ISSN 2304-0122 Ufa Mathematical Journal. Vol. 18. No 3 (2026). P. 58-68.

d0i:10.13108/2026-18-3-58

ON SOLVABILITY OF PURSUIT AND EVASION PROBLEMS
FOR DIFFERENTIAL GAMES WITH
HILFER FRACTIONAL DERIVATIVES
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Abstract. In this work, in a Banach space, we sovability the solvability of pursuit and
evagion problems for differential games with Hilfer fractional derivatives of order a, 0 <
a < 1, of type u, 0 < p < 1. Using Pontryagin first method and the theorem on strict
separation, we prove two theorems on sufficient conditions for the solvability of pursuit
and evasion problems on an interval. We solve one game problem describing the relaxation
process in the glass formation of supercooled liquids.
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1. INTRODUCTION. STATEMENT OF PURSUIT AND EVASION PROBLEMS

In the field of differential game theory, the foundational results were obtained by academicians
Pontryagin [15] and Krasovskii [7].

While academician N.N. Krasovskii investigated positional differential games, academician
L.S. Pontryagin, considering the differential game separately from the pursuer’s point of view
and from the evader’s point of view, splits the game problem into two different problems: the
pursuit problem and the evasion problem. This approach made it possible to apply Pontryagin
first method to wider classes of games. For example, the solvability of the pursuit problem
using the first method was investigated in the works:

— 4], [16], [1], when geometric and integral constraints are imposed on the players’ controls;
— 31, 18], |9], when the differential game is described by an equation of delay or neutral type;

— [13], [11], [12], when the dynamics of the game is described by a differential equation in
an infinite—dimensional Banach space;

=171, 12, [10], [14], when the dynamics of the game is described by a fractional-order
differential equation.

In a Banach space X, we consider a differential game described by a fractional order differ-
ential equation
Doi'x(t) = Ax(t) + F(t, u(t), o(t)),
(1=a) (1) oy _ (1.1)
Iy z(0) = zo
and a closed terminal set M C X, where the game ends. In game (1.1), t € (0,7], T > 0,
z(t) € X, Y, Z are Banach spaces, U((0,T],Y) is the set of measurable mappings from (0, T
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to Y, u(-) € U((0,7T],Y) is the pursuer’s controls, v(-) € U((0,T], Z) is the evader’s controls,
Dyl is the Hilfer fractional derivative of order a, 0 < a < 1, and type p, 0 < p < 1, Ais a
linear closed operator with dense domain in X that generates a strongly continuous semigroup
S(t), t > 0, and Iéra)(k“) is the fractional integral of order p = (1 — a)(1 — ). We assume
that for any admissible u(-) and v(-) the mapping ¢t — F(t,u(t),v(t)) is locally integrable and
Cauchy problem (1.1) has a solution [19]:

z(t) = Spu(t)zo + /Ka(t — 8)F(s,u(s),v(s))ds, t e (0,17, (1.2)

where the integral is understood in the Bochner sense [18],

[e.o]

Ko (t) =t'Py(t),  Pu(t) = / asMy(s)S(t%s)ds,  Sapu(t) = IV K, (1),
0
and the Wright function

= (o
My(z) = , 0<a<l, C,
(2)=2, (n— 1)IT(1 — an) “ * €

n=1
satisfies the equation

r T(1 + o)

“Ma(s)ds = ——, >0,

/8 s =it aey  °

0
where

I(z) = /tz_le_t dt

0
is the Gamma function.

Remark 1.1. By [19], the fractional integral of order p with lower limit a of a function
f:la,00) = X is defined by the formula
t

p oy L f(s)
Ia+f(t>_F(p)/(t—s)1PdS’ t>a, p > 0.

a

The Riemann — Liouville derivative of order p of a function f : [a,00) — X is defined by
the formula

1 f(s)
» B _
D“+f(t)_F(n—p)dt”/(t—s)l’“”ds’ t>a, n—1<p<n.

a

The Caputo derivative of order p of a function f : [a,00) — X is defined by the formula

n—1
CDaﬂw:Da(ﬂw—EjgﬂWm>, t>a, m-l<p<n.
k=0
If feC"(la,0),X), then
C ryp _ 1 f(n)(s)
D“+f(t)_F(n—p)/(t—s)P+1—”dS’ t>a, n—1<p<n.

a
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Remark 1.2. By [19], the Hilfer derivative of order o, 0 < a < 1, and type p, 0 < p < 1,
with lower limit a of a function f : [a,00) — X is defined by the formula

a, u(i—a) 4 (1—a)(1-p)
DELJ(1) = L5218 ),
Remark 1.3. For p = 0, 0 < a < 1 and a = 0 we obtain the Riemann — Liouuville
derivative:

« d —Q «
Doff(t) = £[3+ (t) = Dy (2).
When =1, 0< a <1 anda =0, we obtain the Caputo derivative:

DR (1) = 1= 1) = DR £ (1)

For differential game (1.1), we give the following definitions and the statement of the pursuit
problem in the Pontryagin sense.

Definition 1.1. In game (1.1), from the initial point xo € X\ M, pursuit completion is possi-
ble if there exists a number T' = T(xq) > 0 such that for any evasion control v(-) € U([0,0), Z),
by knowing equation (1.1) and the quantities o and v(s), 0 < s < t, one can choose a pursuit
control u(-) € U([0,00),Y) such that the solution x(-) of problem (1.1) corresponding to the
controls u(-) and v(-) satisfies the inclusion x(Ty) € M for some Ty € (0,T]. In this case, the
number T is called the guaranteed pursuit time. Here, the choice of v(t) is made on the basis
of information about xy and v(t).

Pursuit problem. Find the set of initial points from which in game (1.1) pursuit completion
is possible in the sense of Definition 1.1.

For differential game (1.1), we give the following definitions and the statement of the evasion
problem on an interval in the Pontryagin sense.

Definition 1.2. In game (1.1), from the initial point v € X \ M, evasion on the interval
[0,T0) is possible if for all t € [0,Ty) and for any pursuit control u(-) € U([0,T1y),Y), there
ezists an evasion control v(-) € U([0,Ty), Z) such that the solution x(-) of problem (1.1) satisfies
x(t) & M. Here, the choice of v(t) is made according to the formula v(t) = w(u(t — €)), where
e € (0,Ty). The mapping w : Y — Z is such that for every measurable mapping u(-) the
superposition w(u(-)) is measurable.

Evasion problem. Find the set of initial points from which in game (1.1) evasion on the
interval [0, 7y) is possible in the sense of Definition 1.2.

2. MAIN RESULTS
The theorem gives sufficient conditions for the solvability of pursuit problem.
Theorem 2.1. Let the following conditions be satisfied:
1) X, Y are separable Banach spaces;
2) the initial point xo € X \ M is such that for some T > 0 the inclusion holds

Sapu(T)xg € M — / () Ko(T = 5)F(s,Y,v) ds; (2.1)

3) the mapping F : [0,00) X Y x Z — X satisfies the Carathéodory conditions, i.e., it is
measurable in t € [0,00) and continuous in (u,v) € Y X Z, and there ezists a locally
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summable function n : [0,00) — [0,00) such that for all t € [0,00),u € Y,v € Z the
inequality || F(t,u,v)|| < n(t) holds.

Then from the initial point xo in game (1.1) pursuit completion is possible in time T.

Proof. By (2.1), there exist a point m € M and an integrable selector w(-) of the mapping

s = [ Kal F(s,Y,v) (2.2)
veEZ
such that the identity holds
T
Sau(T)xg=m — /w(s) ds. (2.3)

Since X and Y are separable spaces, mappings (2.2) and s — w(s) are measurable, and the
mapping (s, u,v) — F(s,u,v) is continuous in (u,v) and measurable in s. Then by Lemma 1
in [11] on a measurable selector, for any measurable evasion control v(-) € U([0,T],Z) there
exists a measurable pursuit control u(-) € U([0,T],Y’) such that the identity

w(s) = Ko (T — s)F(s,u(s),v(s)) (2.4)

holds for almost each s € [0, T].
Therefore, by (2.3), (2.4), the solution z(-) of problem (1.1) corresponding to the controls
u(+), v(-) satisfies

2(T) = Sau(T)xo + /Ka (T — s)F(s,u(s),v(s))ds

=m— /Tw ds+/TKa F(s,u(s),v(s)) ds
:m—/TKa(T—s)F(su() u(s) ds+/K T — 8)F(s,u(s), v(s)) ds = m € M,

that is, (T) € M. This is why, from the initial point z in game (1.1), pursuit completion is
possible in time 7. The proof is complete. m

The following theorem gives sufficient conditions for the solvability of the evasion problem
on an interval.

Theorem 2.2. Let Assumptions 1) — 3) of Theorem 2.1 and the following conditions hold
4) the terminal set M is conver and compact in the weak topology o(X, X*) [5];
5) the multivalued mapping

t—>/mK (t — s)F(s,Y,v)ds, te[0,7]
veEZ

is conver—valued and closed in the weak topology o(X, X*);

6) there exists a mapping w : Y — Z such that for alluw € Y, t € [0,T], 0 < s < t the
inclusion holds
K, (t—s)F(s,u,w(u ﬂK (t—s)F(s,Y,v)
veEZ

and for every measurable u(-) the superposition w(u(-)) is measurable.



62 E.M. MUKHSINOV, R. HAKIMOV

Then

1) from the initial point xo in game (1.1), pursuit completion is possible in time

To =min{T > 0: for which inclusion (2.1) holds} ;

2) from the initial point xo in the game (2.1) evasion on the interval [0,Ty) is possible.
Proof. 1) By Condition 4), the terminal set M is compact, and by Condition 5), the mapping
t
t = [ Ku(t — s)F(s,Y,v)ds is closed in weak topology o(X,X*). Then the mapping

0 veZ
t
t— M— [ () Kuo(t —s)F(s,Y,v)ds is sequentially closed in the weak topology o (X, X*) [13].
0 veZ

Then, by the continuity of the mapping t — S, ,(t)xo, by (2.1) and Lemma 2 in [13], the set
{T' > 0 : for which inclusion (2.1) holds} is closed. And this means that the inclusion holds

Sau(To)xo € M — / ﬂ K, (Ty — s)F(s,Y,v) ds. (2.5)

Consequently, by Theorem 2.1, from the initial point z( in game (1.1), pursuit completion is
possible in time T5.

2) By the definition of the number T, we conclude that for all ¢ € [0,Tp) the relation

Sel a:o—i-/ﬂK (t—s)F(s,Y,v)d mM @ (2.6)

veEZ

holds. If ¢, € (0,7p), then the values v(t) of the evasion control v(-) on (0,&;) are chosen
arbitrarily, and in a special way for ¢t € (g, Tp): v(t) = w(u(t —&;)). Then for the solution x(¥)
of problem (1.1) corresponding to the chosen controls u(-), v(-) on (0,7Tp), we have

2(£) =San ()0 + / Ko(t — 8)F(s,u(s), v(s)) ds
S (t)ro + / Kot — $)F(s,u(s), v(s)) ds (2.7)

+ /Ka(t — $)F(s,u(s),w(u(s —&))) ds.

By (2.6), conditions 4), 5), and according to the theorem on strict separation [5| in the
locally convex topological space X with the weak topology (X, X*), the compact set M and

the closed set S, ,(t)xo + f () Ku(t — s)F(s,Y,v)ds are strictly separated for all ¢ € [0, Tp),
0 veZ
i.e., for all ¢ € [0,Tp) one can find a continuous linear functional ¢, € X* and numbers ¢; and

d; > 0 such that
wr(x) <o — 0 < ¢ < p(m) (2.8)

for all x € S, (¢ x0+fﬂK (t —s)F(s,Y,v)ds and m € M.

0 veZ
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If w(-) is an arbitrary integrable selector of the mapping

oo [V Kalt= 9P Y0), s (0.2,

veZ

by Condition 6), (2.7) and (2.8) we find

oi(x(t)) =1 | Sapu(t)zo + /Ka(t — 5)F(s,u(s),v(s))ds

+ /Ka(t — $)F(s,u(s),w(u(s —¢&))) ds

€t

=y, Sa,u(t)l’o-i-/ w(s )ds—/ dS—l—/Ka (t —s)F(s,u(s),v(s))ds

0

—|—/Ka(t—s)F(s,u(s),w u(s —et))

€t

=01 | Sapu(t)zo+ /@(s) ds + /Ka (t — 8)F(s,u(s),w(u(s —e)))ds

0 £t

€t

7Ka(t — 8)F(s,u(s),v(s))ds — /w(3> ds

0

— 0 + / o (Ko (t — s)F(s,u(s),v(s)) —w(s)) ds

By the absolute continuity of the Lebesgue integral [6], there exists a number g, = 6, > 0

such that
0t

[l = ) uts),0069) ~ 0s)) | < %
Hence, :
pr(z(t)) < c 5t+% —Ct_% < < p(m).

Therefore, for all t € [0,7}), the number ¢, = §; > 0 and the corresponding control v(-) can
be chosen in such a way that z(t) ¢ M, which proves the possibility of evasion on the interval
[0,75). The proof is complete. m

3. EXAMPLE

In a separable reflexive Banach space X, consider a differential game with the Caputo deriv-
ative

Y (t) +bD%y(t) = —u+7v (3.1)

with initial point y(0) = yo € X, ||lyo]| > 0 and terminal set M; = 0. We suppose that ¢t > 0,

b # 0 is a real number, the measurable pursuit controls @ = %(t) and evasion controls T = o(¢)
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satisfy the relations u(t) € Y = {y : |ly|| < p} = S, is the ball of radius p centered at 0,
t)eZ={z:|]z]| <0} =5, p>0c>0.
We let
T =y, Ty = D"y, D% 3y = D" D%g) =2} = o

and rewrite game (3.1) as

D%z = x4,
{Dov%2 = —bxy — u(t) + v(t)
or
D%y = Az —u+v (3.2)

with the initial condition
and the terminal set

where

@) () 0 )

In our example, © = 1, a = 0.5, Iéi_a)(l_“) = I is the identity operator, A is a linear
bounded operator that generates a strongly continuous group S(t) = et. By [19], [17], we use
the Laplace transform to obtain

t

1 Kos5(s) s " Pys(s
S (1) =129 Ky 5 (1) = 05 /
Sosa(t) =1y Kos(t) F(0,5)/(t—s)05 \/— t—505
0

oo

:% / [s(t — 5)] 07 / 0,50 Mys(8)S(s%°6)d6 | ds

0 (3.3)
[ (o)~ 0594
— (t — 0 - VRO | d
2\/‘/ )] / Zl (n—1)T(1—0,5n)" °
0 0 n=
. (A%2)" 0,5
= = Ey(At*; 1)
—~ ['(0,5n+1)
is the generalized Mittag-Leffler function;
_ —0,5 _ —0,5 0,5
K0’5(t—8) —(t—S) P075(t—8) = (t—S) /0,59M075(9)S((t—8) 9)d0
0
1 7 > (—9)n_1 0,5
——(t—35)%5 [ @. (t=5)"204 19
p(t=9) / ; (n—1)IT(1—0,5n)° (3.4)

—(t—s 052 At —8)™)"
['0,5n + 0,5)

(b 5" Bl 5%:0,5)
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For our example, by (3.3) and (3.4), inclusion (2.1) becomes

Ey (AT 1)xg € M + / ﬂ (T — 5)%° By (A(T — 5)°°;0,5)(Y — v) ds, (3.5)

0 veZ

(-5 - ()-()-

BEs(z1) = & erfe(—z)

where

Since

and

E3(z;0,5) = zEs(2; 1) + — z¢* erfe(—2) +

1
r(0,5) NG

where

erfc(z / 2t
\/_

is the complementary error function [17], we have

e (ATO,5)TL

Ey(AT* 1) =y —————
2( 1) T(n-0,5+1)

n=0
TO,5n LHn 1

O -
(10 T'(n-0,5+1)
(0 )| T2 |

L(n-0,5+1)
1

_ (1 bTETO% ) - b7
—\o Eo(bT05;1)

(1 b‘l[ebZTerfc(—bT0’5)] —pt 7
-~ \0 T erfe(—bT0P) ’

(AT — 59
I'(n-0,5+0,5)

L (roy, o @T=9)™ (0ot
0 1) """ T(n-0,540,5)\0 ") "

b= By(b(T — 5)°3;0,5) — —)

—
=
(@)

~

e
Ey(b(T — 5)°%;0,5)

(T — 5)05eT=9Y orfe(—b(T — 5)09)
b(T — 5)%%eT=9)¥ arfe(—b(T — 5)°7) + \/%7

I
I~

o5 o5k

If

and
A-B=C={c:c+BCA}
is the geometric difference, we find

TEy( AT 1)y =m By (AT 1) (%0) = (%)) = Yo, M =0,
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() 7(T = s) " Ey(A(T — 5)°%:0,5)(Y — v)

veEZ
—(T — 5) " nEy(A(T — $)°%;0,5)8, — (T—s) 051 By (A(T — 3)05 0,5)8
0 b(T — 5)%PeT—s)b erfc(—b( \/%7
* (T — 5) %%z \/L% (T — 5)%5eT=9)¥ erfe(— b(T )P
0 b(T — 5)*5eT=9 erfe(—b(T — s)% )—|— NG S

=T~ erfe(—b(T — $)"%)S, Z T erfe(—b(T — 5)°°)S,
:e(T_S)b2 erfc(—b(T - 8)075)‘9[)—‘7 = S(p—o‘)e(T*S)bz erfc(—b(T—s)0:%)

This is why inclusion (3.5) becomes

T
Yo € / S(p 0)e(T= exfe(~b(T'~s)07) ds _S(p—a) }:e(T*S)l72 erfc(—b(T—s)9:%) ds
0 0

-9 .
(p—o)( erfe(—bv/T)— 5 — 7@) (T)

where
e’
r(t) = (p— o) <b_2 erfe(—bvt) — 1 2—\/Z>

is a positive and increasing function, since 7(0) = 0 and 7/(¢) > 0 for all ¢ > 0. On the other
hand, it is known that 1 > erfcx > 0 for x > 0, and 2 > erfcx > 1 when x < 0. Therefore, for
b > 0 and |lyo|| = ro, there exists ¢t = ¢; such that

r<t1>—<p—a>(eblerfc< VAR 2—ﬁ>><p—a><1—;—bi2—%>>r0,

by/T
and for b < 0 there exists ¢ = t5 such that

() > o) (5 - 72)

Consequently, for any initial point y, there exists T" > 0 such that the inclusion
Yo € Sr(r) (3.6)

holds. Since the ball S,(r) is a closed set, inclusion (3.6) also holds for 7" = T = min{7 > 0 :
inclusion (3.6) holds}.

Thus, we have proved that Condition 2) of Theorem 2.1 is satisfied. Conditions 1) and 3)
are obvious. Conditions 4) and 5) hold because in a reflexive space balls are weakly compact.
Condition 6) follows from the fact that as the mapping w one can take the mapping given by

the formula w = v(u) = —apo for u = ——app, where 0 < ap < 1.
Hence,

1) In game (3.1), from any initial point yo, pursuit completion is possible in time

To = min{T > 0 : ||yo|| = r(T0)}
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Here the pursuit control %(-) is chosen by the formula

ﬁe—(To—s)bQ

u(s) = Yo +0(s), 0 <s<To.

2TQ / €_t2 dt

—b(Tp—s)9:5

2) in the game (3.1), from any initial point y, evasion on the interval [0, 7}) is possible.

4. CONCLUSION

In the present work, we provide sufficient conditions for the solvability of the pursuit prob-
lem in time Ty and sufficient conditions for the solvability of the evasion problem on a finite
interval (0,75), when the dynamics of the game is described by a fractional order differential
equation with Hilfer derivatives. We solve one game problem, which describes the relaxation
process in the glass formation of supercooled liquids. The obtained results generalize the finite—
dimensional result in [10] and the infinite-dimensional result in [1].

These results can be used in the mathematical theory of controlled processes occurring under
conflict or uncertainty conditions, and in solving game problems whose dynamics are described
by differential equations in suitable Banach spaces.

10.

11.

12.

13.

BIBLIOGRAPHY

. AYa. Azimov. On one method of pursuit in linear differential games with integral constraints //

Izv. Akad. Nauk SSSR, Tekh. Kibern. 1974:2, 31-35 (1974). (in Russian).

. Kh.N. Alimov, M.Sh. Mamatov. On the pursuit problem described by fractional differential equa-

tions // Nauchn. Vest. Samarkand. Gosud. Univ. 1, 5-9 (2016). (in Russian).

. L.V. Baranovskaya. A method of resolving functions for one class of pursuit problems // East.

Eur. J. Enterprise Technologies: Math. Cybern. Appl. Aspects 2:4(74), 4-8 (2015). (in Russian).
https://dx.doi.org/10.15587/1729-4061.2015.39355

. P.B. Gusyatnikov, M.S. Nikol’skij. Optimality of pursuit time // Sov. Math., Dokl. 10, 103-106

(1969).
L.V. Kantorovich, G.P. Akilov. Functional analysis. Pergamon Press, Oxford (1982).

. AN. Kolmogorov, S.V. Fomin. Introductory real analysis. Prentice—Hall, Inc. Englewood Cliffs,

N. J. (1970).
N.N. Krasovskii, A.I. Subbotin. Positional-differential games. Nauka, Moscow (1974). (in Rus-
sian).

. N.A. Mamadaliev. On a linear pursuit problem with delay // Sib. Zh. Ind. Mat. 13:3, 86-100

(2010). (in Russian).

. N.A. Mamadaliev, T.T. Ibaydullaev. On the modified third method in the pursuit problem for

differential-difference equations of neutral type // Russ. Math. 65:11, 18-28 (2021).
https://doi.org/10.3103/S1066369X21110037

M.Sh. Mamatov. The pursuit problem described by fractional order differential equations // Ak-
tual. Probl. Gumanitar. Estestv. Nauk. 04(87), Part 1, 28-32 (2016). (in Russian).

E.M. Mukhsinov. On the pursuit problem for a quasilinear differential game of neutral type //
Differ. Uravn. Protsessy Upr. 2022:2, 66-82 (2022). (in Russian).

https://diffjournal.spbu.ru/EN /numbers/2022.2 /article.1.5.html

E.M. Mukhsinov. About one differential game of neutral type with integral restrictions in Hilbert
space // Ufa Math. J. 14:3, 86-96 (2022). https://doi.org/10.13108/2022-14-3-86

E.M. Mukhsinov. Solvability of the pursuit problem for one differential game in a Banach space
// Differ. Equ. 59:1, 147-151 (2023). https://doi.org/10.1134/S0012266123010123


https://dx.doi.org/10.15587/1729-4061.2015.39355
https://doi.org/10.3103/S1066369X21110037
https://diffjournal.spbu.ru/EN/numbers/2022.2/article.1.5.html
https://doi.org/10.13108/2022-14-3-86
https://doi.org/10.1134/S0012266123010123

68

14.

15.

16.

17.

18.

19.

E.M. MUKHSINOV, R. HAKIMOV

E.M. Mukhsinov, R.I. Hakimov. The pursuit problem for one differential game // In: Proc.
Int. Sci. Conf. “Ufa Autumn Mathematical School-2024”, Aeterna, Ufa 2, 123-124 (2024). (in
Russian).

L.S. Pontryagin. Linear differential games of pursuit // Math. USSR—-Sb. 40:3, 285-303 (1981).
https://doi.org/10.1070/SM1981v040n03ABEH001815

N.Yu. Satimov. On methods of solution of the pursuit problem in differential games // Dokl.
Akad. Nauk UzSSR 11:1, 8-11 (1990). (in Russian).

A A. Chikrii, L.I. Matichin. On linear conflict—controlled processes with fractional derivatives //
Trudy Inst. Matem. Mekh. UrO RAN 17:2, 256-270 (2011).
https://www.mathnet.ru/eng/timm711

E. Hille, R.S. Phillips. Functional analysis and semigroups. Amer. Math. Soc., Providence, R.I.
(1957).

H.B. Gu, J.J. Trujillo. Existence of mild solution for evolution equation with Hilfer fractional
derivative // Appl. Math. Comput. 257, 344-354 (2015).
https://doi.org/10.1016/j.amc.2014.10.083

Mukhsinov Edgor Mirzoevich,

Tajik State University of Law, Business, and Policy,
Panfilova str. 1,

735700, Khujand, Republic of Tajikistan

E-mail: yodgor .mukhsinov@gmail.com

Hakimov Rakhatjon,

Khujand State University

named after Academician B. Gafurov,
Mavlonbekova passage 1,

735700, Khujand, Republic of Tajikistan
E-mail: rahmatjon@gmail.com


https://doi.org/10.1070/SM1981v040n03ABEH001815
https://www.mathnet.ru/eng/timm711
https://doi.org/10.1016/j.amc.2014.10.083

	to1. Introduction. Statement of pursuit and evasion problems
	to2. Main results
	to3. Example
	to4. Conclusion
	 References

