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OPERATOR ESTIMATES FOR ELLIPTIC PROBLEMS IN

DOMAINS WITH FAST LOCALLY PERIODICALLY

OSCILLATING BOUNDARY AND ROBIN BOUNDARY

CONDITION: HOMOGENIZED DIRICHLET CONDITION

D.I. BORISOV

Abstract. We consider a general elliptic operator in a multidimensional domain with a
fast locally periodically oscillating boundary. On this oscillating boundary we impose the
Robin condition with a strictly positive coefficient. It is supposed that the amplitude of
the boundary oscillations is much larger than the linear size of the periodicity cell. Under
such assumptions, we show that the homogenization leads to the Dirichlet condition on the
limiting boundary. Our main result are 𝑊 1

2 – and 𝐿2– operator estimates.
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1. Introduction

Problems in domains with rapidly oscillating boundaries are one of the main objects of
study in the homogenization theory. Such problems were studied in many works, see, for
instance, [1], [11], [13]–[20], [32]–[35]. The classical results provide a classification of possible
homogenized problems and establish the convergence of solutions of perturbed problems to
ones of homogenized problems for given right hand sides in equations and boundary conditions.
There are also many estimates for the convergence rate once the right hand sides are fixed.
The mentioned classical results indicate the presence of weak or strong resolvent conver-

gence. There are also stronger results on the presence of uniform operator convergence, that
is, convergence of resolvents in the operator norm. In terms of the original problems, this
means convergence of solutions of perturbed problems to the homogenized solutions uniformly
in the right hand sides. The corresponding estimates for the convergence rate are called oper-
ator estimates. For problems with a rapidly oscillating boundary, such results were obtained
in several papers. In [16, Ch. III, Sect. 4] the operator estimate was established for a scalar
operator in a two-dimensional domain with the Robin condition on a periodically oscillating
boundary, and the amplitude and period of the oscillations were proportional to the same small
parameter. The differences of resolvents was estimated as an operator from 𝐿2 into 𝑊 1

2 . In
[36], [37] similar estimates were obtained for the linear system of Stokes equations and the
Poisson equation in a multidimensional domain with a Dirichlet boundary condition on a com-
pact locally periodically oscillating boundary. In [21] operator estimates were derived for a
self–adjoint second order elliptic operator in a planar strip with one of the classical boundary
conditions on a rapidly and periodically oscillating boundary, the period and amplitude of the
oscillations were independent small parameters. Possible homogenized problems were described
and 𝑊 1

2 –operator estimates were established. In [6], similar results were obtained for general
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planar domains with an oscillating boundary, which was a graph of an arbitrary bounded func-
tion with small values and oscillating in an arbitrary, not necessarily periodic way. At this
boundary, the Dirichlet or Neumann condition was imposed; it was also preserved under the
homogenization. Operator 𝑊 1

2 – and 𝐿2–operator estimates were proved. The cases of alternat-
ing Dirichlet and Neumann boundary conditions on an oscillating boundary were considered
in [2], [5], the alternation could be at one point [2] or a frequent one [5]. The homogenized
problem either kept the alternation of the boundary conditions [2], or it was replaced by the
Dirichlet condition [5]. The corresponding 𝑊 1

2 – and 𝐿2–operator estimates were proved, and
it turned out that the presence of the alternation changes significantly the convergence rate
both in comparison with problems with an oscillating boundary without the alternation, and
in comparison with problems with frequent alternations on a smooth boundary. In [3], [4], a
general multidimensional problem with an oscillating boundary of an arbitrary structure was
considered. The Dirichlet or Neumann condition was set at such a boundary. General, very
weak conditions for the geometry of the boundary were obtained, under which averaging was
carried out and 𝑊 1

2 – and 𝐿2–operator estimates were obtained. These conditions were fulfilled
for a wide class of essentially non–periodically oscillating boundaries, as well as for many other
geometric boundary perturbations. We note that operator estimates are also known for prob-
lems with frequently alternating boundary conditions and with perforation both over the entire
domain and along a given manifold, see [7]–[10], [22]–[31].
In this paper, we consider an elliptic operator in a multidimensional domain with a fast

locally periodically oscillating boundary. On this boundary we impose the Robin condition with
a strictly positive coefficient. It is assumed that the amplitude of the oscillations is significantly
larger than the linear size of the corresponding periodicity cell. Under these conditions, it is
shown that the homogenization leads to the Dirichlet condition at the limiting boundary. The
main obtained result is 𝑊 1

2 – and 𝐿2–operator estimates for the considered problem.

2. Problem and main results

Let 𝑥 = (𝑥1, . . . , 𝑥𝑛) be Cartesian coordinates in R𝑛, 𝑛 ⩾ 2, and Ω be some bounded or
unbounded domain in R𝑛, the boundary of which has the smoothness 𝐶1. By Γ we denote one
of connected components of the boundary 𝜕Ω, and we suppose that it has the smoothness 𝐶3,
has no edge, and the domain Ω on one side of the surface Γ.
We suppose that on the surface Γ we can select global variables 𝑠 = (𝑠1, . . . , 𝑠𝑛−1), 𝑠 ∈ 𝑆 ⊆

R𝑛−1, and all eigenvalues of the Gram matrix associated with these variables are uniformly
separated from zero. The set 𝑆 is supposed to be closed.
Let 𝜈 = (𝜈1, . . . , 𝜈𝑛) be the outward normal to the boundary of Γ, and 𝜏 be the distance

from the point to the boundary measured in the direction of the normal 𝜈. We suppose that
the variables (𝜏, 𝑠) are well–defined in the domain Π2𝜏0 , where 𝜏0 > 0 is some fixed number,
and we denote

Π𝑟 := {𝑥 ∈ Ω : dist(𝑥,Γ) < 𝑟}.
In addition we suppose that the derivatives of variables 𝑥 with respect to (𝜏, 𝑠) and variables
(𝜏, 𝑠) with respect to 𝑥 up to the second order are uniformly bounded in the domain Π𝑟.
We choose an arbitrary periodic lattice in the space R𝑛−1 with a periodicity cell □ and

consider the real function 𝛾 = 𝛾(𝑠, 𝜉) defined on the Cartesian product of 𝑆 × R𝑛−1 and □–
periodic by 𝜉 for each value of 𝑠 ∈ 𝑆.We assume that for each 𝑠 the function 𝛾(𝜉, 𝑠) is an element
of the Hölder space 𝐶1+𝛼(R𝑛−1), and the mapping 𝑠 ↦→ 𝛾(𝑠, 𝜉), acting from 𝑆 to 𝐶1+𝛼(R𝑛−1),
is an element of the space 𝑊 1

∞(𝑆), namely,

ess sup
𝑠∈𝑆

‖𝛾(𝑠, · )‖𝐶1+𝛼(□) + ess sup
𝑠∈𝑆

‖∇𝑠𝛾(𝑠, · )‖𝐶1+𝛼(□) < +∞. (2.1)

We also suppose that

0 ⩽ 𝛾(𝑠, 𝜉) ⩽ 1, 𝑠 ∈ 𝑆, 𝜉 ∈ R𝑛−1, (2.2)
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⟨|∇𝜉𝛾( · , 𝑠)|2⟩ ⩾ 𝑐1 > 0, 𝑠 ∈ 𝑆, (2.3)

where 𝑐1 is a fixed constant, and for an arbitrary □–periodic function ℎ = ℎ(𝜉) we denote

⟨ℎ⟩ := 1

mes□

∫︁
□

ℎ(𝜉) 𝑑𝜉.

By 𝜀 and 𝜂(𝜀) we denote a small positive parameter and a small positive function of this
parameter and assume that convergence holds

𝜀

𝜂(𝜀)
→ 0, 𝜀 → +0. (2.4)

Along the surface Γ we define the fast oscillating surface

Γ𝜀 :=
{︁
𝑥 ∈ R𝑛 : 𝜏 = −𝜂(𝜀)𝛾

(︀
𝑠, 𝑠𝜀−1

)︀}︁
.

Condition (2.4) means that the amplitude of the oscillations of the surface Γ𝜀 is significantly
larger than the linear size of the periodicity cell. By Ω𝜀, we denote the domain with the
boundaries of 𝜕Ω ∖ Γ and Γ𝜀. In view of condition (2.2) and the smallness of the function 𝜂(𝜀),
it is clear that the domain Ω𝜀 differs a little from Ω in the sense of the embedding

Ω𝜀 ⊆ Ω, Ω ∖ Ω𝜀 ⊂ Π𝜂,

where we have denoted

Π𝑟 :=
{︀
𝑥 ∈ R : dist(𝑥,Γ) < 𝑟, 𝑥 ∈ Ω

}︀
, 𝑟 > 0.

On the domain Ω we define complex–valued functions 𝐴𝑖𝑗 = 𝐴𝑖𝑗(𝑥), 𝐴𝑗 = 𝐴𝑗(𝑥), 𝐴0 = 𝐴0(𝑥),
𝑖, 𝑗 = 1, . . . , 𝑛, which obey the conditions

Re
𝑛∑︁

𝑖,𝑗=1

𝐴𝑖𝑗𝑧𝑖𝑧𝑗 ⩾ 𝑐2|𝑧|2, 𝐴𝑖𝑗 ∈ 𝑊 1
∞(Ω), 𝐴𝑗, 𝐴0 ∈ 𝐿∞(Ω), (2.5)

where 𝑧 = (𝑧1, . . . , 𝑧𝑛) ∈ C𝑛, and 𝑐2 is some positive constant independent of 𝑥 and 𝑧. Let
𝑎 = 𝑎(𝑥) be some real function defined on Π𝜏0 and obeying the conditions

𝑎 ∈ 𝐿∞(Π𝑟0), 𝑎(𝑥) ⩾ 𝑎0 > 0 for almost each 𝑥 ∈ Π𝜏0 , (2.6)

where 𝑎0 is some constant.
Using 𝑊̊ 1

2 (Ω,Υ), we denote the Sobolev space of functions having a zero trace on the surface
of Υ ⊂ Ω. In the space of 𝐿2(Ω𝜀) define the sesquilinear form

h𝜀(𝑢, 𝑣) =
𝑛∑︁

𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝑢

𝜕𝑥𝑗

,
𝜕𝑣

𝜕𝑥𝑖

)︂
𝐿2(Ω𝜀)

+
1

2

𝑛∑︁
𝑗=1

(︂
𝐴𝑗

𝜕𝑢

𝜕𝑥𝑗

, 𝑣

)︂
𝐿2(Ω𝜀)

− 1

2

𝑛∑︁
𝑗=1

(︂
𝑢,

𝜕

𝜕𝑥𝑗

𝐴𝑗𝑣

)︂
𝐿2(Ω𝜀)

+ (𝐴0𝑢, 𝑣)𝐿2(Ω𝜀) + (𝑎𝑢, 𝑣)𝐿2(Γ𝜀)

on the domain D(h𝜀) := 𝑊̊ 1
2 (Ω𝜀, 𝜕Ω ∖ Γ). Using the above conditions on the functions 𝐴𝑖𝑗, 𝐴𝑗,

𝐴0 and 𝑎, it is easy to verify that the introduced form is sectorial and closed. This is why by the
first representation theorem [12, Chapter VI, §2.1], there exists a unique 𝑚-sectorial operator
associated with the form h𝜀. We denote this operator by ℋ𝜀.
Similarly, in the space 𝐿2(Ω) we define the sesquilinear form

h0(𝑢, 𝑣) =
𝑛∑︁

𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝑢

𝜕𝑥𝑗

,
𝜕𝑣

𝜕𝑥𝑖

)︂
𝐿2(Ω)

+
1

2

𝑛∑︁
𝑗=1

(︂
𝐴𝑗

𝜕𝑢

𝜕𝑥𝑖

, 𝑣

)︂
𝐿2(Ω)

− 1

2

𝑛∑︁
𝑗=1

(︂
𝑢,

𝜕

𝜕𝑥𝑗

𝐴𝑗𝑣

)︂
𝐿2(Ω)

+ (𝐴0𝑢, 𝑣)𝐿2(Ω)
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on the domain D(h0) := 𝑊̊ 1
2 (Ω, 𝜕Ω). This form is also sectorial and closed and by the first

representation theorem [12, Ch. VI, Sect. 2.1] there exists a unique 𝑚–sectorial operator
associated with the form h0; we denote this operator by ℋ0.
We note that both operators ℋ𝜀 and ℋ0 have the same differential expression

ℋ̂ := −
𝑛∑︁

𝑖,𝑗=1

𝜕

𝜕𝑥𝑖

𝐴𝑖𝑗(𝑥)
𝜕

𝜕𝑥𝑗

+
𝑛∑︁

𝑗=1

𝐴𝑗(𝑥)
𝜕

𝜕𝑥𝑗

+ 𝐴0(𝑥).

The boundary conditions for the operator ℋ𝜀 read

𝑢 = 0 on 𝜕Ω ∖ Γ, 𝜕𝑢

𝜕𝜈
+ 𝑎𝑢 = 0 on Γ𝜀, (2.7)

𝜕

𝜕𝜈
:= −

𝑛∑︁
𝑖,𝑗=1

𝜈𝑖𝐴𝑖𝑗
𝜕

𝜕𝑥𝑗

+
1

2

𝑛∑︁
𝑗=1

𝜈𝑗𝐴𝑗,

and the operator ℋ0 is subject to the Dirichlet condition on 𝜕Ω. By the standard smoothness
improving theorems we easily establish that the domain of operator ℋ𝜀 consists of functions
𝑢 ∈ 𝑊̊ 2

2 (Ω𝜀, 𝜕Ω ∖ Γ), which obey boundary conditions (2.7), and the domain of operator ℋ0

coincides with the space 𝑊̊ 2
2 (Ω, 𝜕Ω).

By ‖ · ‖𝑋→𝑌 we denote the norm of a bounded operator acting from a Banach space 𝑋 into
a Banach space 𝑌.
Our main result reads as follows.

Theorem 2.1. There exists 𝜆0 independent of 𝜀 such that the half–plane Re𝜆 ⩽ 𝜆0 is in the
resolvent sets of operators ℋ0 and ℋ𝜀 for all sufficiently small 𝜀. Under condition (2.4), the
operator estimate holds

‖(ℋ𝜀 − 𝜆)−1 − (ℋ0 − 𝜆)−1‖𝐿2(Ω)→𝑊 1
2 (Ω𝜀) ⩽ 𝐶

(︂
𝜂

1
2 (𝜀) +

𝜀
1
2

𝜂
1
2 (𝜀)

)︂
, (2.8)

where 𝐶 is a constant independent of 𝜀 and 𝜂. If in addition

𝐴𝑗 ∈ 𝑊 1
∞(Ω), (2.9)

then the operator estimate holds

‖(ℋ𝜀 − 𝜆)−1 − (ℋ0 − 𝜆)−1‖𝐿2(Ω)→𝐿2(Ω𝜀) ⩽ 𝐶

(︂
𝜀

1
2 + 𝜂(𝜀) +

𝜀

𝜂(𝜀)

)︂
, (2.10)

where 𝐶 is a constant independent of 𝜀 and 𝜂.

Let us briefly discuss the obtained results. The main nontrivial effect is that under the
homogenization, the Robin boundary condition is replaced by the Dirichlet condition. The
assumptions providing such an effect are the strict positivity of the coefficient in the Robin
condition, see (2.6), and convergence (2.4). Condition (2.3) is also important, but it rather
means that the oscillations are non–degenerate, which excludes the independence of the function
𝛾𝜀 on the fast variable 𝜉. The initial formulation of the problem also requires specifying the
function 𝛾𝜀 in terms of single local variables on the entire surface of Γ. It is clear that this imposes
significant restrictions on the geometric properties of such a surface. Such a condition is fulfilled,
for example, for a surface that is a graph of a given function on some hyperplane, or for surfaces
having a cylindrical or toroidal shape. The case of sphere–type surfaces involves partitioning
the surface by using a suitable atlas, and on each of charts its own locally periodically oscillating
function 𝛾𝜀 is used, and then these functions are glued into a single one by using a suitable
partition of unity. However, it unexpectedly turned out that this formulation significantly
complicates the problem and makes it comparable in complexity to the case of an arbitrary non–
periodically oscillating function. This requires a completely different approach and technique,
and we will consider this situation in a next paper.
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The main result of this work, Theorem 2.1, states operator 𝑊 1
2 – and 𝐿2–estimates. First

estimate (2.8) describes the convergence rate of the resolvent of the perturbed operator ℋ𝜀 to
the resolvent of the homogenized operator ℋ0 in the norm of operators acting from 𝐿2(Ω) in
𝑊 1

2 (Ω𝜀). In this case, the order of smallness turns out to be independent of the dimension of the
domain 𝑛. For operator 𝐿2–estimate (2.10), we have to impose a standard condition (2.9) on a
higher smoothness of the coefficients at the first derivatives, which previously occurred earlier,
see, for example, [3]–[6]. Since the operator norm is weaker here, the convergence rate turns
out to be higher. Namely, the convergence rate from the 𝑊 1

2 –operator evaluation is doubled

and the term 𝜀
1
2 is additionally added. This term also appeared in the case of the Neumann

condition on the oscillating boundary [4], so its appearance here is expected as well.

3. Operator 𝑊 1
2 –estimate

In this section, we prove our main result, Theorem 2.1. We begin by proving the existence
of the number 𝜆0. Conditions (2.5), (2.6) imply immediately that the estimates hold

| Im h𝜀(𝑢, 𝑢)| ⩽ 𝑐3‖∇𝑢‖2𝐿2(Ω𝜀) + 𝑐4‖𝑢‖2𝐿2(Ω𝜀), 𝑢 ∈ D(h𝜀),
𝑐2
2
‖∇𝑢‖2𝐿2(Ω𝜀) ⩽ Re h𝜀(𝑢, 𝑢) + 𝑐5‖𝑢‖2𝐿2(Ω𝜀), 𝑢 ∈ D(h𝜀),

| Im h0(𝑢, 𝑢)| ⩽ 𝑐3‖∇𝑢‖2𝐿2(Ω) + 𝑐4‖𝑢‖2𝐿2(Ω), 𝑢 ∈ D(h0),
𝑐2
2
‖∇𝑢‖2𝐿2(Ω) ⩽ Re h0(𝑢, 𝑢) + 𝑐5‖𝑢‖2𝐿2(Ω), 𝑢 ∈ D(h0).

(3.1)

where 𝑐3, 𝑐4, 𝑐5 are some positive constants independent of 𝜀 and 𝑢. This implies that the
numerical ranges of the operators ℋ𝜀 and ℋ0 are contained in the sector{︂

𝑧 ∈ C : | Im 𝑧| ⩽ 2𝑐3
𝑐2

(︂
Re 𝑧 + 𝑐5 +

𝑐4𝑐2
2𝑐3

)︂}︂
,

and therefore the open half-plane Re𝜆 < −𝑐5 − 𝑐4𝑐2
2𝑐3

are in the resolvent sets of both operators
ℋ𝜀 and ℋ0. Therefore, we can select 𝜆0 as follows

𝜆0 := −𝑐5 −
𝑐4𝑐2
2𝑐3

− 1. (3.2)

Let 𝑓 ∈ 𝐿2(Ω) be an arbitrary function Re𝜆 ⩽ 𝜆0, and

𝑢𝜀 := (ℋ𝜀 − 𝜆)−1𝑓, 𝑢0 := (ℋ𝜀 − 𝜆)−1𝑓.

The functions 𝑢𝜀 and 𝑢0 satisfy standard integral identities

h𝜀(𝑢𝜀, 𝑣)− 𝜆(𝑢𝜀, 𝑣)𝐿2(Ω𝜀) = (𝑓, 𝑣)𝐿2(Ω𝜀), 𝑣 ∈ D(h𝜀), (3.3)

h0(𝑢0, 𝑣)− 𝜆(𝑢0, 𝑣)𝐿2(Ω) = (𝑓, 𝑣)𝐿2(Ω), 𝑣 ∈ D(h0). (3.4)

Due to estimates (3.1) and the above choice of 𝜆0, these identities with 𝑣 = 𝑢𝜀 and 𝑣 = 𝑢0

respectively yield the inequalities

‖𝑢𝜀‖𝑊 1
2 (Ω𝜀) + ‖𝑢𝜀‖𝐿2(Ω𝜀) + (𝑎𝑢𝜀, 𝑢𝜀)

1
2

𝐿2(Γ𝜀)
⩽ 𝑐6‖𝑓‖𝐿2(Ω),

‖𝑢0‖𝑊 1
2 (Ω) + ‖𝑢‖𝐿2(Ω) ⩽ 𝑐6‖𝑓‖𝐿2(Ω), (3.5)

where 𝑐6 is some positive constant independent of 𝜀, 𝑢0, 𝑢𝜀 and 𝑓. Moreover, by (2.6) for
Re𝜆 ⩽ 𝜆0 the estimate holds

Re h𝜀(𝑢, 𝑢)− Re𝜆‖𝑢‖𝐿2(Ω𝜀) ⩾ 𝑐7‖𝑢‖2𝑊 1
2 (Ω𝜀)

+ 𝑎0‖𝑢‖2𝐿2(Γ𝜀), 𝑢 ∈ D(h𝜀), (3.6)

where 𝑐7 is some positive constant independent of 𝜀 and 𝑢. By estimate (3.5) and the standard
smoothness improving theorems for elliptic boundary value problems we obtain the inequality

‖𝑢0‖𝑊 2
2 (Π𝑟0 )

⩽ 𝑐8‖𝑓‖𝐿2(Ω), (3.7)
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where 𝑐8 is some positive constant independent of 𝜀, 𝑢0, 𝑢𝜀 and 𝑓.
Let 𝜒 = 𝜒(𝑡) be an infinitely differentiable non–increasing cut–off function, which equal to

one for 𝑡 < −3 and vanishes for at 𝑡 > −2. We denote

𝜒𝜀(𝑥) :=

⎧⎪⎨⎪⎩𝜒

(︂
𝜏

𝜂(𝜀)

)︂
in Π3𝜂(𝜀),

1 in Ω ∖ Π3𝜂(𝜀).

It is clear that the function 𝜒𝜀 is infinitely differentiable in Ω∪Ω𝜀, vanishes identically on Π2𝜂(𝜀)

and satisfies the estimate and identity

|∇𝜒𝜀(𝑥)| ⩽ 𝐶𝜂−1(𝜀), ∇𝑠𝑘𝜒𝜀(𝑥) = 0, 𝑥 ∈ Π3𝜂(𝜀) ∖ Π2𝜂(𝜀), (3.8)

where 𝐶 is some constant independent of 𝜀, 𝜂, 𝑥, 𝑠. This is why the functions

𝑣𝜀 := 𝑢𝜀 − 𝜒𝜀𝑢0 (3.9)

and 𝜒𝜀𝑣𝜀 belongs to the domains of both forms h𝜀 and h0 and can serve as the test functions in
(3.3), (3.4).
We write integral identity (3.3) with 𝑣 = 𝑣𝜀 and integral identity (3.4) with 𝑣 = 𝑣𝜀𝜒𝜀 and

take into consideration that by the definition of function 𝜒𝜀 the identity holds

h0(𝑢0, 𝑣𝜀𝜒𝜀) = h0(𝑢0𝜒𝜀, 𝑣𝜀) + 𝐹𝜀, (3.10)

𝐹𝜀 :=
𝑛∑︁

𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝑢0

𝜕𝑥𝑗

, 𝑣𝜀
𝜕𝜒𝜀

𝜕𝑥𝑖

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

−
𝑛∑︁

𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝜒𝜀

𝜕𝑥𝑗

𝑢0,
𝜕𝑣𝜀
𝜕𝑥𝑖

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

−
𝑛∑︁

𝑗=1

(︂
𝐴𝑗𝑢0, 𝑣𝜀

𝜕𝜒𝜀

𝜕𝑥𝑗

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

.

We deduct the latter obtained identity from the former one

h𝜀(𝑣𝜀, 𝑣𝜀)− 𝜆‖𝑣𝜀‖2𝐿2(Ω𝜀) =
(︀
𝑓, (1− 𝜒𝜀), 𝑣𝜀

)︀
𝐿2(Ω𝜀)

+ 𝐹𝜀. (3.11)

The left hand side of this identity satisfies estimate (3.6) with 𝑢 = 𝑣𝜀.
Our further aim is to estimate the right hand side of identity (3.11). To do this, we shall

need an auxiliary statement.

Lemma 3.1. The estimate hold

‖𝑢‖𝐿2(Π3𝜂(𝜀)∩Ω𝜀) ⩽ 𝐶𝜂
1
2 (𝜀)‖𝑢‖𝑊 1

2 (Ω𝜀), 𝑢 ∈ 𝑊 1
2 (Ω𝜀), (3.12)

‖𝑢‖𝐿2(Π3𝜂(𝜀)) ⩽ 𝐶𝜂
3
2 (𝜀)‖𝑢‖𝑊 2

2 (Ω), 𝑢 ∈ 𝑊̊ 2
2 (Ω,Γ), (3.13)∫︁

Γ

+|𝑢|2
⃒⃒
𝜏=𝜂(𝜀)𝛾𝜀(𝑠)

𝑑𝑠 ⩽ 𝐶‖𝑢‖𝑊 1
2 (Ω𝜀), 𝑢 ∈ 𝑊 1

2 (Ω𝜀), (3.14)

where 𝐶 are some constants independent of 𝜀 and 𝑢.

Proof. The proof of the first two estimates was given in [4, Lm. 2.2]. The third estimate can
be easily derived from the obvious identity

|𝑢|2
⃒⃒
𝜏=𝜂(𝜀)𝛾𝜀(𝑠)

=

𝜂(𝜀)𝛾𝜀(𝑠)∫︁
𝜏0

𝜕

𝜕𝜏
|𝑢|2

(︂
1− 𝜒

(︂
3𝜏

𝜏0

)︂)︂
𝑑𝜏.
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This lemma, relations (3.8), inequality (3.7) and estimates (3.13) with 𝑢 = 𝑢0, (3.12) with
𝑢 = 𝑣𝜀 allow us to estimate most of the terms on the right hand side in (3.11):⃒⃒⃒(︀

𝑓, (1− 𝜒𝜀), 𝑣𝜀
)︀
𝐿2(Ω𝜀)

⃒⃒⃒
⩽ 𝐶‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝐿2(Π3𝜂(𝜀)) ⩽ 𝐶𝜂

1
2 (𝜀)‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝑊 1

2 (Ω𝜀),⃒⃒⃒⃒
⃒

𝑛∑︁
𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝜒𝜀

𝜕𝑥𝑖

𝑢0,
𝜕𝑣𝜀
𝜕𝑥𝑗

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

⃒⃒⃒⃒
⃒ ⩽ 𝐶𝜂−1(𝜀)‖𝑢0‖𝐿2(Π3𝜂(𝜀))‖𝑣𝜀‖𝑊 1

2 (Ω𝜀)

⩽ 𝐶𝜂
1
2 (𝜀)‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝑊 1

2 (Ω𝜀),⃒⃒⃒⃒
⃒

𝑛∑︁
𝑗=1

(︂
𝐴𝑗𝑢0, 𝑣𝜀

𝜕𝜒𝜀

𝜕𝑥𝑗

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

⃒⃒⃒⃒
⃒ ⩽ 𝐶𝜂−1(𝜀)‖𝑢0‖𝐿2(Π3𝜂(𝜀))‖𝑣𝜀‖𝐿2(Π3𝜂(𝜀))

⩽ 𝐶𝜂(𝜀)‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝑊 1
2 (Ω𝜀).

(3.15)

Hereinafter by 𝐶 we denote various inessential constants independent of 𝜀,𝑓,𝑢𝜀,𝑢0,𝑣𝜀 and the
spatial variables.
We rewrite the remaining term in the right hand side of (3.11) as

𝑛∑︁
𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝑢0

𝜕𝑥𝑗

, 𝑣𝜀
𝜕𝜒𝜀

𝜕𝑥𝑖

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

=
𝑛∑︁

𝑖,𝑗=1

∫︁
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

𝐴𝑖𝑗
𝜕𝑢0

𝜕𝑥𝑗

𝑣𝜀
𝜕𝜏

𝜕𝑥𝑖

𝜕𝜒𝜀

𝜕𝜏
𝑑𝑥.

By the monotonicity of the function 𝜒 the derivative 𝜕𝜒𝜀

𝜕𝜏
is non–positive. In view of this fact

and the above identity we obtain the estimate⃒⃒⃒⃒ 𝑛∑︁
𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝑢0

𝜕𝑥𝑗

, 𝑣𝜀
𝜕𝜒𝜀

𝜕𝑥𝑖

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

⃒⃒⃒⃒
⩽ 𝐶

∫︁
Γ

𝑑𝑠

−2𝜂(𝜀)∫︁
−3𝜂(𝜀)

|∇𝑢0||𝑣𝜀|
𝜕(1− 𝜒𝜀)

𝜕𝜏
𝑑𝜏, (3.16)

and the integrand in the integral in the right hand side is non–negative. To continue the
estimation, we need to make auxiliary calculations and to prove one lemma.
Let 𝑥 = 𝜌(𝑠) be the parametric equation of surface 𝑆, then the equation for the oscillating

boundary Γ𝜀 reads

𝑥 = 𝜌𝜀(𝑠) := 𝜌(𝑠) + 𝜂(𝜀)𝛾
(︁
𝑠,
𝑠

𝜀

)︁
𝜈(𝑠),

where 𝜈 = 𝜈(𝑠) is the introduced above unit normal to Γ. The tangential vectors to the surface
Γ𝜀 read

𝜕𝜌𝜀
𝜕𝑠𝑘

=
𝜕𝜌

𝜕𝑠𝑘
− 𝜂

𝜕𝛾𝜀
𝜕𝑠𝑘

𝜈 − 𝜂𝛾
𝜕𝜈

𝜕𝑠𝑘
,

𝜕𝛾𝜀
𝜕𝑠𝑘

:=

(︂
𝜕𝛾

𝜕𝑠𝑘
+ 𝜀−1 𝜕𝛾

𝜕𝜉𝑘

)︂
.

It is clear that the vectors 𝜕𝜌
𝜕𝑠𝑘

and 𝜈, as well as 𝜈 and 𝜕𝜈
𝜕𝑠𝑘

are orthogonal. In view of this fact
and the obvious identity

𝜕𝜌

𝜕𝑠𝑘
· 𝜕𝜈
𝜕𝑠𝑗

= − 𝜕2𝜌

𝜕2𝑠𝑘
· 𝜈,

where · is the scalar product in R𝑛, it is easy to verify that

𝜕𝜌𝜀
𝜕𝑠𝑘

· 𝜕𝜌𝜀
𝜕𝑠𝑗

=
𝜕𝜌

𝜕𝑠𝑘
· 𝜕𝜌

𝜕𝑠𝑗
+ 2𝜂𝛾𝜀

𝜕2𝜌

𝜕𝑠𝑖𝜕𝑠𝑗
· 𝜈 − 𝜂2𝛾𝜀

𝜕𝜈

𝜕𝑠𝑘
· 𝜕𝜈
𝜕𝑠𝑗

+ 𝜂2
𝜕𝛾𝜀

𝜕𝑠𝑘𝜕𝑠𝑗

𝜕𝛾𝜀
𝜕𝑠𝑗

.

This and the made assumptions on the surface 𝐺 imply that the Gram matrix of the surface
Γ𝜀 associated with the variables 𝑠 and denote by Γ𝜀 = Γ𝜀(𝑠) is represented as

𝐺𝜀(𝑠) = 𝑀0

(︁
𝑠,
𝑠

𝜀
, 𝜀
)︁
+

𝜂2

𝜀2
𝑀1

(︁
𝑠,
𝑠

𝜀

)︁
.

Here

𝑀0(𝑠, 𝜉, 𝜀) = 𝐺0(𝑠) + 𝜂(𝜀)𝛾(𝑠, 𝜉)𝑀2(𝑠) + 𝜂2𝛾2(𝑠, 𝜉)𝑀3(𝑠),
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𝑀1(𝑠, 𝜉, 𝜀) :=
(︀
∇𝜉𝛾(𝑠, 𝜉) + 𝜀∇𝑠𝛾(𝑠, 𝜉)

)︀(︀
∇𝜉𝛾(𝑠, 𝜉) + 𝜀∇𝑠𝛾(𝑠, 𝜉)

)︀𝑡
,

where 𝐺0(𝑠) is the Gram matrix of surface Γ, the matrices 𝑀2, 𝑀3 are uniformly bounded and
Hermitian, the matrix 𝑀1 is non–negative. These identities and conditions on the Gram matrix
𝐺0 imposed in the formulation of problem, guarantee the estimate

𝑐9 +
𝜂2(𝜀)

𝜀2
𝑀1

(︁
𝑠,
𝑠

𝜀
, 𝜀
)︁
⩽ 𝐺𝜀(𝑠) ⩽ 𝑐−1

9 +
𝜂2(𝜀)

𝜀2
𝑀1

(︁
𝑠,
𝑠

𝜀
, 𝜀
)︁

where 𝑐9 is some fixed positive constant independent of 𝑠 and 𝜀. Therefore, the eigenvalues of the
matrix 𝐺𝜀 are estimated from below by the sums of 𝑐9 and the eigenvalues of the non-negative
matrix 𝑀1. It immediately implies that

(︀
det𝐺𝜀(𝑠)

)︀ 1
4 ⩾

(︂
𝑐𝑛−1
9 + 𝑐9

𝜂2(𝜀)

𝜀2
Tr𝑀1

(︁
𝑠,
𝑠

𝜀
, 𝜀
)︁)︂ 1

4

⩾𝑐10

(︃
1 +

𝜂
1
2 (𝜀)

𝜀
1
2

(︁
Tr𝑀1

(︁
𝑠,
𝑠

𝜀
, 𝜀
)︁)︁ 1

4

)︃
,

(3.17)

where 𝑐10 is a fixed positive constant independent of 𝑠 and 𝜀, as well as(︀
det𝐺𝜀(𝑠)

)︀ 1
4 ⩽ 𝑐11

𝜂
1
2 (𝜀)

𝜀
1
2

, (3.18)

where 𝑐11 is a fixed positive constant independent of 𝑠 and 𝜀. We note that by condition (2.3)
the estimate holds

𝑐12⟨|∇𝜉𝛾(𝑠, · )|2⟩ ⩽ ⟨Tr𝑀1(𝑠, · , 𝜀)⟩ ⩽ 𝑐13⟨|∇𝜉𝛾(𝑠, · )|2⟩, (3.19)

where 𝑐12, 𝑐13 are some fixed positive constants independent of 𝑠 and 𝜀.
We introduce an auxiliary function

𝜃(𝑠, 𝜉, 𝜀) := Tr𝑀1(𝑠, 𝜉, 𝜀)− ⟨Tr𝑀1(𝑠, · , 𝜀)⟩, ⟨𝜃(𝑠, · , 𝜀)⟩ = 0, (3.20)

and consider an auxiliary equation

∆𝜉Θ(𝑠, 𝜉, 𝜀) = 𝜃(𝑠, 𝜉, 𝜀), 𝜉 ∈ R𝑛−1. (3.21)

By the second identity in (3.20) this equation is solvable in the class of □–periodic functions
with respect to 𝜉 and has a unique solution satisfying the condition ⟨Θ(𝑠, · , 𝜀)⟩ = 0. For this
solution, due to the smoothness of the function 𝛾 and the standard Schauder estimates the
following estimate holds

‖Θ(𝑠, · , 𝜀)‖𝐶2+𝛼(□) ⩽ 𝑐12‖𝛾⊥(𝑠, 𝜉)‖𝐶𝛼(□), (3.22)

where 𝑐12 is a constant independent of 𝜀, 𝑠 ∈ 𝑆 and 𝜃. The problem

∆𝜉Θ𝑖(𝑠, 𝜉, 𝜀) =
𝜕𝜃

𝜕𝑠𝑖
(𝑠, 𝜉), 𝜉 ∈ R𝑛−1,

also have a unique □–periodic solution satisfying the condition ⟨Θ𝑖(𝑠, · )⟩ = 0. This solution is
an element of the space 𝐶2+𝛼(□) and the estimate holds

‖Θ𝑖(𝑠, · , 𝜀)‖𝐶2+𝛼(□) ⩽ 𝑐12

⃦⃦⃦⃦
𝜕𝜃

𝜕𝑠𝑖
(𝑠, 𝜉)

⃦⃦⃦⃦
𝐶𝛼(□)

. (3.23)

For small 𝛿 we consider the function

Θ̃𝑖(𝑠, 𝜉, 𝜀) :=
Θ(𝑠+ 𝛿𝑒𝑖, 𝜉, 𝜀)−Θ(𝑠+ 𝛿𝑒𝑖, 𝜉, 𝜀)

𝛿
−Θ𝑖(𝑠, 𝜉, 𝜀), 𝑒𝑖 := (0, . . . , 0, 1, 0, . . . , 0),
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where the vector 𝑒𝑖 has 1 on 𝑖th position and it is supposed that 𝑠+ 𝛿𝑒𝑖, 𝑠 ∈ 𝑆. Such a function
obviously solves the equation

∆𝜉Θ̃𝑖(𝑠, 𝜉, 𝜀) =
𝜃(𝑠+ 𝛿𝑒𝑖, 𝜉, 𝜀)− 𝜃(𝑠+ 𝛿𝑒𝑖, 𝜉, 𝜀)

𝛿
− 𝜕𝜃

𝜕𝑠𝑖
(𝑠, 𝜉, 𝜀), 𝜉 ∈ R𝑛−1,

obeys the condition ⟨Θ̃𝑖(𝑠, · )⟩ = 0 and the estimate

‖Θ̃𝑖‖𝐶2+𝛼(□) ⩽ 𝑐12

⃦⃦⃦⃦
𝜃(𝑠+ 𝛿𝑒𝑖, · , 𝜀)− 𝜃(𝑠+ 𝛿𝑒𝑖, · , 𝜀)

𝛿
− 𝜕𝜃

𝜕𝑠𝑖
(𝑠, · , 𝜀)

⃦⃦⃦⃦
𝐶𝛼(□)

.

Passing to the limits as 𝛿 → 0 in this estimate, by condition (2.1) we conclude that 𝜕Θ
𝜕𝑠𝑖

= Θ𝑖

and in view of (3.22), (3.23)

ess sup
𝑠∈𝑆

‖Θ(𝑠, · , 𝜀)‖𝐶2+𝛼(□) + ess sup
𝑠∈𝑆

‖∇𝑠Θ(𝑠, · , 𝜀)‖𝐶2+𝛼(□) < 𝐶, (3.24)

where the constant 𝐶 is independent of 𝜀.
Problem (3.21) and estimates (3.19) imply the chain of relations

1 =
1 + 𝜂

1
2 (𝜀)

𝜀
1
2

⟨Tr𝑀1(𝑠, · , 𝜀)⟩

1 + 𝜂
1
2 (𝜀)

𝜀
1
2

⟨Tr𝑀1(𝑠, · , 𝜀)⟩
⩽

1 + 𝑐13
𝜂
1
2 (𝜀)

𝜀
1
2

(︀
Tr𝑀1

(︀
𝑠, 𝑠

𝜀
, 𝜀
)︀
−∆𝜉Θ

(︀
𝑠, 𝑠

𝜀
, 𝜀
)︀)︀

1 + 𝑐12
𝜂
1
2 (𝜀)

𝜀
1
2

⟨|∇𝜉𝛾(𝑠, · )|2⟩

=

1 + 𝑐13
𝜂
1
2 (𝜀)

𝜀
1
2

Tr𝑀1

(︀
𝑠, 𝑠

𝜀
, 𝜀
)︀
− 𝑐13𝜂

1
2 (𝜀)𝜀

1
2

𝑛−1∑︀
𝑗=1

𝜕
𝜕𝑠𝑖

𝜕Θ
𝜕𝜉𝑖

(︀
𝑠, 𝑠

𝜀

)︀
+ 𝑐13𝜂

1
2 (𝜀)𝜀

1
2

𝑛−1∑︀
𝑗=1

𝜕2Θ
𝜕𝑠𝑖𝜕𝜉𝑖

(︀
𝑠, 𝑠

𝜀

)︀
1 + 𝑐12

𝜂
1
2 (𝜀)

𝜀
1
2

⟨|∇𝜉𝛾(𝑠, · )|2⟩
.

Here 𝜕Θ2

𝜕𝑠𝑖𝜕𝜉𝑖
stands for the partial derivative in 𝑠𝑖 and 𝜉𝑖 of the function Θ(𝑠, 𝜉), at which 𝜉 = 𝑠

𝜀

is substituted, while 𝜕
𝜕𝑠𝑖

𝜕Θ
𝜕𝜉𝑖

denotes the partial derivative 𝜕Θ
𝜕𝜉𝑖

(𝑠, 𝜉), at which we substitute 𝜉 = 𝑠
𝜀

and then make the total differentiation in 𝑠𝑖. In view of conditions (2.1), (2.3) and estimate
(3.17), we hence obtain

1 ⩽

1 + 𝑐14𝑐13
𝜂
1
2 (𝜀)

𝜀
1
2

(︀
Tr𝑀1

(︀
𝑠, 𝑠

𝜀
, 𝜀
)︀)︀ 1

4 − 𝑐13𝜂
1
2 (𝜀)𝜀

1
2

𝑛−1∑︀
𝑗=1

𝜕
𝜕𝑠𝑖

𝜕Θ
𝜕𝜉𝑖

(︀
𝑠, 𝑠

𝜀

)︀
+ 𝑐13𝜂

1
2 (𝜀)𝜀

1
2

𝑛−1∑︀
𝑗=1

𝜕2Θ
𝜕𝑠𝑖𝜕𝜉𝑖

(︀
𝑠, 𝑠

𝜀

)︀
1 + 𝑐12

𝜂
1
2 (𝜀)

𝜀
1
2

⟨|∇𝜉𝛾(𝑠, · )|2⟩

⩽𝑐15
𝜀

1
2

𝜂
1
2 (𝜀)

(︀
det𝐺𝜀(𝑠)

)︀ 1
4 − 𝑐15𝜀

𝑛−1∑︁
𝑗=1

𝜕

𝜕𝑠𝑖

𝜕Θ

𝜕𝜉𝑖

(︁
𝑠,
𝑠

𝜀

)︁
+ 𝑐15𝜀

𝑛−1∑︁
𝑗=1

𝜕2Θ

𝜕𝑠𝑖𝜕𝜉𝑖

(︁
𝑠,
𝑠

𝜀

)︁
,

where 𝑐14, 𝑐15 are some constants independent of 𝜀, 𝜂, 𝑠.
We return back to estimate (3.16). In view of the above relations and estimate (3.24) we

have∫︁
Γ

𝑑𝑠

−2𝜂(𝜀)∫︁
−3𝜂(𝜀)

|∇𝑢0||𝑣𝜀|
𝜕(1− 𝜒𝜀)

𝜕𝜏
𝑑𝜏 ⩽𝑐15

𝜀
1
2

𝜂
1
2 (𝜀)

∫︁
Γ

𝑑𝑠

−𝜂(𝜀)𝛾𝜀(𝑠)∫︁
−3𝜂(𝜀)

|∇𝑢0||𝑣𝜀|
𝜕(1− 𝜒𝜀)

𝜕𝜏

(︀
det𝐺𝜀(𝑠)

)︀ 1
4 𝑑𝜏

+ 𝑐15𝜀
𝑛−1∑︁
𝑗=1

∫︁
Γ

𝑑𝑠

−2𝜂(𝜀)∫︁
−3𝜂(𝜀)

𝜕𝜒𝜀

𝜕𝜏
|∇𝑢0||𝑣𝜀|

𝜕

𝜕𝑠𝑖

𝜕Θ

𝜕𝜉𝑖

(︁
𝑠,
𝑠

𝜀

)︁
𝑑𝜏

− 𝑐15𝜀

𝑛−1∑︁
𝑗=1

∫︁
Γ

𝑑𝑠

−2𝜂(𝜀)∫︁
−3𝜂(𝜀)

𝜕𝜒𝜀

𝜕𝜏
|∇𝑢0||𝑣𝜀|

𝜕2Θ

𝜕𝑠𝑖𝜕𝜉𝑖

(︁
𝑠,
𝑠

𝜀

)︁
𝑑𝜏.
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In the first term in the right hand side we integrate by parts moving the derivative in 𝜏, while
in the second term we move the derivatives in 𝑠𝑖. We then obtain∫︁
Γ

𝑑𝑠

−2𝜂(𝜀)∫︁
−3𝜂(𝜀)

|∇𝑢0||𝑣𝜀|
𝜕(1− 𝜒𝜀)

𝜕𝜏
𝑑𝜏 ⩽𝑐15

𝜀
1
2

𝜂
1
2 (𝜀)

∫︁
Γ

|∇𝑢0||𝑣𝜀|
⃒⃒⃒
𝜏=−𝜂(𝜀)𝛾𝜀(𝑠)

(︀
det𝐺𝜀(𝑠)

)︀ 1
4 𝑑𝑠

+ 𝑐15
𝜀

1
2

𝜂
1
2 (𝜀)

∫︁
Γ

𝑑𝑠

𝜂(𝜀)𝛾𝜀(𝑠)∫︁
−3𝜂(𝜀)

(1− 𝜒𝜀)
(︀
det𝐺𝜀(𝑠)

)︀ 1
4
𝜕

𝜕𝜏
|∇𝑢0||𝑣𝜀| 𝑑𝜏

− 𝑐15𝜀
𝑛−1∑︁
𝑗=1

∫︁
Γ

𝑑𝑠

−2𝜂(𝜀)∫︁
−3𝜂(𝜀)

𝜕𝜒𝜀

𝜕𝜏

𝜕Θ

𝜕𝜉𝑖

(︁
𝑠,
𝑠

𝜀

)︁ 𝜕

𝜕𝑠𝑖
|∇𝑢0||𝑣𝜀| 𝑑𝜏

− 𝑐15𝜀
𝑛−1∑︁
𝑗=1

∫︁
Γ

𝑑𝑠

−2𝜂(𝜀)∫︁
−3𝜂(𝜀)

𝜕𝜒𝜀

𝜕𝜏
|∇𝑢0||𝑣𝜀|

𝜕2Θ

𝜕𝑠𝑖𝜕𝜉𝑖

(︁
𝑠,
𝑠

𝜀

)︁
𝑑𝜏.

By estimates (3.7), (3.8), (3.16), (3.12), (3.14), (3.18) this yields⃒⃒⃒⃒ 𝑛∑︁
𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝑢0

𝜕𝑥𝑖

,𝑣𝜀
𝜕𝜒𝜀

𝜕𝑥𝑗

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

⃒⃒⃒⃒

⩽𝐶
𝜀

1
2

𝜂
1
2 (𝜀)

‖𝑣𝜀‖𝐿2(Γ𝜀)

(︂∫︁
Γ

(︁
|∇𝑢0|

⃒⃒⃒
𝜏=𝜂(𝜀)𝛾𝜀(𝑠)

)︁2
𝑑𝑠

)︂ 1
2

+ 𝐶
𝜀

𝜂
1
2
(𝜀)

‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝑊 1
2 (Ω𝜀)

⩽𝐶
𝜀

1
2

𝜂
1
2 (𝜀)

‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝐿2(Γ𝜀)

+ 𝐶
𝜀

𝜂
1
2
(𝜀)

‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝑊 1
2 (Ω𝜀).

(3.25)

It follows from this inequality and (3.15) that the right hand side of identity (3.11) admits the
estimate ⃒⃒(︀

𝑓, (1− 𝜒𝜀), 𝑣𝜀
)︀
𝐿2(Ω𝜀)

+ 𝐹𝜀

⃒⃒
⩽𝐶

(︂
𝜂

1
2 (𝜀) +

𝜀

𝜂
1
2 (𝜀)

)︂
‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝑊 1

2 (Ω𝜀)

+ 𝐶
𝜀

1
2

𝜂
1
2 (𝜀)

‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝐿2(Γ𝜀).

Then by the inequality (3.6) with 𝑢 = 𝑣𝜀 for the left hand side of identity (3.11) we obtain

‖𝑣𝜀‖𝑊 1
2 (Ω𝜀) + ‖𝑣𝜀‖𝐿2(Γ𝜀) ⩽ 𝐶

(︂
𝜂

1
2 (𝜀) +

𝜀
1
2

𝜂
1
2 (𝜀)

)︂
‖𝑓‖𝐿2(Ω). (3.26)

We also note that by (3.12), (3.13), (3.7), (3.8) the estimates hold

‖(1− 𝜒𝜀)𝑢0‖𝐿2(Ω𝜀) ⩽ 𝐶𝜂
3
2 (𝜀)‖𝑓‖𝐿2(Ω), ‖∇(1− 𝜒𝜀)𝑢0‖𝐿2(Ω𝜀) ⩽ 𝐶𝜂

1
2 (𝜀)‖𝑓‖𝐿2(Ω).

Together with (3.26) and definition (3.9) of the function 𝑣𝜀 this imply

‖𝑢𝜀 − 𝑢0‖𝑊 1
2 (Ω𝜀) ⩽ 𝐶

(︂
𝜂

1
2 (𝜀) +

𝜀
1
2

𝜂
1
2 (𝜀)

)︂
, ‖𝑓‖𝐿2(Ω),
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and this proves estimate (2.8).

4. Operator 𝐿2–estimate

We shall prove operator estimate in the space 𝐿2 by the duality arguments [38], [39] by means
of the techniques from works [4], [5], [9].
By straightforward calculations we verify that the adjoint operator ℋ*

0 has the differential
expression

ℋ̂* := −
𝑛∑︁

𝑖,𝑗=1

𝜕

𝜕𝑥𝑗

𝐴𝑖𝑗(𝑥)
𝜕

𝜕𝑥𝑖

−
𝑛∑︁

𝑗=1

𝜕

𝜕𝑥𝑗

𝐴𝑗(𝑥) + 𝐴0(𝑥)

and the Dirichlet condition on 𝜕Ω. The structure of such operator is the same as of the operator
ℋ0, and this is why it possesses the same properties. Namely, it is 𝑚–sectoral, its domain is
𝑊̊ 2(Ω, 𝜕Ω), and this operator is associated with the sesquilinear form h0(𝑣, 𝑢). The half–plane
Re𝜆 ⩽ 𝜆0 is in the resolvent set of the operator ℋ*

0 with 𝜆0 from (3.2).
We continue the function 𝑣𝜀 by zero in Ω∖Ω𝜀 and keep the same notation for the continuation.

We denote 𝑤 := (ℋ*
0 − 𝜆)−1𝑣𝜀. The function 𝑤 satisfies estimate (3.7), which in this case reads

‖𝑤‖𝑊 2
2 (Ω) ⩽ 𝑐8‖𝑣𝜀‖𝐿2(Ω) = 𝑐8‖𝑣𝜀‖𝐿2(Ω𝜀). (4.1)

The integral identity for the function 𝑤 with the test function 𝜒𝜀𝑣𝜀 reads
𝑛∑︁

𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝜒𝜀𝑣𝜀
𝜕𝑥𝑗

,
𝜕𝑤

𝜕𝑥𝑖

)︂
𝐿2(Ω)

− 1

2

𝑛∑︁
𝑗=1

(︂
𝜒𝜀𝑣𝜀,

𝜕𝐴𝑗𝑤

𝜕𝑥𝑗

)︂
𝐿2(Ω)

+
1

2

𝑛∑︁
𝑗=1

(︂
𝐴𝑗

𝜕𝜒𝜀𝑣𝜀
𝜕𝑥𝑗

, 𝑤

)︂
𝐿2(Ω)

+ (𝐴0𝑣𝜀, 𝜒𝜀𝑤)𝐿2(Ω) − 𝜆(𝑣𝜀, 𝜒𝜀𝑤)𝐿2(Ω) = (𝜒𝜀𝑣𝜀, 𝑣𝜀)𝐿2(Ω).

In view of the obvious identity (𝜒𝜀𝑣𝜀, 𝑎𝑤)𝐿2(Γ𝜀) = 0 and the definition of the cut–off function
𝜒𝜀, by direct calculations we easily rewrite the above integral identity to

h𝜀(𝑣𝜀, 𝜒𝜀𝑤)− 𝜆(𝑣𝜀, 𝜒𝜀𝑤)𝐿2(Ω) +𝐺𝜀 = (𝜒𝜀𝑣𝜀, 𝑣𝜀)𝐿2(Ω), (4.2)

where the function 𝐺𝜀 is given by the formula

𝐺𝜀 :=
𝑛∑︁

𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝜒𝜀

𝜕𝑥𝑗

𝑣𝜀,
𝜕𝑤

𝜕𝑥𝑖

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

−
𝑛∑︁

𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝑣𝜀
𝜕𝑥𝑗

,
𝜕𝜒𝜀

𝜕𝑥𝑖

𝑤

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

+
𝑛∑︁

𝑗=1

(︂
𝐴𝑗

𝜕𝜒𝜀

𝜕𝑥𝑗

𝑣𝜀, 𝑤

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

.

Since the function 𝜒𝜀𝑤 vanishes identically on Π2𝜂(𝜀) ⊃ Ω ∖ Ω𝜀, we have the obvious identities

h𝜀(𝑣𝜀, 𝜒𝜀𝑤)− 𝜆(𝑣𝜀, 𝜒𝜀𝑤)𝐿2(Ω) =h𝜀(𝑢𝜀, 𝜒𝜀𝑤)− 𝜆(𝑢0, 𝜒𝜀𝑤)𝐿2(Ω)

−
(︀
h0(𝜒𝜀𝑢0, 𝜒𝜀𝑤)− 𝜆(𝜒𝜀𝑢0, 𝜒𝜀𝑤)𝐿2(Ω)

)︀
,

and similar to the derivation of integral identity (3.10) we obtain

h𝜀(𝑣𝜀, 𝜒𝜀𝑤)− 𝜆(𝑣𝜀, 𝜒𝜀𝑤)𝐿2(Ω) = ((1− 𝜒𝜀)𝑓, 𝜒𝜀𝑤)𝐿2(Ω) − 𝐹𝜀,

where we have denoted

𝐹𝜀 :=
𝑛∑︁

𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝑢0

𝜕𝑥𝑗

, 𝜒𝜀𝑤𝜀
𝜕𝜒𝜀

𝜕𝑥𝑖

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

−
𝑛∑︁

𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝜒𝜀

𝜕𝑥𝑗

𝑢0,
𝜕𝜒𝜀𝑤

𝜕𝑥𝑖

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

−
𝑛∑︁

𝑗=1

(︂
𝐴𝑗𝑢0, 𝜒𝜀𝑤

𝜕𝜒𝜀

𝜕𝑥𝑗

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

.

By (4.2) this implies the formula

(𝜒𝜀𝑣𝜀, 𝑣𝜀)𝐿2(Ω) = 𝐺𝜀 − 𝐹𝜀 + ((1− 𝜒𝜀)𝑓, 𝜒𝜀𝑤)𝐿2(Ω). (4.3)
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Let us estimate the right hand side of this formula.
Similar to the derivation of estimates (3.15), on the base of Lemma 3.1 and estimates (3.7),

(4.1), (3.8), (3.26) we immediately obtain⃒⃒⃒⃒ 𝑛∑︁
𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝑣𝜀
𝜕𝑥𝑗

,
𝜕𝜒𝜀

𝜕𝑥𝑖

𝑤

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

⃒⃒⃒⃒
+

⃒⃒⃒⃒ 𝑛∑︁
𝑗=1

(︂
𝐴𝑗

𝜕𝜒𝜀

𝜕𝑥𝑗

𝑣𝜀, 𝑤

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

⃒⃒⃒⃒
+ |𝐹𝜀|

+ |((1− 𝜒𝜀)𝑓, 𝜒𝜀𝑤)𝐿2(Ω)| ⩽ 𝐶𝜂
1
2 (𝜀)‖𝑣𝜀‖𝑊 1

2 (Ω𝜀)‖𝑤‖𝑊 2
2 (Ω) + 𝐶𝜂(𝜀)‖𝑢0‖𝑊 2

2 (Ω𝜀)‖𝑤‖𝑊 2
2 (Ω)

+ 𝐶𝜂
3
2 (𝜀)‖𝑓‖𝐿2(Ω)‖𝑤‖𝑊 2

2 (Ω)

⩽ 𝐶(𝜂(𝜀) + 𝜀
1
2 )‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝐿2(Ω𝜀),

(4.4)

where the constant 𝐶 is independent of 𝜀, 𝑓, 𝑣𝜀, 𝑢0, 𝑤. The remaining term in the function 𝐺𝜀

can be estimated similar to (3.25) by using (3.26), (4.1)⃒⃒⃒⃒ 𝑛∑︁
𝑖,𝑗=1

(︂
𝐴𝑖𝑗

𝜕𝜒𝜀

𝜕𝑥𝑗

𝑣𝜀,
𝜕𝑤

𝜕𝑥𝑖

)︂
𝐿2(Π3𝜂(𝜀)∖Π2𝜂(𝜀))

⃒⃒⃒⃒
⩽𝐶

𝜀
1
2

𝜂
1
2 (𝜀)

‖𝑤‖𝑊 2
2 (Ω)‖𝑣𝜀‖𝐿2(Γ𝜀)

+ 𝐶
𝜀

𝜂
1
2
(𝜀)

‖𝑤‖𝑊 2
2 (Ω)‖𝑣𝜀‖𝑊 1

2 (Ω𝜀)

⩽𝐶

(︂
𝜀

𝜂(𝜀)
+ 𝜀

1
2

)︂
‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝐿2(Ω𝜀).

By these relations and (4.4), (4.3) we obtain⃒⃒
(𝜒𝜀𝑣𝜀, 𝑣𝜀)𝐿2(Ω)

⃒⃒
⩽ 𝐶

(︂
𝜀

𝜂(𝜀)
+ 𝜀

1
2

)︂
‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝐿2(Ω𝜀). (4.5)

We also note that by (3.12), (3.26) the estimate holds⃒⃒
((1− 𝜒𝜀)𝑣𝜀, 𝑣𝜀)𝐿2(Ω)

⃒⃒
⩽ 𝐶𝜂

1
2 (𝜀)‖𝑣𝜀‖𝑊 1

2 (Ω𝜀)‖𝑣𝜀‖𝐿2(Ω) ⩽ 𝐶(𝜂(𝜀) + 𝜀
1
2 )‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝐿2(Ω).

In view (4.5) we now finally obtain

‖𝑣𝜀‖2𝐿2(Ω𝜀) ⩽ 𝐶

(︂
𝜀

1
2 + 𝜂(𝜀) +

𝜀

𝜂(𝜀)

)︂
‖𝑓‖𝐿2(Ω)‖𝑣𝜀‖𝐿2(Ω),

and this proves estimate (2.10).
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29. D.I. Borisov, J. Kř́ıž. Operator estimates for non–periodically perforated domains with Dirichlet
and nonlinear Robin conditions: vanishing limit // Anal. Math. Phys. 13, 5 (2023).
https://doi.org/10.1007/s13324-022-00765-8

30. D.I. Borisov. Operator estimates for non–periodically perforated domains with Dirichlet and non-
linear Robin conditions: strange term // Math. Methods Appl. Sci. 47:6, 4122–4164 (2024).
https://doi.org/10.1002/mma.9807

31. D.I. Borisov. Operator estimates for non–periodically perforated domains: disappearance of cavities
// Appl. Anal. 103:5, 859–873 (2024). https://doi.org/10.1080/00036811.2023.2209726

32. G.A. Chechkin, A. Friedman, A.L. Piatnitski. The boundary–value problem in domains with very
rapidly oscillating boundary // J. Math. Anal. Appl. 231:1, 213–234 (1999).
https://doi.org/10.1006/jmaa.1998.6226

33. E.N. Dancer, D. Daners. Domain perturbation for elliptic equations subject to Robin boundary
conditions // J. Differ. Equations. 138:1, 86–132 (1997). https://doi.org/10.1006/jdeq.1997.3256

34. M.K. Gobbert, C.A. Ringhofer. An asymptotic analysis for a model of chemical vapor deposition
on a microstructured surface // SIAM J. Appl. Math. 58:3, 737–752 (1998).
https://doi.org/10.1137/S0036139999528467
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