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STABILITY AND CONTROLLABILITY RESULTS FOR
CAPUTO-TYPE FRACTIONAL DIFFERENTIAL
HEMIVARIATIONAL INEQUALITIES WITH
THREE-PARAMETER PERTURBATIONS

V.M. TAM

Abstract. The aim of this paper is to investigate a perturbed differential system on real
Banach spaces that consists of a Caputo—type fractional order evolution equation and a
time—dependent constrained hemivariational inequality. We begin by proving the stability
result for the mild solution set mapping of the differential system, where the mapping
in the evolution equation, as well as both the mappings and the constraint set in the
hemivariational inequality are perturbed by different parameters. Additionally, we explore
an existence result for an optimal control problem governed by the fractional differential
hemivariational inequality with three—parameter perturbations.
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1. INTRODUCTION

Differential variational inequalities (DVIs) are a class of dynamic systems formed by com-
bining ordinary differential equations with variational inequalities. These systems are crucial
in various fields, such as dynamic Nash equilibrium problems, spatial price equilibrium control
issues, dynamic oligopolistic network competition, frictional contact problems, and dynamic
traffic networks, as highlighted in works [5], [8], [16], [28]. In 2008, Pang and Stewart [25] were
the first to introduce and systematically study a class of differential variational inequalities
in finite-dimensional Euclidean spaces. Over recent years, significant advancements have been
made, leading to sharper results in different types of DVIs, see e.g., [18], [34], [37] and references
therein.

Fractional calculus, which naturally generalizes classical integer order calculus, offers an ac-
curate representation of certain physical phenomena in viscoelastic materials, including the
fractional Kelvin — Voigt constitutive laws and the fractional Maxwell model [12], [11], [20].
Fractional calculus methods for differential variational inequalities have also been proposed
and explored through various fractional differential variational inequalities, see e.g., [13], [22],
[34]. In addition, Liu, Zeng and Migérski [19] studied a class of differential hemivariational
inequalities (DHVIs) that combine a differential equation with a time-dependent hemivaria-
tional inequality. The theory of hemivariational inequalities is a generalization of the concept of
variational inequalities, which was first introduced by Panagiotopoulos [23], [24]. This theory
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addresses various mechanical problems involving non—convex and non—smooth energy poten-
tials, relying on the Clarke generalized gradient for locally Lipschitz functions. Recently, a
lot of works introduced and investigated various fractional versions of DHVIs in the study of
solution properties and numerical analysis to these DHVIs, see e.g., Lu, Liu, Jiang and Luo
[20], Zeng, Liu, and Migoérski [36], Weng, Chen, Li, and Huang [32], Anh [I|, Tam and Wu [29]
and Chen, Zhang, Huang, and Xiao [6] and the references therein. In particular, Wu and Chen
[33] studied the existence of a novel class of DHVIs with Caputo—type fractional differential
operators and fuzzy mappings and provided an illustrative application to a class of frictional
quasistatic contact problems for viscoelastic materials.

On the other hand, because the data collected by engineers using different devices often
contain errors, achieving perfectly accurate data for practical problems is not feasible. The
stability results guarantee that the solution will change continuously when the mapping is
slightly perturbed, serving as a useful check to verify that the solution of the original problem is
similar to the solution of the perturbed problems. As a result, the stability analysis of solutions
for DVIs is always essential. Gwinner [11] studied the stability of the solution set mapping
for a specific class of linear differential variational inequalities, focusing on upper convergence
when both the constraint set and the associated linear mapping are perturbed. Wang, Li, Li,
and Huang [30] investigated the upper semicontinuity and continuity of the solution mapping
for DVIs of the mixed type, considering the effects of perturbations in both the mapping and
the constraint set. Recently, Guo, Li, Xiao, and Migérski [10] extended these ideas to analyze
the stability of solution mappings for a class of DVIs in real Banach spaces, building upon
the framework established in [30]. Li and Wang [17] also developed the continuity of the mild
solution mapping for DVIs of the set—valued type perturbed by parameters in real Banach
spaces. Very recently, Yang, Li, Zhang and Alwadani [35] studied and established the stability
results of mild solution mappings for a system composed of a nonlinear evolutionary equation
and a set—valued mixed variational inequality in real Banach spaces when both the mapping and
constraint set in the inequality are perturbed by various parameters. Besides, Cen, Sousa, and
Li [4] also developed the stability result of a class of FDVIs, which is composed of a Caputo—
type fractional evolution equation and a time—dependent variational inequality perturbed by
two different parameters in the mapping and the constraint set.

Inspired by the previously mentioned studies, in this paper investigates the following per-
turbed differential system, which is characterized by a Caputo—type fractional differential equa-
tion coupled with a time—dependent constrained hemivariational inequality.

Problem 1.1. Given (\,7,() € Ax & X Z, find functions w: [0,T] - W and z: [0,T] - Z

such that

SDIw(r) = Aw(r) + H (1,w(7), 2(7),\) a.e. T €[0,T],

2(7) € Su(Py, B, U, Je) ace. T €10,T7,

w(0) = wo,
where W, Z are real Banach spaces, A, & and = are three metric spaces, q € (0,1], w(r) € W,
and z(t) € P(y), P: & — 27, A: D(A) C W — W is an infinitesimal generator of Co—
semigroup {T () }r>o0,

H:0,T|xWxZxA—=W, B:=2x7Z—Z", U:[0,T|xWxZ—Z"

are given mappings, J° is the generalized directional derivative of a locally Lipschitz functional
J 1 EXZ = R; Sy(Py, B, ¥, J:) stands for the solution sets of the following hemivariational
inequality in Z (for short, (HVI)2¢): given a function w: [0,T] — W, find z(7) € P(y) for a.e.
T € [0,T] such that

(B(C, 2(7)) = U(r,w(7), 2(7)),v = 2(T)) zxz + J((, N2(7); N(v = 2(7))) = 0,
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for all v € P(vy) and a.e. 7 € [0,T], with N : Z — Z being a prescribed linear operator.

The perturbed differential system described in Problem 1.1 provides a generalized framework
for the corresponding differential systems investigated in [4], [L1], [10], [I7], [30], [35]. In
our formulation, the perturbations affect not only the mapping in the evolution equation but
also the mappings and the constraint set in the hemivariational inequality, each governed by
different parameters. Furthermore, this system incorporates an evolution equation involving the
Caputo—type fractional derivative together with a time—dependent constrained hemivariational

inequality in real Banach spaces.
If

H(r,w,z,\) = H(T,w, 2), P(y) =P, B(¢, z) = B(z),
J(¢v)=Jw) forall (\7,{)EAxBXE, (w,2)eWxZ, veZ 71€el0,T],
then Problem 1.1 perturbed by different parameters reduces to the following differential system.

Problem 1.2. Find functions w: [0,T] - W and z: [0,T] — Z such that

(§DIw(T) = Aw(T) + H (1,w(7),2(7))  ae. 7€[0,T],

2(r) € P forae T€l0,T] such that

(B(2(7)) = ¥(r,w(7), 2(7)),v = 2(T)) z2xz + J°*(N2(7); N(v — 2(7))) = 0,
forall veP anda.e 7€][0,T],
L w(0) = wo.

Remark 1.1. (i) It is worth noting that Problem 1.2 can be viewed as a particular case of
the fractional differential hemivariational inequality introduced by Wu — Chen |33] without
the fuzzy mapping and the delay in the fuzzy differential inclusion.

(i) The set—valued solution mapping of Problem 1.1 is given by

Ax®xZ3 (N7, = Q(\n,() € 2000TEWIxCWOTEZ) \ fg1 (1.1)

where Q (X, 7, () is the set of mild solutions to Problem 1.1 corresponding to the triple
(A7, 0)-

This work makes the following specific contributions.

(1) We formulate a new class of perturbed differential system in the setting of real Banach
spaces that consists of a Caputo—type fractional order evolution equation and a time-
dependent constrained hemivariational inequality (Problem 1.1).

(2) Using appropriate conditions, a stability result in the sense of upper semicontinuity for
the mild solution set mapping of the differential system is established, where the mapping
in the evolution equation, as well as both the mappings and the constraint set in the
hemivariational inequality, are perturbed by different parameters.

(3) An existence result for a general optimal control problem governed by the fractional dif-
ferential hemivariational inequality formulated in Problem 1.1 is also derived, aiming to
minimize the effect of the perturbations.

This paper is organized as follows. In Section 2, we introduce the basic concepts and mathe-
matical framework necessary for the analysis of Problem 1.1. Section 3 presents the assumptions
and conditions imposed on the data, as well as the existence of solutions for Problem 1.1. The
stability results for the mild solution set mapping of the system are derived in Section 4. Fi-
nally, in Section 5, we introduce and investigate the existence of solutions of an optimal control
problem governed by Problem 1.1.
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2. PRELIMINARIES

In this section, we revisit fundamental concepts and established results that will be essential
for examining Problem 1.1 in the upcoming sections.

Let W be a Banach space and W* be its topological dual space. The duality pairing of W
and W* and the norm on W are denoted by (-, - )w and || - ||, respectively. Given 0 < T < oo
and a subset K C W, we let

C([0,T); K) = {w € C([0,T]; W) : w(t) € K for a.e. t € [0,T]}.

If K = R, we shortly write C(0,7"). The notation £(W, Z) stands for the space of all linear
continuous operators from a Banach space W to a Banach space Z.

Definition 2.1. [7], [21] A function 1: W — R := R U {+o0} is said to be proper if 1 #
+oo. The function v is upper semicontinuous at wg € W if for each {w,} C W such that w,, —
wy the inequality limsup,, . ¥ (w,) < ¥(wgy) holds. The function 1 is lower semicontinuous at
wo € W if for each {w,} C W such that w, — wq the inequality (wy) < liminf,, ., ¥ (wy,)
holds. The function 1 is upper semicontinuous (respectively, lower semicontinuous) on W if ¢
is upper semicontinuous (respectively, lower semicontinuous) at each wy € W. The function 1
15 convex if

P(Aw + (1= Nv) < Mp(w) + (1= N)(v)
for all w,v € W and X € [0, 1].

Definition 2.2. 7], [21] A function ¢ : W — R is called locally Lipschitz if, for each
w € W, there exists a neighborhood N, of w and a constant l,, > 0 such that

[P (v1) — P(v2)] < lyllvr — veollw for all vy,vy € N

Given a locally Lipschitz function v: W — R, we denote by ¢°(w;v) the Clarke’s generalized
directional derivative of Y at the point w € W in the direction v € W, which is defined by

Y°(w;v) := limsup V(@ +tv) — ¢(w)

z—w, t—0t t

The generalized gradient of ¥ at w € W in the sense of Clarke, denoted by 0v(w), is a subset
of W* given by

Ov(w) = {n* € W* | °(w;v) = (n*,v)w for allv e W}.

The following proposition presents some fundamental results regarding the generalized di-
rectional derivative and the generalized gradient in the sense of Clarke for a locally Lipschitz
function.

Proposition 2.1. |21, Prop. 3.23| Let : W — R be a locally Lipschitz function. Then

(i) For every w € W, the function W > v — ¥°(w;v) € R is positively homogeneous, i.e.,
o (w; Av) = Mp°(w;v) for all X = 0,v € W and subadditive, i.e.,

V° (wiv + v2) <Y (wi01) + ¥° (w3 02)
for all vi,vy € W.
(ii) For every v € W we have ¥°(w;v) = max{(n,v)w | n € 0Y(w)}.
(iii) The function W x W 3 (w,v) — ¢¥°(w;v) € R is upper semicontinuous.

(iv) For every w € W the generalized gradient Ov(w) C W* is a nonempty, weakly* compact
which is bounded by the Lipschitz constant 1, > 0 of ¥ near w), convex set o .
hich is bounded by the Lipschitz constant L, > 0 of 1 tof W*

Next, we recall the definition of Caputo fractional derivative operator.
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Definition 2.3. [11], [39] For a function w € C™([0,T],W), the Caputo fractional order
derivative of w of order ¢ > 0, is defined as follows:

1 f w™ ()
“pa = / d
L e A T
0

where n = min{k € N : k > ¢}, and w™ (1) is the nth-order derivative of w(r), and T'(-) is
the Gamma function defined by
+o0o

['(q) = /tqlet dt.
0
More specifically, we observe that

(i) when q is equal to a positive integer n, we define
Diw(r) = w(7);

(ii) when 0 < g < 1, we have

“Diaw(r) = ! T (o) o
w7 () r<1—q>0/<f—o>qd'

The symbol “—” will be employed to denote the weak convergence. We are going to review
some properties of set—valued mappings.

Definition 2.4. [2] Let W and Z be two topological spaces and Q: W — 2% be a set-valued
mapping. Then Q) is said to be

(a) convezr— (resp., closed—, bounded—, compact—, weak compact-) valued if Q(w) is convex
(resp., closed, bounded, compact, weak compact) for each w € W;

(b) upper semicontinuous at wy € W if, for each open set U of Q(wy), there exists a neigh-
borhood V' of wy such that U D Q(w) for all w € V;

(¢) closed at wy € W if for each {wy} C W, wy — wo and {z} C Z, 2z — 2 such that
2k € Q(wy), we have zy € Q(wyp).

If Q satisfies a certain property at every point of a set K C W, then Q s said to satisfy that
property on K. If K =W, we omit the phrase “on W7 in the statement.

Lemma 2.1. [3]| Let Z be a Banach space and K be a nonempty subset of another Banach
space. Assume that Q: K — 2% is a set-valued mapping with nonempty, weakly compact
and convex values. Then Q is weakly upper semicontinuous if and only if for each sequence
{wr} C K, which converges to wy € K, and for each sequence {z} C Q(wy), there exists
20 € Q(wo) such that z — zo up to a subsequence.

3. ASSUMPTIONS AND EXISTENCE RESULTS

This section presents the assumptions and conditions necessary for the analysis in the sub-
sequent sections. Moreover, the existence of solutions for Problem 1.1 is also established.

Inspired by [33, Def. 2.5|, we proceed to define the solutions to Problem 1.1 corresponding
to the triple (A,~,() in the mild sense.
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Definition 3.1. Given (A\,7,() € A x & X =, a pair of functions (w,z) € C([0,T]; W) x
C([0,T); Z) is said to be a mild solution of Problem 1.1 if

T

w(T) = Ry(T)wo + /(T —0)171S,(t — 0)H (o, w(0), 2(0), \)do, (3.1)
0
for all 7 € [0,T), where (1) solves the problem (HVI))S for a.e. 7 € [0,T].

Here R,(7) and S,(7) are given by

Ry(1) = /goq(a)’T(Tqa) do and S,(1) = q/agoq(a)T(Tqa) do
with
@q(g) = éaléwq <07%> )
wy(o) = %Z(—l)"‘la_"q_lw sin(ngr), o € (0, 00).

Remark 3.1. It is well-known that {R,(7)}r>0 and {S,(7)}r=0 are families of bounded lin-
ear operators on W, where ¢, is a probability density function defined on (0,00), that is,

0,(0) =20, o€ (0,00) and /cpq(a) do = 1.
0

These operator families were introduced to establish the definition of mild solutions for a class
of nonlocal Cauchy problems involving Caputo—type fractional order derivatives. For further
details, we refer the reader to Zhou — Jiao [38].

Remark 3.2. The mild solution given in (3.1) takes the form of a fractional variation of
constants (Duhamel-type) formula for the Caputo-type fractional equation in Problem 1.1. This
representation consists of

o the homogeneous part R,(T)wo, corresponding to the case H = 0;

e the integral term associated with the perturbation induced by the nonlinear function H.

In particular, if H = 0, then w(1) = Ry (T)wyg is the solution of the homogeneous linear frac-
tional Cauchy problem

§Diw(r) = Aw(r), ae 7€[0,T],
w(0) = wo.
In this case, {Ry(T)}r>0 is the fractional resolvent (solution operator) family generated by A.

We now recall some auxiliary lemmas concerning the operators R,(-) and S,( ), which will
play a key role in our compactness arguments.

Lemma 3.1. [38, Lms. 3.2-3.4] The operators R,(7) and S,(T) possess the following prop-
erties:

(i) For each fized T > 0, operator Ry(T) and S,(7) are linear and bounded and satisfy

qbr

IR ()l < brllwl ond IS,(Fhwly < 5=

|\wllw forall weW, 7>=0

where by = SUD €0, 4-00) |7 () < oo.
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(i) {Ry(7)},5 and {S,(1)} .o, are strongly continuous.
(iii) For each T >0, iof T(7T) is compact, then R,(7) and S,(7) are also compact.

Lemma 3.2. |31, Lm. 3.5| Let A be an infinitesimal generator of a compact Cy-semigroup
{T(7)}r=0. Then, for 1 > q > % with p > 1, the operator X : LP ([0, T],W) — C ([0,T], W),
given by

T

(3h) (1) = /(7’ — O')q_lsq(T — o0)h(o)do,

18 compact.

We proceed to assumptions and conditions on the data of Problem 1.1.

a(T): {T(7)}r>0 is compact.

a(P): The set—valued map P : & — 2% has nonempty, closed and convex values, for each v € &,
and for each ~, € & such that v, — v in &, one has P(v,) M, P(v), i.e.,
(i) For any z, € P(vy,) with z, — zin Z, up to a subsequence, z € P(¥);
(ii) For any z € P(v), there is z, € P(7,) with z, — z in Z.

a(H): The mapping H : [0,T] x W x Z x A — W satisfies
(i) H(r,w, E,\) is convex in Z for all (1,w,\) € [0,T] x W x A, where E C P(®) is
convex.

(ii) There exist by € LP([0,T]; R;) such that
1H (7w, 2, llw < bu(T)(1+ [lwllw +[I2]2)

for all (1,w,z,A) € [0,T] x W x Z x A.
(iii) For all (w,z,\) € W x Z x A the mapping H(-,w,z,\) : [0,7] — W is measurable.
(iv) For each 7 € [0, T, (wn, 2n, An) = (w, 2, A) in W x Z x A yields
H (T,wn, 2n, A\p) = H(T,w,2,\) in W.

a(B): Given mapping B : = x Z — Z* satisfies
(i) B is continuous and for all ¢ € Z, B((, -) is strongly monotone, i.e., there exists a
constant cg > 0 such that

(B(C,21) =B ((,22),21 — 22), = ¢ |l21 — ZQHQZ for all 21,2 € Z.
(ii) For all z,u € P(®) and ¢ € Z, one has

li/\n_1ﬂi)nf<l3((,z—|— AMu—2)),u—2)z <(B((,2),u— 2)z;

(iii) There exists a function ¢, : Ry — R and ¢;(2) — 400 as z — oo such that

(B(C, 2), 2z —u)z = (|2l 2) ||zl 2 for all w e P(&).

a(J): The functional J : = x Z — R is such that
(i) J(C, -) is locally Lipschitz for all ¢ € =.
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(i) There exists a constant ¢; > 0 such that for each ¢ € Z,
(m =, 21— 22), 2 —c |21 — 2l
for all 21, %9 € Z, m € 82J<<721) , Mo € 82J(C,Zg) .
(iii) For all z,v € Z, the function ¢ — J°((, z;v) is upper semicontinuous.

a(N): The linear operator N : Z — Z is bounded and compact.

a(¥): The function ¥ : [0,7] x W x Z — Z* is such that
(i) For all w € W and z € Z,¥(-,w, z) is continuous.

(ii) For all 7 € [0,T], ¥(r, -, -) is Lipschitz continuous, i.e., there exist constants ly,ly > 0
such that

[V (7, w1, 21) — W (7, wa, 22)[| 5o <l w1 —wal| + 12 |21 — 22| -

(iii) For all u € P(®), one has

Hminf(V (7, w, z + AMu — 2)), 2 —u)z < (V(r,w,2),2 —u)z.

)\—>0+

(iv) There exists a bounded function p : [0,7] x Ry — R and a function ¢ : Ry — R
such that

Y — inf N(u—
(¥(rw ) u=z)z+ ik (0 N(u—2)z

> ¢ao(|lzl|2)l12llz + (1 + [zl 2)p(7, |w]|w),
for all u € P(®).

a(const.): The inequalities hold

1

L

b -1
CB>Z27 T (p

[(g+1) \pg—1

To derive several analytical properties of Problem 1.1 in the simplified setting of Problem 1.2,
we also consider the non—parametric counterpart of the above assumptions obtained by remov-
ing the dependence on the parameter spaces &, = and A. Accordingly, we impose the following
non—parametric assumptions of Problem 1.2.

a(P): P is a nonempty, closed and convex subset of Z.
a(H): The mapping H : [0,T] x W x Z — W satisfies

(i) H(r,w, F) is convex in Z for all (1,w) € [0,T] x W, where E C P is convex.

(ii) There exist by € LP([0,T]; R,) such that

1H (7w, 2)[[w < bu(T)(1+ [lwllw + [|2[|2)
for all (1,w,z2) € [0,T] x W x Z.
(iii) For all (w,2) e W x Z, H(-,w,z) : [0,T7] — W is measurable.
(iv) For each 7 € [0, T, (wy, z,) = (w,2) in W x Z yields
H (1,wp, 2,) = H(T,w,2) in W.

a(B): Given mapping B : Z — Z* satisfies
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(i) B is continuous and strongly monotone, i.e., there exists a constant ¢z > 0 such that

(B(21) = B(22),21 — 22), = csllz1 — 2l forall 2,2 € Z.

(ii) For all z,u € P, one has
liminf(B(z + Mu — 2)),u — 2)z < (B(2),u — 2) .

A—04

(iii) There exists a function ¢, : Ry — R and ¢;(2) — 400 as z — oo such that

(B(2), 2 —u)z = ¢u([l2]|2)l|2] 2, forall we P,

a(J): The functional J : Z — R is such that

(i) J is locally Lipschitz for all z € Z;

(ii) There exists a constant ¢; > 0 such that

(m —ma, 21— 22), = —cy||z1 — ZzHQZ
for all 21,29 € Z,m € 0J (1) ,m2 € OJ (22)

a(V): The function ¥ : [0,T] x W x Z — Z* is such that
(i) For all w € W and z € Z,¥(-,w, z) is continuous.

(ii) For all 7 € [0, T, ¥(T, -, -) is Lipschitz continuous, i.e., there exist constants ly,ly > 0
such that

| (7, w1, 21) — W (T, wa, 22) || 5o <l w1 — wal| + 12 |21 — 22| -

(iii) For all uw € P, one has

Hminf (VU (7, w, z + Mu — 2)),z —u)z < (V(r,w,2),z —u)z.
)\4)0.’_
(iv) There exists a bounded function p : [0,7] x Ry — R and a function ¢ : Ry — R
such that

U — inf N(u —
< (T,?U,Z),’LL Z>Z+n68151(Nz)<n’ (U Z)>Z

> oallzll2) 121z + (L + 2]l 2) p(7, lwllw)
for all u € P.

Remark 3.3. (i) It is worth noting that, once the parameters (7,(,A) € & X = x A are
fized, the parametric assumptions a(P), a(H), a(B), a(J), and a(V) directly imply their

non-parametric counterparts a(P), a(H), a(B), a(J), and a(\V), respectively.

(i) The collection of hypotheses a(T), a(P), a(H), a(B), a(J), a(N), a(¥), and a(const.)
corresponds to the framework investigated by Wu and Chen [33] for a simplified version
of Problem 1.2 (specifically, in the absence of fuzzy mappings and delay terms in the
differential inclusion).

By Remark 3.3, using |33, Lm. 3.1] and arguing as in the proof of |33, Lm. 3.2], we obtain
the following result for the problem (HVI)?S.

Lemma 3.3. Given (v,() € & x = and w € W, suppose that the conditions a(P), a(B),
a(J), a(V), a(N) and a(const.) are satisfied. Furthermore, assume the conditions
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a(mon.): For each w € W and 7 € [0,T], the mapping
2+ B((,z) —V(r,w,z) + N0 J((, N2)

18 monotone.

Then Sy (Py, B, VU, J¢) is nonempty and compact in Z.

Remark 3.4. The condition a(mon.) in Lemma 3.3 corresponds to the following non—
parametric condition, which was considered by Wu — Chen [33].

a(mon.): For each w € W and 7 € [0,T), the mapping
z — B(z) = V(1,w,2)+ N*0J(Nz)
s monotone.

By Remark 3.3(ii) and Remark 3.4, the following result follows directly from [33, Thm. 3.1]
for Problem 1.2 in the absence of the fuzzy mapping and the delay term in the differential
inclusion.

Corollary 3.1. Under Assumptions a(T), a(P), a(H), a(B), a(J), a(N), a(¥), a(const.)
and a(mon.), Problem 1.2 has at least one mild solution.

By Remark 1.1(i), if the parameters A, 7, and ( are fixed, then Problem 1.1 reduces to
the corresponding Problem 1.2. Hence, by Remark 3.3, Remark 3.4, and Corollary 3.1, we
immediately obtain an existence result for mild solutions of Problem 1.1.

Theorem 3.1. Given (\,7,() € A x & x E, let Assumptions a(T), a(H), a(P), a(B),
a(¥), a(J), a(N), a(const.) and a(mon.) be satisfied. Then Problem 1.1 has at least one mild
solution.

Remark 3.5. (i) The result of Theorem 5.1 means that the solution set Q(\,v,() # 0 for
all (A\,7,() € A x B x =.

(i) Also, by [33, Thm. 3.1| we obtain that the set of mild trajectory functions of Prob-
lem 1.1 is compact C([0, T|;W). Therefore, combining the compactness of the solution
set Sy (Py, B, W, J¢) of the problem (HVI)XS (by Lemma 3.3), we are able to conclude that
the set Q(\, v, () is compact in C([0, T]|; W) x C([0,T]; Z) for all (A\,7,{) € A x & x E.

To illustrate that all the assumptions in Theorem 3.1 can be satisfied, we provide the following
numerical example.

Example. Let W =27 =R and & == = A = [0, 1], and choose p =2, ¢ = 0.6, T = 0.4, and
wo = 0.015. Let

P:® — 27 AW =W, H:[0,T|xW x ZxA—=W, B:Zx2Z— 7,

U:[0,T]xWxZ—Z", J:=Z2xZ =R, N:Z—Z
be defined by
P(vy) :=[v,1+1], Aw = —2w, H(t,w,z,\) = ﬁTZ + % sinw + %e‘A,
B(¢, 2) := (2 + cos(¢?))z, U(r,w,z) :== 372 — sinw — 1, J(Cy) = 37, N :=Idg.

We now verify each assumption of Theorem 3.1 explicitly.
a(7T): Since the state space W = R is finite-dimensional, every bounded linear operator on W is
compact. The linear operator A : W — W defined by Aw = —2w generates the Cy—semigroup
given by
T(Tw = e *w (for 7 > 0).
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Consequently, 7(7) is a compact operator for every 7 > 0. Furthermore, we have
by :=sup||T(7)| = supe " = 1.

720 720
The assumption a(7) is satisfied.
a(P): For each v € & = [0, 1], the set P(v) = [y, 147] is clearly nonempty, closed, and convex.
To verify the Mosco convergence, let v, — v in &.

(i) Suppose z, € P(fyn) such that z, — 2. Since v, < z, < 1+ 7, for all n, taking the limit
yields v < z < 1 + v, implying z € P(7).

(ii) For any z € P(v), we construct the sequence z, := z + (7, — 7). It is easy to check that
Yo < 2n < 147, 50 2, € P(,). Moreover, clearly z, — z.

Thus, P(7y,) M, P(v), and assumption a(P) holds.

a(H): Let H(r,w,2,\) = 4572 + 25 sinw + e ™.

(i) For fixed (1,w,\) € [0,T] x W x A, the map z — H(7,w, z, \) is affine; hence it is convex
on Z (and therefore on any convex subset £ C P(®)).

(ii) Using |sinw| < 1 and 0 < e <1 for A € [0, 1], we get
H (0,2, 0] < 5712l + 35 < (5 + 1do7) (14l + |2
Thus a(H)(ii) holds with

by (7) = 5= + 1557 € L2([0, T]; R).

(iii) For each (w,z,\) € W x Z x A, the function 7 — H(7,w, z,\) is continuous on [0, 7T,
hence measurable.

(iv) Since H is a continuous function on [0, 7] x W x Z x A, for each 7 € [0, T'], the convergence
(Wny Zny An) = (w, 2, \) implies H (7, Wy, zp, A\n) = H(T,w, 2, \).

a(B): Let B((,2) = (2 + cos(¢?))z. Since cos(¢?) > cos1 for ¢ € [0,1], set cg := 2+ cos1 > 0.
Then for all zq, 2z € R,

(B(C,21) = B(C, 22), 21 = 22) = (2 + cos((?)) |21 — 2| > clz1 — 2/,
so a(B)(i) holds, and (ii) follows from continuity. Moreover, one has
P@®)= |J [v.1+1]=1[0,2].
v€[0,1]
Hence, for u € P(&), we have
(B(C, 2), 2 — u) = (2+ cos(¢))2(z — u) > epl2|* — 2c5l2,
which verifies a(B)(iii) with ¢q(r) := cgr — 2¢p.

a(J): Let J(¢,y) = 2y
(i) For each ¢, J(¢, -) is C1, hence locally Lipschitz.
(ii) Since 09J(C,y) = {y}, for z; € Z =R and n; € 0, J((, z;), we have n; = z;, and thus
(M — M2, 21 — 22) = (21 — 22)° = —cy|z1 — 2
holds with ¢; = 0.

(iii) The generalized directional derivative is J°((, z; v) = zv, which is independent of (; hence
¢ — J°(C, z;v) is upper semicontinuous.



144 V.M. TAM

a(N): N = Idg is bounded and compact.
a(V): Let U(r,w, z) = 372 — sinw — 1.
(i)
(ii)

For fixed (w, z) € R?, 7 — ¥(7,w, z) is affine, hence continuous on [0, T].
For all (w;, 2;) € R* and 7 € [0, T],

|\P(T7 Wy, Zl) - ‘1;<T7 W2, 22>| <

<

so a(¥)(ii) holds with [y = 1 and [y = 0.2.
(iii) Continuity of z — ¥(7,w, 2) yields the stated lim inf inequality.
(iv) Since N =1Idg and 0,J((,Nz) = {z}, for u € P(&) = [0, 2] we have

_ i _ = (1 _ g _ _ _
(U(1,w, 2),u z>+n682{111(£7Nz)<n,N(u 2)) = (372 —sinw — 1) (u — 2) + 2(u — 2)

= (14 %)z —sinw — 1) (u — 2).
We estimate the term by establishing a lower bound. Note that
(1 +2)z—sinw —1)(u—2)| < (1.2]z] + [sinw] + 1)(|u] + |2])
< (L.202[ +2)(2 + |2])
= 12|z + 4.4]2| + 4.

Thus,
(1+2)z—sinw —1)(u—2) > —(1.2]z]> + 4.4|z| +4).
Choose
¢o(r) := —1.2r — 0.4, p(r,r) = —4.
Then

Oa(|2]) |2 + (1 + [2))p(7, [w]) =(=1.2|2] = 0.4)[2] = 4(1 + |2])
= — (1.2]z° + 4.4]z| + 4).
This implies

(¥(rw 2 u=2)+ it N 2) > a(|=Dlel + (14 <Dp(r ),

so a(¥)(iv) holds.

a(const.): First, cg =2+ cos1 > 0.2 = Iy, hence ¢z > .

Second, with by =1, p =2, ¢ = 0.6, T = 0.4, we compute the £?-norm of by (1) = 2—15 + 1—(1)0

2 331
1bs]] 22(0,11) = /(%+ﬁ7) a1 =\ Z6s750°

0

T:

Therefore, we have

1

b —INT s
T (p ) T (T + (b er)

I'(g+1) \pg—1
1
0.6 1 2 331
= 0.4)%! [ V0.4 ~ 0.9029 < 1.
T(1.6) (1.2— 1) (0.4) ( * 468750)

Hence condition a(const.) is strictly satisfied.



STABILITY AND CONTROLLABILITY FOR CAPUTO-TYPE FRACTIONAL INEQUALITIES 145

a(mon.): For fixed (1,w,() € [0,T] x W x Z, define the operator F: Z — Z* by
F(z) :=B((,2) —¥Y(r,w,z) + N*0»J({, Nz)
(24 cos(¢®)z — (372 —sinw — 1) + 2

<3+cos( %) — %) + (sinw + 1).

The slope coeflicient satisfies
3+cos(¢’) =2 =3+4cosl—0.2>0.
Hence the operator is strongly monotone, verifying a(mon.).
Therefore, all assumptions of Theorem 3.1 are satisfied, and Problem 1.1 possesses a mild
solution on [0, 7.

In particular, given (v,() € & x Z and w : [0,7] — W, for a.e. 7 € [0,T], the problem
(HVI)2S reads: find 2(7) € [y, 1+ 7] such that

((3+ cos(¢?) = 5)2(r) +sin(w(r) +1) (v = 2(7) 20, forall v [y,1+7]
Observe that for all (v,(,w,7) € & x = x W x [0,T],
(3+cos(¢®) = Z)z+sinw+1> (28 +cosl)z >0 forall z€[y,1+~]C0,2].
Thus, the unique solution of the problem (HVI)J¢ is
2(1) =17, for all 7€ 10,77,

and consequently, S,,(P,, B¢, ¥, J:) = {7}, which is nonempty and compact.
We also present a numerical simulation of Problem 1.1 governed by the following

(CDlw(r) = —2w(r) + 5572(T) + 25 sinw(T) + %e_’\ ae. 17¢€l0,T,

2(t) € [y,14+~] forae. 7€][0,T] such that
((3+cos(¢?) — 2)2(7) + sin(w(r)) + 1) (v — 2(7)) =0 (3:2)
forall vely,1+4] ae 7€][0,7T],
| w(0) = wo = 0.015,
To visualize the results, we fix the parameters A = ( = 0.35. The resulting trajectories for the
mild solution w and the control z of system (3.2) are shown on Fig. 1 and Fig. 2 corresponding
to the distinct values v € {0.01,0.25,0.75,1}. These numerical results were obtained using

the fde12.m solver in MATLAB, based on Garrappa’s modification of the standard Predictor-
Corrector method [9], with a discretization step size of h = 27",

4. STABILITY ANALYSIS

Recall the mild solution set mapping Q of Problem 1.1 given in (1.1). This section establishes
the closedness and upper semicontinuity of the mild solution set mapping Q for Problem 1.1,
where the mapping in the evolution equation, along with both the mappings and the constraint
set in the hemivariational inequality are perturbed by various parameters.

For each w € C([0, T]; W) and X € A, we let

O (r,w(r),\) = {H(1,w(7), (1), \) : 2(1) € Sw(Py, B, ¥, J;), forae 7€[0,T]}. (4.1)

Then the solution of Problem 1.1 given in Definition 3.1 can be rewritten as

T

w(T) = Ry(T)wo + /(7‘ — )78, (1 — o)k o)do

0
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FIGURE 1. Transient behavior of the mild trajectory w for the system (3.2).
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FIGURE 2. Transient behavior of the variational control trajectory z for the
system (3.2).

for all 7 € [0, T], where h* € Ng(w,\) with Ny (w, \) given by
N (w, A) = {h* € LP([0,T]; W) : kN7) € UL (1, w(T), ), for ae. 7 €[0,T]}. (4.2)
Remark 4.1. Let Assumption a(H) hold. Following the lines of the proof of Lemma 3.5

in [33], one can show that Ny defined by (4.2) is weakly upper semicontinuous with nonempty
convex values. Moreover,

152 (r, w(r), Mllw = sup{ |2} () |w = h*(7) € U”C(T w(r),A) for a.e. 7 €[0,T]}
< H (7, w(T), 2(7), Mllw < bu(T) (1 + [lwllw + [|2]l2).

In addition, if (w, z) € C([0,T]; W) x C([0,T7; Z) is the mild solution of Problem 1.1, then we
obtain the boundedness of the solution set Sy, (Py, B¢, ¥, J¢) (by Lemma 3.3) and the boundedness
of w(t) in C([0,T); W) |33, Lm. 3.4]. Hence, it follows from (41.2) and (4.3) that there exists
B > 0 such that

(4.3)

1)l < br(7)B
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for a.e. 7 €10,T) and for all h* € Ny (w, ). Thus, Ng(w,\) is bounded.

Now we consider {h)} C Ny (w,\) with hjy — hy in £P([0,T]; W). By the Riesz — Fischer
Theorem [27], we can find a subsequence of {h;‘}, denoted again by {hﬁ}, such that h) (1) —
hy(t) for a.e. T € [0,T]. In view of the closedness of U1¢(T,w(7), ), we obtain that h)(T) €
O (r,w(r),\). Therefore hy(t) € Nu(w, ) and so Ny has closed values.

Therefore, we conclude that Ny defined by (4.2) is weakly upper semicontinuous with
nonempty, weakly compact and convex values.

The closedness of the mild solution set mapping Q for Problem 1.1 is established in the
following result.

Theorem 4.1. Let Assumptions a(T), a(H), a(P), a(B), a(¥), a(J), a(N), a(const.) and
a(mon.) be satisfied. Then the set—valued mapping A X & X =Z 3 (A, 7,() — Q(X, 7, () is closed.

Proof. For given (A,7,() € A x & x Z, it follows from Remark 3.5(i) that the set Q(\,,() is
nonempty. Let us prove that the set—valued mapping (X, 7, () — Q(X, 7, () is closed. Indeed, let
{7, Ce)} € A x & x Z and {(wy, 21)} € C([0,T7; W) x C([0,T7; Z) be sequences such that

Moy Vi, Ge) = (A7, C7) in AX S XE as k — 00,
(wk7 Zk) S Q (/\kaf}/lw Ck) for each k S ]N7 (44)
(wg, zx) = (W*,2") in C([0,T]; W) x C([0,T); Z) as k — .

Since (wy, 2) € Q (A\k, W, C), there exists hM € Ny (wy, A\x) such that

wi(7) = Ry(T)wo + /(7‘ —0)7S, (1 — a)hM(0)do, (4.5)
for all 7 € [0, 7] and zx(7) € P (),

(B(Ck, (7)) = (7, wi(T), 2(7)), v = 26(7)) 22z + T (Cos Naw(7); N(v — 21(7))) 2 0 (4.6)

for all v € P(~;), for a.e. 7€ [0,T7.

Thanks to Remark 4.1, we obtain that the sequence {h*} C LP([0, T]; W) is bounded. By the
reflexivity of £P([0, T]; W), without loss of generality, we can assume, passing to a subsequence
if necessary, that

M — BN in LP([0,T]; W) as &k — oo. (4.7)

Since Ny is weakly upper semicontinuous with nonempty, weakly compact and convex values
and wy — w* in C([0,T);W) and A\, — A" as k — oo, it follows from Lemma 2.1 that
N e NH(U}*, )\*)

By (4.7) and Lemma 3.2 we have

/(T — )8, (1 — o)W (0)do — /(T —0)T1S,(1 — o)W (0)do, as k—oo.  (4.8)
0
Combining (4.5) and (4.8), one has

wi(T) = wo—l—/ (1 — 0)171S, (T — o)h M (0)do
0

— Ry(T)wo + /(7’ — a)q_lSq(T - a)h’\* (0)do,

0
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for all 7 € [0, T]. Furthermore, the convergence wy — w* in C([0,T]; W) implies

w*(1) = Ry(T)wo + /(T — )18, (1 — o)h (0)do (4.9)

for all 7 € [0, T], where h*" € Ny (w*, \*).

On the other hand, since 7, — ~* and zi(7) — 2*(7) for a.e. 7 € [0,7T], it follows from
assumption a(P)(i) that z*(7) € P(v*) for a.e. 7 € [0,T]. Moreover, using assumption a(P)(ii),
we see that for each v € P (v*), there exists a sequence {v,} C Z with vy € P (%) such that
v — v as k — oo. Hence, by (4.6) we obtain

(B(Crs 21(7)) = W (T, wi(7), 2(7)), vk — 2k(7)) 2052 + J°(Grs N2k (7); N(ve — 21(7))) 2 0
for a.e. 7 € [0,T]. Passing to the upper limit as k& — oo in the above inequality with using
(4.4), conditions a(B)(i), a(¥)(ii) and a(J)(iii), we find

0 <limsup ((B(Cx, zx(7)) — (T, wi(7), 2(7)), vk — 2k(T)) 2+ x2

k—o0
+J°(Cr, N2(7); N (v, — 21(7))))
< 1<:1i—>rgo<B(Ck’ 2(7)) — W (T, wi(7), 2(7)), V& — 26(7)) 22

+ lim sup J°(Cr, N2k (7); N (v — 2(7)))

k—o0

=(B(¢", 2"(7)) = U(r,w"(7), 2°(7)), 0 = 2*(7)) 22z + J°(C", N2*(7); N(v — 27(7))),

for all v € P(y*) and ae. 7 € [0,7]. Hence, z*(7) solves the problem (HVI)..S for a.e.
7 € [0,T]. Combining this with (4.9), we conclude that (w*,z*) € Q (A\*,~v*,(*). Therefore, Q
is closed. This completes the proof. O]

We now consider the upper semicontinuity of the set—valued mapping QO with respect to
perturbed parameters on the data of Problem 1.1.

Theorem 4.2. Let (\*,7*,(*) € A X & X = be fired and Assumptions a(T), a(H), a(P),
a(B), a(V), a(J), a(N), a(const.) and a(mon.) be satisfied. Then the set-valued mapping
(A7, C) = Q(A, 7, Q) is upper semicontinuous at (N*,v*, (*).

Proof. We argue by contradiction and suppose that the set—valued mapping Q is not upper
semicontinuous at (A\*,7*,(*) € A x & x =. Then, there exist two sequences

{e M Q) CAXE X E, {(w, 2)} € C([0,T; W) x C([0,TT; Z)
and an open set Y in C([0,T]; W) x C([0,T]; Z) with
(Mes Ve, Ck) = (A575,¢C7) in AXBXE as k — oo,
(wi, 2k) € Q (Mg, Yk, Cx)  for each k€ N, QN v, ) cU

such that (wg,zy) ¢ U for each k € IN. Since (wy,2x) € Q (M, Yk, k), there exists h* €
N (wy, A\i) such that z,(7) € P (),

(B(Ck, (7)) = (7, wi(T), 2(7)), v = 2(7)) 22 xz + J° (s N2w(7); N(v — 24(7))) 2 0, (4.10)
for all v € P(~y), for a.e. 7 € [0,7T] and

wi (1) = Ry(T)wo + /(T —0)S, (1 — o)k (0)do,
for a.e. 7 €[0,7].
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Repeating the argument used in the proof of Theorem 4.1, we obtain (4.8) noting that
hMe — A in LP([0,T); W) as k — oo. We hence have
wi(T) = Ry(T)wo + /(T —0)T1S, (1 — o)W (0)do

0
r

— Ry(T)wo + /(T — )18, (7 — o) (0)do,
0
as k — oo and for all 7 € [0,T]. We define w*: [0,T] — W as
w* (1) = Ry(T)wo + /(7‘ —0)T1S, (1 — o)l (0)do.
0
It is clear that w* is continuous on [0,7]. Since wy € C([0,T]; W) for all k € IN, we deduce
that w, — w* in C([0,T];W). By the weakly upper semicontinuity of Ny and w, — w* in
C([0,T]; W) and \y — \* as k — oo, using Lemma 2.1 again leads to h*" € Ny (w*, \*).
Since {zx(7)} C Su (P, Bes ¥, Je,), {2} is bounded in C([0,7]; Z). Hence, there exists
a subsequence of {z;}, denoted again by {zx}, such that z; — 2* in C([0,7]; Z). Using the
assumption a(P)(i) and note that P has closed values, we conclude that z*(7) € P(v*).
Next, we show that 2*(7) € Sy (Py, Bex, U, Je+) for a.e. 7 € [0,7T]. Indeed, by the similar
argument in the proof of Theorem 4.1 based on (4.10), we obtain that
(B(C',2* (7)) — W(r (), 2°(7). 0 — 2" (7)) g + (G N2 (7): N - 2°(7))) 2 0
fora.e. 7 €[0,7] and all v € P (v*). Since 2*(7) € P (v*), we have 2*(7) € Sy»(Py+, Bex, U, J¢»)
for a.e. 7 € [0,T]. Furthermore, it follows from Theorem 4.1 that the set Q (A*,v*, (") is closed,
and hence we get that (w*, z*) € Q (\*,v*,(*) C U. However, based on initial assumptions, it is
known that (wy, zx) ¢ U for all k£ € IN, which is a contradiction. This completes the proof. [

5. OPTIMAL CONTROL PROBLEM

In this section we investigate an optimal control problem governed by the fractional differ-
ential hemivariational inequality formulated in Problem 1.1 as follows.

Problem 5.1. Find (\*,~7*,(*) € A x & x E such that
(A", ¢7) € argmin {O(A, 7, ¢) = (A, 7, () € K(A) x K(8) x K(Z)}

where the cost function © : A X & x = — R is defined by
T

O .0 = inf | T (wo,w(D), ) + / ofr, (), (1) Va7 +2(3,0) | (5.1)

k> 0 is a given regularization parameter, IC(A), IC(®) and IC(Z) are compact sets of A, & and
=, respectively and Q(\,7, () is the solution set of FDHVI in Problem 1.1 corresponding to
(A, 7,C). Furthermore, functions T : W x W x A - R, o : [0,T] x W x Z x A — R, and
Q: & x = — R are supposed to satisfy the following assumptions.

a(T): T: W xW xA— R is such that (w, \) — Y (wo,w, A) is a lower semicontinuous function
which s bounded from below.

a(op): 0:[0,T] x W x Z x A — R is such that
(i) for all (w,z,\) € W x Z x A, the function T — o(T,w, z, \) is measurable on [0,T];
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(ii) the function (w,z,\) — o(T,w, z, \) is lower semicontinuous, for a.e. 7 € [0,T);

(1ii) for any bounded subsets Dy C LY[0,T]; W) and Dy C LY[0,T]; Z), there exists a
function w(Dy, Dy) € LY[0,T],R) such that o(t,w(r),2(1),A) > w(Dy, Dy)(T) for
a.e. 7€ [0,T] and all (w,z) € Dy X Ds.

a(Q): The function Q : B x = = R is lower semicontinuous.

Remark 5.1. (i) The construction of the cost function © in (5.1) is inspired by the work
of Li — Liu [15]. Indeed, if Q =0, then (5.1) reduces to
T
©O(\) = inf T (wo, w(T), \) +/Q(T,w(7'),z(7'),)\)dr

(w,z)€Q(N)
0

This cost function was previously considered by Li — Liu [15] in the context of optimal
control problems for a class of differential hemivariational inequalities involving a single
perturbed parameter in the differential system. Here, T : W x W x A — R denotes the
function accounting for the initial and terminal costs together with the perturbed parameter,
while 0 : [0,T] x W x Z x A — R represents the cost integrand and Q(\) is the solution
set of the differential hemivariational inequality corresponding to .

(11) The component kQ(7, () appearing in (5.1) reflects the optimal objectives associated with
the perturbed parameters vy and ¢ in problem (HVI))S. As an illustrative example, one may
define the mapping 2: & x = — R as a quadratic function of the form

1 * *
Qv,¢) = 5 (da(3:7") + d2(¢,¢))
where (v*,(*) € B X Z is fized.
The following result establishes the existence of a solution to Problem 5.1.

Theorem 5.1. Assume that the hypotheses a(T), a(H), a(P), a(B), a(¥), a(J), a(N),
a(const.), a(mon.), a(Y), a(o), and a(S2) hold. Then Problem 5.1 admits a solution.

Proof. First, we show that the cost function © : A x & x = — R defined by (5.1) is well-defined.
Let (A,7,¢) € A X & x E be fixed. We claim that the function

L0, T]; W) x £[0,T]; Z) > (w, 2) /Q(T,M(T),Z(T),)\)dT (5.2)

is lower semicontinuous. Indeed, let {(w,, 2,)} be a sequence in L£([0,T]; W) x L([0,T]; Z)
such that

(W, 2,) = (w,2) in L]0, T); W) x £([0,T]; Z) as n — oo.
Applying the converse Lebesgue — dominated convergence theorem (see, e.g., [21, Thm. 2.39]),
we can assume that

Wy(7) 2> w(r) in W and z,(7) = 2(7) in Z as n— oo (5.3)
for a.e. 7 € [0,7]. By the lower semicontinuity of g in assumption a(p)(ii) and convergence
(5.3), we have

liminf o (7, W, (7), 2,(7), A) = o(T,w(7T), 2(T), A)
n—oo
for a.e. 7 € [0,T]. Owing to condition a(p)(iii), we can employ the Fatou’s lemma to get
T T

liminf/Q(T, Wy (T), 2n(7), N) dT > /liminf@(T, Wy (7), 2p(7), \) dT

n—00 n—00
0 0
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> /Q(T, w(T), z(1), \)dr.

Thus, the function given by (5.2) is lower semicontinuous.
Next, since W x A 3 (w,A\) — T(wp,w, ) is a lower semicontinuous function which is
bounded from below, it can be seen easily that the function

C([0,T]; W) x C([0,T]; Z) > (w, 2) = T (wo, w(T), \) +/Q(T,w(r),z(7),)\)d7

is lower semicontinuous and bounded from below. Moreover, we obtain
Q(A,7.¢) c C([0, T; W) x C([0,TT; Z),

and so there exists a minimizing sequence {(w,, z,)} C Q(\,~, () such that

T
nll_{ilo T (wo, wn(T), )x) + / Q(T, wn(r), Zn(T), )\)dT + KQ(% C)
0 T (5.4)
- (w,z)eirQlfkmC) T (wo, w(T), ) + / o(t,w(7), z(1), \)dr + KQ(v, ()

0

It is well-known that the set Q(\,~,() is compact in C([0,T]; W) x C([0,T]; Z), see Re-
mark 3.5(ii). Thus, without loss of generality, we can assume that (w,,z,) — (w*, 2*) in
C([0, T|; W) x C([0,T]; Z) as n — oo with some (w*, z*) € Q(\, v, (). This leads to

wy(7) > w*(r) in W and z,(r) = (1) in Z as n— (5.5)
for all 7 € [0, 7. Using Assumptions a(Y), a(p), convergences (5.5), and by the Fatou’s lemma

we find
T

liminf | T (wo, w,(T), A) +/Q(T, Wy (T), 20 (7), N)dT + KQ(7, ()

n—00
0

n—o0 n—oo

T
> liminf Y (wo, w, (1), ) + /lim inf o(7, w,(7), 2,(7), N)dT + KQ(7, ()
0

> T (wo, 0" (T), A) + / or,w*(7), (7). N) dr + Q7. )

T
> inf T (wo, w(T), ) + / o(r,w(T), z(1), \)dT + KQ(7, ()
(w,2)€Q(A,7,6) J
Combining (5.4) and (5.6), we find
T

O(A7,C) = T (wo, w(T), ) + / o7, w* (), 2*(7), N)dr + K97, 0)

0

for some (w*, z*) € Q(A,7, (), i.e., O is well-defined.
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We proceed to verifying that Problem 5.1 possesses a solution. Indeed, let {(\,, Vs, ()} C
K(A) x K(&) x K(Z) be a minimizing sequence for Problem 5.1, that is,

()\»’Y,C)E/C(/iﬁlC(QS)XIC(E) (A7.0) e (Ans s Gn) (5.7)

Since IC(A) x K(&) x (=) is compact, the sequence {(A\,,Vn,(n)} is relatively compact in
A x & x Z. This ensures that {(\,, Vn, ()} has a subsequence, which is still denoted in the same
way, such that (A, ¥, () = (A5, 75, (") in AXS X =, as n — oo for some (A*, 7", (") € AxGXE.
Let {(wn, z,)} € C([0,T]; W) x C([0,T]; Z) be a sequence satisfying (wp, z,) € Q(An, Yn, Cn)
for all n € N, and

T

6(/\717 Y, Cn) =T (U’Oa wn(T)> /\n) + / 9(7_7 wn(T)a Zn(T)a )‘n)dT + /{Q(Vna gn) (5~8)

Recall that the sequence {(A,,Vn,(n)} is relatively compact in A x & x Z. Hence, it follows
from the compactness of Q(\,, Vs, (,) that the sequence {(w,, z,)} is also relatively compact
in C([0, T]; W) x C([0,T]; Z). Thus, we can find a subsequence of {(w,,z,)}, denoted again
by {(wn,z,)}, and (w*, z*) € C([0,T]; W) x C([0,T]; Z) such that (w,,z,) — (w*, 2*) in
C([0,T]; W) x C([0,T]; Z), as n — oo, and hence,

Wy(T) = w*(t) in W and z,(r) = z"(r) in Z as n— (5.9)
for all 7 € [0, T]. It follows from Theorem 4.1 that the set—valued mapping (A, vy, () — Q(\,7, ()
is closed. Hence, we have (w*, z*) € Q(\*,~*, (*).

Passing to the lower limit, as n — oo in (5.8), and using convergences (5.9) and the Fatou’s
lemma, we obtain

T

liminf ©(\,, ¥, () = liminf | T (wo, w,(T), \n) + / o(7, Wy (7), 20 (7)), An)dT + KQ (Y, C1)
n—oo n—oo
0
T
> liminf Y (wo, w,(T), \n) + /hm inf o(7, wn(7), 2,(7), \n) dT
n—oo n—oo

0
+ lim inf kKQ(v,,, ()
n—oo

T
> 7T (wo, w" (T),\") + / o(T,w (1), 2*(7), \")dr + kQ(v*, ("),
0

where the lower semicontinuity of T, and Q is used. Combining with (5.7) and the fact
(w*, z*) € Q(N*,v*,(*), we arrive at

inf A = i A — lim inf ©O(\
(A,%oeuﬁfi;c@m(a)@( ,7,¢) = lim O(An, Y, €n) = lim inf O (A, yn, Gn)

> T (w, w(T), A*) + / o(r, w* (7), *(7), A)dr + KO, ¢°)

T
> it T (w0, w(T), \*) + / o7, w(r), 2(7), " )dr + K7, ¢*)
(w,2)€Q(A*,v*,(*) J

=0\, 7", (") = O\, 7, Q).

This implies that (A*,v*,(*) € Ax® x = is a solution to Problem 5.1. The proof is complete. []

mn
(A7,0)EL(A) XK (B) X K(E)
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6. (CONCLUSIONS

In this paper, we have introduced a new theoretical framework for a class of perturbed
differential systems in Banach spaces, consisting of a Caputo-type fractional order evolution
equation coupled with a time-dependent constrained hemivariational inequality. A key feature
of our analysis is that the mapping in the fractional order differential equation, as well as
both the mappings and the constraint set in the hemivariational inequality, are perturbed by
different parameters. Within this framework, we established a stability result in the sense of
upper semicontinuity for the mild solution set mapping under perturbations (Section 4), and
derived an existence result for an associated general optimal control problem (Section 5).

For future work, we intend to explore applications of the perturbed framework of Caputo—
type fractional differential hemivariational inequalities developed in this paper to concrete mod-
els, in particular to contact problems and parabolic—elliptic systems governed by Caputo-type
fractional order derivatives.
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