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SOLVABILITY CRITERION FOR MULTIPLE INTERPOLATION

PROBLEM IN PREIMAGE OF CONVOLUTION OPERATOR

V.V. NAPALKOV (JR.), A.A. NUYATOV

Abstract. In this paper we find a solvability criterion for the multiple interpolation problem
in the preimage of a convolution operator and, consequently, a criterion for the solvability
of Abel — Goncharov problem in the same space. When the kernel of the operator serves
as the preimage, uniqueness of the solution to these problems holds provided the set of
interpolation nodes is the uniqueness set in the kernel of the convolution operator.
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1. Introduction

Let 𝐻(C) be the space of entire functions with the topology of uniform convergence on compact
sets; we denote the dual of the space 𝐻(C) by 𝐻*(C). We also introduce the notation

𝑃C = {𝑓(𝑧) ∈ 𝐻(C) : ∃ 𝑐1, 𝑐2 > 0, |𝑓(𝑧)| ⩽ 𝑐1𝑒
𝑐2|𝑧|}.

With a function 𝜙(𝑧) ∈ 𝑃C we associate a functional 𝐹 ∈ 𝐻*(C) such that ̂︀𝐹 (𝑧) = 𝜙(𝑧), wherê︀𝐹 (𝑧) = ⟨𝐹𝜆, 𝑒𝜆𝑧⟩ is the Laplace transform of the functional 𝐹 .
The convolution operator acting from 𝐻(C) to 𝐻(C) with the characteristic function 𝜙(𝑧) ∈ 𝑃C

reads

𝑀𝜙[𝑓 ](𝑧) =
1

2𝜋𝑖

∫︁
𝐶

𝑓(𝑧 + 𝑡)𝛾(𝑡)𝑑𝑡, (1.1)

where 𝐶 is a closed contour, 𝛾(𝑡) is an analytic function on 𝐶 and outside 𝐶, 𝛾(∞) = 0.
We take and fix an arbitrary function 𝑔0(𝑧) ∈ 𝐻(C) and consider the convolution equation

𝑀𝜙[𝑓 ](𝑧) = 𝑔0(𝑧),

We denote by Im−1𝑀𝜙[𝑓 ] the preimage of the convolution operator. As 𝑔0(𝑧) ≡ 0, the preimage of
the convolution operator becomes the kernel Ker𝑀𝜙[𝑓 ].

For an arbitrary function 𝜓(𝑧) ∈ 𝐻(C) we define the ideal in 𝐻(C)

(𝜓) = {𝜓(𝑧) ·𝑅(𝑧) : 𝑅(𝑧) ∈ 𝐻(C)}.

Definition 1.1. The identities

𝐻(C) = (𝜓) + Im−1𝑀𝜙, (1.2)

𝐻(C) = (𝜓)⊕ Im−1𝑀𝜙, (1.3)

are called the Fisher representation and Fisher decomposition for the preimage of 𝑀𝜙 in 𝐻(C), respec-
tively.
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When identities (1.2) hold, each entire function can be represented, generally speaking, non–uniquely
as

𝑓(𝑧) = ℎ(𝑧) + 𝑔(𝑧), 𝑔(𝑧) ∈ Im−1𝑀𝜙, ℎ(𝑧) ∈ (𝜓).

Let us provide an example when the characteristic function 𝜙(𝑧) of the operator𝑀𝜙 is the polynomial
𝑃 (𝑧) = 𝑧2+1, then the convolution operator becomes a differential operator with constant coefficients

𝑃

(︂
𝑑

𝑑𝑧

)︂
=

𝑑2

𝑑 𝑧2
+ 1,

and as a function from the ideal we take the polynomial 𝑄(𝑧) = 𝑧 + 1.
We consider the differential equation

𝑑2𝑓(𝑧)

𝑑 𝑧2
+ 𝑓(𝑧) = 𝑒𝑧,

the function from the preimage is

𝑓(𝑧) = 𝑐1𝑒
𝑖 𝑧 + 𝑐2𝑒

−𝑖 𝑧 +
1

2
𝑒𝑧.

Then the Fisher representation reads

𝐻(C) = (𝑄) + 𝑐1𝑒
𝑖 𝑧 + 𝑐2𝑒

−𝑖 𝑧 +
1

2
𝑒𝑧.

This means that for each function 𝑓(𝑧) ∈ 𝐻(C) we have

𝑓(𝑧)− (𝑐1𝑒
𝑖 𝑧 + 𝑐2𝑒

−𝑖 𝑧 + 1
2𝑒
𝑧)

𝑧 + 1
∈ 𝐻(C),

hence, as the zero of the polynomial 𝑧 + 1 we have the identity

𝑓(−1) = 𝑐1𝑒
−𝑖 + 𝑐2𝑒

𝑖 +
1

2
𝑒−1

Hence, the function 𝑓(𝑧) is defined but not uniquely.
As identities (1.3) hold, then such a representation of the entire function is unique.
The multiple interpolation problem in Im−1𝑀𝜙 with nodes 𝜇𝑗 ∈ C being the zeroes of 𝜓 ∈ 𝐻(C),

with multiplicities 𝑞𝑗 , 𝑗 = 0, 1, 2, . . . is formulated as follows: given an arbitrary sequence of complex

numbers 𝑎𝑘𝑗 , 𝑗 = 0, 1, 2, . . . ;, 𝑘 = 0, 1, . . . , 𝑞𝑘 − 1, whether there exists a function 𝑦 ∈ Im−1𝑀𝜙 such
that

𝑦(𝑘)(𝜇𝑗) = 𝑎𝑘𝑗 , 𝑗 = 0, 1, 2, . . . ; 𝑘 = 0, 1, . . . , 𝑞𝑘 − 1.

Lemma 1.1. The solvability of the multiple interpolation problem is equivalent to the validity of the
Fisher representation

𝐻(C) = (𝜓) + Im−1𝑀𝜙.

Proof. 1. Let Fisher representation (1.2) hold. Mittag — Leffler theorem and the Weierstrass theorem
on the existence of entire functions with given zeros imply the existence of a function ℎ(𝑧) ∈ 𝐻(C)

such that ℎ(𝑘)(𝜇𝑗) = 𝑎𝑘𝑗 , 𝑗 = 0, 1, 2, . . . ; 𝑘 = 0, 1, . . . , 𝑞𝑘 − 1. By (1.2)

ℎ(𝑧) = 𝑦(𝑧) + 𝜓(𝑧) · 𝑔(𝑧), 𝑦(𝑧) ∈ Im−1𝑀𝜙, 𝑔(𝑧) ∈ 𝐻(C),

and this implies the identities 𝑦(𝑘)(𝜇𝑗) = 𝑎𝑘𝑗 , 𝑗 = 0, 1, 2, . . . ; 𝑘 = 0, 1, . . . , 𝑞𝑘 − 1. We note that if (1.3)

holds, then the function 𝑦(𝑧) is unique.
2. Let the multiple interpolation problem be solvable. The validity of the Fisher representation

holds can be written in an another way: for each function ℎ(𝑧) ∈ 𝐻(C), there exists a function
𝑦(𝑧) ∈ Im−1𝑀𝜙 such that

ℎ(𝑧)− 𝑦(𝑧)

𝜓(𝑧)
∈ 𝐻(C).

The latter holds if ℎ(𝑧) − 𝑦(𝑧) vanishes at the zeros of the function 𝜓(𝑧) (otherwise the function
ℎ(𝑧)− 𝑦(𝑧)

𝜓(𝑧)
would be meromorphic).
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Since by the assumption the problem of multiple interpolation is solvable in the preimage of con-
volution operator and there exists a function ℎ(𝑧) ∈ 𝐻(C) such that ℎ(𝑘)(𝜇𝑗) = 𝑎𝑘𝑗 , 𝑗 = 0, 1, 2, . . . ;
𝑘 = 0, 1, . . . , 𝑞𝑘 − 1, we have

ℎ(𝑘)(𝜇𝑗) = 𝑎𝑘𝑗 = 𝑦(𝑘)(𝜇𝑗), 𝑗 = 0, 1, 2, . . . ; 𝑘 = 0, 1, . . . , 𝑞𝑘 − 1,

where 𝜇𝑗 , 𝑗 = 0, 1, 2, . . . the zeros of the function 𝜓(𝑧). Thus, Fisher representation (1.2) holds. Note
that if the problem of multiple interpolation in the preimage of convolution operator has a unique
solution, then (1.3) holds. The proof is complete.

A particular case of the considered problem under is

𝑦(𝑘)(𝜇𝑗) = 𝑎𝑘𝑗 , 𝑗 = 0, 1, 2, . . . ; 𝑘 = 0, 𝑗.

Hence, the preimage of the convolution operator contains a function 𝑦(𝑧), which for the sequence of
complex numbers 𝑎00, 𝑎

1
1, . . . , 𝑎

𝑛
𝑛, . . . satisfies

𝑦(𝑘)(𝜇𝑘) = 𝑎𝑘𝑘.

Thus, we obtain the Abel problem [4] in the preimage of convolution operator.
When the characteristic function of convolution operator is a polynomial, the convolution operator

becomes a finite order linear differential operator with constant coefficients. Therefore, an important
particular consequence is that for a finite order homogeneous linear differential equation with constant
coefficients the multiple interpolation problem and the Abel — Goncharov problem are solvable. Fur-
thermore, a differential–difference operator, an integro–differential operator, and a linear differential
operator of infinite order with constant coefficients are also particular cases of the convolution operator,
and, as a consequence, these problems are solvable for the corresponding homogeneous equations.

In [9], the interpolation problem was solved for the case where the nodes are simple and lie on the
real axis. In [10], the interpolation problem in the kernel of the convolution operator was solved with
complex nodes. In [11], the problem of multiple interpolation in the kernel of convolution operator was
solved. The aim of this paper is to find conditions under which the problem of multiple interpolation
in the preimage of convolution operator is solvable.

2. Preliminaries

Along with the operator 𝑀𝜙[𝑓 ](𝑧), we introduce a linear operator continuous in the topology of
space 𝐻(C)

𝑀𝜙[𝜓(𝑧) · 𝑦(𝑧)] + 𝑔0(𝑧) : 𝐻(C) → 𝐻(C), (2.1)

as above, 𝑔0(𝑧) is a function from the image of operator 𝑀𝜙[𝑓 ](𝑧).

Theorem 2.1. Fisher representation in 𝐻(C) holds if and only if operator (2.1) is surjective.

Proof. 1. Let identity (1.2) hold and 𝑔(𝑧) ∈ 𝐻(C). Since convolution operator (1.1) is surjective [6], for
𝑔(𝑧) there exists 𝑓(𝑧) ∈ 𝐻(C) : 𝑀𝜙[𝑓 ] = 𝑔(𝑧). According to (1.2), the function 𝑓(𝑧) can be represented
as

𝑓(𝑧) = 𝜓(𝑧) · ℎ(𝑧) + 𝑢(𝑧), ℎ(𝑧) ∈ 𝐻(C), 𝑢(𝑧) ∈ Im−1𝑀𝜙,

this is why

𝑀𝜙[𝑓 ] =𝑀𝜙[𝜓(𝑧) · ℎ(𝑧)] +𝑀𝜙[𝑢(𝑧)] =𝑀𝜙[𝜓(𝑧) · ℎ(𝑧)] + 𝑔0(𝑧) = 𝑔(𝑧),

and we see that the operator 𝑀𝜙[𝜓(𝑧) · ℎ(𝑧)] + 𝑔0(𝑧) is surjective.
2. Let operator (2.1) be surjective. We need to prove identity (1.2). Since operator (2.1) and

the convolution operator are surjective, then for each 𝑓(𝑧) ∈ 𝐻(C) there exist functions 𝑤1(𝑧) ∈
Im−1𝑀𝜙, 𝑦1(𝑧) ∈ 𝐻(C) satisfying the identity

𝑀𝜙[𝑓(𝑧)] =𝑀𝜙[𝜓(𝑧) · 𝑦1(𝑧)] + 𝑔0(𝑧) =𝑀𝜙[𝜓(𝑧) · 𝑦1(𝑧)] +𝑀𝜙[𝑤1(𝑧)],

and this is why

𝑓(𝑧) = 𝑤1(𝑧) + 𝜓(𝑧) · 𝑦1(𝑧).
This proves Fisher representation (1.2). The proof is complete.
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We denote by 𝑁𝜙 and 𝑁𝜓 the zero sets of functions 𝜙(𝑧) and 𝜓(𝑧). Let us formulate the injectivity
conditions for the operator 𝑀𝜙[𝜓 · ] + 𝑔0(𝑧).

Theorem 2.2. If two conditions hold

1. ∃ℎ0(𝑧) ∈ 𝐻(C) : ℎ0(𝑧) ∈ (𝜓)
⋂︀
{𝑓 ∈ 𝐻(C) :𝑀𝜙[𝑓 ] = 𝑔0};

2. 𝑁𝜓 is the uniqueness set in Ker𝑀𝜙,

then the operator 𝑀𝜙[𝜓·] + 𝑔0(𝑧) is injective.

Proof. According to Assertion 1, ∃ℎ̂0 ∈ 𝐻(C) : ℎ0(𝑧) = ℎ̂0(𝑧) · 𝜓(𝑧), and

𝑀𝜙[𝜓 · 𝑓 ] + 𝑔0(𝑧) =𝑀𝜙[𝜓 · 𝑓 ] +𝑀𝜙[ℎ0] =𝑀𝜙[𝜓(𝑓 + ℎ̂0)].

We consider the equation

𝑀𝜙[𝜓(𝑧)(𝑓(𝑧) + ℎ̂0(𝑧))] = 0.

The function 𝑢(𝑧) = 𝜓(𝑧)(𝑓(𝑧)+ℎ̂0(𝑧)) vanishes at the points of the set 𝑁𝜓, which by assumption is the
uniqueness set in Ker𝑀𝜙, therefore 𝑢(𝑧) ≡ 0. Since for a linear operator the injectivity is equivalent
to the triviality of its kernel, the operator 𝑀𝜙[𝜓 · ] + 𝑔0(𝑧) is injective. The proof is complete.

Corollary 2.1. If 𝑁𝜓 is the uniqueness set in Ker𝑀𝜙, then the operator 𝑀𝜙[𝜓 · ] is injective.

By Theorem 2.1, the surjectivity of operator𝑀𝜙[𝜓 · ]+𝑔0(𝑧) is equivalent to the Fisher representation

𝐻(C) = (𝜓) + Im−1𝑀𝜙.

It is obvious that for the Fisher decomposition requites the injectivity of the operator 𝑀𝜙[𝜓 · ] + 𝑔0(𝑧),
and this injectivity is equivalent to

(𝜓) ∩ {𝑓 ∈ 𝐻(C) :𝑀𝜙[𝑓 ] = 𝑔0} = {0}

since the direct sum of two linear subspaces is possible only if the subspaces intersect at zero. Therefore,
by Theorem 2.2, generally speaking, the Fisher decomposition does not exist, but the Fisher represen-
tation exists, i.e., the interpolation problem in the preimage of convolution operator is solvable but
not uniquely. Note that by Corollary 2.1, in the case where 𝑁𝜓 is the uniqueness set in Ker𝑀𝜙 the
decomposition exists

𝐻(C) = (𝜓)⊕Ker𝑀𝜙.

3. Convolution operator in space 𝑃C

According to the results of [15], [19] the function 𝜓 ∈ 𝐻(C) generates a surjective convolution
operator 𝑀𝜓 : 𝑃C → 𝑃C in the space 𝑃C

𝑀𝜓[𝑓 ](𝑧) =
1

2𝜋𝑖

∫︁
𝐶

𝜓(𝑡)𝛾(𝑡)𝑒𝑧𝑡 𝑑𝑡, (3.1)

where 𝛾(𝑡) is the function associated with 𝑓(𝑧) in the Borel sense and 𝐶 is a closed contour enclosing
all singular points of 𝛾(𝑡).

We arbitrarily choose and fix the function 𝐺0(𝑧) ∈ 𝑃C, and consider the equation

𝑀𝜓[𝑓 ] = 𝐺0(𝑧).

Let (𝜙) = {𝜙(𝑧) ·𝐺(𝑧) : 𝐺(𝑧) ∈ 𝑃C} be an ideal in the space 𝑃C, and Im−1𝑀𝜓[𝑓 ] be the preimage
of operator (3.1).

Definition 3.1. Identities

𝑃C = (𝜙) + Im−1𝑀𝜓,

𝑃C = (𝜙)⊕ Im−1𝑀𝜓,

are call the Fisher representation and Fisher decomposition for the preimage of 𝑀𝜓 in 𝑃C, respectively.
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We introduce the linear continuous operator

𝑀𝜓[𝜙(𝑧) · 𝑦(𝑧)] +𝐺0(𝑧) : 𝑃C → 𝑃C. (3.2)

Let us formulate an analogue of Theorem 2.1 for operator (3.2).

Theorem 3.1. Fisher representation holds in 𝑃C if and only if operator (3.2) is surjective.

The proof of Theorem 3.1 is similar to the proof of Theorem 2.1 since for each 𝑔(𝑧) ∈ 𝑃C there exists
𝑓(𝑧) ∈ 𝑃C :𝑀𝜓[𝑓 ](𝑧) = 𝑔(𝑧).

Theorem 3.2. If two conditions hold

1. ∃ℎ0(𝑧) ∈ 𝑃C : ℎ0(𝑧) ∈ (𝜙)
⋂︀
{𝑓 ∈ 𝑃C :𝑀𝜓[𝑓 ] = 𝐺0};

2. 𝑁𝜙 is the uniqueness set in Ker𝑀𝜓,

then the operator 𝑀𝜓[𝜙·] +𝐺0(𝑧) is injective.

The proof is similar to the proof of Theorem 2.2.

Corollary 3.1. If 𝑁𝜙 is a uniqueness set in Ker𝑀𝜓, then the operator 𝑀𝜓[𝜙 · ] is injective.

By analogy with the space𝐻(C), generally speaking, there is uniqueness in the interpolation problem
in the preimage of operator 𝑀𝜓, but under certain conditions the decomposition

𝑃C = (𝜙)⊕Ker𝑀𝜓

holds. We rewrite operator (2.1) as
𝑀𝜙[𝜓 · 𝑓 + 𝑓0].

Here 𝜓 and 𝑓0 are fixed entire functions, and 𝑓 “ranges” over the entire space 𝐻(C). Since the operator
𝑀𝜙[𝜓 · 𝑓 + 𝑓0] linearly and continuously maps 𝐻(C) into 𝐻(C), the adjoint operator 𝑀*

𝜙[𝜓 · 𝑓 + 𝑓0]
linearly and continuously maps the space 𝐻*(C) into 𝐻*(C). Since the spaces 𝐻*(C) and 𝑃C are
topologically isomorphic [6], the operator 𝑀*

𝜙[𝜓 · 𝑓 + 𝑓0] generates a linear continuous operator acting
from 𝑃C to 𝑃C by rule: for 𝐺(𝑧) ∈ 𝑃C ̂︁𝑀*

𝜙[𝐺] =𝑀𝜓[𝜙 ·𝐺], (3.3)

where 𝑀𝜓 is an operator of form (3.1). Since the space 𝐻(C) is a Fréchet space, we apply the result
of [3] (or [1, Thm. 1.2]) and obtain the following theorem.

Theorem 3.3. The statements hold

1. Im(𝑀𝜙[𝜓 · ] + 𝑔0) is closed in 𝐻(C) if and only if Im𝑀𝜓[𝜙 · ] is closed in 𝑃C;

2. Im(𝑀𝜙[𝜓 · ] + 𝑔0) is everywhere dense in 𝐻(C) if and only if 𝑀𝜓[𝜙 · ] is injective;
3. 𝑀𝜙[𝜓 · ] + 𝑔0 is injective if and only if Im𝑀𝜓[𝜙 · ] is dense in 𝑃C.

By Theorems 2.1, 3.1 and 3.3 we obtain the next statement.

Corollary 3.2.
𝐻(C) = (𝜓)⊕Ker𝑀𝜙 ⇔ 𝑃C = (𝜙)⊕Ker𝑀𝜓,

where Ker𝑀𝜓 is the kernel of operator (3.1).

4. Sufficiency sets

The topology 𝜏C of the space 𝑃C is defined as the inductive limit of normed weighted spaces

𝐵𝑛 = {𝜙(𝜆) ∈ 𝑃C : ‖𝜙‖𝑛 = sup
𝜆∈C

|𝜙(𝜆)|𝑒−𝑛|𝜆| <∞}, 𝑛 ∈ N.

Let 𝑆 ⊂ C be the uniqueness set in 𝑃C. Then in 𝑃C we can introduce the topology 𝜏𝑆 of the
inductive limit of spaces

𝐵𝑛,𝑆 = {𝜙(𝜆) ∈ 𝑃C : ‖𝜙‖𝑛,𝑆 = sup
𝜆∈𝑆

|𝜙(𝜆)|𝑒−𝑛|𝜆| <∞}, 𝑛 ∈ N.



80 V.V. NAPALKOV (JR.), A.A. NUYATOV

In what follows, we need convergence to zero in the topology 𝜏C [12]: let 𝑓𝑚 be a countable sequence
of functions from 𝑃C, then 𝑓𝑚 → 0 for 𝑚 → ∞ in the topology 𝜏C if and only if there exist numbers
𝜎 > 0 and 𝑀 > 0 such that

(a.1) |𝑓𝑚(𝑧)| ⩽𝑀𝑒𝜎|𝑧|, ∀𝑚 ∈ N, ∀𝑧 ∈ C;
(b.1) for each compact set 𝐾C ⊂ C we have |𝑓𝑚(𝑧)| ⇒ 0 as 𝑚→ ∞, 𝑧 ∈ 𝐾C.

Let us introduce the concept of sufficiency of a set 𝑆 ⊂ C in 𝑈 ⊂ 𝑃C with the topology induced
from 𝑃C.

Definition 4.1. We say that 𝑆 is a sufficient set on 𝑈 the conditions

(a.2) for each sequence of functions 𝑞𝑘(𝑧) ∈ 𝑈 there exist numbers 𝜎 > 0 and 𝑀 > 0 such that

|𝑞𝑘(𝑧)| ⩽𝑀𝑒𝜎|𝑧|, ∀𝑘 ∈ N, ∀𝑧 ∈ 𝑆;

(b.2) for each compact set 𝐾𝑆 ⊂ 𝑆 we have |𝑞𝑘(𝑧)| ⇒ 0 as 𝑘 → ∞, 𝑧 ∈ 𝐾𝑆 ;

imply the convergence of this sequence on 𝑈.

Conditions (a.2) and (b.2) define convergence to zero in the topology 𝜏𝑆 .
The next theorem was proved in [9, Thm. 6].

Theorem 4.1. If 𝑁𝜙 is a sufficient set in Ker𝑀𝜓, then the operator 𝑀𝜓[𝜙 · ] is injective and
Im𝑀𝜓[𝜙 · ] is closed in 𝑃C.

Since by Theorem 3.3 the two conditions: 𝑀𝜓[𝜙 · ] is injective and Im𝑀𝜓[𝜙 · ] is closed in 𝑃C are
equivalent to the surjectivity of operator 𝑀𝜙[𝜓 · ] + 𝑔0, we arrive at the next theorem.

Theorem 4.2. Let 𝜙(𝑧) ∈ 𝑃C, 𝜓(𝑧) ∈ 𝐻(C). If 𝑁𝜙 is a sufficient set in Ker𝑀𝜓, then the Fisher
representation

𝐻(C) = (𝜓) + Im−1 𝑀𝜙

holds. Moreover, if 𝑁𝜓 is a uniqueness set in Ker𝑀𝜙, then the Fisher decomposition

𝐻(C) = (𝜓)⊕Ker𝑀𝜙

holds.

Let 𝑁𝜙 = {𝜆𝑘}+∞
𝑘=1 be the zero set of function 𝜙 ∈ 𝑃C, each zero is repeated as many times as

its multiplicity (to avoid cumbersome notations, in what follows, by 𝜆𝑘, 𝑘 = 1, 2 . . . we mean some

subsequence of the sequence {𝜆𝑘}+∞
𝑘=1); 𝑁𝜓 = {𝜇𝑘}+∞

𝑘=1 is the set of zeros of the function 𝜓 ∈ 𝐻(C),

each zero is repeated as many times as its multiplicity; by 𝑞𝑗 denote the multiplicity of zero 𝜇𝑗 ; 𝑁̃𝜓 is
an infinite set, which consists of all distinct zeros of the function 𝜓 ∈ 𝐻(C).

Theorem 4.3 ([11]). Let for some fixed 𝛼 ∈ [0,+∞) there exists a number 𝛽 ∈ [0,+∞) such that
𝛼 · 𝛽 < 1 and the following conditions are satisfied:

(a) 𝑁𝜙 ⊂ 𝐷𝛼 = {𝑧 ∈ C : | Im 𝑧| ⩽ 𝛼Re 𝑧} and there exists a subsequence 𝜆𝑘 such that

Re(𝜆𝑘) < Re(𝜆𝑘+1), 𝑘 ∈ N.

(b) 𝑁𝜓 ⊂ 𝐷𝛽 = {𝑧 ∈ C : | Im 𝑧| ⩽ 𝛽Re 𝑧}, and the elements of set 𝑁̃𝜓 satisfy

Re(𝜇𝑘) <
1− 𝛼𝛽

1 + 𝛼𝛽
Re(𝜇𝑘+1), 𝑘 ∈ N.

Then the set 𝑁𝜙 is sufficient in Ker𝑀𝜓.

In [5] there is an example, which shows that there exist convolution operators in the considered class
such that the problem of interpolation by functions from the kernel of the convolution operator with
arbitrary complex interpolation nodes 𝜇𝑗 , 𝑗 = 1, 2, . . ., is, generally speaking, unsolvable. Suppose that
the set of interpolation nodes contains the points 𝜇1 ∈ R, 𝜇2 = 𝜇1 + 𝑖 ∈ C, and 𝜙(𝑧) = 1− 𝑒𝑖𝑧. Then
the problem of simple interpolation by entire functions from Ker𝑀𝜙 = {𝑓 ∈ 𝐻(C) : 𝑓(𝑧) = 𝑓(𝑧 + 𝑖)}
is unsolvable.
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In this example, 𝜆𝑛 = 2𝜋𝑛 ∈ R. All functions from the Ker𝑀𝜙 kernel are periodic with period 𝑖,
therefore, it is not possible to specify arbitrary interpolation data at the nodes 𝜇1 ∈ R, 𝜇2 = 𝜇1+𝑖 ∈ C.

5. Main result

Let 𝑁𝜙 = {𝜆𝑘}𝑠⩽∞
𝑘=1 be the zero set of 𝜙 ∈ 𝑃C, 𝑁𝜓 = {𝜇𝑘}𝑚⩽∞

𝑘=1 be the zero set of 𝜓(𝑧) ∈ 𝐻(C),
each zero is repeated taking into account its multiplicity. Using the result of [15], [19], we note that
Ker𝑀𝜓 consists of quasi–polynomials with exponents from the set 𝑁𝜓, i.e., for each 𝑟(𝑧) ∈ Ker𝑀𝜓 we
can write

𝑟(𝑧) =

𝑛∑︁
𝑖=1

𝑞𝑖−1∑︁
𝑗=0

𝐶𝑖𝑗𝑧
𝑗𝑒𝜇𝑖·𝑧, (5.1)

where 𝑞𝑖 is the multiplicity of zero 𝜇𝑖, all coefficients 𝐶𝑖𝑗 , 𝑖 = 1, 𝑛, 𝑗 = 0, 𝑞𝑖 − 1 are non–zero.

Remark 5.1. It is important that identity (5.1) involves only monomials with the exponents 𝜇𝑖 ∈
𝑁𝜓, 𝑖 = 1, 𝑛, belonging to the conjugate diagram 𝑟(𝑧).

We arrange 𝜇𝑖, 𝑖 = 1, 𝑛 in order of increasing absolute values. Since there are finitely many terms
in (5.1), we have

|𝜇𝑖| ⩽ 𝐶𝜇, ∃𝐶𝜇 > 0, 𝑖 = 1, 𝑛.

Theorem 5.1. Let a finite set of complex numbers ̃︀𝑁𝜓 = {𝜇𝑖}𝑛𝑖=1 be the set of zeros 𝜓(𝑧) located in
the conjugate diagram of function 𝑟(𝑧) ∈ Ker𝑀𝜓[𝜙 · ], i.e.

𝑟(𝑧) =

𝑛∑︁
𝑖=1

𝑞𝑖−1∑︁
𝑗=0

𝐶𝑖𝑗𝑧
𝑗𝑒𝜇𝑖·𝑧.

The set 𝑁𝜙 is sufficient in Ker𝑀𝜓[𝜙 · ] if and only if there exist 𝑄 =
𝑛∑︀
𝑖=1

𝑞𝑖 elements of the set 𝑁𝜙 such

that

𝐷𝜇𝜆 = det
(︁
𝜆𝑗𝑝𝑒

𝜇𝑖𝜆𝑝
)︁
̸= 0, 𝑖 = 1, 𝑛, 𝑗 = 0, 𝑞𝑖 − 1, 𝑝 = 1, . . . , 𝑄.

Proof. 1. Let 𝐷𝜇𝜆 ̸= 0. We take a sequence in the space Ker𝑀𝜓

𝑟𝑚(𝑧) =
𝑛∑︁
𝑖=1

𝑞𝑖−1∑︁
𝑗=0

𝐶𝑖𝑗(𝑚)𝑧𝑗𝑒𝜇𝑖·𝑧, 𝑚 = 1, 2, . . .

According to the assumptions of theorem, there exist 𝑄 elements of the set 𝑁𝜙 such that

𝐷𝜇𝜆 = det
(︁
𝜆𝑗𝑝𝑒

𝜇𝑖𝜆𝑝
)︁
̸= 0, 𝑖 = 1, 𝑛, 𝑗 = 0, 𝑞𝑖 − 1, 𝑝 = 1, 𝑄,

then the coefficients 𝐶𝑖𝑗(𝑚) solve the system

𝑛∑︁
𝑖=1

𝑞𝑖−1∑︁
𝑗=0

𝐶𝑖𝑗(𝑚)𝜆𝑗𝑝𝑒
𝜇𝑖·𝜆𝑝 = 𝑟𝑚(𝜆𝑝), 𝑝 = 1, 𝑄,

and by Cramer rule they are expressed by formulas

𝐶𝑖𝑗(𝑚) =
∆𝑙(𝑗,𝑖)

𝐷𝜇𝜆
,

where ∆𝑙(𝑗,𝑖) is the determinant of the matrix obtained from the matrix 𝐴 =
(︁
𝜆𝑗𝑝𝑒𝜇𝑖𝜆𝑝

)︁
by replacing

the 𝑙(𝑗, 𝑖)th column by a column of free terms, while

∆𝑙(𝑗,𝑖) =

𝑄∑︁
𝑝=1

(−1)𝑙(𝑗,𝑖)+𝑝 det𝐴𝑙(𝑗,𝑖),𝑝𝑟𝑚(𝜆𝑝).
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We arrange 𝜆𝑝, 𝑝 = 1, 𝑄 in order of increasing absolute values, then

|𝜆𝑝| ⩽ 𝐶𝜆, ∃𝐶𝜆 > 0, 𝑝 = 1, 𝑄.

Let us show that all coefficients 𝐶𝑖𝑗(𝑚), 𝑖 = 1, 𝑛, 𝑗 = 0, 𝑞𝑖 − 1, are bounded. We are going to

estimate the determinants ∆𝑙(𝑗,𝑖); in order to do this, by using (a.2), we estimate 𝑟𝑚(𝜆𝑝), 𝑝 = 1, 𝑄:

|𝑟𝑚(𝜆𝑝)| ⩽𝑀𝑒𝜎|𝜆𝑝| ⩽𝑀𝑒𝜎·𝐶𝜆 ,

and also estimate det𝐴𝑙(𝑗,𝑖),𝑝 from above⃒⃒
det𝐴𝑙(𝑗,𝑖),𝑝

⃒⃒
⩽ (𝑄− 1)! |𝜆𝑄−1|𝑄−1 𝑒(𝑄−1)Re(𝜇𝑛·𝜆𝑄−1)

⩽ (𝑄− 1)! |𝐶𝜆|𝑄−1 𝑒(𝑄−1)𝐶𝜇𝐶𝜆 .

Then 𝐶𝑖𝑗(𝑚) satisfies the inequality

|𝐶𝑖𝑗(𝑚)| ⩽ 𝐶 :=
𝑄! ·𝑀
𝐷𝜇𝜆

· |𝐶𝜆|𝑄−1 𝑒(𝑄−1)𝐶𝜇𝐶𝜆+𝜎𝐶𝜆 .

Let us prove that 𝑁𝜙 is a uniqueness set in Ker𝑀𝜓. In order to do this, we need to show that the
identity 𝑟𝑚(𝜆𝑝) = 0 implies the identity 𝑟𝑚(𝑧) ≡ 0. We consider the system

𝑛∑︁
𝑖=1

𝑞𝑖−1∑︁
𝑗=0

𝐶𝑖𝑗(𝑚)𝜆𝑗𝑝𝑒
𝜇𝑖·𝜆𝑝 = 0.

According to the assumptions of theorem, the determinant of this system is nonzero. Expressing the
coefficients 𝐶𝑖𝑗(𝑚) by the Cramer rule, as it has been done above, and replacing the 𝑙(𝑗, 𝑖) column
in the determinant ∆𝑙(𝑗,𝑖) with the column of constant terms, we obtain 𝐶𝑖𝑗(𝑚) = 0, and therefore
𝑟𝑚(𝑧) ≡ 0.

Let us prove that

lim
𝑚→∞

𝐶𝑖𝑗(𝑚) = 0, 𝑖 = 1, 𝑛, 𝑗 = 0, 𝑞𝑖 − 1.

The above arguing implies that for 𝐶𝑖𝑗(𝑚), by the relation |𝑟𝑚(𝜆𝑝)| → 0, 𝑚→ ∞, the estimate holds

|𝐶𝑖𝑗(𝑚)| ⩽ 𝑄!

𝐷𝜇𝜆
𝐶𝑄−1
𝜆 𝑒(𝑄−1)𝐶𝜇𝐶𝜆 · |𝑟𝑚(𝜆𝑝)| → 0, 𝑚→ ∞, ∀𝑝 ∈ N.

Therefore, 𝐶𝑖𝑗(𝑚) → 0, 𝑚 → ∞, 𝑖 = 1, 𝑛, 𝑗 = 0, 𝑞𝑖 − 1, that is, max
𝑖=1,𝑛,𝑗=0,𝑞𝑖−1

|𝐶𝑖𝑗(𝑚)| → 0, and this

means that for each compact set 𝐾C we have

|𝑟𝑚(𝑧)| ⩽ 𝑄 · max
𝑖=1,𝑛,𝑗=0,𝑞𝑖−1

|𝐶𝑖𝑗(𝑚)| max
𝑧∈𝐾C

|𝑧|
max
𝑖=1,𝑛

𝑞𝑖
𝑒
𝐶𝜇· max

𝑧∈𝐾C
|𝑧|

→ 0, 𝑚→ ∞, 𝑧 ∈ 𝐾C.

We also have the estimate for 𝑧 ∈ C

|𝑟𝑚(𝑧)| ⩽ 𝑄 · |𝐶𝑖𝑗(𝑚)‖𝑧|
max
𝑖=1,𝑛

𝑞𝑖
𝑒Re(𝜇𝑖·𝑧) ⩽ 𝑄 · 𝐶 · 𝑒

(︃
max
𝑖=1,𝑛

𝑞𝑖

)︃
ln |𝑧|+𝐶𝜇|𝑧|

⩽ 𝑄 · 𝐶 · 𝑒
2max

(︃
max
𝑖=1,𝑛

𝑞𝑖,𝐶𝜇

)︃
|𝑧|
.

We obtain that 𝑟𝑚(𝑧) → 0 in the 𝜏C topology, and the set 𝑁𝜙 is sufficient in Ker𝑀𝜓.
2. Let 𝑁𝜙 be a sufficient set in Ker𝑀𝜓[𝜙 · ]. This means that 𝑁𝜙 is a uniqueness set in Ker𝑀𝜓[𝜙 · ],

i.e., for each function 𝑟(𝑧) ∈ Ker𝑀𝜓[𝜙 · ] vanishing on each element of the set 𝑁𝜙 we have 𝑟(𝑧) ≡ 0.
We substitute 𝑄 elements of the set 𝑁𝜙 into the function

𝑟(𝑧) =
𝑛∑︁
𝑖=1

𝑞𝑖−1∑︁
𝑗=0

𝐶𝑖𝑗𝑧
𝑗𝑒𝜇𝑖·𝑧

and obtain the homogeneous system

𝑛∑︁
𝑖=1

𝑞𝑖−1∑︁
𝑗=0

𝐶𝑖𝑗𝜆
𝑗
𝑝𝑒
𝜇𝑖·𝜆𝑝 = 0, 𝑝 = 1, . . . , 𝑄.
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Since this homogeneous system has only the trivial solution (𝑟(𝑧) ≡ 0), the determinant of this system
is nonzero. Therefore,

𝐷𝜇𝜆 = det
(︁
𝜆𝑗𝑝𝑒

𝜇𝑖𝜆𝑝
)︁
̸= 0, 𝑖 = 1, 𝑛, 𝑗 = 0, 𝑞𝑖 − 1, 𝑝 = 1, . . . , 𝑄.

Corollary 5.1. Let the set 𝑁𝜓 consist only of simple zeros of the function 𝜓, where ̃︀𝑁𝜓 = {𝜇𝑖}𝑛𝑖=1

is the set of zeros of 𝜓(𝑧) located in the conjugate diagram of function 𝑟(𝑧) ∈ Ker𝑀𝜓[𝜙 · ], that is,

𝑟(𝑧) =

𝑛∑︁
𝑖=1

𝐶𝑖𝑗𝑒
𝜇𝑖·𝑧.

The set 𝑁𝜙 is sufficient in Ker𝑀𝜓[𝜙 · ] if and only if there exist 𝑛 elements of the set 𝑁𝜙 obeying

𝐷𝜇𝜆 = det
(︁
𝑒𝜇𝑖𝜆𝑝

)︁
̸= 0, 𝑖, 𝑝 = 1, 𝑛.

Remark 5.2. The injectivity of a linear operator is equivalent to the triviality of its kernel, meaning
that if the operator 𝑀𝜓[𝜙 · ] is injective, then

𝐷𝜇𝜆 = det
(︁
𝜆𝑗𝑝𝑒

𝜇𝑖𝜆𝑝
)︁
̸= 0, 𝑖 = 1, 𝑛, 𝑗 = 0, 𝑞𝑖 − 1, 𝑝 = 1, . . . , 𝑄.

The proof of this fact is similar to the proof of Statement 2 of Theorem 5.1.

In the case of simple interpolation nodes, we can specify conditions, under which the determinant
𝐷𝜇𝜆 is nonzero. In order to do this, we use the result in [16].

Theorem 5.2. Let 𝑝 be a prime number, and 𝜀 be the 𝑝 root of unity in a field of characteristics
zero. Suppose that 𝑎1, . . . , 𝑎𝑛 ∈ Z are pairwise incomparable modulo 𝑝; similarly for 𝑏1, . . . , 𝑏𝑛 ∈ Z.
Then

det
(︁
𝜀𝑎𝑖·𝑏𝑗

)︁
̸= 0.

Since the space of complex numbers is a field of characteristic zero, we can formulate the following
statement.

Corollary 5.2. Let 𝑝 be a prime number, and we fix a natural number 𝑘 ∈ {1, 2, . . . , 𝑝−1}. Suppose
that 𝑎1, . . . , 𝑎𝑛 ∈ Z are pairwise incomparable modulo 𝑝; similarly for 𝑏1, . . . , 𝑏𝑛 ∈ Z. Then

det
(︁
𝑒

2𝜋𝑖𝑘
𝑝

(𝑎𝑖+𝑖·𝐴)·(𝑏𝑗+𝑖·𝐵)
)︁
̸= 0, ∀𝐴,𝐵 ∈ R. (5.2)

Proof. By the properties of the determinants and (5.2) for all 𝐴,𝐵 ∈ R we have

det
(︁
𝑒

2𝜋𝑖𝑘
𝑝

(𝑎𝑖+𝑖·𝐴)·(𝑏𝑗+𝑖·𝐵)
)︁
= 𝑒

− 2𝜋𝑘𝐵
𝑝

𝑛∑︀
𝑖=1

𝑎𝑖
· 𝑒

− 2𝜋𝑘𝐴
𝑝

𝑛∑︀
𝑗=1

𝑏𝑗
· 𝑒−

2𝜋𝑖𝑘𝑛
𝑝

𝐴·𝐵 · det
(︁
𝑒

2𝜋𝑖𝑘
𝑝
𝑎𝑖·𝑏𝑗

)︁
̸= 0.

The proof is complete.

We are in position to formulate our main results.

Theorem 5.3. The following conditions are equivalent.

(1) The multiple interpolation problem in the preimage of convolution operator is solvable.

(2) The Fischer representation 𝐻(C) = Im−1𝑀𝜙 + (𝜓) holds.

(3) The operator 𝑀𝜙[𝜓 · ] + 𝑔0(𝑧) is surjective.

(4) The operator 𝑀𝜓[𝜙 · ] is injective and Im𝑀𝜓[𝜙 · ] is closed in 𝑃C.

(5) The set 𝑁𝜙 is sufficient in Ker𝑀𝜓.

(6) We have 𝐷𝜇𝜆 = det
(︁
𝜆𝑗𝑝𝑒𝜇𝑖𝜆𝑝

)︁
̸= 0, 𝑖 = 1, 𝑛, 𝑗 = 0, 𝑞𝑖 − 1, 𝑝 = 1, . . . , 𝑄 =

𝑛∑︀
𝑖=1

𝑞𝑖.

Proof. 1. (1) ⇔ (2) was proved in Lemma 1.1.
2. (2) ⇔ (3) was proved in Theorem 2.1.
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3. (3) ⇔ (4) is implied by Theorem 3.3.
4. (4) ⇒ (6) is implied by Remark 5.2.
5. (5) ⇔ (6) was proved in Theorem 5.1.
6. (5) ⇒ (2) is implied by Theorem 4.2.
The proof is complete.

6. Particular cases

6.1. Linear differential equations with constant coefficients. If the characteristic function of
a convolution operator is a polynomial, then the convolution operator becomes a linear differential
operator with constant coefficients of finite order. We take two polynomials 𝑃 (𝑧) and 𝑄(𝑧) over the
field of complex numbers and consider the equation

𝑃

(︂
𝑑

𝑑𝑧

)︂
𝑓0(𝑧) = 𝑔0(𝑧).

Here 𝑔0(𝑧) ∈ 𝐻(C) is chosen arbitrarily and is fixed. For the introduced polynomials 𝑃 (𝑧), 𝑄(𝑧) and
the function 𝑔0(𝑧), we define the operator

𝑇 [𝑓 ] = 𝑃

(︂
𝑑

𝑑𝑧

)︂
(𝑄 · 𝑓) + 𝑔0(𝑧),

which all acts in the space of entire functions.
All theorems of Sections 2 and 3 of this article for the functions 𝜓(𝑧) ∈ 𝐻(C), 𝜙(𝑧) ∈ 𝑃C hold for

the case of polynomials 𝑃 (𝑧) and 𝑄(𝑧) over the field of complex numbers. By Corollary 3.2 we obtain
the next theorem.

Theorem 6.1.

𝐻(C) = (𝑄)⊕Ker𝑃

(︂
𝑑

𝑑𝑧

)︂
⇔ 𝑃C = (𝑃 )⊕Ker𝑄

(︂
𝑑

𝑑𝑧

)︂
.

Theorem 6.1 was also obtained in [17]. In [18] the following theorem was proved.

Theorem 6.2. A pair of polynomials (𝑃,𝑄) in C satisfies

𝐻(C) = (𝑄)⊕Ker𝑃

(︂
𝑑

𝑑𝑧

)︂
if and only if the degrees of the polynomials 𝑃 (𝑧) and 𝑄(𝑧) are equal and the operator 𝑃

(︂
𝑑

𝑑𝑧

)︂
(𝑄 · )

is injective.

In particular, when the zeros of the polynomials 𝑃 (𝑧) and 𝑄(𝑧) are simple, we denote them by 𝜆𝑘
and 𝜇𝑘, 𝑘 = deg𝑃 (𝑧) = deg𝑄(𝑧), and the injectivity means

det
⃒⃒⃒
𝑒𝜆𝑘𝜇𝑘

⃒⃒⃒
̸= 0. (6.1)

Moreover, since there is no Fisher decomposition in 𝐻(C) for the functions (𝜙,𝜓), there is no Fisher
decomposition for the pair of polynomials (𝑃,𝑄)

𝐻(C) = (𝑄)⊕ Im−1 𝑃

(︂
𝑑

𝑑𝑧

)︂
,

but the Fisher representation

𝐻(C) = (𝑄) + Im−1 𝑃

(︂
𝑑

𝑑𝑧

)︂
holds.
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6.2. Fisher representation with conjugate zeros. For a function 𝑓(𝑧) ∈ 𝐻(C), the function

𝑓*(𝑧) := 𝑓(𝑧) ∈ 𝐻(C) has complex conjugate zeros. For a pair of polynomials (𝑃 (𝑧), 𝑃 *(𝑧)) in one
variable, it is known [18] ) that the decomposition

𝐻(C) = (𝑃 *)⊕Ker𝑃

(︂
𝑑

𝑑𝑧

)︂
holds. Let us give another way of proving

𝐻(C) = (𝑃 *) + Im−1 𝑃

(︂
𝑑

𝑑𝑧

)︂
for the case when all zeros of the polynomial 𝑃 (𝑧) are simple, namely, by using condition (6.1). Let
𝜆1, 𝜆2, . . . , 𝜆𝑚 be a set of points from C. The matrix 𝐴 reads

𝐴 =

⎛⎜⎜⎜⎝
𝑒𝜆1𝜆1 𝑒𝜆1𝜆2 . . . 𝑒𝜆1𝜆𝑚

𝑒𝜆2𝜆1 𝑒𝜆2𝜆2 . . . 𝑒𝜆2𝜆𝑚

. . . . . . . . . . . . . . . . . . . . . . . . . .

𝑒𝜆𝑚𝜆1 𝑒𝜆𝑚𝜆2 . . . 𝑒𝜆𝑚𝜆𝑚

⎞⎟⎟⎟⎠ . (6.2)

Proposition 6.1. If the numbers 𝜆1, 𝜆2, . . . , 𝜆𝑚 are pairwise distinct, then the determinant of
matrix 𝐴 is nonzero. If the set of numbers 𝜆1, 𝜆2, . . . , 𝜆𝑚 contains coincinding numbers, then

det𝐴 = 0.

Proof. Let us construct the following finite–dimensional unitary space 𝑅 (see definition in [2]). We
take a set of functions of the variable 𝑧 ∈ C generated by the numbers 𝜆1, 𝜆2, . . . , 𝜆𝑚

ℰ = {𝑒𝜆1𝑧, 𝑒𝜆2𝑧, . . . , 𝑒𝜆𝑚𝑧}.

All functions from the set ℰ are entire and, moreover, ℰ ⊂ 𝐹 , where 𝐹 is a Fock space, i.e.

𝐹 = {𝑓 ∈ 𝐻(C) : ‖𝑓‖2𝐹 =
1

𝜋

∫︁
C

|𝑓(𝑧)|2𝑒−|𝑧|2 𝑑𝑣(𝑧) <∞}.

Let 𝑅
𝑑𝑒𝑓
= span ℰ , then the elements of the space 𝑅 are entire functions, which are represented as finite

linear combinations of functions from ℰ . For functions 𝑝(𝑧), 𝑞(𝑧) ∈ 𝑅, 𝑧 ∈ C, we introduce the scalar
product

(𝑝, 𝑞)𝑅
𝑑𝑒𝑓
= (𝑝, 𝑞)𝐹 =

1

𝜋

∫︁
C

𝑝(𝑧) · 𝑞(𝑧) 𝑒−|𝑧|2 𝑑𝑣(𝑧).

We obtain that 𝑅 is a finite–dimensional closed subspace of the Fock Hilbert space. It is also easy to
verify that for each 𝑧0 ∈ C the estimate holds

|𝑝(𝑧0)| ⩽ 𝐶𝑧0‖𝑝‖𝑅, ∀𝑝 ∈ 𝑅.

where 𝐶𝑧0 is a constant depending only on 𝑧0. This means that the delta functional 𝛿𝑧0 : 𝑝 → 𝑝(𝑧0) is
a linear continuous functional on 𝑅. This means that 𝑅 is a space with a reproducing kernel [13].

It is easy to calculate

(𝑒𝜆𝑗𝑧, 𝑒𝜆𝑘𝑧)𝑅
𝑑𝑒𝑓
=

1

𝜋

∫︁
C

𝑒𝜆𝑗𝑧 · 𝑒𝜆𝑘𝑧 𝑒−|𝑧|2 𝑑𝑣(𝑧) = 𝑒𝜆𝑗𝜆𝑘 , 𝑗, 𝑘 = 1, . . . ,𝑚. (6.3)

In [2], there is a criterion for the linear independence of vectors 𝑥1, 𝑥2, . . . , 𝑥𝑚 in an abstract finite–
dimensional unitary space 𝑅. It is proved there that a system of vectors 𝑥1, 𝑥2, . . . , 𝑥𝑚 is linearly
independent if and only if the determinant of the Gram matrix of this system

det Γ(𝑥1, 𝑥2, . . . , 𝑥𝑚) = det

⎛⎜⎜⎝
(𝑥1, 𝑥1)𝑅 (𝑥1, 𝑥2)𝑅 . . . (𝑥1, 𝑥𝑚)𝑅
(𝑥2, 𝑥1)𝑅 (𝑥2, 𝑥2)𝑅 . . . (𝑥2, 𝑥𝑚)𝑅
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
(𝑥𝑚, 𝑥1)𝑅 (𝑥𝑚, 𝑥2)𝑅 . . . (𝑥𝑚, 𝑥𝑚)𝑅

⎞⎟⎟⎠
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is nonzero. The same reasoning applies to 𝑅. As vectors 𝑥1, 𝑥2, . . . , 𝑥𝑚, we take the functions

𝑒𝜆1𝑧, 𝑒𝜆2𝑧, . . . , 𝑒𝜆𝑚𝑧.

Linear independence of this system means that the condition

𝑐1𝑒
𝜆1𝑧 + 𝑐2𝑒

𝜆2𝑧 + · · ·+ 𝑐𝑚𝑒
𝜆𝑚𝑧 = Ø, (6.4)

where Ø is the zero element in the space 𝑅, and 𝑐1, 𝑐2, . . . , 𝑐𝑚 are complex numbers, implies 𝑐𝑗 = 0,
𝑗 = 1, 2, . . . ,𝑚.

This is why, by [13] the linear independence of a system of functions

𝑒𝜆1𝑧, 𝑒𝜆2𝑧, . . . , 𝑒𝜆𝑚𝑧

means that the condition

𝑐1𝑒
𝜆1𝑧 + 𝑐2𝑒

𝜆2𝑧 + · · ·+ 𝑐𝑚𝑒
𝜆𝑚𝑧 ≡ 0, 𝑧 ∈ C

implies 𝑐𝑗 = 0, 𝑗 = 1, 2, . . . ,𝑚. In our case the Gram matrix is the matrix 𝐴 (see (6.2), (6.3)).
We are going to prove that if the set 𝜆1, 𝜆2, . . . , 𝜆𝑚 contains coincinding numbers, then the system

of functions

𝑒𝜆1𝑧, 𝑒𝜆2𝑧, . . . , 𝑒𝜆𝑚𝑧

is linearly dependent in 𝑅.
If all the numbers 𝜆1, 𝜆2, . . . , 𝜆𝑚 are pairwise distinct, then the system of functions

𝑒𝜆1𝑧, 𝑒𝜆2𝑧, . . . , 𝑒𝜆𝑚𝑧

is linearly independent in 𝑅.
Indeed, let us suppose the contrary and there exist distinct complex numbers 𝜆1, 𝜆2, . . . , 𝜆𝑚 such

that the system of functions

𝑒𝜆1𝑧, 𝑒𝜆2𝑧, . . . , 𝑒𝜆𝑚𝑧

is linearly dependent in 𝑅. This means that there exists a set of complex numbers 𝑐1, 𝑐2, . . . , 𝑐𝑙, 𝑙 ⩽ 𝑚,
𝑐𝑗 ̸= 0 such that

𝑙∑︁
𝑗=1

𝑐𝑗𝑒
𝜆𝑗𝑧 = Ø,

see (6.4).

We consider the space ̂︀𝐹 ̂︀𝐹 = { ̂︀𝑓 : ̂︀𝑓(𝜆) = (𝑒𝜆𝑧, 𝑓)𝐹 , 𝑓 ∈ 𝐹}
Laplace transforms of functionals on 𝐹 , 𝑅 ⊂ 𝐹 . For each function 𝑓 ∈ 𝐹 we have

0 = (Ø, 𝑓)𝐹 =

⎛⎝ 𝑙∑︁
𝑗=1

𝑐𝑗𝑒
𝜆𝑗𝑧, 𝑓(𝑧)

⎞⎠
𝐹

=
𝑙∑︁

𝑘=1

𝑐𝑘 ̂︀𝑓(𝜆𝑘). (6.5)

We have found that there are nonzero constants 𝑐1, . . . , 𝑐𝑙 such that for each function ̂︀𝑓 ∈ ̂︀𝐹 iden-

tity (6.5) holds. It is well–known that the space ̂︀𝐹 coincides with the space 𝐹 [14].

Therefore, the space ̂︀𝐹 contains the same functions as the space 𝐹 . This implies that for each
function 𝑔 ∈ 𝐹 the identity

𝑙∑︁
𝑘=1

𝑐𝑘𝑔(𝜆𝑘) = 0 (6.6)

holds and 𝑐1, . . . , 𝑐𝑙 ̸= 0. Relation (6.6) is obviously impossible for each function 𝑔 ∈ 𝐹 .
Hence, the system of functions

𝑒𝜆1𝑧, 𝑒𝜆2𝑧, . . . , 𝑒𝜆𝑚𝑧

is linearly independent in 𝑅. By [2] the Gram determinant of this system is nonzero, and therefore the
determinant of the matrix 𝐴 is nonzero. The proof is complete.

It is obvious that Proposition 6.1 is also valid for an arbitrary finite set of points from C𝑛, 𝑛 ∈ N.
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Proposition 6.2. Let 𝜆1, 𝜆2, . . . , 𝜆𝑚 be a set of points from C𝑛, 𝑛 ∈ N. The matrix 𝐴 reads

𝐴 =

⎛⎜⎜⎜⎝
𝑒⟨𝜆1,𝜆1⟩ 𝑒⟨𝜆1,𝜆2⟩ . . . 𝑒⟨𝜆1,𝜆𝑚⟩

𝑒⟨𝜆2,𝜆1⟩ 𝑒⟨𝜆2,𝜆2⟩ . . . 𝑒⟨𝜆2,𝜆𝑚⟩

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

𝑒⟨𝜆𝑚,𝜆1⟩ 𝑒⟨𝜆𝑚,𝜆2⟩ . . . 𝑒⟨𝜆𝑚,𝜆𝑚⟩

⎞⎟⎟⎟⎠ .

If the points 𝜆1, 𝜆2, . . . , 𝜆𝑚 from C𝑛 are pairwise distinct, then the determinant of matrix 𝐴 is nonzero.
If the set of points 𝜆1, 𝜆2, . . . , 𝜆𝑚 from C𝑛 contains identical points, then det𝐴 = 0.

The proof of this proposition is almost literally reproduces the proof of Proposition 6.1.
In conclusion of this section, we note that, according to [8, Thm. 37] and Theorem 4.2 of this paper,

the next theorem is true.

Theorem 6.3. If 𝜙(𝑧) ∈ 𝑃C, 𝜓(𝑧) ≡ 𝜙*(𝑧), then the Fisher representation

𝐻(C) = (𝜙*) + Im−1𝑀𝜙

holds.

The authors express their deep gratitude to Yulmukhametov R.S. for valuable comments that were
taken into account in this paper.
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