + B(t)z(t).
0 0

Let us establish the uniqueness of the solution. We observe that
JB(2—a)(J(l—ﬁ)(Z—a)gA(t)ZO — 20)|¢=0 = 0,
D JPC=)(JA=HC= G\ (1) 2 — 2)|emg = JPEIDHITIAE=NIG (1) 29 — 20)|s=0
— Jﬁ@*a)DlJ(lfﬂ)(Q*a)SAm)ZO =0,
this is why
JeD*PS (1) 2y =J* D2 JPE=) (JU=AE=0 G, (1) 25 — 2)
:D2JaJ/3(2foz)(J(lfﬁ)(%a)SA(t)ZO — %)
t~(1=F)(2=a)

FMl-01-p)(2-0a)

:SA<t)ZO — = JQASA(t)Zo.

Thus, for each zy € Dy,
20 =JE A= G, ()29 — JI A=) J2AS ()2
—(JIAE= G, () — go x ATITPE= G (1)) 2,
where gs(t) := t°~1/T'(8) and the Laplace convolution x is defined by the identity

(f  g)(t) = / F(t— $)g(s) ds.

Suppose some function x satisfies equation (5.2) and conditions (5.1) with zp = 0. Then
JOD*Py(t) = J*D?JPC~) JATAC (1) = 2(t) = J*(A+ B)x(t),
lxg = (JUIPC DG, g% AT G )4 g
= JUAC G s ( — go x Ax) = JEPED G, & JoBy
= JU-AR-a)teg, « By,
Thus,
g = D' A teg, i By = JU-AC-etemlg 4 By = J1PET) S, « By
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or
t

x(t) = /Jl_ﬁ(Q_O‘)SA(t — s)B(s)x(s)ds := (Fz)(t). (5.9)

0

For the solution of equation (5.9), by inequality (4.4) for t > 0 we have

/ —(1— — a))e?t=s) (¢ — g)o1
I(F2)(t)]|= < / KDL= (1= HR—a)e ™t =)™ g ) ds

()

_ KT = (1= )2 = a)T(1 = (1= B2 =) =) ureis)
) fla—(1-AR-a)—7+1)

20T, I Z||C(175>(27o¢)((07t};2)‘

Therefore,

|12 _KT(1—(1-8)2 - a))T(L = (1= B)(2—a) = 7)™
Ch—p)2-a)((OT1};Z) X Fa— (-2 —a)—7 1)

) T].ai'beHZHC(l—ﬂ)(Q—a)((O:Tl]?Z)'

For sufficiently small 7} < 7T, the operator F is contracting in the Banach space
Ca-8)(2-a)((0,71]; Z), and by the contraction mapping theorem we get z = 0 on (0,73]. If
Ty < T, we take the space

Cllpya-m (0, T3]; Z2) = {2 € Clpy2-a) (0, T2); Z) : 2(t) =0, ¢ € (0,T1]}

for Ty = 2(=)7"T}, then

KT -(1-p)2-a))l(1-(1-p)(2-a) =)

”FZ”CTl

(1) 2 o (0T2;2) MNa—(1-p)2-a)—v+1)
wTh o— a—
e 2TV =Ty v)bT”Z‘|C£1_ﬁ)(2_a)((0,T2};Z)'

Therefore the operator F is contracting in the Banach space C(Tffﬁ)@fa)((O, Ts]; Z) and z = 0 on
(0,T3]. After a finite number n of steps we obtain 2>~ 7T} > T. The proof is complete. []

Analogously to Theorem 3.1, with the operators S4(t) replaced by the operators Z4.p(t),
the following statement can be proved.

Theorem 5.2. Let o € (1,2], f € [0,1], A € Cop, B € C,(R4;L(2)), f € C,((0,T]; 2),
im B(t) C Da, f(t) € Da fort € Ry, v < a—1. Then the Cauchy type problem

D=1=RC=2) 5(0) = 2, Dl—(l—ﬁ)@—a)zm) =2
for the equation
D*%x(t) = (A+ B(1)2(t) + f(1)
has a unique solution for all zg, 2y € D . This solution reads

t

2(t) = Zas(t)zo + T Zarp(t)z + / TR 724 (= 5) f(s) ds.
0
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6. EXAMPLE

For a € (1,2), f = 0, consider the Cauchy—type problem
2w

pien = S0+ [Hen it E0e02m xR, @D

v v
v(0,t) = v(2m,t), 85(o 1) = 35(2” 1),  teRy, (6.2)
D2 Ey(£,0) = v (€), £e(0,2n), k=0,1, (6.3)

where the subscript ¢ denotes the variable with respect to which the fractional derivative or
fractional integral is calculated. We choose the space Z = Ly(0,27) and the operator A =
pDf = p% acting in it with the domain

Dy ={w € H*(0,27) : w(0) = w(27), Diw(0) = Diw(2m)},
where H?(0,2n) := W2(0,27) is the Sobolev space. By the embedding theorems for the func-

tions from this space and their first derivatives, the value of the trace at a point is well-defined.
It is easy to find the spectrum o(A) = {—k? : k € Z} and the corresponding orthonormal

system of eigenfunctions {(27)~2¢¢ : k € Z}, which forms a basis in Ly (0, 27). Therefore, for
Revy > 0,

oikE \  gike
- B L eik§> oiké Lo B <w, 2w>\/ﬂ
O ) = S0+ (T G A e = e

For the operator cosine function we have

zk’{ eikf 1 1 1 eikf eikf
Zcoskt< >— :_Z( — + )<, >
ot Vor/ V21 2 AN+ik N —ik Vor/ V2r

oiRE \  piké
va ()
Therefore, by [3, Lm. 5.8], the operator A generates an operator cosine function, i.e. A € Ay,

and hence, by [0, Thm. 5], A € A,o. By Theorem 5.1 we immediately obtain the following
result.

Theorem 6.1. Let o € (1,2), b(&,n,t) € C,(Ry; D4 x Lo(0,27)), v < o — 1. Then for all
Vo, V1 € D4 problem (6.1)—~6.3) has a unique solutzon

= AA2— A)L
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