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GEOMETRY OF RICCI TENSOR OF HARMONIC
NEARLY TRANS-SASAKIAN MANIFOLDS

A.R. RUSTANOV, S.V. KHARITONOVA

Abstract. In this paper, we study the geometry of the Ricci tensor of a harmonic nearly
trans—Sasakian manifold. On the space of associated G-structure we introduce fundamental
identities of harmonic nearly trans-Sasakian manifolds. We prove that Ricci-flat harmonic
nearly trans—Sasakian manifolds are closely cosymplectic. We obtain conditions, which en-
sure that harmonic nearly trans—Sasakian manifolds are Einstein and n—Einstein manifolds.
We obtain identities for the Ricci tensor of harmonic nearly trans—Sasakian manifolds. We
provide local characterizations for the following harmonic nearly trans-Sasakian manifolds:
Einstein manifolds; manifolds, the Ricci tensor of which is parallel, n—parallel, the Codazzi
tensor, the Killing tensor, and satisfies the three selected identities.

Keywords: harmonic nearly trans—Sasakian manifolds, tensor Ricci, Einstein manifold,
closely cosympletic manifold.
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1. INTRODUCTION

In this paper, we continue the study of nearly trans—Sasakian (NTS) manifolds, that is,
manifolds equipped with an almost contact metric structure, the linear extension of which
belongs to the class Wi @ Wy in the Gray — Hervella classification. In [7], [8], [9], harmonic
NTS-manifolds were defined and the local structure of these manifolds was described. To
obtain a harmonic NT'S-manifold, it suffices to take the Cartesian product of any nearly Kédhler
manifold M with the real line R and make a canonical concircular transformation of the exact
cosymplectic structure of manifold M x R. Each harmonic NTS—-manifold is (locally) structured
in this way.

The paper is organized as follows. In Section 2 we provide basic definitions and formulate
known facts from the geometry of harmonic NTS-manifolds. This is important for under-
standing the further presentation. The study is made by means of the method of associated
G-structures. In particular, we provide structural equations, expressions for the components of
Ricci tensor, and the scalar curvature of a harmonic NTS—-manifold on the space of the asso-
ciated G-structure. Then we give the first and second fundamental identities, and a new third
fundamental identity of harmonic NTS-manifolds. We obtain new results for Einstein and 7-
Einstein harmonic NTS-manifolds. We prove that a harmonic NTS-manifold has a ®-invariant
Ricci tensor.

In Section 3, we calculate the components of covariant derivative of the Ricci tensor on
the space of associated G-structure, obtain certain identities for the Ricci tensor of a harmonic
NTS—manifold, and obtain a local characterization of harmonic NTS—manifolds, the Ricci tensor
of which satisfies the obtained identities. We also establish classification theorems for harmonic
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NTS—manifolds, the Ricci tensor of which is parallel, n-parallel, the Codazzi tensor, or the
Killing tensor.

2. PRELIMINARIES

We recall that an almost contact metric (AC) structure on a manifold M is the set (£, 1, ®,g =
(-, -)) of tensor fields on M, where ¢ is a vector field called the characteristic field, n is a
differential 1-form called the contact form, ® is an endomorphism of the module of smooth
vector fields of the manifold M called the structure endomorphism, g = (-, -) is a Riemann
metric. Moreover,

D=1 2)2¢ =0  3)nod=0; 4) @ =—id+{@;
5) (2X,0Y) = (X,Y) —n(X)n(Y);  X,Y € X(M).
A manifold admitting an AC-structure is called an almost contact metric manifold, briefly,

AC-—manifold.

Definition 2.1 ([7]). An AC-structure is called the nearly trans—Sasakian (NTS) structure
if its linear extension belongs to the class Wi & Wy of almost Hermitian structures in the
Gray — Hervella classification. An AC-manifold equipped with an NTS-structure is called the

NTS-manifold.

Definition 2.2 ([7]). An NTS-structure with a closed contact form is called the eigen NTS—
structure.

Definition 2.3 ([7], [9]). An eigen NTS-manifold with a harmonic contact form is called
harmonic, and the number x = —%577 18 1ts characteristics.

We consider a harmonic NTS-manifold. The Lie form of such a manifold is closed |7], which
means that the characteristics of such a manifold is constant, i.e., dy = 0. Moreover, since
X = X, the function y is real.

The complete group of structural equations of a harmonic NTS—manifold reads |7]

1) do® = —02 AO° + C™6, A0, + x526° A 0
2) df, = 0% N\ Oy + Copcll® A O+ x320, N 6
3) do=0;

4) doT+ 0% A6 = (A% — 2099y, )0° A By,

(2.1)

where { A4} is a family of functions on the space of the associated G-structure, which serve as
components of the so-called curvature tensor of the associated @Q-algebra [1], or the structural
tensor of second kind, and,

1) A =0, 2) Al =o0;  3) Agd = Al

(2.2)
4) C[abC] = Cabc; 5) C[abc] = Cape-
Moreover,
1) dCabc + C«dbcgg + C«adceg + Cabdeccl — Cabcded + Xcabcg;
2) dCabc - C(dbces‘f - Cfaalcegz - Cabdeg = Cabcded + XCabce; (23)

3) dx =0,
where C%¢? (.4 are appropriate functions on the space of associated G-structure, and,

1) 0P = 0;  2) Cyjpea = 0.
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Making external differentiation of fourth equation in (2.1), we obtain
AL + A0 + A0 — A0y — AROe = ARG0" + AR, + 2x A0, (2.4)
where
1) Agl, = Apt =0,
2) (A — 20l Cyy )OI = 0; (2.5)
3) (Ajf —20°UCpye)Capng = 0.
Making external differentiation of identity 1) in (2.3), we obtain
dCabed | Chbedga | cabodgd | cabhdge | cabchgd _ cabodhg, | o, crabedg
where
1) ™ = 0;  2) C"9C,g, = 0. (2.6)

We call identity 2) in (2.6) the first fundamental identity, and identity 3) in (2.5) the second
fundamental identity of the harmonic N'T'S-manifold.
It is convenient to adopt the following notation

Cpl = C"Cra,  CE=Cfr, AL =AY
A= ARe, AL = Aj
Lemma 2.1. For a harmonic NTS-manifold, C = C? s nonnegative. Moreover, C' = 0

if and only if the manifold is either cosymplectic or a Kenmotsu manifold, i.e., a manifold
obtained from a cosymplectic manifold by a canonical concircular transformation.

Proof. Since C%¢ = Cyp.., we obtain C' = C%Cle = " |Cupe|? = 0, and C = 0 if and only if
C%¢ = Cy. = 0. Then, by Theorem 6 in [7], a harmonic NTS—manifold is either a cosymplectic
manifold or a Kenmotsu manifold, i.e., a manifold obtained from a cosymplectic manifold by
the canonical concircular transformation [2]. It is easy to see that the converse is also true.
The proof is complete. O

According to (2.3) and (2.4) we have
1) dCpd + C920e + Cpo0 — Cade) — Cpdgs = Cpdo? + Cp99, + 2xCdo);

be Vg bc “g bg Vc beg
2) dCf + CPoF — Coh = CF 0" + C2oy, + 2 C26; (2.7)
3)  dAY + AMGY — AOh = A2 0" + AhG, + 2 AZ6.
We contract identity 3) in (2.5), which is the first fundamental identity of the harmonic
NTS-manifold, with respect to the indices a and b

AfChgd + AZCgcd + AZCchd — QCgChgd — QCgCgcd — QCchhd = 0. (28)

Now we contract the third identity in (2.5) with respect to the indices a and ¢ and rename b
to ¢. Then, taking into account the symmetry properties of objects A and C' (2.2), we obtain

AlChgq + 20 Chya — 2CICopg + 2C5Cegq = 0. (2.9)

We deduct term—by-term (2.9) from (2.8), and in view of symmetry properties of C, see (2.2),
we obtain the identity

Af,Cgieqg — 2CChrgg = 0. (2.10)
We call identity (2.10) the third fundamental identity of the harmonic NTS-manifold.
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The components of the Ricci tensor of the harmonic NTS—manifold on the space of the
associated G-structure read []

1) S()O = —QHXQ,
2) S = Ak —3C"Ch, — 2nX?0; (2.11)

) S,
3)  Sap= AL — 30%UCy — 2nx20}.

All other components are zero.

It follows from identity 1) in formula (2.11) that a Ricci-flat harmonic NTS-manifold is an
closely cosymplectic manifold, and therefore it is locally equivalent to the product of a nearly
Kahler manifold and the real line. If the manifold is simply connected, then these equivalences
can be chosen to be global.

The scalar curvature of a harmonic N'TS-manifold is

r=2A% — 6C"Cpy — 2n(n + 1)x>% (2.12)

It follows from (2.1) that each Kenmotsu manifold is a harmonic NTS-manifold of characteris-
tics x = —1, and each closely cosymplectic manifold is a harmonic NTS-manifold of character-
istics x = 0. Kenmotsu manifolds and closely cosymplectic manifolds are the most interesting
and well-studied examples of harmonic NTS—manifolds. One should add the special Kenmotsu
manifolds of the second kind to these examples.

Theorem 2.1. A harmonic NTS—-manifold is an Einstein manifold if and only if the identity
A} = 3Cy (2.13)
holds on the space of the associated G-structure.

Proof. Let a harmonic NTS-manifold be an Einstein manifold with the cosmological constant
€. Then the components of Ricci tensor S and the components of metric tensor g are related
by the identity S;; = €g;j, where € = const. In view of (2.11), these relations on the space of
associated G-structure are written as

) —2n=¢
2) AL —3C% —2n\%! = ed?,
that is, Af = 3C}'. The proof is complete. ]

(2.14)

Corollary 2.1. A harmonic Finstein NTS—-manifold is a manifold of non—positive scalar
curvature.

Theorem 2.2. A complete harmonic Einstein NTS—-manifold is either a Ricci—flat closely
cosymplectic manifold, and hence is holomorphically isometrically covered by the product of a
Ricci-flat nearly Kdhler manifold with the real line, or is compact and has a finite fundamental

group.

Proof. For € = 0 it follows from identity 1) in (2.14) that x = 0, i.e., the manifold is Ricci-flat,
closely cosymplectic, and therefore locally holomorphically isometric to a manifold of the form
N?" x R, where N*" is a Ricci-flat nearly Kéhler manifold [2].

If € < 0, then, according to the classical Myers theorem [3], in the case of completeness the
manifold is compact and has a finite fundamental group. The proof is complete. O

Theorem 2.3. A complete harmonic Einstein NTS-manifold is locally equivalent to the
product N*" xR or canonically concircular to the manifold N** xR equipped with a cosymplectic
structure, where N2 is a Kdihler manifold that is an Einstein manifold.
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Proof. Let a harmonic NTS-manifold be an Einstein manifold with cosmological constant e.
Then, taking into account (2.13), third fundamental identity (2.10) can be written as

3CHCyed — 3CCheqg — ACIChgq = 0.
Symmetrizing this identity in the indices h and ¢, we obtain
CilCyea + C2Chea = 0. (2.15)

Since (C¥) is a Hermitian matrix, at each point of this harmonic NTS-manifold there exists an
A-frame [2] in which C¢ = C),6¢, where {C..} are the eigenvalues of this matrix. Then identity
(2.15) can be written as C},00C,eq + Cg5gC’hcd = 0. We contract the resulting identity with the
object C°¥ then

ChoiCueaC¥ + C’gégChchCdf =0,
ChCy! + CyCy6] = 0,
2C,C, = 0.
Hence, Cj, = 0 and then C¢ = 0. Contracting this identity in the indices d and h, we obtain
Z |Cabc|2 = Cabccabc - CCC - 07

abc
and hence, C,. = 0, and the considered manifold is either a cosymplectic manifold or a Ken-
motsu manifold.

Since a cosymplectic manifold is locally equivalent to the product of a Kéahler manifold
with the real line [2], and the class of Kenmotsu manifolds coincides with the class of almost
contact metric manifolds obtained from cosymplectic manifolds by the canonical concircular
transformation of the cosymplectic structure 2], we obtain the required statements. The proof
is complete. O

We consider an Einstein harmonic NTS-manifold. Then its Ricci tensor on the space of
associated G-structure has the components

We are going to obtain expressions for a and b. In view of (2.11), relations (2.16) can be
written as

1) —2nx*=a+b;

2) A —3C"Cy., — 2nx20b = adl.
We contract identity 2) in (2.17) in the indices a and b, then in view of (2.12) we obtain
o
T o
Substituting (2.18) into the first identity in formula (2.17), we obtain

(2.17)
—(n—1)x% (2.18)

a

b= —— — (n+1)x>%

2n
Definition 2.4. We call the Ricci tensor of an AC-manifold ®-invariant if
dQ = Q. (2.19)

Writing identity (2.19) on the space of associated G-structure, we find that for an AC-
manifold with ®-invariant Ricci tensor the following relations hold

1) Soa = Soa = Sa0 = Sa0 = 0;

2.2
2) Su =S, = 0. (220



94 A.R. RUSTANOV, S.V. KHARITONOVA

And vice versa, if relations (2.20) hold on the space of associated G-structure, then the AC-
manifold has a ®-invariant Ricci tensor. Thus, we have proved the following theorem.

Theorem 2.4. An AC-manifold has a ®-invariant Ricci tensor if and only if the following
equalities hold on the space of associated G-structure
1) Soa = Soa = Sao = Sao = 0;
We consider a harmonic NT'S—manifold. By (2.11), definition 2.4, and Theorem 2.4 we obtain

the following assertion.

Theorem 2.5. The Ricci tensor of a harmonic NTS—-manifold is ®—invariant.

3. IDENTITIES FOR RICCI TENSOR

We recall that the tensor components of Riemannian connection form for a harmonic NTS—
manifold on the space of associated G-structure read [3]

1) 02 = C4,; 2) 02 = Cupeb"; 3) 03 = —x626"; 4) 0% = —x6L0,;

_ \ 3.1
5) 92 = X529b§ 6) 92 = X&geb; 7) 98 =0; 8) 0. + 95 —0. (3.1)

Since the Ricci tensor is a tensor of type (2,0), by the Fundamental Theorem of Tensor Analysis,
its components on the space of principal frame bundle over the considered manifold satisfy the
relations [2]
dSij — Si;0F — Sikef = S x0", (3.2)
where {S;; 1} a system of smooth functions that serve as components of the tensor V.S.
Writing (3.2) on the space on the space of the associated G-structure, in view of (3.1), (2.11),
(2.3:3) and (2.7) we obtain

1) Oab — aoé = (AZ - 302)? 2) Soa,b = Sao,b = X(Ag - 301?);

3) Sabe = —2(Af, = 3CL)Clape; 4) S0 = Siao = 2x(AL = 3CP); 3.3
5) = Sbac = Ab - 30207 6) Sal;,é = SIAJa,é = AZC - 3020; .
7) Sabc = —2(AY — 305 ClAe,

while other components are zero.
Theorem 3.1. The Ricci tensor of a harmonic NTS-manifold satisfies the identities
VxS5(£€) =0
VeS(x,§) = 0
Vox (S)(§ ®Y) = Vx(5)(€,Y) =0
Ve(S)(®X, @Y) = Ve(S)(X,Y) = 0;
Varx (S) (Y, D*Z) — Ve x (9) (DY, PZ) + Vox (S)(PY, 9°Z) 4 Vox (5)(9°Y,0Z) = 0.
Proof. Tt follows from (3.3) that
1) VxS(£,6) =0, 2) VeS(x,€) =0.
Applying the identity recovery procedure [1], [2] to the identity Sp.p = 0, we obtain
Varx (S)(€,%Y) — Vox(S)(£,2Y) =0, VXY € X(M).

N =

= W
— — o ~—

5
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This identity can be written as
Vox(S)(&,QY)—Vx(9)(Y) =0, VX, Y € X(M). (3.4)
Applying the identity recovery procedure to the identity Su0 = 0, we get
Ve(9)(P°X, D?Y) — V(S) (9 X, dY) =0, VXY € X(M),
which can be written as
Ve(9)(@X,PY) — V(5)(X,Y) =0, VXY € X(M). (3.5)
Applying the identity recovery procedure to the identity Sy : = 0, we get
Vo () (DY, B22) — Vi (S) (Y, 2) .
+ Vaox(S)(®Y, ®?Z) + Vox (S)(P?Y,®2) =0, VX,Y € X(M).

The proof is complete. O

Main non—zero components of the tensor V.S are defined by the following pairs of expressions
1) Sy = X(AG = 3C); 2) S50 = 2x(AL —3CY); a7
3) Sab,c = _2(*’4(({1 - 3C€1a)0|d|b)c; 4) SaB,c = Agc - 3020 .

and by their adjoint. The most interesting is the study of geometric meaning of vanishing of
these components.

Let Sy, 5 = x(A) —3C%) = 0. Then either x = 0, or A} —3C} = 0. In the first case, the
manifold is closely cosymplectic, in the second case (by Theorem 2.4) it is an Einstein manifold
with cosmological constant € = —2n?.

Applying the identity recovery procedure to the identity [1], [2] to the identity Sy, ; = 0, we
obtain

Vorx(S)(&, ®%Y) + Vox (S)(&,®Y) =0, VXY € X(M).

This identity can be written as

Vox(S)(&, DY)+ Vx(9)(&Y) =0, VXY e X(M). (3.8)
Since (3.4) holds satisfied for each harmonic NTS-manifold, identity (3.8) is equivalent to

Vox(S)(&,PY)=Vx(S)(&Y)=0, VXY € X(M).
Hence, the identity SOa,i) = 0 is equivalent to

Vx(9)(&,Y) =0, VXY € X(M) (3.9)
The above facts are summarized in the following theorem.

Theorem 3.2. A harmonic NTS—manifold, the Ricci tensor of which satisfies identity (3.9)
18 either a precisely cosymplectic manifold or an Einstein manifold with cosmological constant
e = —2nx>

In view of Theorem 2.3, Theorem 3.2 can be formulated as follows.

Theorem 3.3. A harmonic NTS-manifold, the Ricci tensor of which satisfies identity (3.9)
18 locally equivalent to the product of a nearly Kdhler manifold with the real line, or canonically
concircular to the product of a Kahler manifold with the real line equipped with a cosymplectic
structure.
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Let S0 = 2x(A} = 3C7) = 0, that is S; , = 0. This identity is equivalent to

Ve(S)(D2X, DY) + Ve(S)(DX, DY) =0, VXY € X(M). (3.10)
By (3.5) and (3.10) we obtain
Ve(S)(DX, BY) = Ve(S)(X,Y) =0, VXY € X(M). (3.11)

It follows from (3.7) that 25, ; = S ; ;. Thus, a harmonic NTS-manifold, the Ricci tensor of
which satisfies identity (3.9), also satisfies identity (3.11), and vice versa.

Theorem 3.4. The class of harmonic NTS-manifolds, the Ricci tensor of which satisfies the
identity (3.9), coincides with the class of harmonic NTS—manifolds, the Ricci tensor of which
satisfies identity (3.11).

Let Sype = _Q(Afla — 3C(da)C"d‘b)c = 0. In view of (3.6), identity S, = 0 is equivalent to
Varx(9)(P*Y, P27) — Varx (S)(®Y,®Z) =0, VXY € X (M),

which in view of (3.5) is written as

Vx(S)(PY,®Z) — Vx(9)(Y,Z) =0, VXY € X(M). (3.12)
Since
(Af, — 3C)Clapye = 0. (3.13)

It follows from (2.10) and (3.13) that
2A7Chea = 3CChea + 3C} Caca + 4C¢ Capa.

We symmetrize the obtained identity in the indices b and ¢, then by symmetry properties (2.2)
of C' we obtain
deccad + Ccdcbad = 0.

In view of this identity, identity (3.13) becomes
A4Cheq = 4CC . (3.14)

We alternate this identity in the indices a and b, then, in view of the symmetry properties of
object C', we obtain the identity

AL Chjeg = ACCopa. (3.15)
By (2.10) and (3.15) we have

CCupa = 0.

Since (C?) is the Hermitian matrix, at each point of the manifold, there exists an A—frame [2],
in which C? = C.0¢, where {C.} are the eigenvalues of this matrix. Contracting the identity
C.Cup = 0 with the object C% we obtain (C.)?6? = 0, and therefore C. = 0. But then
C? = 0. Contracting this identity over the indices ¢ and d, we obtain

> [Cabel* = C*Crpe = C£ =0,

abc
and hence, Cy. = 0, that is, the manifold is either a cosymplectic manifold or a Kenmotsu
manifold [7].

Similarly, by (3.14) one can show that AS = 0, and hence a harmonic NTS-manifold, the Ricci
tensor of which satisfies identity (3.12), according to (2.12), is a manifold of constant scalar
curvature r = —2n(n + 1)x? since there are no Kenmotsu manifolds of constant curvature
different from (—1), and a Kenmotsu manifold is a space of constant curvature (—1) if and only
if it is canonically concircular to a manifold C" X R equipped with a cosymplectic structure [2].
It is well-known that a cosymplectic manifold is locally equivalent to the product of a Kéhler
manifold and the real line [2]. The Ké&hler component of a cosymplectic manifold is locally



GEOMETRY OF RICCI TENSOR 97

holomorphically isometric to C™, and hence the cosymplectic manifold is locally equivalent to
the product C" x R.
The above facts are summarized in the next theorem.

Theorem 3.5. A harmonic NTS-manifold, the Ricci tensor of which satisfies the identity
(5.9), is locally equivalent to the product C" x R or canonically concircular to the manifold
C™ x R equipped with a cosymplectic structure.

Definition 3.1 ([!]). The Ricci tensor S of an AC—manifold is called parallel if V.S = 0 and
n—parallel if Vx(S)(®Y,®Z) =0 for all X,Y,Z € X(M).

Let a harmonic NTS-manifold have a parallel Ricci tensor, i.e. V.S = 0. The next statement
follows directly from Theorems 3.3 and 3.5.

Theorem 3.6. A harmonic NTS-manifold with parallel Ricci tensor is locally equivalent to
the product C" X R equipped with a cosymplectic structure.

Next we consider a harmonic NTS-manifold with n-parallel Ricci tensor. On the space of
associated G-structure, the n—parallel condition, i.e., the identity

Vx(S)(®Y,d2) =0, VX,Y,Z e X(M)

is written as
Sijx®LI XY Z! = 0,

which is equivalent to the relations

1) Sape = —2(Af, = 3C{)Clapyei
2) S0 = 2x(A; —3CY); (3.16)
3) Sal;,c = Sl;a,c - AZC - 3023’

i.e., the Ricci tensor of a harmonic NTS-manifold with n—parallel Ricci tensor is parallel.
Therefore, for a harmonic NTS-manifold with n—parallel Ricci tensor, Theorem 3.6 holds.

Gray in |5] introduced two classes of Riemannian manifolds defined by the covariant derivative
of the Ricci tensor. Class A consists of all Riemannian manifolds, the Ricci tensor of which S
is a Killing tensor, i.e.

Vx(SY, Z) + Vy(S) (X, Z) + V() (X,Y) =0, VX,Y,Z € X(M).

The second class B consists of all Riemannian manifolds, the Ricci tensor of which is the Codazzi
tensor, i.e.

Vx(S)(Y,Z2) = Vy(S)(X,Z); VX.Y,Z e X(M).

Definition 3.2 ([10], [6]). A symmetric 2-tensor field T is called a Codazzi tensor if dT' = 0,
i.e., if T satisfies the Codazzi equation

Vi (T)Y,Z)=Vy(T)(X,2), VX,Y,Ze X(M).

Let M?"*! be a harmonic NTS-manifold, the Ricci tensor is the Codazzi tensor. Then the
identity holds

VxS, 2) = Vy(S)(X,2);  VX,Y,Z e X(M). (3.17)

Identity (3.17) on the space of associated G-structure is written as

Sijk = Skji- (3.18)
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In particular, by (3.7) and (3.18) we have Sy . = Sepq, that is,
(Af, = 3CE)Clape = (AL, = 3CL)Clapyas
AlCpe + AL Cuac — 3CLCahe — 3CCae = AlCaa + AFClea — 3CLCoa — 3C3 Cea,
AlCupa — AlCepa + 24A]Coca = 3CLCheq + 3CICpa + 6C4 Coca.
In view of the third fundamental identity, the resulting identity can be written as
ACYCrga + 2A8Creq = 3CChoq + 3CLCpa + 6C5 Cycd,
2AYC 0q = 3CICheq + 3CCrpa + 10CECleq.

Alternating the last identity by indices a and b, taking into account the third fundamental
identity and the properties of the object C'%°, we obtain

CéCapa = TC}Cojca. (3.19)

Proceeding as in the proof of Theorems 3.3 and 3.5, by identity (3.19) we obtain that Cy. = 0,
i.e. the manifold is either a cosymplectic manifold or a Kenmotsu manifold.
By (3.7) and (3.18) we also have S;, , = Sy, ;, that is,

2x(Ag = 3Cq) = x(A; = 3Cy),
X(4, = 3Cq) = 0.
Arguing as in the proof of Theorem 3.5, we obtain the next statement.

Theorem 3.7. A harmonic NTS-manifold, the Ricci tensor of which is the Codazzi tensor,
18 locally equivalent to the product C™* x R or canonically concircular to the manifold C" x R
equipped with a cosymplectic structure.

Definition 3.3 ([10], [6]). A symmetric 2-tensor field T is called the Killing tensor if
Vx(TYY,Z)+Vy(T)(X,Z)+ Vz(T)(X,Y) =0; VXY, Z € X(M).

Now let M?"*!1 be a harmonic NTS-manifold, the Ricci tensor of which is the Killing tensor.
Then the identity holds

Vx(S)Y,Z)+ Vy(S)(X,Z)+ Vz(S)X,Y) =0; VXY, Z € X(M).
On the space of associated G-structure this identity is written as
Sijk + Sjki + Skij = 0. (3.20)
In particular, it follows from (3.7) and (3.20) that
SOa,B + Saé,o + Séo,a =0,
X(Ag = 3C3) + 2x(Aq = 3C;) + x(A; = 3C,) =0,
x(AL —3CP) = 0.

Arguing as in the proof of Theorem 3.5 and using the third fundamental identity, we obtain
the following theorem.

Theorem 3.8. A harmonic NTS-manifold, the Ricci tensor of which is a Killing tensor,
18 locally equivalent to the product C™* x R or canonically concircular to the manifold C" x R
equipped with a cosymplectic structure.

Remark 3.1. Theorems 3.6, 3.7, 3.8 are invertible.
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