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INFINITE ORDER EULER OPERATORS IN SPACES OF
HOLOMORPHIC FUNCTIONS AND STIRLING NUMBERS

O.A. IVANOVA, S.N. MELIKHOV

Abstract. We study infinite order Euler operators in the space H () of all functions
holomorphic on an open set  in CV, with the topology of uniform convergence on compact
sets in 2. In terms of their characteristic functions, we prove necessary and sufficient
conditions for the applicability of these operators to H(£2). The special case = (C\{0})V
is considered. We study the relationship between the two representations for the Fuler
operator, in which the Stirling numbers of the first and second kinds play a significant role.
It is expressed by means of associated functions, one of which is the sum of the Newton
interpolation series. The obtained results imply that each entire function of exponential
type 0 on CV can be expanded into a multidimensional Newton interpolation series. A
multidimensional version of the Wigert — Leau theorem is proved. We show that in the
space H(C™N) of all integer functions in CV, each Hadamard type operator in H(C") is an
Euler operator, that is, each continuous linear operator in H(CY), for which each monomial
is an eigenvector.

Keywords: holomorphic function, infinite order Euler operator, Stirling numbers of the
first and second kind.
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1. INTRODUCTION

In this paper, we study infinite order Euler operators acting in the space H(€2) of all functions
holomorphic on an open set € in CV, with the topology of uniform convergence on compact
sets in €2, which can be represented as

EN)E) =) ast’ fO1) (1.1)

BeNY
or
Eoalf)() = Y ast()(1), (1.2)
BeNY
where
0% =00 ... 90 0,(f)(t) -:tﬁ(t) eC BelNy No :=NU {0
: 1 N > J : Jatj ) ag ) 0> 0- { }
These operators in H(2) were studied in a lot of papers. The problem of well-definedness and
surjectivity of Euler operators was mostly addressed. In [9], [L1], [15], [22] (for N = 1) and
in [29], [30] (for N > 1), operators of form (1.1) were studied. In [0], [31], Euler operators in
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H () with the representation (1.2) for N = 1 were investigated. Infinite order Euler operators
in spaces of real analytic functions of one and several variables obeying representation (1.2)
were studied in [23]-[27].

The main goals of this paper are to study the convergence of series defining Euler operators
and the relationship between their representations. The problem on the action of £, and &, in
H () is resolved in Section 2. We follow the definition of a summable and absolutely summable
family in a locally convex space from [16, Ch. 1, Sect. 1.3]. For a countable set of indices A,
instead of the term “the family {z5 : § € A} is absolutely summable”, we use the term “the
series Y xz converges absolutely”. Following Yu.F. Korobeynik, we call the operators defined

BeA

by identities (1.1) and (1.2) applicable to H () if the series in their definition absolutely
converges at each point t € Q for each function f € H(2). A sufficient condition for both (1.1)
and (1.2) to be applicable to H(Q) for all open sets  in CV is the identity

lim (B!]ag|)? = 0.

|8]—00
For a wide class of open sets Q@ C CV, this identity is necessary. A necessary and sufficient
condition for the applicability of both types of operators to H(CY) is the relation

lim sup(ﬂ!\ag\)ﬁ < +o0.
8|00
The mentioned conditions ensure the absolute convergence of series (1.1) and (1.2) in H (),
and hence the continuity of &, and &, in H(2). We note that the aforementioned results on
applicability for N = 1 were known; only the question of whether the condition

limsup(ﬁ!|a5|)ﬁ < 400
|B]—00
is necessary for the applicability of &, to H(C) remained open; this condition was formulated
in |31, Prop. 6.2]. We consider the special case Q = (C\{0})", which was not investigated in
this direction even for N = 1. For this domain €2, the criterion for applicability to H () of the
operator &, is the condition
limsup(ﬁ!]agl)ﬁ <1,
|8]—00
and &y, is the relation
lim sup(ﬁ!|a@|)ﬁ < +00.
|B]—o00
When proving necessary conditions on the coefficients ag, 3 € N}, sets that are Kothe duals
to special spaces of (multi)sequences are used. Information about them is given, for example,
in [10, Sect. 2].

Section 3 is devoted to the relations between representations (1.1) and (1.2). It seems that
this problem was not systematically studied for infinite order Euler operators. We study this
problem by using Stirling numbers of the first and second kind. When the order of &£, and &,
is finite, by means of these numbers, each of these operators can be expressed in terms of the
other. This follows easily from the well-known one—dimensional identities relating the operators
f >t B (t) and 0°. If the orders of £, and &y o are infinite, then the connection between the
representations can be established due to the availability of the needed upper bounds for the
Stirling numbers of the second kind and for the moduluses of the Stirling numbers of the first
kind, which ensure the absolute convergence of the corresponding series and the validity of the
needed identities. It is described by means of functions associated with a, one of which is the
sum of the Newton interpolation series. We also show that each entire function of exponential
type 0 in CV can be expanded into the corresponding multidimensional Newton series. This
allows us to prove a certain multidimensional version of the Wigert — Leau theorem in terms
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of the defining compact set of an analytic functional in Section 4. In Section 5 we establish
that each operator of Hadamard type in H(CY) is an Euler operator of form (1.1) (and (1.2)).

2. CONDITIONS FOR COEFFICIENTS

2.1. Applicability of &£,. We first study the action of the operator &, in H(2). For L € N,
cc Ck c#0,de C, we introduce the hyperplane in C*

T(c,d) :={t € C*: (c,t) = d}.

L

Here (z,w) := Y zpwy, z,w € CL. The proof of the necessary condition for the applicability
k=1

of the Euler operator involves a certain local condition of linear convexity. It is formulated

in terms of the existence of a complex hyperplane passing through the boundary point of the
set and not intersecting it. Further, C* := C\{0}. For a set Q in CL, we denote by 9Q the
boundary of Q in CF;

9 =P 18] := B+ - + Br, Bli= Byl B, t el B e Nk
Theorem 2.1. (i) If
lim _(Bllag)) ™ = 0,

800

then for each nonempty open set Q in CN and each function f € H(Q) series (1.1)
converges absolutely in H(S2).

(ii) Let
Q=0 x - xQu, 1< M <N, N,, € N, > Nn=N,

and Q,, # CN™ be a a non-empty open set in CNm with following property in CNm: there
exist ™ € (C*)Nm, d,, € C, points

w™ € T(c"™ d,,) N (C)¥ NI,
such that
T(c"™, dp) N Q= 0.
If the operator &, is applicable to H(S2), then

lim (B!ag|)™ = 0.

8|00

Proof. Statement (i) can proved in the standard way by means of estimates obtained by using
the Cauchy formula.

(ii): We write the point t € CN as t = (W, ... tM) where t™ ¢ CVm,
1 < m < M. There exists a sequence t(n) € QN (C*)Y, n € N, converging to the point
w= (w®,... w™)in CV. Since the function
o 1
fo =11

dyy — (clm), £0m)

m=1
is holomorphic in 2 and

M m m m
f(ﬁ)(t) _ H ]ﬁ( )\!(c( ))5< )
(d,, — <c(m)7 t(m)>)|g(m)|+17

BeNy,
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for each n € IN there exists a constant A,, > 0 obeying
|as| (H IR ) )71 < Ay H |dm — ()P B e Ny (2.1)

There exits & > 0 such |(¢(n))?]|c®] > (5'5‘ for all n € N, 8 € NY. By (2.1) and the estimate
M

A< IT 18™)]! we find
m=1

An m m (m)
Blag| < 55 ll\dm — (™ (t(n)) )y 1B nel,
and
1M
1 (AT m (1B
(Bllas]) VT <—5 [ — (™, (t(n)) ™)
m=1
1 M ﬁ
(An>‘ | m m
N | U
m=1
M
D ldm = (e, (t(m) )], ne N, e N
m=1
This yields that for all n € IN
AR
lim sup(B!|ag|) ™" < < D ldo = (™, (2 (n)) ™).
|B|—o0 m=1
This is why the limit hm (B‘|a5|) T exists and it is zero. The proof is complete. O

Remark 2.1. The proven theorem is known for N = 1 [9]. In this case, the additional
condition in (ii) is satisfied by any nonempty open set Q in C distinct from C and C*.

For N > 2, the set Q C CV possesses the property assumed in statement (i) of Theorem
2.1, for example, in the following situations: if Q = Qy x --- x Qp, where ;, 1 < j < N, is
a nonempty open set in C distinct from C and C*; if Q is a bounded convexr domain in CV,
each point of its boundary is smooth, i.e., through each point in 0S) there passes a unique (real)
support hyperplane to 2 [12, Def. 10.7].

Let us justify the last ezample. Let Hq(t) := sup Re(z,t), t € CV, be the support function of
z€eQ

N
Q, S := {z eCN: Y |z* = 1} be the unit sphere in CN, w : 00 — S be the mapping that
j=1
assigns z € 0L) to a point w(z) € S such that the real hyperplane
W(z) = {t € CV : Re(w(2),t) = Ho(w(2))}

is a support hyperplane to Q at z. By |12, Thm. 10.8|, the mapping w : 02 — S is continuous
(when OQ and S are equipped with the topologies induced by the Euclidean topology in CV ). Since
w is bijective and OS) is compact, w is a homeomorphism of O onto S. Fizr z € (0Q) N (C*)V.
There exists a neighborhood U of z in CV such that (0Q)NU C (C*)N. The set V = w((0Q)NU)
is a neighborhood of w(z) in S, and there exists a point c € VN (C*)N. The complex hyperplane
T(w(c), (w(c),c)) passes through c, is contained in W (c), and therefore does not intersect §).

We proceed to the case Q = CV. We denote by 1 a point in CV (and a multi-index in IN}'),
all coordinates of which are equal to 1.
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Theorem 2.2. If the operator &, is applicable to H(CY), then

lim sup (6!|a5|)ﬁ < +00.

|B]—o0

If the last condition is satisfied, then series (1.1) converges absolutely in H(CYN) for each func-
tion f € H(CN).

Proof. Let us prove that the condition

lim sup (5!|a5|)ﬁ < 400

|B]—o00
is necessary for the applicability of £,. We introduce the space of sequences

ml!

A = {CE CY' : Vm e N Z ’CB|F < +oo}.
BeENY

As it is known, for d € CN0'| the series > |dgcs| converges for all ¢ € A if and only if there
BeENY
exists m € IN, for which

|ds| 5!

SUp =B

m
BeENY

< +00,

see, for example, |10, Sect. 2|.
For each ¢ € A, the function

f =3 Tt -1y

|
BENg B

is entire in CV. Therefore, for each ¢ € A, the series Z lag|| £ (1)| converges, i.e.

BeNY
Z lag||cg] < +00. Therefore, there exists m € IN for which
BeENY
lla
sup g ||BB| < 400,
geny MM
and

lim sup (B!]ag|) P < +ooc.

|B]—00

And in this case, the fact that the condition

lim sup (B!]ag|) ™ < +o00

|Bl—o00

ensures the absolute convergence of series (1.1) in H(CY) is shown in the standard way by
using the Cauchy formula. The proof is complete. m

Remark 2.2. The applicability (in another sense) to H(QY) of infinite order differential op-
erators

L) =D wa®)fP(0),

BeENY

where g, f € NY are functions defined on a compact subset of the holomorphy domain Q in
CN, was studied in [1].
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2.2. Applicability &,. Let us study the applicability of the operator & ,. We let f,(t) :=
t =013V, « € ZV. The following statement on the action of the operator #° on the
functions f, is obvious.

Lemma 2.1. For alla € ZV, 8 € Y in the domain of f, the identity holds 6°(f.) = a” f..

We introduce the dilation operator M, (f)(t) := f(vt), vt := (v;t;)}, v,t € CV.

Theorem 2.3. (i) If \Bllim (6!|a5|)ﬁ = 0, then for each non-empty open set Q in CN and
—00
each function f € H(Q) series (1.2) converges absolutely in H(S).
(i) Let Q= x --- x Qn, where Q;, 1 < j < N, is an open set in C, distinct from C and
C*. If the operator &, is applicable to H(SY), then

lim (B!ag|) ™ = 0.

|B|—00
(iii) If the operator Ep, is applicable to H(CY), then

lim sup (ﬂ!\aﬁ\)ﬁ < +o0.

|B]—00

If the latter condition is satisfied, then for each function f € H(CY) series (1.2) converges
absolutely in H(CV).

Proof. Statement (i) was essentially proved in [26]; see the proof of implication (c¢)=-(d) in

Theorem 2.2 in [20], which goes back to [28, Lm. 11.2] and uses the Cauchy integral formula
and upper bounds for the modulus of function 6°(g,), where
1
gu(t) =

(wy —t1) - (wy —tn)

The proof of (ii) reduces to the single variable case considered in [31]. There exist v; €
C* N (09;), 1 < j < N. Since 0°M,(f) = M,0°(f) for all 3 € N, f € H (), the operator

1
Ep o 1s applicable to H< Q), where where

v
19;:{(75—1,...,@) : teQ}.
v U1 UN

1
(1 =t1)---(1—tn)

The function

g(t) =
. .1
is holomorphic in —2 and
v

A 1(t1) A N(tN)
0°(9)(t) = (1 _Btl)ﬁ1+1 T _BtN)BN+1’

B3e Ny,

where A,,, n € Ny, is an Euler polynomial of degree n. By the proof of implication (3)=(5)
in Theorem 6.3 in [31| and due to the fact that the polynomials A, have non-positive real

1
roots we conclude that there exists a sequence w'® € =Q, k € N, such that w® — 1 and the
v

inequalities
107(9) ()] = KNG g e NG, Kk EN,
hold. This implies
lim (B!ag|) ™ = 0.

8|00
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(iii): The condition
lim sup (B! ag|) ™ < +o00

[B]—o0

ensures the absolute convergence of series (1.2) in H(C") for each function f € H(C") due to
Lemma 2.1 and estimates implied by the Cauchy integral formula.
Suppose that series (1.2) converges absolutely for all f € H(CYV), t € CV. For each sequence

¢ € Ay, the function
|CO<| o
ae]NéV '

is entire in CV. This is why

C
too> S JasllP@ ) = 3 Jas |' o= Y sl %ﬁ

BeENY BeENY BENY
This yields
1
lim sup(B!|ag|) Pl < +o0.

8|00

The proof is complete. 0
Remark 2.3. (i) The condition
lim sup (3 '|a5|)% +o0
|B]—o00
s equivalent to the fact that the function
a(t) = Z agt?
BeENY

is an entire function of exponential type in CN, and the condition
lim (B!lagl) ™ =0
18—
is equivalent to the fact that a is an entire function of exponential type 0 in CV [5], |18,

Ch. 3, Sect. 1], [26, Lm. 2.1].
(i) If limsup (ﬁ‘\ag\)ﬂ < 400, then the identities hold

|B]—o0

Eulfs) = Aofs, where Ag=p1 Y —T FeN,
05 (B =)

and

Eoa(fs) = a(B)fs, B eNy.

In what follows, Exp(C") (respectively, Exp({0})) is the space of all entire functions of
exponential type (respectively, of exponential type 0) in CV.

2.3. Case Q = (C*)V. We consider the case Q = (C*)Y. The set Q does not satisfy the
additional assumptions made in the proof of the necessary applicability conditions in Theo-
rems 2.1, 2.3. We will use multidimensional decreasing factorials

(t)ﬁ = (t1)51 T (tN),BN7 te CN7 B e ]Néva

where
(2)n=2(z—=1)---(z=n+1), nelN, (2)p:=1, zeC.
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Lemma 2.2. For eachg compact set Q in (C*)N, each function f € H((C*)N), each R > 1,
there exists a constant C' > 0 such that

L2 fP ) < CRPL te@Q, BeNy.

1
Proof. For R > 1, we let ¢ :=1 — o The function f € H((C*)") can be expanded into the

Laurent series
= dt’, te(C)N.

vezZN
For all 3 € N, t € (C*)N
tﬂf(ﬁ Z d,( 525”’

vezZN

and hence
EFPOI< D 1dullw)sllt].

vezZN

We employ the Cauchy inequalities for the coefficients of the Laurent series
|d,/|< (furla 771N)’ VEZN,
(/rl)Vl e (/’"N)VN

for all 7; > 0,1 < j < N, where M(f;r,...,ry) :=max{|f(2)|: |zj| =r;,1 <j < N}. There

ex1stTT>()such that7<\2j\<T 1 <7 <N, foreach z € Q. ForuEZN, we define the

T
numbers r;, 1 < 7 < N. If v; < —1, then r; := e7; if v; > 0, then we let r; := —. Then, for

allt € Q, v € ZV, 1 < j < N, the inequality (’ Jl) < el holds. Therefore, for all t € Q,
Tj
B € N}, for constants

B :=sup{M(f;p1,...,pn): eT < p; <T/e,1 < j < N}, C :=2NT1BRY,

we have N
B2N+L gl
B| £(B) N+1 s
PIFOOI< B2 3 MO = T v g e

peNYY

= CBIRA.

The proof is complete. O

We introduce the space of sequences

ds
A= {de(D]NO VYn e N sup ’|B|/| <—i—oo}.
/B]NNe n

It coincides with the set of all sequences d € C™ obeying

limsup]dg\l%\ < L
|B]—00
We extend Vostretsov lemma [3] to the multi-dimensional case.

Lemma 2.3. For each d € Ay there exists a function g € Exp({0}) such that g(8) > |dg|
for all B € NYY.

Proof. Let cs := max{1;|ds|}, B € NJ. Then |ﬁl|1m (05) = 1. We define the majorant
—00
sequences

Tjn =max{c,: 0<% <n, 1<k N, k#j,v,=n}, nelNy, 1<j<N.
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The identities z;,, > 1,1 <j < N, n € Ny, and c5 < 214, - Ty gy, 8 € N, hold. Indeed, for
Br =max{f; : 1 <j < N} we have

€3 K Tpp, S L1, TN,y -

The relations

3=
3=

(@jn) 30<7k<n71<k<N,k37éj;7j:n}

= max {(CV)
< max {(cy)%

1<7< N, neN, yield

0< < 1SESN A G =n},

m (z;,)" =1, 1<j<AN.
n—oo
By the lemma in [3], there exist entire functions h;, 1 < j < N, in C of zero exponential type

with non—negative Taylor coefficients such that

h](n) = Lin, TN e IN.
For entire functions ¢;(z) = z;0 + zh;(z), 1 < j < N, in C of exponential type zero the
inequalities h;(n) > x;, hold for all n € Ny. The function g(t) := ¢1(t1) - - gn(tn), t € CV, is
an entire function of exponential type zero in CV, and g(8) > ¢z > |ds| for each 8 € N)'. The
proof is complete. O

Theorem 2.4. (i) If
limsup(ﬁ!|a[3|)ﬁ <1,
[B]—o0
then series (1.1) converges absolutely in H((C*)N). If the operator &, is applicable to
H((C*)N), then
lim sup(B!|ag|) 7 < 1.
B]—o0
(ii) The condition
lim sup(B!|ag|) 7l < +o0
|B|—o0
implies the absolute convergence of series (1.2) in H((C*)N). If the operator &y, is appli-
cable to H((C*)N), then

lim sup(ﬁ!|aﬁ|)ﬁ < 400.

8|00

Proof. (i): Suppose that
1
lim sup(B!|ag|) 7 < 1.

|Bl—00
By Lemma 2.2, for each compact set ) in CV, the series
> laglsup([£°[| f9()])
femyy teQ

converges.
Let the operator &, be applicable to H((C*)"). Fix d € A;. By Lemma 2.3, there exists a

function .
— a4y
g€ Exp({0}), g(t)=> 7!t ,

yeNY
for which g(83) > |dg| for all 8 € N} and ¢, > 0, v € N}'. The function

=3 wh

N
'yE]NO
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is holomorphic in (C*)V, and for each t € (C*)" the series converges

o
> lasltl]500] = 3 Jaall?]| 3 S0

BeNY BeNY yeNY
=S jal [ S ey (v + B)!
lv+1
ﬁEW@ vewN 't

Hence, the latter series converges for ¢ = 1, that is, the series converges

mezﬂ%ﬂ/mez%wgwww

BeNY ~yeINN BeNY yeNY BeNY
Thus,
> laglBllds| < +o0
BENY
for each sequence d € A;. This implies
limsup(ﬁ!]agl)ﬁ < 1.
|B|—00
(ii): Suppose that
limsup(ﬂ!\ag\)ﬁ < +o0.

|8]—o0

lal(t) == Y aglt”,  tecCV.

BeNY
We take a function f € H((C*)") and expand it into the Laurent series in (C*)V
=) dt”.
vezZN

We fix a compact set @ in (C*)V. There exists p > 0 such that [t*| < plt+-Hwl for all t € Q,
v € ZN. Since a € Exp(CY), we also have |a| € Exp(C"), and there exist constants C, R > 0
such that

We let

al(ftal,. .., |tw]) < CeRlak=+xd ¢ e N,
Hence,
> !aalsup 10°(HOD < Y lagl Y Idy [Pt
BeEN BeENY vezZN
= 57 ld ot al (o), o)
vezZN
(7 2{: ‘d ’ ‘Vﬂ+"HVN| < +00.
veZN

Now suppose that the operator &y, is applicable to H((C*)"). Then, for each entire function

fin C¥, the series
> lasllo?()()
BeENY
converges. By the proof of Assertion (iii) in Theorem 2.3, this implies

lim sup(8!]ag|) T < +oo.

8|00
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The proof is complete. O

Theorems 2.1-2.4 and Banach — Steinhaus theorem imply

Corollary 2.1. (i) If
lim (B!ag|)™ =0,

|B]—o00
then the operators E,, Ep o are linear and continuous in H(Q) for each nonempty open set
Q in CV.
(ii) If
lim sup(3!]as|) 7 < +oo,
|B]—00

then the operators &,, £y, are linear and continuous in H(CYN), while Epa also is linear
and continuous in H((C*)N).

(iii) If
limsup(ﬁlfa,@])ﬁ <1,

8|00

then the operator &, is linear and continuous in H((C*)N).

3. RELATIONS BETWEEN REPRESENTATIONS FOR EULER OPERATORS

For 3,7 € NY, v < B3, we let

s(B,7) = 1]567),  SB) =567

N N
j=1 j=1

where s(n, k), respectively, S(n, k), for k,n € Ny, k < n, is the Stirling number of the first,
respectively, second kind. The notation v < 8 means that v; < 8;, 1 < 7 < N. These
numbers are defined in various equivalent ways. Omne definition uses decreasing factorials;
Stirling numbers are defined by the identities [17, Ch. 2, Sect. 7]

n

(2)n = Zs(n, k)", 2" = ZS(n, k)(2)k, neNy, zeC.
k=0

k=0
For allt € CV, g € N
(o= D sB, 7= SBA)0),
0<y<B 0<y<B
The relations in the following statement are implied by known similar equalities for one

variable [17, Ch. 2, Probl. 18].

Lemma 3.1. For each non—empty open set 0 in CVN, all B e NY, fe H(Q), t€Q
(N0 =D SENOFIW), O =Y sB0).
0<~y<B 0<y<B
Let
a € BExp(CY), a(t) = Z agt”, te .

BeENY
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To analyze the relationship between infinite order Euler operators, we need series

a(t) = Y ag(t)s, (3.1)

BeENY
= Z <Z 5’(6,7)@5) 7, teCh.
yeINY \B=vy

We are going to show that the series
> S8(B,v)ag,  veENY,
Bz

are absolutely convergent; we let
aV = Z S(ﬁ) V)CLB

B2y
Series (3.1) (formal in the general case) is a multidimensional version of Newton interpolation
series; for holomorphic functions of one variable, it was studied, for example, in [7], [4], [14,
Sect. 1.10].
We shall use some properties of Stirling numbers, in particular, the estimates for S(3,~) and

|58, 7)1,
Lemma 3.2. (i) For all 8,y € NY, v < 3,

Z 5(67V>S(V77): Z S(ﬁvy)3<1/77): V7,89

y<v<p y<v<pB

04,8 15 the Kronecker delta.
(i) S(B.7) <CIH*7, ByeN), ~y<p

Y
mnlwvﬂ\dﬁ, By eNN, 4 <B.

(iv) For allt € (DN, v € NY the identity holds
1YL (el — 1)
S5 = e o
=y
Proof. The identities in (i) are implied by the same identities for N = 1 [17, Ch. 2, Sect. 7,

(39)].
(ii): By [21, Probl. 7] the identities hold

S(B,7) < CIZIY" 7, By eNV, 4 <8

This implies inequalities in (i) for all 8,y € N}, v < 3.
(iii): Let n € IN. Since

2(z+1)---(z4+n—-1) Z| (n, k)| z € C,

we have

=1 _

The above can be also obtained from the identity

ZI (n, §)IS(, k) =

1<k <n.

T2

|
—_ >—l
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[17, Ch. 2, Probl. 16 (d)] and the identity S(k,k) = 1. The above inequalities imply the
estimate in (iii) for all 3,y € N)V, v < §3.

(iv): For N =1 this relation was given, for instance, in [17, Ch. 2, Probl. 14|. We note that
the inequalities in (ii) ensure the absolute convergence of the series in (iv) for each t € CV.
The proof is complete. O

Lemma 3.3. (i) If a € Exp(CY), then a € Exp(CV).
(i) If
limsup(ﬁlfa,g])ﬁ <1,
|B]—o0
then @ € Exp(CY) and a = a.
(iii) If
limsup(ﬂ!\aﬁ\)\%l < log 2,
|B]—o0

then
lim sup(ﬁ!|8/3|)|%\ <1

8|00

and a = a = a.
(iv) If a € Exp({0}), then d,a € Exp({0}) and a = a = a.

Proof. (i): Let

a € Exp(CY), a(t) = Z agt” o= limsup(ﬁ!|a5|)ﬁ < +o0.

ﬁG]NéV |B|—o00
We fix € > 0. There exists A > 0 such that
(o +¢)

By Lemma 3.2 for v € N}

(o 4 ¢)lAl _ A(€0+6 — 1)|~/|‘

B=~ B=y

Hence,

limsup(ya, )P < e” 1, @ = S(8.7)as,

[v]—oc0

and an entire function

afty=Y_at’, tecV,

N
'yG]NO

of exponential type is well-defined in CV.
(ii): We choose 0 < 1 such that

lim sup(ﬁ!]afgl)ﬁ < 4.

8|00
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slsl
There exists a constant B > 0 such that |ag| < BB— for each 3 € IN)Y. In view of Lemma 3.2
we obtain
B1618 S8+
D ls(Bllasl S BY G r =B Y- Gy —
=y Bz BeNY
<B$ > (BT;” o = B 57||_N'
— Y+
"o B v-(l 9)
Therefore,

S sl 3 Is(8, )17 < 400

BENYY 0<y<p
for each t € C" and once
aty= > at’, tec”
yeNY
we have
. 5 )
lim sup(y!]a,|) Pl < —.
[y|—=o00 =9
At the same time,

EV = Z S(ﬂaV)aﬁ’ v E Név

BeNY

Thus, @ € Exp(CY). By (i), an entire function @ of exponential type is well-defined. For
B € NY, by Lemma 3.2,

ZS(%B)&VV:ZS(V’5)23<77V)Q’7

v=p v=p y2v

_Za’Y Z s )S< 76):(15'

v2B  Bsv<y
Hence, a = a.
Statement (iii) follows from (i) and (ii).
(iv): The belonging a,a € Exp({0}) is implied by the estimates obtained in the proof of (i)
and (ii). The identities hold due to (iii). The proof is complete. O

We interpret statement (iii) in Lemma 3.3 in terms of the representation of an entire function
by its Newton series. For an entire function a in CV we introduce the numbers

AV(a) := Z (=1)"Cra(v), ~ve€ NY.

0<v<y

For N =1, they coincide with the finite difference of order « of the function a at the point 0.
Let

lim sup(5!]ag|)] B < log 2.

8] =00

By Lemma 3.3, the function @ is well-defined. We are going to show that

?A’Y( )_a”Y? W/EINéVa
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where @, are the Taylor coefficients of @. To prove this, we use the “direct” identities for S(3,v),
0<vy <P,
1

S(B,7) = —
7,

> (e

vy

which are implied by the corresponding relations for N =1 [17, Ch. 2, Sect. 7, Ident. (38)]).
For v € N}

A’Y<a) 1 —v —v B
(0 _ LS e S a
O<v<y BeNY
1 —v —v
= > ag Y (=)0 = agS(B,7).
BENY QAR st B>y

The latter identity holds since

> (=1t =0
O<v<y
for v & B. This is, for instance, since g™ (0) = 0 for m,n € Ny, m < n, where

n

g(z) = (s = )" => (=" Ot e

k=0
Thus, the identity a = @ in Lemma 3.3 (iii) means that each entire function a obeying

lim sup(5!|a5|)\%\ < log2
|8]—00
can be expanded into the Newton series. For N = 1, this is known, see, for example, |11, Thm.

5.11]. In [14], the proof was made by using integral representations related with the function
associated with a in Borel sense.

Remark 3.1. (i) In statement (i) of Lemma 3.3, in the condition

limsup(ﬁ!]agl)ﬁ <1,
|B]—o00
= B e NY (and
pr ’
then a(t) = et ), fort; = —1, 1 < j < N, the series in the definition of function a(t) is
not convergent for any permutation of indices from INY .

In the condition

the number 1 cannot be replaced by a larger number. Indeed, for ag =

lim sup(ﬁ!]argl)\%ﬂ < log2

|B]—00
of statement (iii) in Lemma 3.3, the number log2 also cannot be replaced by a larger one.
For example, if a(t) = 259 then

limsup(Bllas))® =log2,  a(t) = e,

8|00

and the function ais ill-defined.
(ii) The quantity
o= hmsup(ﬁ”aﬂ)ﬁ

8|00
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can be characterized in terms of the set

L1::{ [0, +00)™ ij\ }

For a € Exp(C") the number o coincides with the Li-type of function a |18, Ch. 3, Sect.
1].

The following statement is implied the solvability of a more general interpolation problem
(see, for example, |20, Thm. 1]; for N = 1, its solvability was proved in [13, Thm. 2|).
We present an independent, simple proof that employs the specificity of the node set in this
situation. It is made by the method applied in the proof of its one-dimensional analog in |2,
Thm. 1.2.1].

Lemma 3.4. For each sequence g5 € C, € ]N(])V such that

lim sup(|gs|) < +o00,

8|00

there exists a function f € Exp(CN) such that f(B) = gz for each 8 € NY.

Proof. The function g(t) = > gst? is holomorphic on the closed polydisk {t € CV||¢;| <
BeENY
e,1 < j < N} for some € > 0. By the Cauchy integral formula we have

dtN -dt;, peNY.

tﬁ+1

‘tl = ‘tN|—5

We make the change 7; = logt;, 1 < j < N (logz denotes any continuous univalent branch of
the logarithm). We obtain

™) e~ BT dry - dry,

I

where I'; is the vertical segment in C. The function

fz

™) e~ dry - dmy

1N

is an entire function of exponential type in C and f(8) = gg for all 5 € NJ'. The proof is
complete. O

Theorem 3.1. (i) For each function a € Exp({0}), each non-empty open set Q in CV in
H(QY), the identities £, = Egz and Eg o = E; hold.

(ii) For each function a € Exp(CY) in H(CY) the identity &, = E; holds.
(iii) For each function a € Exp(CV) there exists ¢ € Exp(CY) such that £, = . in H(CV).
(iv) If

limsup(6!|a5|)ﬁ <1,

8|00
then E, = Egz in H(CY).
(v) If
lim sup(S!|ag|) "l < 1,

800
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then E, = gz in H((C*)N). If

lim sup(B!|ag|) I < log 2,

|8]—00
then Eg o = & in H((C*)N).

Proof. (i): By the proofs of Lemma 3.3 and Theorems 2.1 and 2.3 for all f € H(Q), t € Q we
have

1D 1s(8,7)llas] < +o, (3.2)
'yE]N(])V B>y
SN S8 )ag] < +oo. (3.3)

Due to (3.2) and Lemma 3.1 for all f € H(Q2), t € Q,

Eoa(N)t) = Y (N Y s(B.vas= Y ag Y s(B.1)8(f)(t) = E()(D).

yeINY By BeEN)  0<y<pB

By (3.3) and Lemma 3.1, for all f € H(Q), t € Q,
&)=Y fO) Y SBNag= Y ag Y SBE AN = Eoalf)(E).

yeNY B>y BeNY  0<y<B
(ii): In this case, for all f € H(CV), t € CV the relation (3.3) is valid, and hence, &(f)(t) =
E0.a(f)(1)-
(iii): The identities hold
_ N
Ea(f5) = Asfs, = p! Z B0 feNy.
O<'y<ﬁ

Let us estimate |\z| from above. Since

Ml <ot Y

|
0<y<B 7!

v

and there exist C, o > 0 such that |a,| < C for all v € N}, we have

157!
M <C Y EE = C+ o) Beny.

0<7<ﬂ

By Lemma 3.4, there exists a function ¢ € Exp(@N) such that ¢(8) = A for all 3 € N)'. Since
Eoc(f5) = c(B)fs = Eu(fs) for each B € INY', the set of all polynomials is dense in H(C") and
the operators & . and &, are linear and continuous in H(C") , then &, = &, on the entire
space H(CV).

(iv): By (ii) and Lemma 3.3 &z = & = &, in H(CV).

(v): If limsup(6!|a5|)ﬁ < 1, by Theorem 2.4 and the proof of Lemma 3.3 (ii) for all f €

|8]—=o0
H((C*)N), t € (C*)" relation (3.2) holds. This is why &, = &z in H((C*)Y).
If
lim sup(S!|ag|)? B < log 2,
|B]—o0
then by Theorem 2.4 and the proof of Assertion (i) in Lemma 3.3, for all f € H((C*)V),
€ (C*)N relation (3.3) holds. This is why &, = & in H((C*)"). The proof is complete. [
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4. MULTI-DIMENSIONAL VERIONS OF WIGERT — LEAU THEOREM

We present one result that can be considered a multi-dimensional version of the Wigert —
Leau theorem [2, Thm. 1.3.2], the proof of which uses Lemma 3.3. To justify this terminology,
we note that a fact for functions of one variable ¢ essentially contained in [11, Sect. 2|. The
function f(t) is holomorphic in a neighborhood of 0 and holomorphically extends to C\ {1} if and

t
extends to C\{1}. Thus, if

1,./1
only if the function n f ( ) is holomorphic in a neighborhood of infinity and holomorphically

)
g(t)=zg ,(O)t”

n.

is a nonzero entire function of exponential type in C, then the function
n=0

is entire in

1
: if and only if the conjugate diagram of g coincides with {1}. Therefore, the

Wigert — Leau theorem can be reformulated as follows: the conjugate diagram of an entire
function g of exponential type coincides with {1} if and only if there exists an entire function
a of exponential type 0 such that a(n) = ¢ (0) for all n € INy. Therefore, the theorem below
can be considered a multidimensional analogue of the Wigert — Leau theorem. We will use
information on analytic functionals from [19, Ch. 4, Sect. 4.5]. Below, H(C")"is the topological
dual space of H(CV); F: H(CV)" — Exp(C") is the Laplace transform

Flo)(t) = pale®), g e HE), tech.
Theorem 4.1. For each non-zero functional ¢ € H(CY) the following conditions are equiv-
alent:

(i) The defining compact set of ¢ coincides with {1}.

(ii) There exists a function a € Exp({0}) such that a(3) = (F(©))P(0) for each 3 € N},
Proof. (i)=(ii): We introduce the function a(t) = F(¢)(t)e=*" ¢ € CN. Since a € Exp({0}),
then by Lemma 3.3 the function @ € Exp({0}) is well-defined, and

Ay

am=py

— )

for all 3 € IN)Y. Since F(p)(t) = a(t)e!'t), ¢t € CV, we obtain (F(¢))?(0) =a(B), B € Y.
(ii)=(i): Let a = F(¢) for a functional ¢» € H(C")', the defining compact set of which
coincides with {0}. For each t € CV

®) a o (Bou)
Fo =y, TR0y 5 By 5 Gl

BENY BeENY BeENY

(Bu) wu\Bi . ..
= Yy Z€B| t = Yy Z(e )

|
BeNY BeENY 2

(euN )51\/ 8

_ e“lt+-e "Nty
=y, (e ) :

We fix € > 0 and choose § > 0 such that |e¥ — 1| < ¢ for all w € C¥ satisfying the inequality
|w| < 6. Since the defining compact set 1 coincides with {0}, there exists C' > 0 such that for
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each t € CN

|F(¢)<t)’ <C sup |eeu1t1+"'+e“NtN|

u;]| <6, 1< <N

<O sup Rl

Juj | <8,1<G<N

— C( Sup eRe((e“l—1)t1)+..-+Re((e“N—l)tN)> eRet1+...+RetN

[uj|<8,1<GSN

< Cefltil+eltn| Re(L).

Since Ret; + -+ - + Retny = Re(1,t), this implies that defining compact set of ¢ coincides with
{1}. The proof is complete. O

5. EACH HADAMARD OPERATOR ON SPACE OF
ALL ENTIRE FUNCTIONS IS EULER OPERATOR

Below, L,(H(CY)) is the space of all Hadamard type (Hadamard) operators in H(C"),
i.e., of continuous linear operators A in H(CY), for which each monomial f,, a € N, is an
eigenvector. By [8, Thm. 2|, the mapping ¢ — A, where

A (H)(t) = @.(f(t2)),  teCY,
is bijective from H(CY) into L£,(H(CY)). Let L¢(H(CY)) be the set of all operators &,,
a € Exp(C"). Each operator &, is Hadamard; it coincides with A, , where
va= > aghs,  6s(f)=r9).

BeNY

Let us show that each Hadamard operator in H(CY) is an Euler operator of form (1.1), and
hence also (1.2).

Theorem 5.1. The identity holds L,(H(CY)) = Le(H(CY)).
Proof. For all ¢ € H(CN), f € H(CY)

(B)
o(f) = soz( W 1)5) = 3 W e - 1)

|
BENY A BENY
There exist C, R > 0 such that for each 8 € N}
p-((z =) <C  sup  |(z—-1)°|=CR".

|2, —1|<R,I<j<N
Hence, if c¢5 := ¢.((z — 1)?), then
1

limsup |es|”P < R

8|00

and

dty=3" %tﬁ, tech,

BeENY

is an entire function of exponential type in CV. Therefore, p = . and A, = &, Thus,
Ly, (H(CY)) = Le(H(CY)). The proof is complete. O
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Remark 5.1. Let

N
S%:{zeCN:Z]qF<Rﬂ3 Re (0,+00), AedV,

j=1
Al <1, I<j<N,  A#1L

The dilation operator My(f)(t) = f(Aty, ..., Anty) is Hadamard in H(SY), but is not an Euler
operator of form (1.1) and (1.2) for a € Exp({0}). Indeed, suppose that there exists a function
a € Exp({0}) such that My = &, in H(Q). Then, for f(t) = e for allt € CV, the identities
a(t)f(t) = E.(f)(t) = f(\t) hold, and hence, a(t) = eX~VY . We obtain a contradiction since
the function e*~Y does not belong to Exp({0}).

10.

11.

12.

13.

14.

15.

16.
17.
18.

19.
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