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KERNEL DETERMINATION PROBLEM IN

MULTI–DIMENSIONAL TIME FRACTIONAL

DIFFUSION EQUATION IN BOUNDED DOMAIN

J.J. JUMAEV, D.K. DURDIEV

Abstract. In this paper, we investigate the inverse problem on identification of the convo-
lution kernel in an integral term of a multi–dimensional time–fractional diffusion equation,
where the spatial operator is a uniformly elliptic operator in divergence form. The corre-
sponding direct problem is formulated as an initial–boundary value problem for a multi–
dimensional time–fractional integro–differential diffusion equation. We establish global ex-
istence and uniqueness theorems for the solution to the direct problem by using the Fourier
spectral method. To determine the unknown kernel, we impose an additional integral–type
overdetermination condition on the solution of the direct problem. The inverse problem is
then transformed into an equivalent auxiliary problem. By applying fractional integration
and differentiation techniques the inverse problem is reduced to a nonlinear Volterra inte-
gral equation of the second kind with convolution structure. Using the fixed point principle,
we prove local existence and global uniqueness of the solution to the inverse problem. In
addition, a stability estimate for the solution to the inverse problem is obtained.

Keywords: fractional diffusion equation, integro-differential equation, inverse problem,
spectral problem, fixed point theorem, Gronwall inequality, existence, uniqueness
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1. Introduction and statement of problem

Let Ω be a bounded domain in R𝑁 with a sufficiently smooth boundary 𝜕Ω. In the domain
𝑄𝑇 := {(𝑥, 𝑡) : 𝑥 ∈ Ω, 0 < 𝑡 ⩽ 𝑇} we consider the integro-differential fractional diffusion
equation

𝜕𝛼𝑡 𝑢− 𝐿𝑢 =

𝑡∫︁
0

𝑘(𝑡− 𝜏)𝑢(𝑥, 𝜏) 𝑑𝜏 + 𝑔(𝑥, 𝑡), 0 < 𝛼 ⩽ 1, (𝑥, 𝑡) ∈ 𝑄𝑇 , (1.1)

with the initial value

𝑢|𝑡=0 = 𝜙(𝑥), 𝑥 ∈ Ω, (1.2)

and boundary conditions

𝑢(𝑥, 𝑡) = 0, 𝑥 ∈ 𝜕Ω, 𝑡 ∈ [0, 𝑇 ], (1.3)
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where 𝜕𝛼𝑡 is the regularized fractional derivative (Caputo derivative) with respect to the variable
𝑡 [24, Sect. 2.4]

𝜕𝛼𝑡 𝑢(𝑥, 𝑡) =
1

Γ(1− 𝛼)

𝑡∫︁
0

𝑢𝜏 (𝑥, 𝜏)

(𝑡− 𝜏)𝛼
𝑑𝜏, 𝜕1𝑡 𝑢(𝑥, 𝑡) =

𝜕

𝜕𝑡
𝑢(𝑥, 𝑡),

and

𝐿 =
𝑁∑︁

𝑖,𝑗=1

𝜕

𝜕𝑥𝑖

(︂
𝑎𝑖𝑗(𝑥)

𝜕

𝜕𝑥𝑗

)︂
− 𝑐(𝑥)

is a uniformly elliptic operator (with 𝑁 ⩾ 1), the coefficients of which satisfy the conditions

𝑎𝑖𝑗 ∈ 𝐶1(Ω), 𝑎𝑖𝑗 = 𝑎𝑗𝑖, 𝑐 ∈ 𝐶(Ω), 𝑐 ⩾ 0,

𝑁∑︁
𝑖,𝑗=1

𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ⩾ 𝜌

𝑁∑︁
𝑖=1

𝜉2𝑖 , (𝜉1, 𝜉2, . . . , 𝜉𝑛) ∈ R𝑁 , 𝑥 ∈ Ω,

where 𝜌 > 0 is a fixed constant independent of 𝜉 and 𝑥, and 𝜙(𝑥), 𝑔(𝑥, 𝑡) are given functions.
If the function 𝑘(𝑡) is known, then the initial-boundary value problem (1.1)–(1.3) is called

the direct problem.

Nowadays, fractional order calculus is sufficiently explored in engineering, because it repre-
sents more accurately some natural behavior related to different areas of engineering. It is also
used in bioengineering [1], viscoelasticity [2], [3], electronics [4], robotics [5], [6], control theory
[7], signal processing [8], [9], and other applications.
Let 0 < 𝑇 < ∞ and 𝐶[0, 𝑇 ] be the space of continuous functions 𝑓 on [0, 𝑇 ] with the usual

norm
‖𝑓‖ = max

𝑡∈[0,𝑇 ]
|𝑓(𝑡)|.

We denote by 𝐶𝑚[0, 𝑇 ], 𝑚 ∈ N0 := N∪ 0 the space of functions 𝑓, which are 𝑚 times continu-
ously differentiable on [0, 𝑇 ] with the norm

‖𝑓‖𝐶𝑚 =
𝑚∑︁
𝑘=0

‖𝑓 (𝑘)‖ =
𝑚∑︁
𝑘=0

max
𝑡∈[0,𝑇 ]

|𝑓𝑘(𝑡)|.

We introduce the weighted space 𝐶𝛾[0, 𝑇 ], 𝛾 ∈ (0, 1) of functions 𝑓 defined on (0, 𝑇 ] such that
𝑡𝛾𝑓(𝑡) ∈ 𝐶[0, 𝑇 ] wit the norm

‖𝑓‖𝛾 = ‖𝑡𝛾𝑓(𝑡)‖, 𝐶0[0, 𝑇 ] = 𝐶[0, 𝑇 ].

For 𝑛 ∈ N we denote by 𝐶𝑛
𝛾 [0, 𝑇 ] the Banach space of functions 𝑓(𝑡), which are (𝑛 − 1)

times continuously differentiable on [0, 𝑇 ] and have the derivative 𝑓 (𝑛)(𝑡) on (0, 𝑇 ] such that
𝑓 (𝑛)(𝑡) ∈ 𝐶𝛾[0, 𝑇 ] :

𝐶𝑛
𝛾 [0, 𝑇 ] =

{︁
𝑓 : ‖𝑓‖𝐶𝑛

𝛾 [0,𝑇 ] =
𝑛−1∑︁
𝑘=0

‖𝑓 (𝑘)‖+ ‖𝑓 (𝑛)‖𝛾
}︁
, 𝐶0

𝛾 [0, 𝑇 ] = 𝐶𝛾[0, 𝑇 ].

We denote by 𝐶
(︀
𝑄𝑇

)︀
the class of continuous in 𝑄𝑇 functions. Let 𝐶𝑚,𝛼 (𝑄𝑇 ) be the class of

functions, which are 𝑚 times continuously differentiable with respect to 𝑥 in 𝑄𝑇 and possess a
continuous Caputo derivative of order 𝛼.
The space 𝐻𝑚(Ω), called the Sobolev space, consists of functions defined on the domain Ω,

the weak derivatives of which up to order 𝑚 are locally summable functions. More precisely,

𝐻𝑚(Ω) =
{︁
𝑓 ∈ 𝐿2(Ω) : 𝐷𝜃𝑓 ∈ 𝐿2(Ω), for all multi-indices 𝜃, |𝜃| ⩽ 𝑚

}︁
,

where 𝐷𝜃𝑓 stands for the weak derivative of 𝑓 of order 𝜃.
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Definition 1.1. A classical solution of the initial–boundary value problem (1.1)-(1.3) is a
function 𝑢(𝑥, 𝑡) ∈ 𝐶2,𝛼 (𝑄𝑇 ) ∩ 𝐶

(︀
𝑄𝑇

)︀
, which satisfies (1.1)-(1.3) in the usual sense.

Recently, the inverse problems for integer or fractional partial differential equations have
received great attention from many researchers due to their wide range of applications [10],
[11], [12], [13], [14], [15], [16], [17], [18], [19], [20]. In [21], the uniqueness was proven for
the inverse problem on determination of the time–independent smooth coefficient in the time–
fractional diffusion equation by measurements of the solution on a certain subset at a fixed
time. In [22] and [23] the authors studied inverse problems on finding space–dependent and
time–dependent terms, respectively, in the classical and fractional diffusion equations. The
existence, uniqueness, and stability theorems were proved.
The inverse problem consists in determining the unknown coefficient 𝑘(𝑡), 𝑡 > 0, by the

available additional data on the solution to the direct problem∫︁
Ω

𝜂(𝑥)𝑢(𝑥, 𝑡)𝑑𝑥 = ℎ(𝑡), 0 ⩽ 𝑡 ⩽ 𝑇, (1.4)

where 𝜂(𝑥), ℎ(𝑡) are the given functions.
We introduce the Banach space

𝑋 :=

{︂
𝑢 ∈ 𝐶(𝑄𝑇 ) ∩ 𝐶2,𝛼(𝑄𝑇 ) :

𝜕

𝜕𝑡

(︀
𝜕𝛼0+,𝑡𝑢

)︀
,
𝜕

𝜕𝑡
(𝐿𝑢), 𝑢𝑡 ∈ 𝐶𝛾(𝑄𝑇 )

}︂
, 𝛾 = 1− 𝛼.

Definition 1.2. The solution to the inverse problem (1.1)–(1.4) is a pair of functions 𝑢(𝑥, 𝑡)
and 𝑘(𝑡) from the classes 𝑋 and 𝐶𝛾[0, 𝑇 ], which satisfy (1.1)-(1.4).

Integral condition (1.4) arises naturally and can be used as supplementary information in
determining the source term. Such type of conditions can model various physical phenomena
in the context of chemical engineering [25], [26], thermoelasticity [27], [8], heat conduction and
diffusion process [29], [31] fluid flow in porous media [32]. In the heat conduction process,
integral condition (1.4) arises in problems related to particle diffusion in turbulent plasma, and
also in heat propagation in a thin rod, in which the law of variation ℎ(𝑡) of the total quantity
of heat in the rod is given [30]. A problem in the design of periodic contact in thermoelasticity
formulated as an inverse problem with a prescribed contact pattern, which was considered in
[31], is reduced to a heat conduction problem with energy specification.
The paper is organized as follows. In Section 2 we introduce the eigenvalues and eigenfunc-

tions of the uniformly elliptic operator and discuss some of their properties. In Section 3 we
address an auxiliary problem related to the original problem and prove the unique solvability of
this auxiliary problem. In Section 4 we investigate the existence and uniqueness of the solution
to the inverse problem, as well as the continuous dependence of the solution on the given data.

2. Study of direct problem

The operator 𝐿 has the following properties [38, Thm. 6.5.1]:

1. Every eigenvalue of 𝐿 is real;
2. The eigenvalues {𝜆𝑚}∞𝑚=1 taken in the ascending order counting their multiplicities satisfy

0 < 𝜆1 ⩽ 𝜆2 ⩽ · · · , and lim
𝑚→∞

𝜆𝑚 = ∞;

3. The eigenfunctions of 𝐿 form an orthonormal basis {𝑣𝑚}∞𝑚=1 in 𝐿
2(Ω).

The solution to problem (1.1)–(1.3) is sought as the Fourier series

𝑢(𝑥, 𝑡) =
∞∑︁

𝑚=1

𝑢𝑚(𝑡)𝑣𝑚(𝑥), (2.1)
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where 𝑢𝑚(𝑡) are Fourier coefficients defined by the formula

𝑢𝑚(𝑡) =

∫︁
Ω

𝑢(𝑥, 𝑡)𝑣𝑚(𝑥) 𝑑𝑥. (2.2)

Substituting (2.1) into equations (1.1)–(1.2), we obtain the problem for the Fourier coeffi-
cients 𝑢𝑚(𝑡)

𝜕𝛼𝑡 𝑢𝑚(𝑡) + 𝜆𝑚𝑢𝑚(𝑡)−
𝑡∫︁

0

𝑘(𝑡− 𝜏)𝑢𝑚(𝜏) 𝑑𝜏 = 𝑔𝑚(𝑡), (2.3)

𝑢𝑚(0) = 𝜙𝑚, (2.4)

where 𝜙𝑚, 𝑔𝑚(𝑡) are the Fourier coefficients of functions 𝜙(𝑥), 𝑔(𝑥, 𝑡)

𝜙(𝑥) =
∞∑︁

𝑚=1

𝜙𝑚𝑣𝑚(𝑥), 𝑔(𝑥, 𝑡) =
∞∑︁

𝑚=1

𝑔𝑚(𝑡)𝑣𝑚(𝑥).

Problem (2.3) and (2.4) is equivalent to the following integral equation [24, Sect. 3.5]:

𝑢𝑚(𝑡) = 𝜙𝑚𝐸𝛼,1 (−𝜆𝑚𝑡𝛼) +
𝑡∫︁

0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)𝐺𝑚(𝑠; 𝑘, 𝑢𝑚)𝑑𝑠, (2.5)

where

𝐺𝑚(𝑡; 𝑘, 𝑢𝑚) := 𝑔𝑚(𝑡) +

𝑡∫︁
0

𝑘(𝑡− 𝜏)𝑢𝑚(𝜏)𝑑𝜏,

and 𝐸𝛼,𝛽(𝑧) is the Mittag — Leffler function defined by the series [24, Sect. 1.8]

𝐸𝛼,𝛽(𝑧) :=
∞∑︁
𝑛=0

𝑧𝑛

Γ(𝛼𝑛+ 𝛽)
,

with 𝛼, 𝑧, 𝛽 ∈ C, and 𝛼 has positive real part. We recall some important properties of the
Mittag — Leffler function, which will be employed in what follows.

Proposition 2.1. [24, Sect. 1.8]. Given arbitrary 0 < 𝛼 < 2 and 𝛽 ∈ R, suppose 𝜅 satisfies
𝜋𝛼/2 < 𝜅 < min{𝜋, 𝜋𝛼}. Then there exists a constant 𝐶 = 𝐶(𝛼, 𝛽, 𝜅) > 0 such that

|𝐸𝛼,𝛽(𝑧)| ⩽
𝐶

1 + |𝑧|
, 𝜅 ⩽ arg(𝑧)| ⩽ 𝜋.

Proposition 2.2. [24, Sect. 1.8]. For 0 < 𝛼 < 1, 𝜂 > 0, we have 0 ⩽ 𝐸𝛼,𝛼(−𝜂) ⩽ 1
Γ(𝛼)

.

Moreover, 𝐸𝛼,𝛼(−𝜂) is a monotonically decreasing function in 𝜂 > 0.

Equation (2.5) is an integral equation with a weakly singular kernel of Volterra type of the
second kind with respect to the unknown function 𝑢𝑚(𝑡). It follows from the theory of integral
equations that the solution to this equation is unique and can be obtained by the method of
successive approximations. Now we shall prove two lemmas, which will be used in the proof of
the main theorem on the solvability of inverse problem.

Lemma 2.1. The estimates hold

|𝑢𝑚(𝑡)| ⩽
(︂
|𝜙𝑚|+

𝑇𝛼

Γ(𝛼 + 1)
‖𝑔𝑚‖

)︂
𝐸𝛼(‖𝑘‖𝑇𝛼), (2.6)

|𝜕𝛼𝑡 𝑢𝑚(𝑡)| ⩽ (|𝜆𝑚|+ 𝑇‖𝑘‖)
(︂
|𝜙𝑚|+

𝑇𝛼

Γ(𝛼 + 1)
‖𝑔𝑚‖

)︂
𝐸𝛼(‖𝑘‖𝑇𝛼) + ‖𝑔𝑚‖. (2.7)
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Proof. Proposition 2.1 and formula (2.5) imply

|𝑢𝑚(𝑡)| ⩽|𝜙𝑚|+

⃒⃒⃒⃒
⃒⃒

𝑡∫︁
0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)

⎛⎝𝑔𝑚(𝑠) + 𝑠∫︁
0

𝑘(𝑠− 𝜏)𝑢𝑚(𝜏)𝑑𝜏

⎞⎠ (𝑠)𝑑𝑠

⃒⃒⃒⃒
⃒⃒

⩽|𝜙𝑚|+
𝑇𝛼

Γ(𝛼 + 1)
‖𝑔𝑚‖+

‖𝑘‖
Γ(𝛼)

𝑡∫︁
0

(𝑡− 𝜏)𝛼|𝑢𝑚(𝜏)|𝑑𝜏.

By the Grönwall type integral inequality [36], [37, Ch. 3], we arrive at (2.6). Substituting (2.6)
into (2.3), we obtain (2.7). The proof is complete.

The main result of this section is the following theorem.

Theorem 2.1. Let 𝑘 ∈ 𝐶[0, 𝑇 ] and

𝑎𝑖𝑗 ∈ 𝐶[
𝑁
2 ]+2(Ω̄), 𝑐 ∈ 𝐶[

𝑁
2 ]+1(Ω̄), 𝜙 ∈ 𝐻[𝑁2 ]+3(Ω), 𝑔 ∈ 𝐶

(︁
[0, 𝑇 ];𝐻[𝑁2 ]+3(Ω)

)︁
,

{𝜙, 𝑔( · , 𝑡)} , 𝐿 {𝜙, 𝑔( · , 𝑡)} , . . . , 𝐿[
𝑁
4
+1] {𝜙, 𝑔( · , 𝑡)} ∈ 𝐻1

0 (Ω).

Then there exists a unique classical solution to problem (1.1)–(1.3).

Proof. Formally applying the operators 𝐿 and 𝜕𝛼𝑡 the series (2.1), we get

𝜕𝛼𝑡 𝑢(𝑥, 𝑡) =
∞∑︁

𝑚=1

𝜕𝛼𝑡 𝑢𝑚(𝑡)𝑣𝑚(𝑥), (2.8)

𝐿𝑢(𝑥, 𝑡) =
∞∑︁

𝑚=1

𝑢𝑚(𝑡)𝐿𝑣𝑚(𝑥) = −
∞∑︁

𝑚=1

𝜆𝑚𝑢𝑚(𝑡)𝑣𝑚(𝑥). (2.9)

Let us prove the convergence of series (2.1), (2.8), (2.9).
It follows from (2.1) and (2.8) that

|𝑢(𝑥, 𝑡)| ⩽
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|
(︂
|𝜙𝑚|+

𝑇𝛼

Γ(𝛼 + 1)
‖𝑔𝑚‖

)︂
𝐸𝛼(‖𝑘‖𝑇𝛼)

⩽𝐸𝛼(‖𝑘‖𝑇𝛼)

(︃
∞∑︁

𝑚=1

|𝜙𝑚||𝑣𝑚(𝑥)|+
𝑇𝛼

Γ(𝛼 + 1)

∞∑︁
𝑚=1

|𝑔𝑚(𝑡)||𝑣𝑚(𝑥)|

)︃
.

Proceeding similarly for series (2.8) and (2.9), we have

|𝜕𝛼𝑡 𝑢(𝑥, 𝑡)| ⩽𝐸𝛼(‖𝑘‖𝑇𝛼)

(︃
∞∑︁

𝑚=1

𝜆𝑚|𝜙𝑚||𝑣𝑚(𝑥)|

+ 𝑇‖𝑘‖
∞∑︁

𝑚=1

(︃
|𝜙𝑚||𝑣𝑚(𝑥)|+

𝑇𝛼

Γ(𝛼 + 1)

∞∑︁
𝑚=1

‖𝑔𝑚‖|𝑣𝑚(𝑥)|

)︃

+
𝑇𝛼

Γ(𝛼 + 1)

∞∑︁
𝑚=1

𝜆𝑚|𝑔𝑚(𝑡)||𝑣𝑚(𝑥)|

)︃
+

∞∑︁
𝑚=1

|𝑔𝑚(𝑡)||𝑣𝑚(𝑥)|,

and

|𝐿𝑢(𝑥, 𝑡)| ⩽ 𝐸𝛼(‖𝑘‖𝑇𝛼)

(︃
∞∑︁

𝑚=1

𝜆𝑚|𝜙𝑚||𝑣𝑚(𝑥)|+
𝑇𝛼

Γ(𝛼 + 1)

∞∑︁
𝑚=1

𝜆𝑚|𝑔𝑚(𝑡)||𝑣𝑚(𝑥)|

)︃
.
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If we ensure the convergence of the series

∞∑︁
𝑚=1

𝜆𝑚𝜔𝑚|𝑣𝑚(𝑥)|

with 𝜔𝑚 = max {|𝜙𝑚|, ‖𝑔𝑚‖}, this will ensure the convergence of series (2.1), (2.8), (2.9). We
shall only prove the convergence of

∞∑︁
𝑚=1

𝜆𝑚|𝜙𝑚||𝑣𝑚(𝑥)|;

the other series can be treated in the same way. By the Cauchy — Schwarz — Bunyakovsky
inequality we have

∞∑︁
𝑚=1

𝜆𝑚|𝜙𝑚||𝑣𝑚(𝑥)| =
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|

𝜆
[𝑁2 ]+1

2
𝑚

|𝜙𝑚|𝜆
[𝑁2 ]+3

2
𝑚 ⩽

(︃
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|2

𝜆
[𝑁2 ]+1
𝑚

)︃ 1
2

·

(︃
∞∑︁

𝑚=1

|𝜙𝑚|2𝜆
[𝑁2 ]+3
𝑚

)︃ 1
2

.

The first series in the right side converges by [33, Lm. 1], and the second series converges by
[33, Lm. 5]. Generally, under the assumptions of the theorem series (2.1), (2.8), (2.9) converge
uniformly and absolutely in 𝑄𝑇 . Thus, the function 𝑢(𝑥, 𝑡) defined by series (2.1) is a solution
to problem (1.1)–(1.3) in 𝑄𝑇 .
We proceed to proving the uniqueness of this solution. For 𝜙(𝑥) ≡ 0 and 𝑔(𝑥, 𝑡) ≡ 0 we

obtain the identities 𝜙𝑚 ≡ 0, 𝑔𝑚(𝑡) ≡ 0. Then formula (2.5) implies that 𝑢𝑚 ≡ 0 since 𝑢𝑚 is
a solution to the homogeneous equation

𝑢𝑚(𝑡) =

𝑡∫︁
0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)

𝑠∫︁
0

𝑘(𝑠− 𝜏)𝑢𝑚(𝜏)𝑑𝜏 𝑑𝑠.

Letting 𝑢𝑚 ≡ 0 in equation (2.2), we obtain∫︁
Ω

𝑢(𝑥, 𝑡)𝑣𝑚(𝑥)𝑑𝑥 = 0.

Since the system 𝑣𝑚 is complete in 𝐿2(Ω), function 𝑢(𝑥, 𝑡) = 0 almost everywhere in Ω and
for each 𝑡 ∈ [0, 𝑇 ]. Since 𝑢(𝑥, 𝑡) ∈ 𝐶

(︀
𝑄𝑇

)︀
, we conclude that 𝑢(𝑥, 𝑡) ≡ 0 in 𝑄𝑇 . The proof is

complete.

3. Auxiliary problem

Let 𝑢(𝑥, 𝑡), 𝑘(𝑡) be a classical solution to problem (1.1)-(1.4) and 𝜙, 𝑔, ℎ be sufficiently smooth
functions.

Definition 3.1. [24, Sect. 2.1] The Riemann — Liouville time fractional derivative of order
0 < 𝛼 < 1 of the integrable function 𝑢 is defined as

𝐷𝛼
0+,𝑡𝑢(𝑥, 𝑡) =

𝜕

𝜕𝑡
𝐼1−𝛼
0+,𝑡𝑢(𝑥, 𝑡) =

1

Γ(1− 𝛼)

𝜕

𝜕𝑡

𝑡∫︁
0

(𝑡− 𝜏)−𝛼𝑢(𝑥, 𝜏)𝑑𝜏.

The next statements provides an auxiliary equivalent problem.
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Lemma 3.1. Problem (1.1)–(1.4) is equivalent to the auxiliary problem on determining the
functions 𝜗(𝑥, 𝑡), 𝑘(𝑡) by the equations

𝐷𝛼
0+,𝑡𝜗− 𝐿𝜗 = 𝑘(𝑡)𝜙(𝑥) +

𝑡∫︁
0

𝑘(𝜏)𝜗(𝑥, 𝑡− 𝜏) 𝑑𝜏 + 𝑔𝑡(𝑥, 𝑡), (3.1)

𝐼1−𝛼
0+,𝑡𝜗

⃒⃒⃒
𝑡=0

= 𝐿𝜙(𝑥), (3.2)

𝜗(𝑥, 𝑡) = 0, (𝑥, 𝑡) ∈ 𝜕𝑄𝑇 , (3.3)∫︁
Ω

𝜂(𝑥)𝜗(𝑥, 𝑡) 𝑑𝑥 = ℎ′(𝑡), 0 ⩽ 𝑡 ⩽ 𝑇, (3.4)

where 𝜗(𝑥, 𝑡) = 𝑢𝑡(𝑥, 𝑡).

Proof. Introducing the new function 𝜗(𝑥, 𝑡) = 𝑢𝑡(𝑥, 𝑡), we differentiate identities (1.1)–(1.4)
with respect to 𝑡 using the identities

𝜕

𝜕𝑡
𝜕𝛼𝑡 𝑢(𝑥, 𝑡) =

𝜕

𝜕𝑡

1

Γ(1− 𝛼)

𝑡∫︁
0

𝑢𝜏 (𝑥, 𝜏)

(𝑡− 𝜏)𝛼
𝑑𝜏 =

1

Γ(1− 𝛼)

𝜕

𝜕𝑡

𝑡∫︁
0

𝜗(𝑥, 𝜏)

(𝑡− 𝜏)𝛼
𝑑𝜏 = 𝐷𝛼

0+,𝑡𝜗(𝑥, 𝑡).

As a result, we arrive at problem (3.1)–(3.4), which consists in finding the functions 𝜗(𝑥, 𝑡)
and 𝑘(𝑡). Initial condition (3.2) is obtained from identity (1.1) by letting 𝑡 = 0. The proof
follows the same lines as in [23], and we omit it here. The proof is complete.

We introduce the weighted spaces

𝐶2,𝛼
𝛾

(︀
𝑄𝑇

)︀
=
{︀
𝜗(𝑥, 𝑡) : 𝜗( · , 𝑡) ∈ 𝐶2(Ω), 𝑡 ∈ [0, 𝑇 ], 𝜗(𝑥, · ) ∈ 𝐶𝛾[0, 𝑇 ],

𝐷𝛼
0+,𝑡𝜗(𝑥, · ) ∈ 𝐶𝛾[0, 𝑇 ], 𝑥 ∈ Ω

}︀
,

𝐶𝛾

(︀
𝑄𝑇

)︀
=
{︀
𝜗(𝑥, 𝑡) : 𝜗( · , 𝑡) ∈ 𝐶(Ω), 𝑡 ∈ [0, 𝑇 ], 𝜗(𝑥, · ) ∈ 𝐶𝛾[0, 𝑇 ], 𝑥 ∈ Ω

}︀
, 𝛾 = 1− 𝛼.

Definition 3.2. A solution to inverse problem (3.1)–(3.4) is a pair of functions 𝜗(𝑥, 𝑡) and
𝑘(𝑡) in the classes 𝐶2,𝛼

𝛾

(︀
𝑄𝑇

)︀
∩ 𝐶𝛾

(︀
𝑄𝑇

)︀
and 𝐶𝛾[0, 𝑇 ], which satisfies (3.1)–(3.4).

To investigate problem (3.1)–(3.4), we proceed as in Section 2. We seek the solution to
problem (3.1)–(3.3) as

𝜗(𝑥, 𝑡) =
∞∑︁

𝑚=1

𝜗𝑚(𝑡)𝑣𝑚(𝑥), (3.5)

where 𝜗𝑚(𝑡) are the Fourier coefficients defined by the formula

𝜗𝑚(𝑡) =

∫︁
Ω

𝜗(𝑥, 𝑡)𝑣𝑚(𝑥) 𝑑𝑥.

Substituting (3.5) into equations (3.1)–(3.3), we obtain the problem for the Fourier coeffi-
cients 𝜗𝑚(𝑡)

𝐷𝛼
0+,𝑡𝜗𝑚(𝑡) + 𝜆𝑚𝜗𝑚(𝑡)− 𝑘(𝑡)𝜙𝑚 −

𝑡∫︁
0

𝑘(𝑡− 𝜏)𝜗𝑚(𝜏)𝑑𝜏 = 𝑔′𝑚(𝑡), (3.6)

𝐼1−𝛼
0+,𝑡𝜗𝑚(0) = −𝜆𝑚𝜙𝑚, (3.7)

where 𝜓𝑚, 𝑔
′
𝑚(𝑡) are the Fourier coefficients of functions 𝜓(𝑥), 𝑔𝑡(𝑥, 𝑡)

𝐿𝜙(𝑥) = −
∞∑︁

𝑚=1

𝜆𝑚𝜙𝑚𝑣𝑚(𝑥), 𝑔𝑡(𝑥, 𝑡) =
∞∑︁

𝑚=1

𝑔′𝑚(𝑡)𝑣𝑚(𝑥).



124 J.J. JUMAEV, D.K. DURDIEV

Problem (3.6) and (3.7) is equivalent to the integral equation [24, Sect. 3.1]

𝜗𝑚(𝑡) = −𝜆𝑚𝑡𝛼−1𝜙𝑚𝐸𝛼,𝛼 (−𝜆𝑚𝑡𝛼) +
𝑡∫︁

0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)𝐺𝑚(𝑠; 𝑘, 𝜗𝑚) 𝑑𝑠, (3.8)

where

𝐺𝑚(𝑡; 𝑘, 𝜗𝑚) := 𝑔′𝑚(𝑡) + 𝑘(𝑡)𝜙𝑚 +

𝑡∫︁
0

𝑘(𝑡− 𝜏)𝜗𝑚(𝜏) 𝑑𝜏.

We prove the existence of a solution to integral equation (3.8) in the space 𝐶𝛾[0, 𝑇 ] by using
the method of successive approximation.
For this equation, we consider the sequence of functions on [0, 𝑇 ]

𝑡𝛾(𝜗𝑚)𝑛(𝑡) = 𝑡𝛾
𝑡∫︁

0

(𝑡− 𝜏)𝛼−1𝐸𝛼,𝛼

(︀
−𝜆2𝑚(𝑡− 𝜏)𝛼

)︀ 𝜏∫︁
0

𝑘(𝛼)(𝜗𝑚)𝑛−1(𝜏 − 𝛼)𝑑𝛼 𝑑𝜏,

where 𝑛 ∈ N, 𝛾 = 1− 𝛼, (𝜗𝑚)0(𝑡) = 𝐹𝑚(𝑡) for [0, 𝑇 ],

𝐹𝑚(𝑡) = −𝜆𝑚𝑡𝛼−1𝜙𝑚𝐸𝛼,𝛼 (−𝜆𝑚𝑡𝛼) +
𝑡∫︁

0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)
[︀
𝑔′𝑚(𝑠) + 𝑘(𝑠)𝜙𝑚

]︀
𝑑𝑠.

Using Propositions 2.1 and 2.2, we find

|𝑡𝛾(𝜗𝑚)0(𝑡)| =|𝑡𝛾𝐹𝑚(𝑡)| ⩽ |𝜆𝑚𝜙𝑚|𝑡𝛼+𝛾−1𝐸𝛼,𝛼(−𝜆2𝑚𝑡𝛼)

+ 𝑡𝛾
⃒⃒⃒
𝜙𝑚

𝑡∫︁
0

(𝑡− 𝜏)𝛼−1𝜏−𝛾𝐸𝛼,𝛼

(︀
−𝜆2𝑚(𝑡− 𝜏)𝛼

)︀
𝜏 𝛾𝑘(𝜏)𝑑𝜏

⃒⃒⃒

+ 𝑡𝛾
⃒⃒⃒ 𝑡∫︁
0

(𝑡− 𝜏)𝛼−1𝐸𝛼,𝛼

(︀
−𝜆2𝑚(𝑡− 𝜏)𝛼

)︀
𝑔′𝑚(𝜏)𝑑𝜏

⃒⃒⃒
⩽
𝜆𝑚|𝜙𝑚|𝑡𝛼+𝛾−1

Γ(𝛼)
+ 𝑡𝛾|𝜙𝑚|‖𝑘‖𝛾𝐼𝛼0+(𝑡−𝛾) +

𝑡𝛼+𝛾

Γ(𝛼 + 1)
‖𝑔′𝑚‖

=
𝜆𝑚|𝜙𝑚|𝑡𝛼+𝛾−1

Γ(𝛼)
+

Γ(1− 𝛾)

Γ(1 + 𝛼− 𝛾)
𝑡𝛼|𝜙𝑚|‖𝑘‖𝛾 +

𝑡𝛼+𝛾

Γ(𝛼 + 1)
‖𝑔′𝑚‖

⩽𝐶0(𝜆𝑚|𝜙𝑚|+ ‖𝑔′𝑚‖) = 𝐹 0
𝑚, 𝑡 ∈ [0, 𝑇 ]

where the constant 𝐶0 depends on ‖𝑘‖𝛾, Γ(1−𝛾)
Γ(1+𝛼−𝛾)

, Γ(𝛼), 𝑇 .

Proposition 3.1. [24, Sect. 2.1]. Let

𝛼 > 0, 𝛽 > 0, 𝑝 ⩾ 1 𝛼 + 𝛽 <
1

𝑝
.

If 𝑓 ∈ 𝐿𝑝(R+), then

𝐼𝛼0+,𝑥𝐼
𝛽
0+,𝑥𝑓 = 𝐼𝛼+𝛽

0+,𝑥𝑓.

Proposition 3.2. [24, Sect. 2.1]. If 𝛼 ⩾ 0 and 𝛽 ∈ C has a positive real part, then

𝐼𝛼0+,𝑥𝑥
𝛽−1 =

Γ(𝛽)

Γ(𝛼 + 𝛽)
𝑥𝛽+𝛼−1.
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In accordance with Proposition 3.1 and Proposition 3.2, we obtain

|𝑡𝛾(𝜗𝑚)1(𝑡)| ⩽𝑡𝛾
𝑡∫︁

0

(𝑡− 𝜏)𝛼−1𝐸𝛼,𝛼

(︀
−𝜆2𝑚(𝑡− 𝜏)𝛼

)︀

·
𝜏∫︁

0

𝛽−𝛾(𝜏 − 𝛽)−𝛾
⃒⃒⃒
𝛽𝛾𝑘(𝛽)

⃒⃒⃒⃒⃒⃒
(𝜏 − 𝛽)𝛾(𝜗𝑚)0(𝜏 − 𝛽)

⃒⃒⃒
𝑑𝛽𝑑𝜏

⩽𝑡𝛾‖𝑘‖𝛾𝐹 0
𝑚Γ(1− 𝛾)𝐼𝛼0+,𝑡(𝐼

1−𝛾
0+,𝑡(𝑡

−𝛾)) = ‖𝑘‖𝛾𝐹 0
𝑚

Γ2(1− 𝛾)

Γ(2 + 𝛼− 2𝛾)
𝑡1+𝛼−𝛾.

In the same way we find

|𝑡𝛾(𝜗𝑚)2(𝑡)| ⩽𝑡𝛾
𝑡∫︁

0

(𝑡− 𝜏)𝛼−1𝐸𝛼,𝛼

(︀
−𝜆2𝑚(𝑡− 𝜏)𝛼

)︀

·
𝜏∫︁

0

𝛽−𝛾(𝜏 − 𝛽)−𝛾
⃒⃒⃒
𝛽𝛾𝑘(𝛽)

⃒⃒⃒⃒⃒⃒
(𝜏 − 𝛽)𝛾(𝜗𝑚)1(𝜏 − 𝛽)

⃒⃒⃒
𝑑𝛽𝑑𝜏

⩽𝑡𝛾‖𝑘‖2𝛾𝐹 0
𝑚

Γ2(1− 𝛾)

Γ(2 + 𝛼− 2𝛾)
𝐼
2(1+𝛼−𝛾)
0+,𝑡 (𝑡−𝛾) = ‖𝑘‖2𝛾𝐹 0

𝑚

Γ3(1− 𝛾)

Γ(3 + 2𝛼− 3𝛾)
𝑡2(1+𝛼−𝛾).

For an arbitrary 𝑛 = 0, 1, 2, . . . we have

|𝑡𝛾(𝜗𝑚)𝑛(𝑡)| ⩽𝑡𝛾
𝑡∫︁

0

(𝑡− 𝜏)𝛼−1𝐸𝛼,𝛼

(︀
−𝜆2𝑚(𝑡− 𝜏)𝛼

)︀

·
𝜏∫︁

0

𝛽−𝛾(𝜏 − 𝛽)−𝛾
⃒⃒⃒
𝛽𝛾𝑘(𝛽)

⃒⃒⃒⃒⃒⃒
(𝜏 − 𝛽)𝛾(𝜗𝑚)𝑛−1(𝜏 − 𝛽)

⃒⃒⃒
𝑑𝛽𝑑𝜏

⩽Γ(1− 𝛾)𝐹 0
𝑚

(‖𝑘‖𝛾Γ(1− 𝛾)𝑡1+𝛼−𝛾)𝑛

Γ((1 + 𝛼− 𝛾)𝑛+ 1− 𝛾)
.

These estimates imply that the series

𝑡𝛾𝜗𝑚(𝑡) =
∞∑︁
𝑛=1

𝑡𝛾(𝜗𝑚)𝑛(𝑡)

converges uniformly in [0, 𝑇 ] because it can be majorized in [0, 𝑇 ] by the convergent scalar
series

Γ(1− 𝛾)𝐹 0
𝑚

∞∑︁
𝑛=1

(‖𝑘‖𝛾Γ(1− 𝛾)𝑡1+𝛼−𝛾)𝑛

Γ((1 + 𝛼− 𝛾)𝑛+ 1− 𝛾)
.

Hence, we the solution of the integral equation (2.9) satisfies the estimate

|𝑡𝛾𝜗𝑚(𝑡)| ⩽ Γ(1− 𝛾)𝐹 0
𝑚

∞∑︁
𝑛=1

(‖𝑘‖𝛾Γ(1− 𝛾)𝑡1+𝛼−𝛾)𝑛

Γ((1 + 𝛼− 𝛾)𝑛+ 1− 𝛾)

= Γ(1− 𝛾)𝐹 0
𝑚𝐸1+𝛼−𝛾,1−𝛾(‖𝑘‖𝛾Γ(1− 𝛾)𝑇 1+𝛼−𝛾)

⩽ 𝐶1(𝜆𝑚|𝜙𝑚|+ ‖𝑔′𝑚‖),
𝐶1 = Γ(1− 𝛾)𝐶0𝐸1+𝛼−𝛾,1−𝛾(‖𝑘‖𝛾Γ(1− 𝛾)𝑇 1+𝛼−𝛾),

(3.9)

where 𝐸1+𝛼−𝛾,1−𝛾 is the Mittag — Leffler function of a nonnegative real argument.
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Using identity (3.7), we obtain the estimate for 𝐷𝛼
0+𝜗𝑚(𝑡)

|𝑡𝛾𝐷𝛼
0+𝜗𝑚(𝑡)| ⩽

(︁
𝜆𝑚 +

‖𝑘‖𝛾Γ2(1− 𝛾)𝑇 1−𝛾

Γ(2− 2𝛾)

)︁
Γ(1− 𝛾)

· 𝐹 0
𝑚𝐸1+𝛼−𝛾,1−𝛾(‖𝑘‖𝛾Γ(1− 𝛾)𝑇 1+𝛼−𝛾)

+ |𝜙𝑚|‖𝑘‖𝛾 + ‖𝑔′𝑚‖ ⩽ 𝐶2(𝜆
2
𝑚|𝜙𝑚|+ 𝜆𝑚‖𝑔′𝑚‖),

(3.10)

where the constant 𝐶2 depends on 𝐶0, 𝐶1, 𝛾, 𝑇 .

Lemma 3.2. Let 𝜗1
𝑚(𝑡), 𝜗

2
𝑚(𝑡) be solutions to (3.8) corresponding to functions 𝑘1(𝑡), 𝑘2(𝑡),

respectively. For 𝑡 ∈ [0, 𝑇 ] and fixed 𝑚 ∈ N the estimate holds

|𝑡𝛾(𝜗1
𝑚(𝑡)− 𝜗2

𝑚(𝑡))| ⩽Γ2(1− 𝛾)‖𝑘1 − 𝑘2‖𝛾
(︂

𝑇𝛼|𝜙𝑚|
Γ(1 + 𝛼− 𝛾)

+ ‖𝜗1
𝑚‖𝛾

𝑇 1+𝛼−𝛾Γ(1− 𝛾)

Γ(2− 2𝛾)

)︂
· 𝐸1+𝛼−𝛾,1−𝛾(‖𝑘2‖𝛾Γ(1− 𝛾)𝑇 1+𝛼−𝛾)

(3.11)

where

‖𝜗1
𝑚‖𝛾 ⩽ 𝐶1(𝜆𝑚|𝜙𝑚|+ ‖𝑔′𝑚‖), 𝐶1 = Γ(1− 𝛾)𝐶0𝐸1+𝛼−𝛾,1−𝛾(‖𝑘1‖𝛾Γ(1− 𝛾)𝑇 1+𝛼−𝛾).

Proof. To prove estimate (3.6) for 𝑡 ∈ [0, 𝑇 ], we see that

|𝜗1
𝑚(𝑡)− 𝜗2

𝑚(𝑡)| ⩽
𝑡∫︁

0

𝑑𝑠 (𝑡− 𝑠)𝛼−1

(︂
|𝑘1(𝑠)− 𝑘2(𝑠)||𝜙𝑚|

+

𝑠∫︁
0

(︀
|𝑘1(𝑠− 𝜏)− 𝑘2(𝑠− 𝜏)||𝜗1

𝑚(𝜏)|

+ |𝑘2(𝑠− 𝜏)||𝜗1
𝑚(𝜏)− 𝜗1

𝑚(𝜏)|
)︀
𝑑𝜏

)︂
.

(3.12)

Applying the successive approximation method to this equation by means of (3.12), we arrive
at (3.11). The proof is complete.

The main result of this section is the following theorem.

Theorem 3.1. Let 𝑘 ∈ 𝐶𝛾[0, 𝑇 ], the functions 𝑎 and 𝑐 satisfies the assumptions of Theo-
rem 2.1 hold and

𝜙 ∈ 𝐻[𝑁2 ]+5(Ω), 𝑔 ∈ 𝐶1
(︁
[0, 𝑇 ];𝐻[𝑁2 ]+3(Ω)

)︁
;

{𝜙, 𝑔( · , 𝑡)} , 𝐿 {𝜙, 𝑔( · , 𝑡)} , . . . , 𝐿[
𝑁
4
+1] {𝜙, 𝑔( · , 𝑡)} ∈ 𝐻1

0 (Ω).

Then there exists a unique classical solution to problem (3.1)–(3.3).

Proof. Formally applying the operators 𝐿 and 𝐷𝛼
0+,𝑡 to series (3.5), we get

𝑡𝛾𝐷𝛼
0+,𝑡𝜗(𝑥, 𝑡) =

∞∑︁
𝑚=1

𝑡𝛾𝐷𝛼
0+,𝑡𝜗𝑚(𝑡)𝑣𝑚(𝑥), (3.13)

𝑡𝛾𝐿𝜗(𝑥, 𝑡) =
∞∑︁

𝑚=1

𝑡𝛾𝜗𝑚(𝑡)𝐿𝑣𝑚(𝑥) = −
∞∑︁

𝑚=1

𝑡𝛾𝜆𝑚𝜗𝑚(𝑡)𝑣𝑚(𝑥). (3.14)

Let us prove the convergence of series (3.5), (3.13), (3.14).
It follows from (3.9) and (3.10) that

|𝑡𝛾𝜗(𝑥, 𝑡)| ⩽
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|𝐶1(𝜆𝑚|𝜙𝑚|+ ‖𝑔′𝑚‖) = 𝐶1(
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|𝜆𝑚|𝜙𝑚|+
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|‖𝑔′𝑚‖).
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Proceeding similarly for series (2.8), we have⃒⃒
𝑡𝛾𝐷𝛼

0+,𝑡𝜗(𝑥, 𝑡)
⃒⃒
⩽ 𝐶2(

∞∑︁
𝑚=1

|𝑣𝑚(𝑥)|𝜆2𝑚|𝜙𝑚|+
∞∑︁

𝑚=1

𝜆𝑚|𝑣𝑚(𝑥)|‖𝑔′𝑚‖),

and

|𝑡𝛾𝐿𝜗(𝑥, 𝑡)| ⩽ 𝐶2(
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|𝜆2𝑚|𝜙𝑚|+
∞∑︁

𝑚=1

𝜆𝑚|𝑣𝑚(𝑥)|‖𝑔′𝑚‖).

If we ensure the convergence of the series
∞∑︁

𝑚=1

𝜆2𝑚𝜔𝑚|𝑣𝑚(𝑥)|

with 𝜔𝑚 = max {|𝜙𝑚|, ‖𝑔𝑚‖}, this guarantees the convergence of series (3.5), (3.13), (3.14).
We shall only prove the convergence of

∞∑︁
𝑚=1

𝜆2𝑚|𝜙𝑚||𝑣𝑚(𝑥)|;

the other series can be treated in the same way.
By the Cauchy — Schwarz — Bunyakovsky inequality we have

∞∑︁
𝑚=1

𝜆2𝑚|𝜙𝑚||𝑣𝑚(𝑥)| =
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|

𝜆
[𝑁2 ]+1

2
𝑚

|𝜙𝑚|𝜆
[𝑁2 ]+5

2
𝑚 ⩽

(︃
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|2

𝜆
[𝑁2 ]+1
𝑚

)︃ 1
2

·

(︃
∞∑︁

𝑚=1

|𝜙𝑚|2𝜆
[𝑁2 ]+5
𝑚

)︃ 1
2

.

The first series on the right side of this relation converges by [33, Lm. 1], and the second series
converges by [33, Lm. 5]. Generally, under the assumptions of the theorem, series (3.5), (3.13),
(3.14) converge uniformly and absolutely in 𝑄𝑇 . Thus, the function 𝜗(𝑥, 𝑡) defined by series
(3.5) is a solution to problem (3.1)–(3.3) in 𝑄𝑇 . The proof is complete.

4. Solvability theorem for inverse problem

Let a pair of functions 𝜗(𝑥, 𝑡), 𝑘(𝑡) be a solution of problem (3.1)–(3.4). We multiply both
sides of equation (3.1) by function 𝜂(𝑥) and integrate over Ω∫︁

Ω

𝜂(𝑥)𝐷𝛼
0+,𝑡𝜗(𝑥, 𝑡)𝑑𝑥−

∫︁
Ω

𝜂(𝑥)𝐿𝜗(𝑥, 𝑡) 𝑑𝑥 =𝑘(𝑡)

∫︁
Ω

𝜂(𝑥)𝜙(𝑥) 𝑑𝑥

+

𝑡∫︁
0

𝑘(𝑡− 𝜏)

∫︁
Ω

𝜂(𝑥)𝜗(𝑥, 𝜏) 𝑑𝑥𝑑𝜏

+

∫︁
Ω

𝜂(𝑥)𝑔𝑡(𝑥, 𝑡) 𝑑𝑥

(4.1)

for all 0 < 𝑡 ⩽ 𝑇.
By means of (3.3) and (3.4), we can rewrite (4.1) as

𝐷𝛼
0+,𝑡ℎ

′(𝑡)−
∫︁
Ω

𝜂(𝑥)𝐿𝜗(𝑥, 𝑡) 𝑑𝑥 =𝑘(𝑡)

∫︁
Ω

𝜂(𝑥)𝜙(𝑥) 𝑑𝑥

+

𝑡∫︁
0

𝑘(𝑡− 𝜏)ℎ′(𝜏) 𝑑𝜏 +

∫︁
Ω

𝜂(𝑥)𝑔𝑡(𝑥, 𝑡) 𝑑𝑥.

(4.2)
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This yields the integral equation for 𝑘(𝑡)

𝑘(𝑡) =
1

𝜙0

(︂
𝐷𝛼

0+,𝑡ℎ
′(𝑡)−

∫︁
Ω

𝜂(𝑥)𝐿𝜗(𝑥, 𝑡) 𝑑𝑥−
𝑡∫︁

0

𝑘(𝑡− 𝜏)ℎ′(𝜏) 𝑑𝜏 −
∫︁
Ω

𝜂(𝑥)𝑔𝑡(𝑥, 𝑡) 𝑑𝑥

)︂
, (4.3)

where

𝜙0 =

∫︁
Ω

𝜂(𝑥)𝜙(𝑥) 𝑑𝑥 ̸= 0.

We introduce the nonlinear operator 𝐴 : 𝐶𝛾[0, 𝑇 ] → 𝐶𝛾[0, 𝑇 ], 𝛾 = 1− 𝛼 by the rule

(𝐴(𝑘))(𝑡) = 𝑘0(𝑡)− {𝜙0}−1

(︂ ∞∑︁
𝑚=1

𝜆𝑚𝜗𝑚(𝑡; 𝑘)

∫︁
Ω

𝜂(𝑥)𝑣𝑚(𝑥) 𝑑𝑥+

𝑡∫︁
0

𝑘(𝑡− 𝜏)ℎ′(𝜏) 𝑑𝜏

)︂
. (4.4)

Here 𝜗𝑚(𝑡; 𝑘) denotes the solution of integral equation (3.8), which depends on the function
𝑘(𝑡), i.e., 𝜗𝑚 = 𝜗𝑚(𝑡; 𝑘). The function 𝑘0(𝑡) is given by

𝑘0(𝑡) =
1

𝜙0

(︂
𝐷𝛼

0+,𝑡ℎ
′(𝑡)−

∫︁
Ω

𝜂(𝑥)𝑔𝑡(𝑥, 𝑡) 𝑑𝑥

)︂
.

By (4.4), equation (4.3) can be rewritten in operator form

𝑘 = 𝐴(𝑘). (4.5)

We fix a number 𝜌 > 0 and consider the set

𝑅𝑇 (𝑘0, 𝜌) :=
{︀
𝑘(𝑡) : 𝑘 ∈ 𝐶𝛾[0, 𝑇 ], ‖𝑘 − 𝑘0‖𝛾 ⩽ 𝜌

}︀
, 𝛾 = 1− 𝛼.

Now we are in position to formulate our main result.

Theorem 4.1. Let ℎ ∈ 𝐶2[0, 𝑇 ], 𝜙0 ̸= 0, 𝜂 ∈ 𝐿1(Ω) and

𝑎𝑖𝑗 ∈ 𝐶[
𝑁
2 ]+4(Ω), 𝑐 ∈ 𝐶[

𝑁
2 ]+3(Ω), 𝜙 ∈ 𝐻[𝑁2 ]+5(Ω), 𝑔 ∈ 𝐶

(︁
[0, 𝑇 ], 𝐻[𝑁2 ]+3(Ω)

)︁
,

{𝜙, 𝑔( · , 𝑡)} , 𝐿 {𝜙, 𝑔( · , 𝑡)} , . . . , 𝐿[
𝑁
4
+1] {𝜙, 𝑔( · , 𝑡)} ∈ 𝐻1

0 (Ω), 𝐿[
𝑁
4
+2]𝜙 ∈ 𝐻1

0 (Ω).

Then there exists a unique solution to operator equation (4.5).

Proof. Let us show that for a sufficiently small 𝑇 > 0 the operator 𝐴 is a contraction mapping
on 𝑅𝑇 (𝑘0, 𝜌) . Indeed, after some calculations we have estimates⃒⃒
𝑡𝛾((𝐴(𝑘))(𝑡)− 𝑘0(𝑡))

⃒⃒
⩽
⃒⃒
{𝜙0}

⃒⃒−1

⃒⃒⃒⃒ ∞∑︁
𝑚=1

𝜆𝑚𝑡
𝛾𝜗𝑚(𝑡; 𝑘)

∫︁
Ω

𝜂(𝑥)𝜐𝑚(𝑥) 𝑑𝑥

+ 𝑡𝛾
𝑡∫︁

0

𝑘(𝑡− 𝜏)ℎ′(𝜏) 𝑑𝜏

⃒⃒⃒⃒
⩽
⃒⃒
{𝜙0}

⃒⃒−1‖𝜂‖𝐿1(Ω)Γ(1− 𝛾)𝐸1+𝛼−𝛾,1−𝛾(‖𝑘‖𝛾Γ(1− 𝛾)𝑇 1+𝛼−𝛾)

·
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|𝜆𝑚
{︁𝜆𝑚|𝜙𝑚|𝑇𝛼+𝛾−1

Γ(𝛼)
+

Γ(1− 𝛾)

Γ(1 + 𝛼− 𝛾)
𝑇𝛼|𝜙𝑚|

}︁
‖𝑘‖𝛾

+
⃒⃒
{𝜙0}

⃒⃒−1‖ℎ‖𝐶1[0,𝑇 ]‖𝑘‖𝛾𝑇.

(4.6)
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𝑡𝛾
(︀
(𝐴(𝑘1))(𝑡)− (𝐴(𝑘2))(𝑡)

)︀⃒⃒
⩽
{︀
|𝜙0|

}︀−1

(︃
∞∑︁

𝑚=1

𝜆𝑚
⃒⃒
𝑡𝛾(𝜗1

𝑚(𝑡; 𝑘
1)− 𝜗2

𝑚(𝑡; 𝑘
2))
⃒⃒ ∫︁
Ω

|𝜂(𝑥)||𝜐𝑚(𝑥)| 𝑑𝑥

+ 𝑡𝛾
𝑡∫︁

0

|𝑘1(𝑡− 𝜏)− 𝑘2(𝑡− 𝜏)||ℎ′(𝜏)| 𝑑𝜏

)︃

⩽
⃒⃒
{𝜙0}

⃒⃒−1

(︃
Γ2(1− 𝛾)

∞∑︁
𝑚=1

𝜆𝑚

(︃
𝑇𝛼|𝜙𝑚|

Γ(1 + 𝛼− 𝛾)
+ ‖𝜗1

𝑚‖𝛾
𝑇 1+𝛼−𝛾Γ(1− 𝛾)

Γ(2− 2𝛾)

)︃
· 𝐸1+𝛼−𝛾,1−𝛾(‖𝑘2‖𝛾Γ(1− 𝛾)𝑇 1+𝛼−𝛾)|𝜂(𝑥)|𝐿1(Ω)|𝜐𝑚(𝑥)|

+
𝑇

1− 𝛾
‖ℎ‖𝐶1[0,𝑇 ]

)︃
‖𝑘1 − 𝑘2‖𝛾.

(4.7)

Hence, the series in (4.6) and (4.7) are convergent. We also note that the expressions in the
right sides of these inequalities are monotonically increasing functions of 𝑇, ‖𝑘‖𝛾, ‖𝑘1‖𝛾, ‖𝑘2‖𝛾.
The belonging 𝑘, 𝑘1, 𝑘2 ∈ 𝑅𝑇 (𝑘0, 𝜌) implies the inequality⃦⃦

(𝑘, 𝑘1, 𝑘2)
⃦⃦
𝛾
⩽ 𝜌+ ‖𝑘0‖𝛾 .

In view of these facts, for (𝑥, 𝑡) ∈ 𝑄𝑇 we obtain

‖(𝐴(𝑘))(𝑡)− 𝑘0(𝑡)‖𝛾 ⩽ 𝑚1(𝑇 ),
⃦⃦
(𝐴(𝑘1))(𝑡)− (𝐴(𝑘2))(𝑡)

⃦⃦
𝛾
= 𝑚2(𝑇 )

⃦⃦
𝑘1 − 𝑘2

⃦⃦
𝛾
,

where 𝑚1(𝑇 ) denotes the right hand side of inequality (4.6) and 𝑚2(𝑇 ) is the coefficient at
‖𝑘1 − 𝑘2‖𝛾 in the right hand side of (4.7) with the only difference that 𝑘, 𝑘1, 𝑘2 are to be
replaced by 𝜌+ ‖𝑘0‖𝛾 in both cases.
We observe that 𝑚𝑖(𝑇 ), 𝑖 = 1, 2, are positive monotonically increasing functions of 𝑇 , and

𝑚𝑖(0) = 0. This yields that the equations 𝑚1(𝑇 ) = 𝜌 and 𝑚2(𝑇 ) = 1 have unique positive
roots. We denote these roots by 𝑇1 and 𝑇2, respectively. Then, it is clear that if we choose
𝑇 * < min{𝑇1, 𝑇2}, then the operator 𝐴 is a contraction inn the ball 𝑅𝑇 (𝑘0, 𝜌) . By the Banach
fixed point theorem, the operator 𝐴 has a unique fixed point in the ball 𝑅𝑇 (𝑘0, 𝜌) ; i.e., there
exists a unique solution to equation (4.5). The proof is complete.

Based on the known function 𝑘(𝑡), the solution to direct problem (3.1)–(3.3) is found by the
formula (3.8), where 𝜗𝑚(𝑡) is the solution to the integral equation (3.8).
Thus, by the existence and uniqueness of the solution (𝜗(𝑥, 𝑡), 𝑘(𝑡)) to the auxiliary problem

(3.1)–(3.4), where 𝜗 ∈ 𝐶2,𝛼
𝛾 (𝑄𝑇 ) ∩ 𝐶𝛾(𝑄𝑇 ), 𝑘 ∈ 𝐶𝛾[0, 𝑇 ], and in view of the relation 𝜗(𝑥, 𝑡) =

𝑢𝑡(𝑥, 𝑡), we see that the solution to original problem (1.1)–(1.4) belongs to the class

𝑢(𝑥, 𝑡) ∈ 𝑋, 𝑘(𝑡) ∈ 𝐶𝛾[0, 𝑇 ].

Let 𝑇 be a positive fixed number. We consider the set Ψ(𝜔0), 𝜔0 > 0 is some fixed number,
of the given functions (𝑔, 𝜙, ℎ), which obey the assumptions of Theorem 4.1 and

max

{︂
‖𝑔‖

𝐶1

(︃
𝐻[

𝑁
2 ]+3

(Ω);[0,𝑇 ]

)︃, ‖𝜙‖
𝐻[

𝑁
2 ]+5

(Ω)
, ‖ℎ‖𝐶2[0,𝑇 ]

}︂
⩽ 𝜔0.

By 𝐾(𝜔1) we denote the class of functions 𝑘 ∈ 𝐶𝛾 [0, 𝑇 ] satisfying the inequality ‖𝑘‖ ⩽ 𝜔1

with some fixed positive number 𝜔1.
The next theorems characterize the conditional stability and global uniqueness for the solu-

tion to the inverse problem. They can be proved quite similar to similar theorems in [14].
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Theorem 4.2. Let (𝑔, 𝜙, ℎ) ∈ Ψ(𝜔0),
(︁
𝑔, 𝜙, ℎ̃

)︁
∈ Ψ(𝜔0) and

(︁
𝑘, 𝑘
)︁

∈ 𝐾(𝜔1). Then, the

solution to inverse problem (3.1)-(3.4) satisfies the estimate

‖𝑘 − 𝑘‖𝛾 ⩽ 𝑑𝜅,

where

𝜅 := ‖𝑔 − 𝑔‖
𝐶1

(︃
𝐻[

𝑁
2 ]+3

(Ω);[0,𝑇 ]

)︃ + ‖𝜙− 𝜙‖
𝐻[

𝑁
2 ]+5

(Ω)
+ ‖ℎ− ℎ̃‖𝐶2[0,𝑇 ],

and the constant 𝑑 depends only on 𝑇 , 𝛼, 𝑁, and the norms of 𝑎𝑖𝑗, 𝑐 in the corresponding spaces
given in Theorem 4.1 for these functions.

The uniqueness result is immediately implied by Theorem 4.2.

Theorem 4.3. Let the functions 𝑘, 𝑔, 𝜙, ℎ and 𝑘, 𝑔, 𝜙, ℎ̃ be the same as in Theorem 4.2.
Moreover, if 𝑔 = 𝑔, 𝜙 = 𝜙, ℎ = ℎ̃ for 𝑡 ∈ [0, 𝑇 ], then 𝑘(𝑡) = 𝑘(𝑡) for 𝑡 ∈ [0, 𝑇 ].

Conclusion

In this paper, we studied the inverse problem on determining the convolution kernel of the
integral term in the initial boundary value problem for the multi–dimensional time–fractional
diffusion equation with the uniformly elliptic operator of the divergent form. The inverse prob-
lem is transformed to the equivalent auxiliary problem and the direct problem is investigated
using the Fourier spectral method. Fractional integral–differentiating techniques reduced the
inverse problem to a nonlinear Volterra integral equation of the second kind of convolution type.
Fixed point argument proved the local existence and global uniqueness results. The stability
estimate for the solution to the inverse problem are also obtained.
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