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EXISTENCE CRITERION FOR PERIODIC SOLUTIONS
TO ONE CLASS OF SYSTEMS OF SECOND ORDER
NONLINEAR ORDINARY DIFFERENTIAL EQUATIONS

E. MUKHAMADIEV, A.N. NAIMOV

Abstract. In this paper we study the existence of periodic solutions for a class of systems
of second order ordinary differential equations with a separated main nonlinear part. Tak-
ing into consideration the structure of zero set for the main nonlinear part, we find new
conditions ensuring an apriori estimate for periodic solutions. Under the apriori estimate,
we formulate and prove a criterion for the existence of periodic solutions under any per-
turbation from a given class. The proof is made by using methods for calculating mapping
degree of the vector field and employing the invariance of the existence of periodic solutions
under a continuous varying of the main nonlinear part.
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1. INTRODUCTION

In this paper we study the existence of w-periodic solutions for systems of nonlinear ordinary
differential equations

— H%-(x' — Bj(2))Q(z' — B(z)) + f(t,x,2'), t€R, z€R" (1.1)

Here n, ¢ are natural numbers n > 2, R = (—o0, +00), the mappings ¢; : R* = R, B;,Q, B :
R" — R", f : R*?" — R™ are continuous and for some positive w, a, «;, j = 1,¢q, where
ap + ...+ a,+a=m>1, they obey the following conditions

1) ¢;(Ay) = A;(y), Bi(\y) = AB;(y), j = L,¢, B(Ay) = AB(y), Q(Ay) = A*Q(y) for all
A > 0 (positive homogeneity condition);

2) ¢;(y) >0, j =1,q and Q(y) # 0 for y # 0;
3) f(t + W, Y1, y2) = f(t7y17 y?);
4) the growth order of |f(t,y1,y2)| for large |yi| + |y2| is bounded by the limit

lm  (Jys] + |y2|) ™™ max | f(t, 51, 92)] = 0.
1 +lyal o0 1€i0.0]
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The term

[1#i = Bj(2)Q( — B(x))

in the right hand side of system (1.1), which is positive homogeneous in x and 2/, is called the
main nonlinear part, while f(¢,z,2’) is the perturbation. A solution z € C?(R;R") of system
of equations (1.1) is called w-periodic if z(t + w) = z(t).

In [5], [6], [7] the existence of w-periodic solutions for systems of equations of the form

" = P(t,x,2')+ f(t,z,2'), teR, zeR" (1.2)

was investigated when the homogeneous nonlinear part P and the perturbation f satisfy Con-
ditions 3, 4. The study was made in two steps. At the first step, there were found conditions,
which ensured an apriori estimate of w-periodic solutions z, i.e., the existence of a number
M; > 0 independent of x such that

[zl + [l < M, (1.3)

where ||z]| = max{|z(t)| : t € [0,w]}.

At the second step, under conditions ensuring the apriori estimate, by the methods for
calculating the mapping degree of the vector field |2], the existence of w-periodic solutions was
established.

Conditions ensuring apriori estimate of (1.3) were studied subject to the structure of zero

set of main nonlinear part P(¢,y;,y2). There were considered cases, where the zero set consists
of

a) a single surface yo = B(t,41), and the system of equations ' = B(t,z) has no non-zero
w-periodic solutions;

b) a finitely many surfaces yo = B;(t,41), j = 1,q, between which there are no so-called
switchings, which means that the autonomous system y' = P(to, zo,y), y € R™, for each
fixed ¢y and zg, has no non—stationary bounded solution;

¢) finitely many surfaces yo = B;(t,41), j = 1,q, between which the aforementioned switch-
ings are possible.

Cases a) and b) were studied in [5], [0], and Case c) for n = 2 was considered in one example
in [7].

System (1.1) belongs to Case c). By developing the approach from [7], we find conditions
ensuring estimate (1.3) for any perturbation of f. To derive the apriori estimate, we apply the
guiding function method and take into consideration the explicit structure of the set of zeros
of main nonlinear part. Under the apriori estimate, we formulate and prove a criterion for the
existence of w-periodic solutions for any perturbation of f. The proof applies and develops the
methods of [6], [3] and employs the invariance property of the existence of w-periodic solutions
under continuous varying of the main nonlinear part.

In [1], the existence of a periodic solution to nonlinear ordinary differential equations of
higher orders was investigated by means of the guiding function method.

2. MAIN RESULTS

Together with Conditions 1-4 we consider the following conditions:

5) the system of equations ¥’ = Q(y), y € R™ has no bounded non-zero solutions;
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6) B € CY(R™\ {0};R") and there exists a function W € C*(R™\ {0};R) such that for any
y € R™\ {0} the inequalities

<B(y>7 W/<y)> >0, <Bj<y>7 W/(y)> >0, J = m;

hold, where W'(y) is the derivative (gradient) of W (y), (y,2) = 121 + ... + Ynz, is the
scalar product in R";

7) Bij(y) = Ajy, j = 1,q and B(y) = Ay, where A, A;, j = 1,q are mutually commuting
matrices and det (exp(wD) — I') # 0 for each convex combination D = pgA+ 1 Ay + ...+
tgAg-

We introduce the family of mappings

Y1, Y2) H% Bix(y1))Q(y2 — B(v1)), wi,y2 € R", A€ 0,1],

where B;\(y) = (1— /\)Bj (y) +AB(y). Apriori estimate (1.3) for w-periodic solutions to system
(1.1) is implied by the following theorem.

Theorem 2.1. Let Conditions 1, 2, 5 and one of Conditions 6 or 7 be satisfied. Then there
exist positive numbers o and M such that for each w-periodic vector—function v € C*(R;R")
satisfying the inequality ||x| + ||2'|| > M, the estimate

2" = Pa(a, )| = o (ll] + 12"[)™ (2.1)
holds for each A € [0, 1].

We denote by 7(Q), v(B) the mappings degrees of the vector fields Q, B: R" — R™ on the
unit sphere |y| = 1 of the space R™ |2].

Theorem 2.2. Under the assumptions of Theorem 2.1, there exist w-periodic solutions to
system (1.1) for any perturbation f if and only if v(Q)~(B) # 0.

In the proof of Theorem 2.2, we apply and develop the methods from [6], [8] and employ the
invariance of the existence of w-periodic solutions to the system of equations

2" = Py(x,2') + f(t,x,2'), teR, xzeR"

under continuous varying of \ € [0, 1].
Examples of positive homogeneous mappings ) satisfying Condition 5 were provided in [1].
For these mappings, an efficient algorithm for computing v(Q) was proposed.

3. PRrROOF OF THEOREM 2.1

Suppose that estimate (2.1) fails. Then there exist sequences \; € [0,1], =, € C*(R;R"),
k=1,2,..., such that

2 (t + w) = (1), re = ||kl + ||2k] — oo, k — oo,

I~ P s )l < (el + )

We consider the vector functions yi(t) = 7 '2x(t), t € R, k = 1,2,.... For these vector
functions we have

ye € CHRSR"), yelt +w) = un(t),  Nywll + llyill = 1,
Yk (t) = Py (ue(t), u(8) +o(1), tE€R. (3.1)
Without loss of generality, we can assume that A\y — Ao and ||yx — yo|| = 0 as k — oo.
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If yo(t) = 0, then for the sequence of vector functions 2;(t) = yj.(tx + try ™), k = 1,2,...,
where |y, (tx)| = ||lyi]] = 1 as k — oo, we have
2] < [2(0)], 2 (t) = Py (0, 2(2)) +0(1), tE€R,
|21 (0)] — 1, k — oco.
Passing to the limit, we obtain a non—zero bounded solution to the system of equations
2= Py (0,2(t), =zeR" (3.2)

On the other hand, one can directly verify that, due to Conditions 2 and 5, system (3.2) cannot
have nonzero bounded solutions. Therefore, yo(t) # 0. Proceeding then as in the proof of
Theorem 1 in [5], we get

yo(t) #0, teR. (3.3)

In what follows we can suppose that |y (t)| > 5|yo(¢)| for all ¢ and k.
Now we employ the fact that, due to Condition 5 and |3, Thms. 2.2, 2.3|, for @) there exists
a so—called guiding function V € C'(R"; R) with the properties
V) =XV(),  (QW).V'() >all* >0, yeR"\{0},
where V'(y) is the derivative (gradient) of V(y). We calculate the scalar product of both sides
of (3.1) with V'(y,.(t) — B(yx(t))) and integrate from 0 to w

w

riom / W), V' (4h(1) — Blu(t))))dt

0
w

— [P wnle) 00,V A0 — Bl ®))dt +of1).
0
We estimate the right hand side from below

w

/ (Pro (i (8), 1)), V! (5(6) — Blyn(£))))dt

0

/ [T o5040) = Biao i )k(0) = Blonle)| '

and represent the integrand in the left hand side as
(Wit V' (g, = Bur))) = (V (g — Bur))) + (B'(y)vi, V' (41, — B(u)))-

As a result, taking into consideration the boundedness of y;, y, and passing to the limit, we
obtain

/ L6400 = B D))~ B} =0, 20

Without loss of generahty, we can suppose that for all ¢ € [0, w]

H% (W1(t) = Bjxg (ys ()i (t) — B(yk(t))|0‘+1 —0, k— o0

For each € > 0 for the measure of set

Bre = {t € [0,0] : y4(t) = Blye(t))] = & [y (t) — B (1)) = &,5 = 1,4}
we have mes (F;.) — 0, k — oc.
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We fix € > 0 and introduce the sets
E). ={te[0,w]:|yp(t) = Bor,(r(t)| <€}, Box, = B,
Ej.={t€[0,w]: |yp(t) = Bin(e(®))] < &, [yi(t) = Bjno(we())| 2,5 =0,1-1}, 1=T174.

The sets E ., E,?vg, ..., B}l _ are mutually disjoint and their union coincides with [0, w].
If Condition 6 holds, we choose a positive ¢y satisfying the inequalities

<B(y)7 W,(y)> = C2, <Bj(y)7 W/(y)> P Ca, ] = m
for each y € R", ap < |y| < 1, where ag = 0, 5min{|yo(¢)| : ¢ € [0,w]}. We then have

0 =W (ye(w)) = Win(0) = [ (Weanlt))de = [ (). W)t
=3 [ B ) W0t + 3~ [ h0) = B (). W (0

+ / (Y (), W' (yr(t))dt > o (w — mes (Ee)) — <5w + mes (Ek€)> max |W'(y)].

ao<|yl<1
Ek:,s

Taking into consideration the limit mes (Ej.) — 0 as k — 0o, we can choose the number € > 0
and the index k so that

¢ (w—mes (Fr.)) — <€w + mes (Eks)) max_|W'(y)| > 0,

ao<|y|<1

which is the contradiction.
If Condition 7 holds, we define

A, t e l;k»7<€ U E,(;E,
Dy (t) = .
Ah t E Ek,67l 2 1,
hie(t) = yi(t) = Die(t)yn(t).
It is easy to verify that
|hyo ()] < e, te Ey., 1=0,q,

Dkﬁ(t)/Dk,g(T)dT: /Dk’E(T)dTDkﬁ(t), t,s € 10,w].
0 0

In view of these properties for y;, we have

w

[ Dyoo(r)dr 7 Dy.o(r)dr
yr(w) =er T y(0) + / o hyee(t)dt,
0

wD e(m)dr
(eof ' - 1) yi(0)

where N is independent of k and ¢,

©0) 44,0 @
(eu,k}sAJr/LkﬂsAJruk’sAl+...+l‘«k,5Aq — ]) yk(O)’ < Ne, k> ko(e).

< Ne for k> ky(e),

Here

e = mes (B ), u,(gl)s = mes (E,lca) , pk,5+,ul(€0’2_+. . .+pl(€2 =w, pee — 0, k — oo.
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Passing to the limit as £ — oo, we obtain
©) 44,0 ()
(e e A8 1) o (0)] < Ve,

where MSP) +...+ ,ug’) = w. Tending ¢ to zero, we arrive at the identities

(A ot Y go0) =0, 4 =
Since y(0) # 0 (by (3.3)), we find
©

1
det (e“o Ak Avttul g ]) =0,

and this contradicts Condition 7. The proof of Theorem 2.1 is complete.

Let us verify that under the assumptions of Theorem 2.1, estimate (1.3) is implied by (2.1).
Indeed, for each w-periodic solution of system (1.1), either x| +||2’|| < M, or ||z||+ ||«'|| > M,
and it follows from (2.1) that

o (llz]l + l2I)™ < ll2” = Pol, )| = | £ (-, z, 2.
By Condition 4,
9 m
1FCoa, 2 < 5 (el + 121D™ + Mo

Therefore, in the case ||z| + ||2'|| > M the estimate
m 2
(el +112"l)" < =My,
holds, while in the general case

m m 2
(el =+ [l2"1)"™ < M™ + — My,

4. PROOF OF THEOREM 2.2

Following the lines of [5, Thm. 3], we first prove the invariance of the existence of w-periodic
solutions to the system of equations

" = Py\(z,2') + f(t,z,2"), teR, zeR" (4.1)
under a continuous varying of \ € [0, 1].

Lemma 4.1. The system (4.1) has w-periodic solutions for A = 0 and any perturbation f if
and only if has w-periodic solutions for A =1 and any perturbation f.

Proof. Let A\j, Ay € [0,1] and each vector function y € C'(]0,w]; R") satisfies the inequality

1
1P () = Pty )l < g0 Iyl + 191

Using estimate (2.1), we are going to show that for system (4.1) with A = A; replaced by A = Ay
the existence of w-periodic solution is preserved for any perturbation f. This will prove the
lemma.

We take an arbitrary perturbation f. Each vector function y € C*([0,w]; R") satisfies the
inequality

m

- 1 m
1G9l < 3o (gl + 1) + My,

where Mj , is a positive number depending only on f and 0. We choose a number

L > max (M, (ZU_IMJ{J)%)
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and define the perturbation

gt yr,y2) = f(ty1,v2) +n(ly] + [v2]) (P (Y1, y2) — Py (41, 92)) 5

where n(s) € C(R), 0 < n(s) < 1forall s € R, n(s) =1for |s| < Land n(s) =0for |s| > L+1.

Let x be a w-periodic solution to system (4.1) for A = A\; and perturbation f = g;,. We
are going to verify that ||z|| + ||2'|] < L; then it implies that z is also a w-periodic solution to
system (4.1) for A = A\, and the perturbation f = f. Indeed, if ||| + ||| > L, then, according
to estimate (2.1) and the choice of the number L, we have

o (llall + 12'l]) " <lla” = P, < 17,0

1Py (2, 2) = P, 2) | < 0,50 (|1l + 17]1) "+ M.
This leads us to the contradiction
lll + ]| < max (207" M; )" < L.
The proof is complete. O

Thus, system (1.1) has w-periodic solutions for any perturbation f if and only if the system
of equations
" =Q(x' — B(x)) + f(t,z,2"), teR, xeR" (4.2)
with Q1(y) = ¢1(y) - ... - ¢4(y)Q(y), has w-periodic solutions for any perturbation f. At the
same time, the condition holds

8) the system of equations ' = @Q1(y), y € R™ has no bounded non—zero solutions.

Under Condition 6 the estimate (B(y), W'(y)) > 0, y € R™\ {0}, implies

9) the system of equations ' = B(y), y € R"™ has no bounded non—zero solutions.

If Condition 7 is satisfied, then B(y) = Ay. In this case, the mapping B(y) by the formula
Ay + Aey, A € [0, 1] is reduced to the mapping Ay + ey with matrix A+ e/, which has no purely
imaginary eigenvalues. Under this change, according to [5, Thm. 3|, the existence of w-periodic
solutions to system (4.2) under any perturbation f is preserved. This is why, in what follows,
without loss of generality, we can suppose that Condition 9 is satisfied under Condition 7. Now
Theorem 2.2 is implied by the next lemma.

Lemma 4.2. System (4.2) possesses w-periodic solutions for any perturbation f if and only

if (Q)y(B) # 0.

Proof. Necessity. Let v(Q)y(B) = 0. We are going to prove that for some perturbation f,
system (4.2) has no w-periodic solutions. In order to do this, we follow the lines of [8, Thm. 2,
Necessity].

By the known properties of mapping degree of vector fields we have

1(Q1(=B)) = 1 Q) (=B) = (=1)"(Q)¥(B) = 0.
Then by [2, Thm. 5.2] the mapping Q1(—B) can be continuously continued inside the ball
ly| < 1 without zeros

Fly) =Qi(=B(y)) for |y/=1 and F(y)#0 for [y <1
We let g(y) = F(y) — Q1(—B(y)) for |y| <1 and ¢g(y) =0 for |y| > 1. It is easy to verify that
|y2| + |Q1(y2 — B(y1)) + g(y1)| > 0 forall y1,y, € R™. (4.3)

Let us show that for some wy > 0 the system of equations
" =Q1(2' — B(x)) +g(x), zeR", (4.4)
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1
has no wy-periodic solutions. Indeed, otherwise there exists a sequence of <—>—periodic solutions

z, k=1,2,... to system (4.4). Following lines of the proof of Theorem 2.1, it can be shown
that

supsup (fou(8)] + 2} (1)) < oc.
k>1 teR

Taking into consideration (4.4), we can assume that the sequences of vector functions xy, x},
converge uniformly on each interval [a, b]

sup <]xk(t) — wo(t)] + |24 (t) — xg(t)\) 50, ko oo
a<t<b

1
Moreover, due to the periodicity of zy, <E> for all 21,20 € R™", k=1,2,... we have

el

%/ <<x§€(t), 21) +(Q(zr(t), (1)) + g(xp(t)), Z2>)dt =0.

0

Passing to the limit, we get

(20(0), 21) + (Q(x0(0), 26(0)) + g(20(0)), 22) = 0
for all zq, 2o € R™. This contradicts (4.3).

NI

In system (4.4) we make the change z(t) = rPy(r“t), where r = (i) , 8=0,v=1for
Wo
1—m

m=2and f=1,v= 5 for m # 2. This gives the system of equations

y'=Quly —r "B(y) +rPmg(rPy),  y e R (4.5)

If a solution y(t) of system (4.5) is w-periodic, then the solution z(t) = r%y(r"t) of system (4.4)
is wo-periodic. By the above proven facts, this implies that system (4.5) has no w-periodic
solutions.

By Conditions 8 and 9, the family of mappings Q1(y2 — (1 — N)r™" + A\)B(y1)), A € [0, 1]
satisfies the assumptions of Theorem 3 in [5]. According to this theorem, since system (4.5)
has no w-periodic solutions, then for some perturbation f system (4.2) also has no w-periodic
solutions.

Sufficiency. Let v(Q)vy(B) # 0. Then ~(Q1(—B)) # 0 and all assumptions of Theorem 2
in [0] are satisfied by system (4.2). According to this theorem, system (4.2) has w-periodic
solutions for any perturbation f. The proof is complete. m
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