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TRIANGULATION OF PLANAR DOMAINS

DEFINED BY SYSTEM OF INEQUALITIES

A.A. KLYACHIN

Abstract. In this work we present a method for constructing a triangulation of a planar,
generally multiply connected, domain defined by a system of inequalities. The main idea
of the approach is as follows. At the first step, a standard triangulation over a rectangular
grid of a certain polygon lying in the given domain is constructed. At the second step, the
boundary nodes of the obtained triangulation are shifted to the boundary of the domain by
the gradient descent method. We prove that the sines of the angles of the triangles in such
a triangulation do not tend to zero (the triangles do not degenerate) as their diameters tend
to zero, provided that the given domain has a smooth boundary.
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1. Introduction

Let {𝑃𝑖}𝑚𝑖=1 be a finite set of points in the plane R2. A triangulation of this set of points is a
collection of nondegenerate triangles 𝒯 = {𝑇𝑗}𝑁𝑗=1 such that

1) the vertices of the triangles belong to the set of points {𝑃𝑖}𝑚𝑖=1 and each point 𝑃𝑖 is a
vertex of at least one triangle;

2) the triangles either have a common vertex, or a common edge, or have no common points.

By 𝛼(𝒯 ) we denote the minimal sine of the angles of all triangles in the triangulation 𝒯 .
We observe that each point 𝑃𝑖 is a vertex of some collection of triangles from the triangulation

𝒯 . If the sum of the angles at the vertex 𝑃𝑖 over all such triangles is equal to 2𝜋, then the node
𝑃𝑖 is called an interior node of the triangulation. Otherwise, the node is called a boundary
node.
Let Ω be a bounded domain in R2. A triangulation of the domain Ω is a triangulation of an

arbitrary finite set of points lying in the closure of the domain Ω. There are several approaches
to constructing a computational triangular mesh (triangulation). For example, one can take
finitely many points in Ω and form a triangulation based on them by using one of appropriate
algorithms (see, for example, [17], [18], [11]). There are also other methods that employ either
variational principles, or partition the domain (or its boundary) into simple parts, or solving
various boundary value problems, etc. (see, for example, [1], [15], [6], [2], [8], [16], [7], [12]).
We propose a somewhat different approach, which is as follows. We assume that the domain

Ω is given by a system of inequalities. As an initial triangulation of the domain, we take a
triangulation constructed on the basis of a rectangular grid of the plane. This triangulation
includes triangles whose vertices fall into the domain. After that, all boundary nodes of the
initial triangulation are shifted to the boundary of the domain by the gradient descent method.
Note that the gradients here are computed for the functions defining the boundary of the
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Figure 1. Domain defined by system of inequalities (2.1).

domain. The approach involving the shift of boundary nodes to the boundary of the domain is
not new. For example, it was applied to construction of a spatial grid in [22]. The difference of
our algorithm is that in the cited work the domain was given by only one inequality and the shift
of the boundary nodes to the boundary of the domain is implemented somewhat differently.
We mention that as a numerical characteristic responsible for the quality of the triangulation,

we consider the minimal sine of the angles of the triangles of the triangulation. It should be
noted that the sines of the angles of a triangle significantly affect the error in the computation
of a function and its derivatives when they are approximated by piecewise polynomial functions
on this triangle (see [21], [19], [20], [13], [14], [3], [4], [10], [9]).

2. Description of algorithm

Consider the partition of the (𝑥, 𝑦)-plane by the lines 𝑥 = 𝑖ℎ, 𝑦 = 𝑗ℎ, where 𝑖, 𝑗 =
0,±1,±2, . . . and ℎ is an arbitrary positive number. Suppose that continuous functions
𝐹1(𝑥, 𝑦), . . . , 𝐹𝑝(𝑥, 𝑦) are defined for all 𝑥, 𝑦, which define the domain

Ω = {(𝑥, 𝑦) : 𝐹𝑖(𝑥, 𝑦) < 0 ∀ 𝑖 = 1, . . . , 𝑝}.
An example of such a domain is shown in Figure 1. In this example, the domain is defined by
the inequalities ⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑥2

36
+

𝑦2

16
− 1 < 0,

4− (𝑥− 3)2 − 𝑦2 < 0,

4− (𝑥+ 3)2 − 𝑦2 < 0.

(2.1)

We construct the initial triangulation as follows. We consider a square with vertices (𝑖ℎ, 𝑗ℎ),
((𝑖 + 1)ℎ, 𝑗ℎ), (𝑖ℎ, (𝑗 + 1)ℎ), ((𝑖 + 1)ℎ, (𝑗 + 1)ℎ). If all vertices of such a square belong to
the domain Ω, then we include in the triangulation the two triangles obtained by dividing the
square along one of its diagonals. The choice of the diagonal will be described later. If only
three vertices of this square are in the domain Ω, then we include the triangle formed by these
vertices into the triangulation. In the remaining cases, such a square is not used for constructing
the triangulation. Let {𝑃𝑖 = (𝑥𝑖, 𝑦𝑖)}𝑚𝑖=1 be the set of nodes of the constructed triangulation,
and let 𝒯ℎ = {𝑇𝑘}𝑁𝑘=1 be all its triangles.



40 A.A. KLYACHIN

Figure 2. Initial triangulation of the circle 𝑥2 + 𝑦2 − 49 < 0.

The constructed initial triangulation (see Figure 2) does not, generally speaking, approximate
the boundary 𝜕Ω of the domain, since the sides of the triangles of the triangulation 𝒯ℎ are

either parallel to the coordinate axes or form an angle of opening
𝜋

4
with them. In order for the

triangulation to approximate well the boundary 𝜕Ω, we perform the following transformations.
In all triangles 𝑇𝑘 that have vertices 𝑃𝑖 being boundary nodes of the triangulation 𝒯ℎ, we replace
these vertices by the nearest point 𝑃 ′

𝑖 ∈ 𝜕Ω. Thus, the point 𝑃 ′
𝑖 ∈ 𝜕Ω is determined by the

identity

|𝑃𝑖 − 𝑃 ′
𝑖 | = dist(𝑃𝑖, 𝜕Ω).

We obtain a new triangulation 𝒯 *
ℎ, which, in addition to interior points of the domain Ω,

contain nodes lying on 𝜕Ω. Note that the points 𝑃 ′
𝑖 can be approximately computed by the

gradient descent method. If the point 𝑃 ′
𝑖 lies on the part of the boundary 𝜕Ω described by the

equation 𝐹𝑙(𝑥, 𝑦) = 0, 𝑙 = 1, . . . ,𝑚, then we let 𝑃
(0)
𝑖 = 𝑃𝑖 and

𝑃
(𝑛+1)
𝑖 = 𝑃

(𝑛)
𝑖 − 𝛿 · 𝐹𝑙(𝑃

(𝑛)
𝑖 )∇𝐹𝑙(𝑃

(𝑛)
𝑖 ), 𝑛 = 0, 1, 2, 3, . . . . (2.2)

where 𝛿 > 0 is the gradient descent step. As 𝑃 ′
𝑖 we take some approximation computed by

formula (2.2).
Let us now comment on the method for choosing the diagonal that divides the squares into

two triangles. When constructing the initial triangulation, there can arise a situation, in which
all vertices of some triangle are boundary nodes of the triangulation. In this case, when these
nodes are shifted to the boundary of the domain, the triangle will be almost degenerate for
small values of ℎ. To avoid this, we draw the diagonal in the square as follows. Let 𝑄 be the
center of the square, and let 𝑄′ be the point of the boundary 𝜕Ω closest to it. Suppose that the
point 𝑄′ belongs to the part of the boundary defined by the equation 𝐹𝑙(𝑥, 𝑦) = 0. Then we
take the diagonal of the square that forms the smallest angle with the gradient vector ∇𝐹𝑙(𝑄).
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Figure 3. The case, when 𝐴𝐵 is a leg of triangle 𝑇𝑘

3. Justification of algorithm

Let us show that with the chosen triangulation method, in the limit as ℎ → 0, degenerate
triangles do not arise. In order to do this, we provide the proof of the fact that as ℎ → 0, the
quantity 𝛼(𝒯 *

ℎ) remains separated from zero by some positive number.
We first consider the particular case where the domain Ω is a half–plane, the boundary of

which is a straight line 𝐿. Note that a node 𝑃𝑖 = (𝑥𝑖, 𝑦𝑖) of the initial triangulation 𝒯ℎ is interior
if and only if the points (𝑥𝑖 − ℎ, 𝑦𝑖), (𝑥𝑖 + ℎ, 𝑦𝑖), (𝑥𝑖, 𝑦𝑖 − ℎ), (𝑥𝑖, 𝑦𝑖 + ℎ) lie in the domain Ω.
Suppose that some triangle 𝑇𝑘 of the initial triangulation 𝒯ℎ has two vertices 𝐴 and 𝐵, which

are boundary nodes of the triangulation, and the third vertex 𝐶 is an interior node. Denote by
𝐴′ and 𝐵′ the projections of the points 𝐴 and 𝐵 onto the line 𝐿. We are going to verify the
inequality

|𝐴′ −𝐵′| ⩾ 1√
2
|𝐴−𝐵|. (3.1)

We first suppose that 𝐴𝐵 is a leg of the triangle 𝑇𝑘. Then the angle between the segment

𝐴𝐵 and the line 𝐿 cannot be greater than
𝜋

4
. Indeed, suppose the contrary. Consider the line

𝐿′ parallel to 𝐿 and passing through the point 𝐴 (see Figure 3). If the angle ∠𝐵𝐴𝐸, 𝐸 ∈ 𝐿′, is

greater than
𝜋

4
, then the point 𝐷 lies in the half–plane Ω. Consequently, the vertex 𝐵 cannot

be a boundary node of the triangulation 𝒯ℎ and we arrive at a contradiction.
Suppose now that 𝐴𝐵 is the hypotenuse of the triangle 𝑇𝑘. Then the angle between the

segment 𝐴𝐵 and the line 𝐿 also cannot be greater than
𝜋

4
. Indeed, suppose the contrary.

Consider the line 𝐿′ parallel to 𝐿 and passing through the point 𝐴 (see Figure 4). If the angle

∠𝐵𝐴𝐸, 𝐸 ∈ 𝐿′, is greater than
𝜋

4
, then the point 𝐷 lies in the half-plane Ω. Consequently,

the vertex 𝐵 cannot be a boundary node of the triangulation 𝒯ℎ and we again arrive at a
contradiction.
Thus, the angle between the segment 𝐴𝐵 and the line 𝐿 does not exceed

𝜋

4
. This imme-

diately implies inequality (3.1). The subsequent reasoning is the same for both a leg and the
hypotenuse. Note that the distance from the third vertex 𝐶 to the line 𝐿 satisfies the inequality

dist(𝐶,𝐿) ⩾
ℎ√
2
. (3.2)
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Figure 4. The case, when 𝐴𝐵 is the hypothenuse of triangle 𝑇𝑘.

On the other hand,
dist(𝐶,𝐿) ⩽ |𝐶 − 𝐴|+ |𝐴− 𝐴′| ⩽ 2ℎ.

Let us estimate from above the distances from 𝐶 to 𝐴′ and from 𝐶 to 𝐵′. By the triangle
inequality we obtain

|𝐶 − 𝐴′| ⩽ |𝐶 − 𝐴|+ |𝐴− 𝐴′| ⩽ ℎ
√
2 + ℎ = (1 +

√
2)ℎ.

Then

sin∠𝐶𝐴′𝐵′ =
dist(𝐶,𝐿)

|𝐶 − 𝐴′|
⩾

ℎ√
2

(1 +
√
2)ℎ

=
1

2 +
√
2
.

Similarly,

sin∠𝐶𝐵′𝐴′ =
dist(𝐶,𝐿)

|𝐶 −𝐵′|
⩾

ℎ√
2

(1 +
√
2)ℎ

=
1

2 +
√
2
.

Using the sine theorem, we find the lower bound for the angle ∠𝐴′𝐶𝐵′:

sin∠𝐴′𝐶𝐵′ =
|𝐴′ −𝐵′|
|𝐶 − 𝐴′|

· sin∠𝐶𝐵′𝐴′ ⩾
ℎ√
2

(1 +
√
2)ℎ

· 1

2 +
√
2
=

1

(2 +
√
2)2

.

Consider now the case where the triangle 𝑇𝑘 has only one vertex 𝐶 which is a boundary node
of the triangulation 𝒯ℎ, while the vertices 𝐴 and 𝐵 are interior. For definiteness, we assume
that the vertex 𝐶 is the right–angle vertex of the triangle 𝑇𝑘. Denote by 𝐶 ′ the orthogonal
projection of the point 𝐶 onto the line 𝐿. In this case, the triangulation nodes 𝐻 and 𝐷 lie in
the half–plane Ω (see Figure 5). And since the point 𝐶 is a boundary node of the triangulation,
at least one of the points 𝐺 or 𝐸 (or both) are not in Ω. Note that the distance from the point

𝐶 ′ to the line 𝐴𝐵 is at least
ℎ√
2
.

Let us estimate the sines of the angles of the triangle ∆𝐴𝐵𝐶 ′. The altitude of this triangle

drawn from the vertex 𝐶 ′ is at least
ℎ√
2
, and |𝐶 ′−𝐴| ⩽ |𝐶 ′−𝐶|+ |𝐶−𝐴| ⩽ 2ℎ. Consequently,

sin∠𝐶 ′𝐴𝐵 ⩾ 1
2
√
2
. Similarly, we obtain sin∠𝐶 ′𝐵𝐴 ⩾ 1

2
√
2
. Applying the sine theorem to the

triangle ∆𝐴𝐵𝐶 ′, we arrive at the inequality

sin∠𝐴𝐶 ′𝐵 =
|𝐴−𝐵|
|𝐶 ′ −𝐵|

· sin∠𝐶 ′𝐴𝐵 ⩾
ℎ
√
2

2ℎ
· 1

2
√
2
=

1

4
⩾

1

(2 +
√
2)2

.
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Figure 5. The case when 𝐶 is a boundary node of the initial triangulation.

The case where the vertex 𝐶 is not at the right angle is treated similarly. The only difference
is that |𝐴−𝐵| = ℎ and, therefore,

sin∠𝐴𝐶 ′𝐵 =
|𝐴−𝐵|
|𝐶 ′ −𝐵|

· sin∠𝐶 ′𝐴𝐵 ⩾
ℎ

2ℎ
· 1

2
√
2
=

1

4
√
2
⩾

1

(2 +
√
2)2

.

Thus, we have proved the following theorem.

Theorem 3.1. If the domain Ω is a half–plane with the boundary 𝐿, then the triangulation
𝒯 *

ℎ constructed from the initial triangulation 𝒯ℎ satisfies the inequality

𝛼(𝒯 *
ℎ) ⩾

1

(2 +
√
2)2

. (3.3)

Estimate (3.3) holds for an arbitrary domain with a smooth boundary 𝜕Ω only in the limit as
ℎ → 0. This follows from the fact that for sufficiently small ℎ, the boundary in the neighborhood
of the boundary nodes is, up to second-order smallness, a straight line segment, and in all the
above arguments we considered only finitely many cells of the square grid. On this base, we
can formulate the following statement.

Theorem 3.2. If the domain Ω has a smooth boundary 𝜕Ω, then the triangulation 𝒯 *
ℎ

constructed from the initial triangulation 𝒯ℎ satisfies the inequality

lim inf
ℎ→0

𝛼(𝒯 *
ℎ) ⩾

1

(2 +
√
2)2

. (3.4)

4. Examples of triangulation construction

In this section, we present examples of constructing triangulations for various multiply con-
nected domains by using the method described in the preceding sections.
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Example 4.1. Let the domain Ω be defined by the system of inequalities⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑥2 + 𝑦2 − 49 < 0,

1− |𝑥| − |𝑦| < 0,

1− (𝑥− 3)2 − (𝑦 − 3)2 < 0,

1− (𝑥+ 3)2 − (𝑦 − 3)2 < 0,

1− (𝑥+ 3)2 − (𝑦 + 3)2 < 0,

1− (𝑥− 3)2 − (𝑦 + 3)2 < 0.

(4.1)

In Figure 6 we present the triangulation of this domain with the step ℎ = 0.6.

Figure 6. Triangulation of a domain defined by inequalities (4.1).

Example 4.2. We consider the domain defined by the system of inequalities (2.1). To con-
struct a triangulation for this domain, a smaller step ℎ = 0.24 was chosen because of the small
gap between the outer contour (ellipse) and the inner circles (see Figure 7).

Each triangulation can be slightly adjusted using the standard method based on making
every interior node the centre of the set of vertices of the polygon composed of the triangles
surrounding this node. The adjustment itself then looks as follows. We range over all interior
nodes 𝑃𝑖 and for each of them we determine the vertices 𝑃𝑖1 , . . . , 𝑃𝑖𝑠 that are adjacent to 𝑃𝑖.
After that, the vertex 𝑃𝑖 is replaced by

𝑃 ′
𝑖 =

1

𝑠

𝑠∑︁
𝑗=1

𝑃𝑖𝑗 .

This procedure (the range over all interior nodes of the triangulation) is repeated several times
until the required accuracy is achieved. For example, the triangulation shown in Figure 6, after
this transformation, will take the form shown in Figure 8.
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Figure 7. Triangulation of a domain defined by inequalities (2.1).

Figure 8. Adjusted triangulation of domain (4.1).
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21. I. Babuška, A.K. Aziz. On the angle condition in the finite element method // SIAM J. Numer.
Anal. 13:2, 214–226 (1976). https://doi.org/10.1137/0713021

22. F. Labelle, J. Shewchuk. Isosurface stuffing: fast tetrahedral meshes with good dihedral angles //
ACM Trans. Graph. 26:3, (2007). https://doi.org/10.1145/1275808.1276448

Alexey Alexandrovich Klyachin,
Volgograd State University,
Universitetsky av. 100,
400062, Volgograd, Russia
E-mail: aleksey.klyachin@volsu.ru, klyachin-aa@yandex.ru

https://doi.org/10.1134/S0081543812050057
http://mathnet.ru/eng/isu364
https://doi.org/10.7242/1999-6691/2012.5.2.17
https://www.mathnet.ru/eng/vsgu167
https://doi.org/10.3103/S1066369X12010045
https://doi.org/10.1137/0713021
https://doi.org/10.1145/1275808.1276448

	to1. Introduction
	to2. Description of algorithm
	to3. Justification of algorithm
	to4. Examples of triangulation construction
	 References

