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GEOMETRY OF RICCI TENSOR OF HARMONIC

NEARLY TRANS–SASAKIAN MANIFOLDS

A.R. RUSTANOV, S.V. KHARITONOVA

Abstract. In this paper, we study the geometry of the Ricci tensor of a harmonic nearly
trans–Sasakian manifold. On the space of associated 𝐺-structure we introduce fundamental
identities of harmonic nearly trans–Sasakian manifolds. We prove that Ricci–flat harmonic
nearly trans–Sasakian manifolds are closely cosymplectic. We obtain conditions, which en-
sure that harmonic nearly trans–Sasakian manifolds are Einstein and 𝜂–Einstein manifolds.
We obtain identities for the Ricci tensor of harmonic nearly trans–Sasakian manifolds. We
provide local characterizations for the following harmonic nearly trans-Sasakian manifolds:
Einstein manifolds; manifolds, the Ricci tensor of which is parallel, 𝜂–parallel, the Codazzi
tensor, the Killing tensor, and satisfies the three selected identities.
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1. Introduction

In this paper, we continue the study of nearly trans–Sasakian (NTS) manifolds, that is,
manifolds equipped with an almost contact metric structure, the linear extension of which
belongs to the class 𝑊1 ⊕ 𝑊4 in the Gray — Hervella classification. In [7], [8], [9], harmonic
NTS–manifolds were defined and the local structure of these manifolds was described. To
obtain a harmonic NTS–manifold, it suffices to take the Cartesian product of any nearly Kähler
manifold 𝑀 with the real line R and make a canonical concircular transformation of the exact
cosymplectic structure of manifold𝑀×R. Each harmonic NTS–manifold is (locally) structured
in this way.
The paper is organized as follows. In Section 2 we provide basic definitions and formulate

known facts from the geometry of harmonic NTS–manifolds. This is important for under-
standing the further presentation. The study is made by means of the method of associated
𝐺-structures. In particular, we provide structural equations, expressions for the components of
Ricci tensor, and the scalar curvature of a harmonic NTS–manifold on the space of the asso-
ciated 𝐺-structure. Then we give the first and second fundamental identities, and a new third
fundamental identity of harmonic NTS–manifolds. We obtain new results for Einstein and 𝜂-
Einstein harmonic NTS–manifolds. We prove that a harmonic NTS–manifold has a Φ-invariant
Ricci tensor.
In Section 3, we calculate the components of covariant derivative of the Ricci tensor on

the space of associated 𝐺-structure, obtain certain identities for the Ricci tensor of a harmonic
NTS–manifold, and obtain a local characterization of harmonic NTS–manifolds, the Ricci tensor
of which satisfies the obtained identities. We also establish classification theorems for harmonic
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NTS–manifolds, the Ricci tensor of which is parallel, 𝜂-parallel, the Codazzi tensor, or the
Killing tensor.

2. Preliminaries

We recall that an almost contact metric (AC) structure on a manifold𝑀 is the set (𝜉, 𝜂,Φ, 𝑔 =
⟨ · , · ⟩) of tensor fields on 𝑀 , where 𝜉 is a vector field called the characteristic field, 𝜂 is a
differential 1-form called the contact form, Φ is an endomorphism of the module of smooth
vector fields of the manifold 𝑀 called the structure endomorphism, 𝑔 = ⟨ · , · ⟩ is a Riemann
metric. Moreover,

1) 𝜂(𝜉) = 1; 2) Φ(𝜉) = 0; 3) 𝜂 ∘ Φ = 0; 4) Φ2 = −𝑖𝑑+ 𝜉 ⊗ 𝜂;

5) ⟨Φ𝑋,Φ𝑌 ⟩ = ⟨𝑋, 𝑌 ⟩ − 𝜂(𝑋)𝜂(𝑌 ); 𝑋, 𝑌 ∈ 𝒳 (𝑀).

A manifold admitting an AC–structure is called an almost contact metric manifold, briefly,
AC–manifold.

Definition 2.1 ([7]). An AC–structure is called the nearly trans–Sasakian (NTS) structure
if its linear extension belongs to the class 𝑊1 ⊕ 𝑊4 of almost Hermitian structures in the
Gray — Hervella classification. An AC–manifold equipped with an NTS–structure is called the
NTS–manifold.

Definition 2.2 ([7]). An NTS–structure with a closed contact form is called the eigen NTS–
structure.

Definition 2.3 ([7], [9]). An eigen NTS–manifold with a harmonic contact form is called
harmonic, and the number 𝜒 = − 1

2𝑛
𝛿𝜂 is its characteristics.

We consider a harmonic NTS–manifold. The Lie form of such a manifold is closed [7], which
means that the characteristics of such a manifold is constant, i.e., 𝑑𝜒 = 0. Moreover, since
𝜒̄ = 𝜒, the function 𝜒 is real.
The complete group of structural equations of a harmonic NTS–manifold reads [7]

1) 𝑑𝜃𝑎 = −𝜃𝑎𝑏 ∧ 𝜃𝑏 + 𝐶𝑎𝑏𝑐𝜃𝑏 ∧ 𝜃𝑐 + 𝜒𝛿𝑎𝑏 𝜃
𝑏 ∧ 𝜃;

2) 𝑑𝜃𝑎 = 𝜃𝑏𝑎 ∧ 𝜃𝑏 + 𝐶𝑎𝑏𝑐𝜃
𝑏 ∧ 𝜃𝑐 + 𝜒𝛿𝑏𝑎𝜃𝑏 ∧ 𝜃;

3) 𝑑𝜃 = 0;

4) 𝑑𝜃𝑎𝑏 + 𝜃𝑎𝑐 ∧ 𝜃𝑐𝑏 = (𝐴𝑎𝑑
𝑏𝑐 − 2𝐶𝑎𝑑ℎ𝐶ℎ𝑏𝑐)𝜃

𝑐 ∧ 𝜃𝑑,

(2.1)

where {𝐴𝑎𝑑
𝑏𝑐 } is a family of functions on the space of the associated 𝐺-structure, which serve as

components of the so-called curvature tensor of the associated 𝑄-algebra [1], or the structural
tensor of second kind, and,

1) 𝐴𝑎𝑑
[𝑏𝑐] = 0; 2) 𝐴[𝑏𝑑]

𝑎𝑐 = 0; 3) 𝐴𝑎𝑑
𝑏𝑐 = 𝐴𝑏𝑐

𝑎𝑑;

4) 𝐶 [𝑎𝑏𝑐] = 𝐶𝑎𝑏𝑐; 5) 𝐶[𝑎𝑏𝑐] = 𝐶𝑎𝑏𝑐.
(2.2)

Moreover,

1) 𝑑𝐶𝑎𝑏𝑐 + 𝐶𝑑𝑏𝑐𝜃𝑎𝑑 + 𝐶𝑎𝑑𝑐𝜃𝑏𝑑 + 𝐶𝑎𝑏𝑑𝜃𝑐𝑑 = 𝐶𝑎𝑏𝑐𝑑𝜃𝑑 + 𝜒𝐶𝑎𝑏𝑐𝜃;

2) 𝑑𝐶𝑎𝑏𝑐 − 𝐶𝑑𝑏𝑐𝜃
𝑑
𝑎 − 𝐶𝑎𝑑𝑐𝜃

𝑑
𝑏 − 𝐶𝑎𝑏𝑑𝜃

𝑑
𝑐 = 𝐶𝑎𝑏𝑐𝑑𝜃

𝑑 + 𝜒𝐶𝑎𝑏𝑐𝜃;

3) 𝑑𝜒 = 0,

(2.3)

where 𝐶𝑎𝑏𝑐𝑑, 𝐶𝑎𝑏𝑐𝑑 are appropriate functions on the space of associated 𝐺-structure, and,

1) 𝐶𝑎[𝑏𝑐𝑑] = 0; 2) 𝐶𝑎[𝑏𝑐𝑑] = 0.
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Making external differentiation of fourth equation in (2.1), we obtain

𝑑𝐴𝑎𝑑
𝑏𝑐 + 𝐴ℎ𝑑

𝑏𝑐 𝜃
𝑎
ℎ + 𝐴𝑎ℎ

𝑏𝑐 𝜃
𝑑
ℎ − 𝐴𝑎𝑑

ℎ𝑐𝜃
ℎ
𝑏 − 𝐴𝑎𝑑

𝑏ℎ𝜃
ℎ
𝑐 = 𝐴𝑎𝑑

𝑏𝑐ℎ𝜃
ℎ + 𝐴𝑎𝑑ℎ

𝑏𝑐 𝜃ℎ + 2𝜒𝐴𝑎𝑑
𝑏𝑐 𝜃, (2.4)

where

1) 𝐴𝑎𝑑
𝑏[𝑐ℎ] = 𝐴

𝑎[𝑑ℎ]
𝑏𝑐 = 0;

2) (𝐴
𝑎[𝑑
𝑏𝑐 − 2𝐶𝑎[𝑑|ℎ𝐶ℎ𝑏𝑐)𝐶

𝑐|𝑓𝑔] = 0;

3) (𝐴𝑎𝑑
𝑏[𝑐 − 2𝐶𝑎𝑑𝑓𝐶𝑓𝑏[𝑐)𝐶𝑑|ℎ𝑔] = 0.

(2.5)

Making external differentiation of identity 1) in (2.3), we obtain

𝑑𝐶𝑎𝑏𝑐𝑑 + 𝐶ℎ𝑏𝑐𝑑𝜃𝑎ℎ + 𝐶𝑎𝑏𝑐𝑑𝜃𝑑ℎ + 𝐶𝑎𝑏ℎ𝑑𝜃𝑐𝑑 + 𝐶𝑎𝑏𝑐ℎ𝜃𝑑ℎ = 𝐶𝑎𝑏𝑐𝑑ℎ𝜃ℎ + 2𝜒𝐶𝑎𝑏𝑐𝑑𝜃,

where

1) 𝐶𝑎𝑏𝑐[𝑑ℎ] = 0; 2) 𝐶𝑎𝑏𝑐𝑔𝐶𝑔𝑑ℎ = 0. (2.6)

We call identity 2) in (2.6) the first fundamental identity, and identity 3) in (2.5) the second
fundamental identity of the harmonic NTS–manifold.
It is convenient to adopt the following notation

𝐶𝑎𝑑
𝑏𝑐 = 𝐶𝑎𝑑ℎ𝐶ℎ𝑏𝑐, 𝐶𝑎

𝑏 = 𝐶𝑎𝑐
𝑏𝑐 , 𝐴𝑎

𝑏 = 𝐴𝑎𝑐
𝑏𝑐 ,

𝐴𝑎𝑐
𝑏 = 𝐴ℎ𝑎𝑐

ℎ𝑏 , 𝐴𝑎
𝑏𝑐 = 𝐴ℎ𝑎

ℎ𝑏𝑐.

Lemma 2.1. For a harmonic NTS–manifold, 𝐶 = 𝐶𝑎
𝑎 is nonnegative. Moreover, 𝐶 = 0

if and only if the manifold is either cosymplectic or a Kenmotsu manifold, i.e., a manifold
obtained from a cosymplectic manifold by a canonical concircular transformation.

Proof. Since 𝐶𝑎𝑏𝑐 = 𝐶𝑎𝑏𝑐, we obtain 𝐶 = 𝐶𝑎𝑏𝑐𝐶𝑎𝑏𝑐 =
∑︀

𝑎𝑏𝑐 |𝐶𝑎𝑏𝑐|2 ⩾ 0, and 𝐶 = 0 if and only if
𝐶𝑎𝑏𝑐 = 𝐶𝑎𝑏𝑐 = 0. Then, by Theorem 6 in [7], a harmonic NTS–manifold is either a cosymplectic
manifold or a Kenmotsu manifold, i.e., a manifold obtained from a cosymplectic manifold by
the canonical concircular transformation [2]. It is easy to see that the converse is also true.
The proof is complete.

According to (2.3) and (2.4) we have

1) 𝑑𝐶𝑎𝑑
𝑏𝑐 + 𝐶𝑔𝑑

𝑏𝑐 𝜃
𝑎
𝑔 + 𝐶𝑎𝑔

𝑏𝑐 𝜃
𝑑
𝑔 − 𝐶𝑎𝑑

𝑔𝑐 𝜃
𝑔
𝑏 − 𝐶𝑎𝑑

𝑏𝑔 𝜃
𝑔
𝑐 = 𝐶𝑎𝑑

𝑏𝑐𝑔𝜃
𝑔 + 𝐶𝑎𝑑𝑔

𝑏𝑐 𝜃𝑔 + 2𝜒𝐶𝑎𝑑
𝑏𝑐 𝜃;

2) 𝑑𝐶𝑎
𝑏 + 𝐶ℎ

𝑏 𝜃
𝑎
ℎ − 𝐶𝑎

ℎ𝜃
ℎ
𝑏 = 𝐶𝑎

𝑏ℎ𝜃
ℎ + 𝐶𝑎ℎ

𝑏 𝜃ℎ + 2𝜒𝐶𝑎
𝑏 𝜃;

3) 𝑑𝐴𝑎
𝑏 + 𝐴ℎ

𝑏 𝜃
𝑎
ℎ − 𝐴𝑎

ℎ𝜃
ℎ
𝑏 = 𝐴𝑎

𝑏ℎ𝜃
ℎ + 𝐴𝑎ℎ

𝑏 𝜃ℎ + 2𝜒𝐴𝑎
𝑏𝜃.

(2.7)

We contract identity 3) in (2.5), which is the first fundamental identity of the harmonic
NTS–manifold, with respect to the indices 𝑎 and 𝑏

𝐴𝑑
𝑐𝐶ℎ𝑔𝑑 + 𝐴𝑑

ℎ𝐶𝑔𝑐𝑑 + 𝐴𝑑
𝑔𝐶𝑐ℎ𝑑 − 2𝐶𝑑

𝑐𝐶ℎ𝑔𝑑 − 2𝐶𝑑
ℎ𝐶𝑔𝑐𝑑 − 2𝐶𝑑

𝑔𝐶𝑐ℎ𝑑 = 0. (2.8)

Now we contract the third identity in (2.5) with respect to the indices 𝑎 and 𝑐 and rename 𝑏
to 𝑐. Then, taking into account the symmetry properties of objects 𝐴 and 𝐶 (2.2), we obtain

𝐴𝑑
𝑐𝐶ℎ𝑔𝑑 + 2𝐶𝑑

𝑐𝐶ℎ𝑔𝑑 − 2𝐶𝑑
𝑔𝐶𝑐ℎ𝑑 + 2𝐶𝑑

ℎ𝐶𝑐𝑔𝑑 = 0. (2.9)

We deduct term–by–term (2.9) from (2.8), and in view of symmetry properties of 𝐶, see (2.2),
we obtain the identity

𝐴𝑑
[ℎ𝐶𝑔]𝑐𝑑 − 2𝐶𝑑

𝑐𝐶ℎ𝑔𝑑 = 0. (2.10)

We call identity (2.10) the third fundamental identity of the harmonic NTS–manifold.
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The components of the Ricci tensor of the harmonic NTS–manifold on the space of the
associated 𝐺-structure read [8]

1) 𝑆00 = −2𝑛𝜒2;

2) 𝑆𝑎𝑏̂ = 𝐴𝑏𝑐
𝑎𝑐 − 3𝐶𝑏𝑐𝑑𝐶𝑑𝑐𝑎 − 2𝑛𝜒2𝛿𝑏𝑎;

3) 𝑆𝑎̂𝑏 = 𝐴𝑎𝑐
𝑏𝑐 − 3𝐶𝑎𝑐𝑑𝐶𝑑𝑐𝑏 − 2𝑛𝜒2𝛿𝑎𝑏 .

(2.11)

All other components are zero.
It follows from identity 1) in formula (2.11) that a Ricci–flat harmonic NTS–manifold is an

closely cosymplectic manifold, and therefore it is locally equivalent to the product of a nearly
Kähler manifold and the real line. If the manifold is simply connected, then these equivalences
can be chosen to be global.
The scalar curvature of a harmonic NTS–manifold is

𝑟 = 2𝐴𝑎𝑏
𝑎𝑏 − 6𝐶𝑎𝑏𝑐𝐶𝑐𝑏𝑎 − 2𝑛(𝑛+ 1)𝜒2. (2.12)

It follows from (2.1) that each Kenmotsu manifold is a harmonic NTS–manifold of characteris-
tics 𝜒 = −1, and each closely cosymplectic manifold is a harmonic NTS–manifold of character-
istics 𝜒 = 0. Kenmotsu manifolds and closely cosymplectic manifolds are the most interesting
and well–studied examples of harmonic NTS–manifolds. One should add the special Kenmotsu
manifolds of the second kind to these examples.

Theorem 2.1. A harmonic NTS–manifold is an Einstein manifold if and only if the identity

𝐴𝑎
𝑏 = 3𝐶𝑎

𝑏 (2.13)

holds on the space of the associated 𝐺-structure.

Proof. Let a harmonic NTS–manifold be an Einstein manifold with the cosmological constant
𝜖. Then the components of Ricci tensor 𝑆 and the components of metric tensor 𝑔 are related
by the identity 𝑆𝑖𝑗 = 𝜖𝑔𝑖𝑗, where 𝜖 = const. In view of (2.11), these relations on the space of
associated 𝐺-structure are written as

1) − 2𝑛𝜒2 = 𝜖;

2) 𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎 − 2𝑛𝜒2𝛿𝑏𝑎 = 𝜖𝛿𝑏𝑎,
(2.14)

that is, 𝐴𝑎
𝑏 = 3𝐶𝑎

𝑏 . The proof is complete.

Corollary 2.1. A harmonic Einstein NTS–manifold is a manifold of non–positive scalar
curvature.

Theorem 2.2. A complete harmonic Einstein NTS–manifold is either a Ricci–flat closely
cosymplectic manifold, and hence is holomorphically isometrically covered by the product of a
Ricci-flat nearly Kähler manifold with the real line, or is compact and has a finite fundamental
group.

Proof. For 𝜖 = 0 it follows from identity 1) in (2.14) that 𝜒 = 0, i.e., the manifold is Ricci–flat,
closely cosymplectic, and therefore locally holomorphically isometric to a manifold of the form
𝑁2𝑛 ×R, where 𝑁2𝑛 is a Ricci–flat nearly Kähler manifold [2].
If 𝜖 < 0, then, according to the classical Myers theorem [3], in the case of completeness the

manifold is compact and has a finite fundamental group. The proof is complete.

Theorem 2.3. A complete harmonic Einstein NTS–manifold is locally equivalent to the
product 𝑁2𝑛×R or canonically concircular to the manifold 𝑁2𝑛×R equipped with a cosymplectic
structure, where 𝑁2𝑛 is a Kähler manifold that is an Einstein manifold.
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Proof. Let a harmonic NTS–manifold be an Einstein manifold with cosmological constant 𝜖.
Then, taking into account (2.13), third fundamental identity (2.10) can be written as

3𝐶𝑑
ℎ𝐶𝑔𝑐𝑑 − 3𝐶𝑑

𝑔𝐶ℎ𝑐𝑑 − 4𝐶𝑑
𝑐𝐶ℎ𝑔𝑑 = 0.

Symmetrizing this identity in the indices ℎ and 𝑐, we obtain

𝐶𝑑
ℎ𝐶𝑔𝑐𝑑 + 𝐶𝑑

𝑔𝐶ℎ𝑐𝑑 = 0. (2.15)

Since (𝐶𝑑
ℎ) is a Hermitian matrix, at each point of this harmonic NTS–manifold there exists an

𝐴-frame [2] in which 𝐶𝑑
ℎ = 𝐶ℎ𝛿

𝑑
ℎ, where {𝐶𝑐} are the eigenvalues of this matrix. Then identity

(2.15) can be written as 𝐶ℎ𝛿
𝑑
ℎ𝐶𝑔𝑐𝑑 + 𝐶𝑔𝛿

𝑑
𝑔𝐶ℎ𝑐𝑑 = 0. We contract the resulting identity with the

object 𝐶𝑐𝑑𝑓 , then

𝐶ℎ𝛿
𝑑
ℎ𝐶𝑔𝑐𝑑𝐶

𝑐𝑑𝑓 + 𝐶𝑔𝛿
𝑑
𝑔𝐶ℎ𝑐𝑑𝐶

𝑐𝑑𝑓 = 0,

𝐶ℎ𝐶𝑔𝛿
𝑓
𝑔 + 𝐶𝑔𝐶ℎ𝛿

𝑓
ℎ = 0,

2𝐶𝑔𝐶ℎ = 0.

Hence, 𝐶ℎ = 0 and then 𝐶𝑑
ℎ = 0. Contracting this identity in the indices 𝑑 and ℎ, we obtain∑︁

𝑎𝑏𝑐

|𝐶𝑎𝑏𝑐|2 = 𝐶𝑎𝑏𝑐𝐶𝑎𝑏𝑐 = 𝐶𝑐
𝑐 = 0,

and hence, 𝐶𝑎𝑏𝑐 = 0, and the considered manifold is either a cosymplectic manifold or a Ken-
motsu manifold.
Since a cosymplectic manifold is locally equivalent to the product of a Kähler manifold

with the real line [2], and the class of Kenmotsu manifolds coincides with the class of almost
contact metric manifolds obtained from cosymplectic manifolds by the canonical concircular
transformation of the cosymplectic structure [2], we obtain the required statements. The proof
is complete.

We consider an Einstein harmonic NTS–manifold. Then its Ricci tensor on the space of
associated 𝐺-structure has the components

𝑆𝑖𝑗 = 𝑎𝑔𝑖𝑗 + 𝑏𝛿0𝑖 𝛿
0
𝑗 . (2.16)

We are going to obtain expressions for 𝑎 and 𝑏. In view of (2.11), relations (2.16) can be
written as

1) − 2𝑛𝜒2 = 𝑎+ 𝑏;

2) 𝐴𝑏𝑐
𝑎𝑐 − 3𝐶𝑏𝑐𝑑𝐶𝑑𝑐𝑎 − 2𝑛𝜒2𝛿𝑏𝑎 = 𝑎𝛿𝑏𝑎.

(2.17)

We contract identity 2) in (2.17) in the indices 𝑎 and 𝑏, then in view of (2.12) we obtain

𝑎 =
𝑟

2𝑛
− (𝑛− 1)𝜒2. (2.18)

Substituting (2.18) into the first identity in formula (2.17), we obtain

𝑏 = − 𝑟

2𝑛
− (𝑛+ 1)𝜒2.

Definition 2.4. We call the Ricci tensor of an AC–manifold Φ-invariant if

Φ𝑄 = 𝑄Φ. (2.19)

Writing identity (2.19) on the space of associated 𝐺-structure, we find that for an AC–
manifold with Φ-invariant Ricci tensor the following relations hold

1) 𝑆0𝑎 = 𝑆0𝑎̂ = 𝑆𝑎0 = 𝑆𝑎̂0 = 0;

2) 𝑆𝑎𝑏 = 𝑆𝑎̂𝑏̂ = 0.
(2.20)
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And vice versa, if relations (2.20) hold on the space of associated 𝐺-structure, then the AC–
manifold has a Φ-invariant Ricci tensor. Thus, we have proved the following theorem.

Theorem 2.4. An AC–manifold has a Φ-invariant Ricci tensor if and only if the following
equalities hold on the space of associated 𝐺-structure

1) 𝑆0𝑎 = 𝑆0𝑎̂ = 𝑆𝑎0 = 𝑆𝑎̂0 = 0;

2) 𝑆𝑎𝑏 = 𝑆𝑎̂𝑏̂ = 0.

We consider a harmonic NTS–manifold. By (2.11), definition 2.4, and Theorem 2.4 we obtain
the following assertion.

Theorem 2.5. The Ricci tensor of a harmonic NTS–manifold is Φ–invariant.

3. Identities for Ricci tensor

We recall that the tensor components of Riemannian connection form for a harmonic NTS–
manifold on the space of associated 𝐺-structure read [8]

1) 𝜃𝑎̂𝑏 = 𝐶𝑎𝑏𝑐𝜃𝑐; 2) 𝜃𝑎̂𝑏 = 𝐶𝑎𝑏𝑐𝜃
𝑐; 3) 𝜃𝑎0 = −𝜒𝛿𝑎𝑏 𝜃

𝑏; 4) 𝜃𝑎̂0 = −𝜒𝛿𝑏𝑎𝜃𝑏;

5) 𝜃0𝑎 = 𝜒𝛿𝑏𝑎𝜃𝑏; 6) 𝜃0𝑎̂ = 𝜒𝛿𝑎𝑏 𝜃
𝑏; 7) 𝜃00 = 0; 8) 𝜃𝑖𝑗 + 𝜃𝑗̂

𝑖̂
= 0.

(3.1)

Since the Ricci tensor is a tensor of type (2,0), by the Fundamental Theorem of Tensor Analysis,
its components on the space of principal frame bundle over the considered manifold satisfy the
relations [2]

𝑑𝑆𝑖𝑗 − 𝑆𝑘𝑗𝜃
𝑘
𝑖 − 𝑆𝑖𝑘𝜃

𝑘
𝑗 = 𝑆𝑖𝑗,𝑘𝜃

𝑘, (3.2)

where {𝑆𝑖𝑗,𝑘} a system of smooth functions that serve as components of the tensor ∇𝑆.
Writing (3.2) on the space on the space of the associated 𝐺-structure, in view of (3.1), (2.11),

(2.3:3) and (2.7) we obtain

1) 𝑆0𝑎,𝑏̂ = 𝑆𝑎0,𝑏̂ = 𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎); 2) 𝑆0𝑎̂,𝑏 = 𝑆𝑎̂0,𝑏 = 𝜒(𝐴𝑎
𝑏 − 3𝐶𝑎

𝑏 );

3) 𝑆𝑎𝑏,𝑐 = −2(𝐴𝑑
(𝑎 − 3𝐶𝑑

(𝑎)𝐶|𝑑|𝑏)𝑐; 4) 𝑆𝑎𝑏̂,0 = 𝑆𝑏̂𝑎,0 = 2𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎);

5) 𝑆𝑎𝑏̂,𝑐 = 𝑆𝑏̂𝑎,𝑐 = 𝐴𝑏
𝑎𝑐 − 3𝐶𝑏

𝑎𝑐; 6) 𝑆𝑎𝑏̂,𝑐 = 𝑆𝑏̂𝑎,𝑐 = 𝐴𝑏𝑐
𝑎 − 3𝐶𝑏𝑐

𝑎 ;

7) 𝑆̂︀𝑎𝑏̂,𝑐 = −2(𝐴
(𝑎
𝑑 − 3𝐶

(𝑎
𝑑 )𝐶 |𝑑|𝑏)𝑐,

(3.3)

while other components are zero.

Theorem 3.1. The Ricci tensor of a harmonic NTS–manifold satisfies the identities

1) ∇𝑋𝑆(𝜉, 𝜉) = 0;

2) ∇𝜉𝑆(𝜒, 𝜉) = 0;

3) ∇Φ𝑋(𝑆)(𝜉,Φ𝑌 )−∇𝑋(𝑆)(𝜉, 𝑌 ) = 0;

4) ∇𝜉(𝑆)(Φ𝑋,Φ𝑌 )−∇𝜉(𝑆)(𝑋, 𝑌 ) = 0;

5) ∇Φ2𝑋(𝑆)(Φ
2𝑌,Φ2𝑍)−∇Φ2𝑋(𝑆)(Φ𝑌,Φ𝑍) +∇Φ𝑋(𝑆)(Φ𝑌,Φ

2𝑍) +∇Φ𝑋(𝑆)(Φ
2𝑌,Φ𝑍) = 0.

Proof. It follows from (3.3) that

1) ∇𝑋𝑆(𝜉, 𝜉) = 0; 2) ∇𝜉𝑆(𝜒, 𝜉) = 0.

Applying the identity recovery procedure [1], [2] to the identity 𝑆0𝑎,𝑏 = 0, we obtain

∇Φ2𝑋(𝑆)(𝜉,Φ
2𝑌 )−∇Φ𝑋(𝑆)(𝜉,Φ𝑌 ) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀).
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This identity can be written as

∇Φ𝑋(𝑆)(𝜉,Φ𝑌 )−∇𝑋(𝑆)(𝜉, 𝑌 ) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀). (3.4)

Applying the identity recovery procedure to the identity 𝑆𝑎𝑏,0 = 0, we get

∇𝜉(𝑆)(Φ
2𝑋,Φ2𝑌 )−∇𝜉(𝑆)(Φ𝑋,Φ𝑌 ) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀),

which can be written as

∇𝜉(𝑆)(Φ𝑋,Φ𝑌 )−∇𝜉(𝑆)(𝑋, 𝑌 ) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀). (3.5)

Applying the identity recovery procedure to the identity 𝑆𝑎𝑏,𝑐 = 0, we get

∇Φ2𝑋(𝑆)(Φ
2𝑌,Φ2𝑍)−∇Φ2𝑋(𝑆)(Φ𝑌,Φ𝑍)

+∇Φ𝑋(𝑆)(Φ𝑌,Φ
2𝑍) +∇Φ𝑋(𝑆)(Φ

2𝑌,Φ𝑍) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀).
(3.6)

The proof is complete.

Main non–zero components of the tensor ∇𝑆 are defined by the following pairs of expressions

1) 𝑆0𝑎,𝑏̂ = 𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎); 2) 𝑆𝑎𝑏̂,0 = 2𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎);

3) 𝑆𝑎𝑏,𝑐 = −2(𝐴𝑑
(𝑎 − 3𝐶𝑑

(𝑎)𝐶|𝑑|𝑏)𝑐; 4) 𝑆𝑎𝑏̂,𝑐 = 𝐴𝑏
𝑎𝑐 − 3𝐶𝑏

𝑎𝑐

(3.7)

and by their adjoint. The most interesting is the study of geometric meaning of vanishing of
these components.
Let 𝑆0𝑎,𝑏̂ = 𝜒(𝐴𝑏

𝑎 − 3𝐶𝑏
𝑎) = 0. Then either 𝜒 = 0, or 𝐴𝑏

𝑎 − 3𝐶𝑏
𝑎 = 0. In the first case, the

manifold is closely cosymplectic, in the second case (by Theorem 2.4) it is an Einstein manifold
with cosmological constant 𝜖 = −2𝑛𝜒2.
Applying the identity recovery procedure to the identity [1], [2] to the identity 𝑆0𝑎,𝑏̂ = 0, we

obtain

∇Φ2𝑋(𝑆)(𝜉,Φ
2𝑌 ) +∇Φ𝑋(𝑆)(𝜉,Φ𝑌 ) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀).

This identity can be written as

∇Φ𝑋(𝑆)(𝜉,Φ𝑌 ) +∇𝑋(𝑆)(𝜉, 𝑌 ) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀). (3.8)

Since (3.4) holds satisfied for each harmonic NTS–manifold, identity (3.8) is equivalent to

∇Φ𝑋(𝑆)(𝜉,Φ𝑌 ) = ∇𝑋(𝑆)(𝜉, 𝑌 ) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀).

Hence, the identity 𝑆0𝑎,𝑏̂ = 0 is equivalent to

∇𝑋(𝑆)(𝜉, 𝑌 ) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀) (3.9)

The above facts are summarized in the following theorem.

Theorem 3.2. A harmonic NTS–manifold, the Ricci tensor of which satisfies identity (3.9)
is either a precisely cosymplectic manifold or an Einstein manifold with cosmological constant
𝜖 = −2𝑛𝜒2.

In view of Theorem 2.3, Theorem 3.2 can be formulated as follows.

Theorem 3.3. A harmonic NTS–manifold, the Ricci tensor of which satisfies identity (3.9)
is locally equivalent to the product of a nearly Kähler manifold with the real line, or canonically
concircular to the product of a Kähler manifold with the real line equipped with a cosymplectic
structure.
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Let 𝑆𝑎𝑏̂,0 = 2𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎) = 0, that is 𝑆𝑎𝑏̂,0 = 0. This identity is equivalent to

∇𝜉(𝑆)(Φ
2𝑋,Φ2𝑌 ) +∇𝜉(𝑆)(Φ𝑋,Φ𝑌 ) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀). (3.10)

By (3.5) and (3.10) we obtain

∇𝜉(𝑆)(Φ𝑋,Φ𝑌 ) = ∇𝜉(𝑆)(𝑋, 𝑌 ) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀). (3.11)

It follows from (3.7) that 2𝑆0𝑎,𝑏̂ = 𝑆𝑎𝑏̂,0. Thus, a harmonic NTS–manifold, the Ricci tensor of

which satisfies identity (3.9), also satisfies identity (3.11), and vice versa.

Theorem 3.4. The class of harmonic NTS–manifolds, the Ricci tensor of which satisfies the
identity (3.9), coincides with the class of harmonic NTS–manifolds, the Ricci tensor of which
satisfies identity (3.11).

Let 𝑆𝑎𝑏,𝑐 = −2(𝐴𝑑
(𝑎 − 3𝐶𝑑

(𝑎)𝐶|𝑑|𝑏)𝑐 = 0. In view of (3.6), identity 𝑆𝑎𝑏,𝑐 = 0 is equivalent to

∇Φ2𝑋(𝑆)(Φ
2𝑌,Φ2𝑍)−∇Φ2𝑋(𝑆)(Φ𝑌,Φ𝑍) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀),

which in view of (3.5) is written as

∇𝑋(𝑆)(Φ𝑌,Φ𝑍)−∇𝑋(𝑆)(𝑌, 𝑍) = 0, ∀𝑋, 𝑌 ∈ 𝒳 (𝑀). (3.12)

Since
(𝐴𝑑

(𝑎 − 3𝐶𝑑
(𝑎)𝐶|𝑑|𝑏)𝑐 = 0. (3.13)

It follows from (2.10) and (3.13) that

2𝐴𝑑
𝑎𝐶𝑏𝑐𝑑 = 3𝐶𝑑

𝑎𝐶𝑏𝑐𝑑 + 3𝐶𝑑
𝑏𝐶𝑎𝑐𝑑 + 4𝐶𝑑

𝑐𝐶𝑎𝑏𝑑.

We symmetrize the obtained identity in the indices 𝑏 and 𝑐, then by symmetry properties (2.2)
of 𝐶 we obtain

𝐶𝑑
𝑏𝐶𝑐𝑎𝑑 + 𝐶𝑑

𝑐𝐶𝑏𝑎𝑑 = 0.

In view of this identity, identity (3.13) becomes

𝐴𝑑
𝑎𝐶𝑏𝑐𝑑 = 4𝐶𝑑

𝑐𝐶𝑎𝑏𝑑. (3.14)

We alternate this identity in the indices 𝑎 and 𝑏, then, in view of the symmetry properties of
object 𝐶, we obtain the identity

𝐴𝑑
[𝑎𝐶𝑏]𝑐𝑑 = 4𝐶𝑑

𝑐𝐶𝑎𝑏𝑑. (3.15)

By (2.10) and (3.15) we have
𝐶𝑑

𝑐𝐶𝑎𝑏𝑑 = 0.

Since (𝐶𝑑
𝑐 ) is the Hermitian matrix, at each point of the manifold, there exists an 𝐴–frame [2],

in which 𝐶𝑑
𝑐 = 𝐶𝑐𝛿

𝑑
𝑐 , where {𝐶𝑐} are the eigenvalues of this matrix. Contracting the identity

𝐶𝑐𝐶𝑎𝑏𝑐 = 0 with the object 𝐶𝑎𝑏𝑑, we obtain (𝐶𝑐)
2𝛿𝑑𝑐 = 0, and therefore 𝐶𝑐 = 0. But then

𝐶𝑑
𝑐 = 0. Contracting this identity over the indices 𝑐 and 𝑑, we obtain∑︁

𝑎𝑏𝑐

|𝐶𝑎𝑏𝑐|2 = 𝐶𝑎𝑏𝑐𝐶𝑎𝑏𝑐 = 𝐶𝑐
𝑐 = 0,

and hence, 𝐶𝑎𝑏𝑐 = 0, that is, the manifold is either a cosymplectic manifold or a Kenmotsu
manifold [7].
Similarly, by (3.14) one can show that 𝐴𝑐

𝑐 = 0, and hence a harmonic NTS–manifold, the Ricci
tensor of which satisfies identity (3.12), according to (2.12), is a manifold of constant scalar
curvature 𝑟 = −2𝑛(𝑛 + 1)𝜒2 since there are no Kenmotsu manifolds of constant curvature
different from (−1), and a Kenmotsu manifold is a space of constant curvature (−1) if and only
if it is canonically concircular to a manifold C𝑛×R equipped with a cosymplectic structure [2].
It is well–known that a cosymplectic manifold is locally equivalent to the product of a Kähler
manifold and the real line [2]. The Kähler component of a cosymplectic manifold is locally
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holomorphically isometric to C𝑛, and hence the cosymplectic manifold is locally equivalent to
the product C𝑛 ×R.
The above facts are summarized in the next theorem.

Theorem 3.5. A harmonic NTS–manifold, the Ricci tensor of which satisfies the identity
(3.9), is locally equivalent to the product C𝑛 × R or canonically concircular to the manifold
C𝑛 ×R equipped with a cosymplectic structure.

Definition 3.1 ([4]). The Ricci tensor S of an AC–manifold is called parallel if ∇𝑆 = 0 and
𝜂–parallel if ∇𝑋(𝑆)(Φ𝑌,Φ𝑍) = 0 for all 𝑋, 𝑌, 𝑍 ∈ 𝒳 (𝑀).

Let a harmonic NTS–manifold have a parallel Ricci tensor, i.e. ∇𝑆 = 0. The next statement
follows directly from Theorems 3.3 and 3.5.

Theorem 3.6. A harmonic NTS–manifold with parallel Ricci tensor is locally equivalent to
the product C𝑛 ×R equipped with a cosymplectic structure.

Next we consider a harmonic NTS–manifold with 𝜂–parallel Ricci tensor. On the space of
associated 𝐺-structure, the 𝜂–parallel condition, i.e., the identity

∇𝑋(𝑆)(Φ𝑌,Φ𝑍) = 0, ∀𝑋, 𝑌, 𝑍 ∈ 𝒳 (𝑀)

is written as

𝑆𝑖𝑗,𝑘Φ
𝑖
𝑟Φ

𝑗
𝑙𝑋

𝑘𝑌 𝑟𝑍 𝑙 = 0,

which is equivalent to the relations

1) 𝑆𝑎𝑏,𝑐 = −2(𝐴𝑑
(𝑎 − 3𝐶𝑑

(𝑎)𝐶|𝑑|𝑏)𝑐;

2) 𝑆𝑎𝑏̂,0 = 2𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎);

3) 𝑆𝑎𝑏̂,𝑐 = 𝑆𝑏̂𝑎,𝑐 = 𝐴𝑏
𝑎𝑐 − 3𝐶𝑏

𝑎𝑐,

(3.16)

i.e., the Ricci tensor of a harmonic NTS–manifold with 𝜂–parallel Ricci tensor is parallel.
Therefore, for a harmonic NTS–manifold with 𝜂–parallel Ricci tensor, Theorem 3.6 holds.
Gray in [5] introduced two classes of Riemannian manifolds defined by the covariant derivative

of the Ricci tensor. Class A consists of all Riemannian manifolds, the Ricci tensor of which 𝑆
is a Killing tensor, i.e.

∇𝑋(𝑆)(𝑌, 𝑍) +∇𝑌 (𝑆)(𝑋,𝑍) +∇𝑍(𝑆)(𝑋, 𝑌 ) = 0; ∀𝑋, 𝑌, 𝑍 ∈ 𝒳 (𝑀).

The second class B consists of all Riemannian manifolds, the Ricci tensor of which is the Codazzi
tensor, i.e.

∇𝑋(𝑆)(𝑌, 𝑍) = ∇𝑌 (𝑆)(𝑋,𝑍); ∀𝑋, 𝑌, 𝑍 ∈ 𝒳 (𝑀).

Definition 3.2 ([10], [6]). A symmetric 2-tensor field 𝑇 is called a Codazzi tensor if 𝑑𝑇 = 0,
i.e., if T satisfies the Codazzi equation

∇𝑋(𝑇 )(𝑌, 𝑍) = ∇𝑌 (𝑇 )(𝑋,𝑍), ∀𝑋, 𝑌, 𝑍 ∈ 𝒳 (𝑀).

Let 𝑀2𝑛+1 be a harmonic NTS–manifold, the Ricci tensor is the Codazzi tensor. Then the
identity holds

∇𝑋(𝑆)(𝑌, 𝑍) = ∇𝑌 (𝑆)(𝑋,𝑍); ∀𝑋, 𝑌, 𝑍 ∈ 𝒳 (𝑀). (3.17)

Identity (3.17) on the space of associated 𝐺-structure is written as

𝑆𝑖𝑗,𝑘 = 𝑆𝑘𝑗,𝑖. (3.18)
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In particular, by (3.7) and (3.18) we have 𝑆𝑎𝑏,𝑐 = 𝑆𝑐𝑏,𝑎, that is,

(𝐴𝑑
(𝑎 − 3𝐶𝑑

(𝑎)𝐶|𝑑|𝑏)𝑐 = (𝐴𝑑
(𝑐 − 3𝐶𝑑

(𝑐)𝐶|𝑑|𝑏)𝑎,

𝐴𝑑
𝑎𝐶𝑑𝑏𝑐 + 𝐴𝑑

𝑏𝐶𝑑𝑎𝑐 − 3𝐶𝑑
𝑎𝐶𝑑𝑏𝑐 − 3𝐶𝑑

𝑏𝐶𝑑𝑎𝑐 = 𝐴𝑑
𝑐𝐶𝑑𝑏𝑎 + 𝐴𝑑

𝑏𝐶𝑑𝑐𝑎 − 3𝐶𝑑
𝑐𝐶𝑑𝑏𝑎 − 3𝐶𝑑

𝑏𝐶𝑑𝑐𝑎,

𝐴𝑑
𝑐𝐶𝑎𝑏𝑑 − 𝐴𝑑

𝑎𝐶𝑐𝑏𝑑 + 2𝐴𝑑
𝑏𝐶𝑎𝑐𝑑 = 3𝐶𝑑

𝑎𝐶𝑏𝑐𝑑 + 3𝐶𝑑
𝑐𝐶𝑎𝑏𝑑 + 6𝐶𝑑

𝑏𝐶𝑎𝑐𝑑.

In view of the third fundamental identity, the resulting identity can be written as

4𝐶𝑑
𝑏𝐶𝑐𝑎𝑑 + 2𝐴𝑑

𝑏𝐶𝑎𝑐𝑑 = 3𝐶𝑑
𝑎𝐶𝑏𝑐𝑑 + 3𝐶𝑑

𝑐𝐶𝑎𝑏𝑑 + 6𝐶𝑑
𝑏𝐶𝑎𝑐𝑑,

2𝐴𝑑
𝑏𝐶𝑎𝑐𝑑 = 3𝐶𝑑

𝑎𝐶𝑏𝑐𝑑 + 3𝐶𝑑
𝑐𝐶𝑎𝑏𝑑 + 10𝐶𝑑

𝑏𝐶𝑎𝑐𝑑.

Alternating the last identity by indices 𝑎 and 𝑏, taking into account the third fundamental
identity and the properties of the object 𝐶𝑎𝑏𝑐, we obtain

𝐶𝑑
𝑐𝐶𝑎𝑏𝑑 = 7𝐶𝑑

[𝑏𝐶𝑎]𝑐𝑑. (3.19)

Proceeding as in the proof of Theorems 3.3 and 3.5, by identity (3.19) we obtain that 𝐶𝑎𝑏𝑐 = 0,
i.e. the manifold is either a cosymplectic manifold or a Kenmotsu manifold.
By (3.7) and (3.18) we also have 𝑆𝑏̂𝑎,0 = 𝑆0𝑎,𝑏̂, that is,

2𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎) = 𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎),

𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎) = 0.

Arguing as in the proof of Theorem 3.5, we obtain the next statement.

Theorem 3.7. A harmonic NTS–manifold, the Ricci tensor of which is the Codazzi tensor,
is locally equivalent to the product C𝑛 × R or canonically concircular to the manifold C𝑛 × R
equipped with a cosymplectic structure.

Definition 3.3 ([10], [6]). A symmetric 2-tensor field 𝑇 is called the Killing tensor if

∇𝑋(𝑇 )(𝑌, 𝑍) +∇𝑌 (𝑇 )(𝑋,𝑍) +∇𝑍(𝑇 )(𝑋, 𝑌 ) = 0; ∀𝑋, 𝑌, 𝑍 ∈ 𝒳 (𝑀).

Now let 𝑀2𝑛+1 be a harmonic NTS–manifold, the Ricci tensor of which is the Killing tensor.
Then the identity holds

∇𝑋(𝑆)(𝑌, 𝑍) +∇𝑌 (𝑆)(𝑋,𝑍) +∇𝑍(𝑆)(𝑋, 𝑌 ) = 0; ∀𝑋, 𝑌, 𝑍 ∈ 𝒳 (𝑀).

On the space of associated 𝐺-structure this identity is written as

𝑆𝑖𝑗,𝑘 + 𝑆𝑗𝑘,𝑖 + 𝑆𝑘𝑖,𝑗 = 0. (3.20)

In particular, it follows from (3.7) and (3.20) that

𝑆0𝑎,𝑏̂ + 𝑆𝑎𝑏̂,0 + 𝑆𝑏̂0,𝑎 = 0,

𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎) + 2𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎) + 𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎) = 0,

𝜒(𝐴𝑏
𝑎 − 3𝐶𝑏

𝑎) = 0.

Arguing as in the proof of Theorem 3.5 and using the third fundamental identity, we obtain
the following theorem.

Theorem 3.8. A harmonic NTS–manifold, the Ricci tensor of which is a Killing tensor,
is locally equivalent to the product C𝑛 × R or canonically concircular to the manifold C𝑛 × R
equipped with a cosymplectic structure.

Remark 3.1. Theorems 3.6, 3.7, 3.8 are invertible.
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