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PRIMARY SUBMODULES DUAL TO INVARIANT SUBSPACES
OF Q-ULTRADIFFERENTIABLE FUNCTIONS

N.F. ABUZYAROVA, Z.YU. FAZULLIN

Abstract. In this work we consider locally convex spaces of entire functions dual to gen-
eral spaces of Q-ultradifferentiable functions. These spaces are also topological modules
over the polynomial ring, which makes the problem on local description of their closed sub-
spaces invariant under multiplication by the independent variable, in short, submodules,
meaningful. More precisely, we study primary submodules, that is, those generated by a
single function. It is shown that among principal ones there are submodules that do not
admit a local description in the weak sense. Fach result on submodules, in turn, leads to an
equivalent dual statement on the (non)admissibility of spectral synthesis in the weak sense
for subspaces of Q)—ultradifferentiable functions invariant under the differentiation operator.

Keywords: entire function, zero set, submodule, local description, ultradistribution,
Fourier-Laplace transform.
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1. INTRODUCTION

In this work we study some questions arising within the framework of the well-known problem
on local description of ideals and submodules. For a locally convex space of entire functions
P having the structure of a topological module over the polynomial ring C[z], this problem
consists in determining whether it is possible to recover a closed submodule J C P by the set
of common zeros of the functions in this submodule.

We consider closed submodules in the modules Pq(a;b), which arise as analytic realizations
of the strong dual spaces for spaces of Q—ultradifferentiable functions (in short, Q-UDF) in the
general theory of Q-UDF and Q-ultradistributions proposed by Abanin [1], [2].

Precise formulations of the definitions and some facts from the theory of Q-UDF will be
given in the beginning of the next section; now we only note that the spaces considered in
this work are determined by an increasing sequence of non-quasianalytic weights Q = {w,}.
Unless otherwise is stated, all considered submodules consideration are closed in Pq(a;b), so
for brevity we shall omit the word “closed”.

The conditions imposed on the weight sequence {2 imply the following properties of the
elements of the space Pq(a;b): every ¢ € Pq(a;b) belongs to the Cartwright class, and therefore
is an entire function of exponential type and completely regular growth of order 1 in the entire
plane, and the indicator diagram of the function ¢ is a segment of the imaginary axis i[c,; dy).
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A submodule J C Pq(a;b) determines uniquely its indicator interval [cz;d 7] and zero set

Z7. Namely, [c7; d7] is the closure in R of the set | [c,; d,,], and Z is the sequence of multiple
pedJ
points in C given by (] Z,, where the symbol Z, denotes the zero set of the function ¢,
peT\{0}
that is, the set of all points in C at which ¢ vanishes with some positive multiplicity: Z, = {\,},

0< [l < Al <

A submodule J is localizable if it contains all functions ¢ € Pq(a;b) such that Z, D Z.

A submodule J is weakly localizable if it contains all functions b € Pq(a;b) such that
[cy;dy] C [er;dy] and 2y D Z5.

According to these definitions, a localizable submodule is completely determined by its zero
set, while a weakly localizable submodule is determined by its two characteristics, the zero set
and the indicator interval.

Using the properties of the weights w,, € (), it is easy to verify that both localizability and
weak localizability of a submodule 7 imply its stability under division by a binomial: if ¢ € J
and the multiplicity of vanishing of the function ¢ at some point A € C exceeds the multiplicity

Y
e

of this point as an element of the set Z;, then

In [10] we established the following facts:

1) a stable submodule J C Pq(a;b) is localizable if and only if its indicator interval [cz; d 7]
equals [a; b] [10, Corollary 4.1];

2) in the case [c7;d 7] C [a;b] we have

d.—
a) the condition r(iZ7) < jTCJ

quence (1Z5) is sufficient for the weak localizability of the submodule J |10, Thm.
4.2|;

, where r(1Z7) is the completeness radius of the se-

b) ifr(iZ;) > dj%, then J = {0}.

The question that has not yet received a definitive answer concerns the conditions for weak
localizability of a stable submodule [J with a critical relation between the characteristics

r(iZ7) = dj%- (1.1)

Let us describe in more detail the current state—of-art. In order to do this, we recall the
definition of the principal submodule 7, generated by a function

Jo = {pp: p e Clz]}.

For a sufficiently wide class of weight sequences {2 one can find weakly localizable stable
submodules satisfying (1.1) (see |6, Prop. 1.11]). Also, it is easy to verify that for each non—
quasianalytic sequence Q = {w,}>°; admissible for the Q-UDF theory, under the condition
0 € (a;b), the examples of such submodules is the principal submodule generated in Pq(a;b) by
the polynomial 1y, and if we suppose that the weights w, are canonical (for the definition see,
e.g., in [1, Ch. 1|), then the principal submodule generated by the function ¢ (z) = p(z) sin cz,
p € Clz], is weakly localizable for each ¢ > 0 such that [—c;c] C (a;b). In the first of the
indicated cases the indicator interval of the submodule 7y, consists of a single point 0, in the
second it is equal to [—c¢;c].

On the other hand, for the particular case when the weight sequence 2 has the form {nw}o® ,,
the first of the authors of the present work established the existence of stable but not weakly
localizable submodules.
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Theorem 1.1 ([6]). Let Q = {nw}>2,, w be the weight function, and the generator of the
submodule J, C Po(—a;a) reads ¢ = —, where ® is a sine-type function, and f is an entire

f Y
function of minimal type of order 1.
If the orders of the function f on the rays argz = 0 and arg z = 7, defined by the identities

po — hm Sup M’ p7r — hHl Sup ln hl |f(_r)|

7
oo Inr oo Inr

respectively satisfy one of the relations
1 1

1 1
w< <_<_<7r wg 7r<_<_< )
PuSpo< <5 <pr or pu<pr< <5<

then the primary submodule J, == {pp : p € C[z]} is not weakly localizable.

— 1
We recall that the order of a weight function w is the quantity p, = lim nlw—(a:)
T—00 n

x
An example of a function for which the conditions of Theorem 1.1 are satisfied is the function

Vzsinmz

The main result of the present work, Theorem 2.1, is a statement similar to Theorem 1.1, but
for a much more general situation, the module Pq , generated by an arbitrary increasing non—
quasianalytic regular weight sequence 2. On the whole, the results obtained here complement
and generalize the studies carried out earlier in [6], [10], [L1].

The article is organized as follows. In Section 2 we present the preliminary information
necessary for the precise formulation of the results and for the further exposition, as well as
the actual formulations of the main Theorem 2.1 and its corollaries. In Section 3 we carry out
auxiliary analytic work, the construction of a special entire function used in the proof of the
main result. Section 4 contains the proofs of Theorem 2.1 and its two corollaries, and Section 5
provides the statements dual to Theorem 2.1 and Corollaries 2.1, 2.2 on differentiation—invariant
subspaces of Q-UDF.

for a > .

2. PRELIMINARY INFORMATION AND FORMULATIONS OF MAIN RESULTS

A weight function or weight is a Lebesgue measurable, locally bounded on R function w :
R — [0;00) such that

[e.9]

w w(t _
/e ®) dt < oo, /%dt < 00, w(t) :==sup{w(s) : |s| <t};
R 1
the second of the above inequalities is the non—quasianalyticity condition for the weight w.
For given weight w and segment [c;d] C R we define
. 1 [ w(x+ &)
H, =— | ——==2dE,
@iy = [
R

- o)
[l fesa == igg exp(d(Im 2)* + ¢(—Im 2)* + H,(—2))’

Pw,[c;d] = {90 S H(C) : ”90”0%[(251] < OO} :
We let

PQ(a;b) = U U 'Pwn,[cmdk]’

k=1n=1
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where {[cg; di]}5%2, is a sequence exhausting the interval (a;b), Q@ = {w,}>2; is a regular non—
quasianalytic weight sequence such that w,(z) +1In(1+ |z|) < wpp1(z) +Cp, x € R, C, n € N,
are positive constants, see |1, Sect. 2.3]|.

In what follows, without loss of generality, instead of (a;b) we shall consider the symmetric
interval (—a;a) and denote the corresponding space Pqo(—a;a) by the symbol Pgq .

Let Dq, and &g, be the spaces of test (1-UDF and of all Q-UDF on the interval (—a;a),
respectively (for precise definitions and properties see |1, Sects. 2.1, 4.1], [2]). The strong dual
of £q, is the space of all Q-ultradistributions with compact supports in the interval (—a;a).
Moreover, Dq, C &), in the sense that every function g € Dg , generates a functional S, € &, ,,
acting by the rule

Su(f) = / fhg(t)ydt,  f € Eau
(—asa)

The Fourier — Laplace transform F for an Q-ultradistribution with compact support S € & ,,
as usual, is defined by the formula

F(8)(z) = S(e™).

For the spaces of test (-UDF Dg , and 2-ultradistributions with compact supports £, in
[1] analogues of the Paley — Wiener and Paley — Wiener — Schwartz theorems were proved.
Namely, according to Theorem 2.4.2 in [l], the operator F establishes a linear topological
isomorphism between Dq, , and Hq 4, where

%Q,a = G Hna
n=1

. . _ £ (2)]

According to Theorem 5.4.2 in the same monograph, the Fourier — Laplace transform is a
linear topological isomorphism between the spaces (£q,)" and Pq .

Hereafter we assume that the weight sequence Q = {w, }32 ; defining the module Py, , satisfies
the following additional condition:

wp(z) <v(lz])+C,, zeR, nelN, (2.1)

where C),, n € N, are positive constants, and the function v : [0;00) — [0; 00) has the form

0, t=20,
v(t) = D >0,

p(t) is the refined order |3, Sect. 12, Ch. I] and

Nl

lim p(t) = % / Y i < oo (2.2)

t—o00 t

1
As an appropriate example of v the function Ifl—ﬁt, p > 1, serves.

We recall the properties of the refined order that we will need in what follows:
the limits are well-defined (in our case p = 1)

lim p(t) = p >0, lim 7p'(r)Inr = 0, (2.3)

t—o00 7—00
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the function L(t) := t*®~* is slowly varying, that is
L
lim 200 _ 1,
uniformly on each fixed segmet 0 < ky < k < kb < 0.
By the symbol &, where b > 0 is a fixed number, we denote the class of sine—type functions
having exponential type equal to b, that is
p € H(C),
€S +=3C,>20: In|p(z)| <b|Im z|+C,, =ze€C,
decy,d, € R: Infp(r +idy)| > ¢,, x€R.

(2.4)

One of the properties of functions ¢ € 9, is that the zero set of each of them is contained in a
horizontal strip, in other words, for some dy > 0, depending only on ¢, we have

(z) # 0, | Im 2| > dp. (2.5)
We recall that for x € (0;+00) one denotes In* x = max{lnz,0} and In~ 2z = max{—Inz,0}.
Now we are in position to formulate the main result on the existence of non—weakly localizable
principal submodules in the module Pq .
Theorem 2.1. Let a > m and let the function ¢y € Pq, have the form
)

where ® € S;, ¢ is an entire function of minimal type of order 1.
Assume that the following conditions are satisfied:

I |@(=7)|

mgr—{loo — > 0, (2.6)
/Mdm < 00. (2.7)
T2

1
Then the primary submodule J,, is not weakly localizable.

This theorem imply two corollaries. The first of them provides an example illustrating the
essence of the matter, while the second allows one to extend the class of functions ¢ € Pq,
from Theorem 2.1 that generate non—weakly localizable principal submodules.

Corollary 2.1. Let a > m and let the weight sequence ) be the same as in Theorem 2.1.

The function
sinmz

#ol(2) = Vzsinmy/z

is contained in Pq, and the primary submodule J,, is not weakly localizable.

Corollary 2.2. Let a > 7w and the weight sequence ) be the same as in Theorem 2.1, ® € S,
@ be an entire function of minimal type of order 1 obeying conditions (2.6), (2.7), ' > 0 and
the function ¢ € Pq satisfies at least one of the conditions:

70% dxr < 00 (2.8)
1
or
lim ()l < 00, (2.9)

1
z—00 |Z|§
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o
If o = TQ/} € Pap, b= a+d, then the primary submodule J, generated by this function in Pqy
1s not weakly localizable.

Remark 2.1. Let us illustrate the above statement by some examples.

1. It is easy to deduce from the general theory of growth of entire functions that the assump-
tions of Theorem 2.1 hold for the functions 1, pa, defined as follows

(2) sin 2
Z) =
7l Vzs1(z)sinmy/z’

where sy is the canonical product over some subset of 7.\ {n*}°>, having a finite density
of some order py < %,

(2) sin Tz
Z) = ——,
Y2 52(2)
and so(z) is the ratio of \/zsinm+\/z and the canonical product over a subset of {n*}°°,
having a finite density of some order py < %
2. Let for some ny < ny the relation holds
In|z| = o(wn, () — wp, (), |z| — 0. (2.10)

We define the function u(e') as the greatest convex minorant of the function

min{an (et) — Wny (et)v wnz(_et) - wnl(_et)}'
Under condition (2.10), an example of a function ¢ satisfying the assumptions of Corollary
2.2 1s the entire function 1 such that the absolute value of its logarithm approximates
the subharmonic function u(|z|) with a logarithmic accuracy in the entire complex plane,

outside an exceptional set of disks with finite sum of radii. The possibility of such an
approzimation was established in |9].

)
3. Let the function pg = —= from Theorem 2.1 belong to the Schwarz algebra (that is, it grows
on R no faster than a polynomial) and for some nyg € N the condition
In|z| = o(wy, (7)), |z| = o0, (2.11)

holds. For each n > ng we denote by u,(e') the greatest convex minorant of the function
fn(t) := min{w, (e"),w,(—e")}, which is different from a linear function due to (2.11). It is
easy to verify that under the made assumptions, as the function ¥ in Corollary 2.2 one may
take any entire function 1, such that In |, (2)| approzimates the subharmonic function
un(|2|) with a logarithmic accuracy in the entire complex plane, outside an exceptional set
of disks with finite sum of radii.

Remark 2.2. The statements of Corollary 2.1 and, in non-strict form, of Theorem 2.1 for a
narrower class of weight sequences Q0 were recently announced in [7| (Theorem 1 and Remark 1,
respectively).

3. AUXILIARY STATEMENTS

In this section we carry out some additional constructions. We assume that a > 7 and the
weight sequence () satisfies the same assumptions as in Theorem 2.1. Fix an arbitrary Ny € IN

such that ¢y := /Ny < (‘I_T”)

Proposition 3.1. There exists an entire function vy satisfying the conditions
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1) Zy, C {Nok}rez, where, as usually, 7' = 7.\ {0};
2) 1o € F (Dq,,) for each c; > co;
3) for every sufficiently small 6 > 0 there exists a constant mg > 0, such that for each € > 0

we have
. (0 0
In|¢o(2)] = col Imz| — (7 + ¢) (sm <§> + | cos <§> ’)1/(7’) —mg, (3.1)
where
z=rel ¢ U {|]z = Nok| <6}, r>=r.>0, 6€]l0;2n]. (3.2)
keZ!

The proof of Proposition 3.1 is based on the following lemma, which in turn relies on the
classical Levin — Pfluger theory of growth of entire functions.

Lemma 3.1. Let p(t) be a refined order,
1
lim p(t) = 3 v(t) =t Ny € N,

t—o00

Then there exist a number d; > 0 and a sequence
A ={ .} C {No,2Ny, 3Ny, ...},
such that the formula
= z
= 1—— 3.3
=111 -) 3
defines an entire function of type ™ with refined order p(t), which satisfies the relation

i0
i D (Q> (3.4)
r—00 V(T) 2
holds everywhere in C\ Cy, where Co = |J Dy, is an exceptional set of circles

di N
Dy = =l < —— 7, .

mutually disjoint for all k > ko and such that each Dy contains exactly one element of the set
A, namely the point A\; moreover, the convergence in the limit in (3.4) is uniform in 6 € [0; 27].

Proof. By the properties of the refined order (see |8, Sect. 12, Ch. I|) the function v is strictly
increasing for sufficiently large values of the variable, say, for ¢ > t¢;. Hence, for such t the
inverse function ¢ = [(s) is uniquely defined and it is also strictly increasing for s > sq := v(fo).
Without loss of generality, we assume that sy = 1.

We let A, = I(k), k € N, and denote by nz(t) the number of points in the set A={\}in
the circle |z| < t (equivalently, in the interval (0;¢]). It is obvious that

nzi() =k =v(\), ke, v(t) —1<nz(t) <v(t), t>0,
and hence, the following limit is well-defined

ng(t)

=1.
t—o0 V(t)

By the representation

- - 1
)\k+1 — )\k = I/il(k -+ 1) — I/il(k) =

- N ) S\Z € [5‘79 5\k+1]7
V0 (o) 1) | s
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and the properties of the refined order we easily deduce that there exist dy > 0and kg € N

such that the circles
~ - di )
Dpi={z:|z— M| < 254,
v(Ak)

k > ko, are mutually disjoint and each of them contains exactly one point of the set A.
Now we define the set A = {\;} as follows: the point A is the element of the set { No, 2Ny, ... }
that is right closest to the corresponding point A\, € A. Clearly, then

M — N =0(1), k— .

It is also easy to verify that
v(t) —np(t) =0O(1), t— oo,

and hence,

lim na(t)

=1.
t—00 y(t)

By the above arguing on the circles Dy, and the definition of the set A we conclude that for
some kg € IN and d; > 0 the circles Dy, defined by formula (3.5), are mutually disjoint for all
k > ko and each of them contains exactly one point A, of the set A.

According to Theorem 5 in [8, Sect. 1, Ch. II|, the formula

s(z) = ﬁ (1 - A%) (3.6)

k=1

defines an entire function of type = with refined order p(t), such that relation (3.4) holds

everywhere in C\ Cy, where Cy = |J Dy, and the convergence in the limit in (3.4) as r — oo,
KEN
z =re? ¢ Cy, is uniform in 6 € [0; 27]. The proof is complete. O

Proof of Proposition 3.1. We let
sin ¢z

Yo(2) = 5(2)5(—2)’

where s is the function constructed in Lemma 3.1. Then, in view the definition of the exceptional
disks (3.5), for each £ > 0 by relation (3.4) we can find . > 0 such that for all » > 7. and
0 € [0; 27] we have

In |s(rel?)s(—rif)| < <7r + g) (Sin (g) + ‘COS (g) D v(7),

fzr(l+%).

Using properties (2.3), (2.4) of the refined order, we thus obtain that the estimate

where

In|s(re)s(—rif)| < (7 + <) (sin (g) + ‘ cos (g) D v(r)

holds for all » > r. > r. and 6 € [0;27]. By this fact and the well-known lower bounds for
the function sin cpz as an element of the class of sine-type functions [11] we conclude that the
estimate (3.1) holds for all z € C determined by relations (3.2).
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Now let us prove that ¢y € F (Dgq,,) for each fixed ¢; > ¢y. In order to do this, we note that
identity (3.4) implies the lower estimate

In|s(re'?)s(—re)| > (ﬂ' — —) <sin (—) + ’ cos <—) Dy(f), (3.7)

(1o )

Estimate (3.7) holds for each & > 0, provided that r > 7/ > 0 and z = re'? & Co|J(—Co).
In view of the inequality

where

In|sincoz| < ¢l Imz|, z€C,

and the properties (2.3), (2.4) of the refined order we obtain the estimate

In [¢(2)| < col Im 2| — (m — ) ‘sin (g) + ( cos (g) Dy(|z|) + Oy (3.8)

for all z € C with a positive constant Cy, ..
It is obvious that for sufficiently small fixed € > 0 for all 6 € [0; 27| we have

0o () e () 5.

Therefore, by inequality (3.8), condition (2.1) and the above cited analogue of the Paley —
Wiener theorem for test Q-UDF, we conclude that ¢y € Hq., = F(Dqe, ). The proof is
complete. [

4. PROOF OF MAIN RESULTS

4.1. Proof of Theorem 2.1. We choose and fix dy > 0 such that ®(z) # 0 for all z with
|Im z| > dy (see (2.5)).

Assume that the submodule 7, is weakly localizable. Then, in particular, there must exist
a generalized sequence of polynomials {p,} such that

Papo — D, (4.1)

in the topology of the space Pq .
We define the Q-ultradistribution gy € &£, and the function g, € L*(—m;7) C &), by the
formula

w0 = F(90), ® = F(q).
Their existence is guaranteed by the analogue of the Paley — Wiener — Schwartz theorem for

Q-ultradistributions [I, Thm. 5.4.2] and the classical Paley — Wiener theorem, respectively.
Then we can write
9o = Pa(iD)(90) € g4y Patpo = F(Ga),

where the symbol D denotes the operator of (generalized) differentiation of Q—ultradistributions.

Let fo € Dq,., be a test Q-UDF such that ¢y = F(fy), where )y is the function constructed
in Proposition 3.1. As it was mentioned above, the Q-UDF f with compact support in [—co; o]
can be identified with an element in the strong dual of the space g, ¢1 > ¢o, which we shall
also denote by fy; and hence,

folf) = / fof(t)dt, f€Eap.
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We observe that
(poADo - ‘I))% = F(Qa - gl)f(fo) = f(Sa * fo) ) (4-2)

where S, = g, — g1, and S, * fo is the convolution of Q-ultradistributions with compact
supports defined by the formula

(Sa* fo)(f) = (Sa)y((f)e(fy + 1), [ € Eamier, THa<a

Set fo(t) = fo(—t) and denote by M, the convolution operator generated by the Q-
ultradistribution S, and acting in Eq(R) by the formula

Mo(f)(h) = Sa(f(- + h)).

Then we can rewrite (4.2) as

(Paspo = @Yo = F (Ma(fo)) (4.3)

By virtue of the isomorphism between Pq, and & ,, established via the Fourier — Laplace
transform, relation (4.1) is equivalent to the fact that the generalized sequence S, converges to
0 in the strong topology of the dual space & ,. Neighbourhoods of zero in this topology are
the polars BY of bounded sets B C Eq . As the set B we take the collection of shifts

B:={fo(-+7): 7€ [-mnl},

their boundedness is implied by the compact support of fo and Proposition 1.2.2 in monograph
[1], and we find the value of the index ap with the property

sup [S.(f)]| <1, a>ap (4.4)
feB

The compactness of supports of fo and S, yields Ma(fo) € Dq, for all a, and by (4.3) and
(4.4) we obtain the inequality

S [pa ()0 (2)10(2)] < o0

for all o = ap.

This estimate, together with inequality (3.1) and lower estimates for sine-type functions (see,
e.g., |14, 22.1, Lm. 1]), implies the existence of a constant C; > 0, such that for all z € R and
a > ap the inequality

[pa(z)| < Cre”™ (4.5)
holds, where
U(z) = (7 + Dv(z) +In" |5(z)],
and by (2.2) and (2.7),

7?) dr < . (4.6)

Letting g, (w) = po(w?), a > ap, we see that
Ga(t)] < "™ teR, as ap, (4.7)

and we can write (4.6) in the form

1+¢2

/V( )dt<oo.
1
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Now we apply the arguing from [15, Ch. VI, Sect. B.2] to obtain upper estimates for the
moduli of the polynomials ¢, in the entire plane. Using this arguing, by (4.7) we deduce that
for each £ > 0 there exists a constant M. > 0, independent of w and «, such that

lga ()| < Mef™ weC, a>ag.
This yields
Ipa(2)| < Meeg‘d%, zeC, a>ag. (4.8)
In order to arrive at a contradiction with (4.1), note that condition (2.6), the inclusions
Z5C 2o C{z: |Imz| < dp},

properties of sine-type functions and the definition of the number dy imply the inequalities

— Inl|®

limM>0 if z=x+2idy, ze€R_,
2—00 ’Z|5

|®(z)| > const forall z=ux+2idy, ze€R.

In view of the arbitrary choice of € > 0 in (4.8), we deduce that relation (4.1) cannot hold even
in the topology of pointwise convergence in C, which is obviously weaker than the topology of
the space Pq 4.

The obtained contradiction proves that the submodule 7 , is not weakly localizable. This
completes the proof of Theorem 2.1.

4.2. Proof of Corollary 2.1. We proceed to proving Corollary 2.1. Tt is well-known that
sintz € Sy, and ¢ = /zsinmy/z is an entire function of type 7 of order %, and for each

sufficiently small o € (0; 3) is satisfies the lower bound (see, for instance, [1, Lm. 1|):

™/ Sin(g)’, z:reiGGC\U{Z: |2 — K*| < 300}

keN

|P(2)] = o0

Denoting by P, the Schwarz module consisting of all entire functions of exponential type less
than a and of polynomial growth on the real line, under the assumptions of the corollary we
have: ¢y € P, C Pq, for each a > =, and the function ¢ satisfies relations (2.6), (2.7).
Applying Theorem 2.1, we obtain the desired statement and complete the proof.

4.3. Proof of Corollary 2.2. Suppose that condition (2.8) is satisfied. Assume that the
submodule 7, is weakly localizable, and hence there exists a generalized sequence of polynomials
Do such that

Patp — PY (4.9)
in the topology of space Pq .

Arguing in exactly the same way as in the proof of Theorem 2.1, but with the function ¢
instead of g, we establish the existence of a constant C; > 0 and a value of the index ag, such
that the inequality

pa(z)] < C1e"@, 2 €R, o> a,
holds, where
v(z) = (7 + Dr(z) +In" |[§(z)| +In" |d(2)];

and by (2.2), (2.7) and (2.8),
/ oz) dxr < oo.

3
€xrz

Proceeding in the same way as in the proof of Theorem 2.1 after formula (4.6), we arrive at a
contradiction: relation (4.9) cannot hold even in the topology of pointwise convergence in C.
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)
Now let the generator of the submodule J, have the form ¢ = T¢7 where ¢ € Pq , satisfies

condition (2.9). Applying the first theorem from [15, II1.G.2| to the function of exponential
type in the upper half-plane g(w) := 1 (w?), and taking into consideration the conditions (2.1),
(2.2) on the weights w,, v, we deduce that the function v also satisfies relation (2.8). Hence,
the desired statement follows from the first part of the present proof.

5. D-INVARIANT SUBSPACES OF Q-UDF
NOT ADMITTING SPECTRAL SYNTHESIS IN THE WEAK SENSE

Now we formulate the statements on subspaces of (2-UDF invariant under the differentiation
operator, dual to Theorem 2.1 and Corollaries 2.1, 2.2, and related to the studies [6], [L0], [L1].

Let D = % be the differentiation operator, W C &g, be a D-invariant subspace, that
is, a closed subspace such that D(W) C W. By the symbol ExpW we denote the stock
of exponential monomials t*¢=* (root elements of the operator D) contained in W, and Iy
stands for the residual interval of the subspace W defined as the smallest one among all relatively
closed in (—a;a) intervals [ with the property

Wr={g9€&u: gli=0} CW.

The problem of spectral synthesis for the operator D consists in describing D—invariant
subspaces W, which are completely determined by their stock of root elements, that is, have
the form

W = span(Exp W). (5.1)

The problem of spectral synthesis in the weak sense for the operator D consists in finding
D—invariant subspaces W, which are represented in the form

W = span(Exp W) + W7, (5.2)

It is easy to see that (5.1) is a special case of (5.2) possible only for D-invariant subspaces
W with Iy = (—a;a).

The results of our work [10] imply that a D-invariant subspace W C Eq, has the form (5.1)
if and only if the following conditions hold: Iy = (—a;a) and the spectrum of the restriction
of the differentiation operator D : W — W is discrete.

Even during the study of the possibility of representation (5.2) for D-invariant subspaces in
C*(a;b) (see [3], [5], [12], [13]) the considerations were carried out under the condition that the
spectrum of the operator D : W — W is discrete. For spaces of (2-UDF, the necessity of this
requirement was proved by us in [10, Prop. 3.3, 5.1]. A sufficient condition for weak spectral
synthesis (5.2) for D—invariant subspaces with discrete spectrum in the space g , is the relation
rw < @, where ryy is the completeness radius of the system of exponential monomials Exp W,
|Iw| is the length of the interval Iy [10, Thm. 2.1]. If ry > @, then W = {0} [10, Props.
3.2, 4.3].

The question of conditions ensuring that W admits spectral synthesis in the weak sense (5.2)
in the case ry = %, was not completely studied even for W C C*(a;b). In this direction, for
D-invariant subspaces of -UDF W C &g, the first of the authors obtained two results: on
the existence of D—invariant subspaces of Q-UDF that do not admit weak spectral synthesis
in the particular case when Q = {nw}® |, w is a weight function [6, Thm. 1.12] and on the
possibility of weak spectral synthesis for a subspace W of a special form, the statement dual

to [0, Prop. 1.11].
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Theorem 2.1 and Corollaries 2.1, 2.2, in view of the duality between D-invariant subspaces
in &, and closed submodules in the module Pq ,, described in detail by us in [10], lead us to
equivalent statements on spectral synthesis.

For a fixed Q-ultradistribution S € & , we let

Ws={f€&u: S(fP=0,k=01,..} (5.3)

It is easy to verify that Wy is a D—invariant subspace with discrete spectrum, the dual submod-
ule of which is principal with generator ¢ = F(S). Therefore the admissibility of weak spectral
synthesis for Wy is equivalent to the weak localizability of the submodule 7, [L0, Prop. 3.3].
Theorem 2.1 is equivalent to the following statement on D—invariant subspaces.

Theorem 5.1. Let the Q-ultradistribution Sy € &, be such that its Fourier — Laplace
transform oo = F(So) satisfies the representation

@

where ® € Sy, ¢ is an entire function of minimal type of order 1 for which relations (2.6),
(2.7) hold.

Then the D—invariant subspace W, is nontrivial, has discrete spectrum, and does not admit
spectral synthesis in the weak sense.

Let us formulate the statements dual to Corollaries 2.1, 2.2.

Corollary 5.1. The D-—invariant subspace Ws, C Eqq., a > m generated by the €1—

ultradistribution
sin 7wz
So=F ' —=— ,
0 ( Vzsinmy/z )

18 nontrivial, has discrete spectrum and does not admit weak spectral synthesis.

Corollary 5.2. Let a > m, ¢ > 0,b=a+d, ¢ € Pqy be a function for which Corollary
2.2 holds. Then the D—invariant subspace Ws C Eqp generated by the Q-ultradistribution
S = F~Y(p) according to formula (5.3), is nontrivial, has discrete spectrum and does not admit
weak spectral synthesis.
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