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PROBLEM ON SMALL MOTIONS OF
MULTICOMPONENT VISCOUS INCOMPRESSIBLE FLUID

O.A. GRIBKOVA, D.A. ZAKORA, A.E. MAMONTOV. D.A. PROKUDIN

Abstract. In this work we study the problem on small motions and normal oscillations
of a homogeneous mixture of several viscous incompressible fluids. The considered model
is a generalization of the well-known Navier — Stokes equations for the dynamics of a
one—component incompressible viscous medium, and it involves the incompressibility and
momentum equations. We prove that the corresponding initial boundary value problem is
well-posed and solvable. In terms of the Stokes operator, we construct the spectrum and
system of eigenelements for the problem on normal oscillations.
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1. INTRODUCTION

We present a formulation of a nonlinear problem describing the barotropic motion of a
multicomponent viscous compressible fluid. In this paper we study a system of equations
linearized with respect to the state of rest for the case of incompressible mixture components.

Let a bounded domain 2 C R? with a Lipschitz boundary 9Q be filled with a homogeneous
mixture of several viscous compressible fluids. We introduce a coordinate system Oxqxox3 such
that the axis Ox3 is directed against the gravity force —ges, g > 0, and the origin is located
inside the domain Q2. We denote by n the unit vector normal to the boundary 9 and directed
outside the domain 2. The barotropic motion of a mixture of n > 2 viscous compressible fluids
is described by the system of equations

ou; ) u
RZa—lz + Rl(uz . V)uz = div r:[‘Z + Z aij(uj — ul-) + Rsz
j=1 (1.1)
OR; ) .
pr + div(R;u;) = 0, (t,x) € [0, +00) X Q, i=1,...,n,

where w; = w;(t, ) = (win(t, 2); upn(t, 2);uis(t, )" (z = (21;22;23) € Q) is velocity field of the
ith component of the mixture (the symbol T denotes the transposition), R; = R;(t,x) is the
density, a;; = aj; = 0 are coefficients describing the intensity of momentum exchange between
the components of the mixture, F; = F;(¢, ) are known fields of the external mass forces. The
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stress tensors T; and the viscous stress tensors S; are defined by the identities ':
n
Ti = —HIg + SZ', Sl = Z (>\z] tr 6(11)13 + 2,uz-je(u)),

j=1
where P; = P;(t, x) is the pressure in the ith component of the mixture, I3 is the identity matrix
in R?, pij, Aij are the components of the viscosity matrices M := {y1;;}7;_1, A = {Aij}7-;.
The viscosity matrices obey the conditions

M > 0, 2M + 3A > 0.

The pressure and density of each component of mixture are usually related by some equation
of state, and system (1.1) is considered with classical no—slip boundary conditions, or with
no—flow conditions and zero tangential stresses.

System (1.1) is one of many ways to describe the motion of multicomponent fluid mixtures,
and it models the motion of a homogeneous mixture of viscous compressible fluids, a multi—
velocity model (for detail see [9], [17], [15], [6]). In particular, this means that at each point in
space, all components of the mixture are present, which are in the same phase, but each has
its own local velocity of motion. The interaction between the components is realized through
the exchange of momentum and viscous friction. At the same time, the intercomponent viscous
friction, which is taken into account by considering the off-diagonal viscosity matrices M and A,
essentially determines the features of the studied model of mixture dynamics. If the viscosity
matrices are all diagonal and a;; =0 in (1.1), then we deal with n independent systems of
Navier — Stokes equations for each component.

The mathematical study of multi-velocity models of the motion of multicomponent media
with off-diagonal viscosity matrices was initiated rather recently. One of the first works, in
which results on solvability in the multidimensional case were obtained, was by Frehse, Goj,
and Malek [10]. In this work, the solvability of the Cauchy problem for a system without
convective terms was proved in the case of a general dependence of pressures on the component
densities. In [11], the same authors obtained a result on the uniqueness of weak solutions to
Cauchy problem under the additional assumptions that the mass forces and terms accounting
for the momentum exchange between the different components are equal to zero. In work by
Frehse and Weigant [12], the existence and uniqueness of the classical solution of the boundary
value problem for a quasi—stationary system without convective terms with special boundary
conditions were proved. Results on the existence of solutions taking into account convective
terms were obtained by Mamontov and Prokudin for a multi-velocity model in [0], [7]. Spectral
analysis of some linear models of compressible viscous multicomponent media was made in [18],
2]

The aim of this work is to study the problem of small motions and normal oscillations for
system (1.1) linearized at the state of rest in the case of incompressible components of the
mixture. The main results are presented in Theorem 2.1.

2. FORMULATION OF PROBLEM AND MAIN RESULTS

We suppose that the components of the mixture are incompressible homogeneous flu-
ids with densities R;(t,z) = p; > 0. Considering the state of rest u; =0, F; = —ges
(1=1,...,n) of system (1.1), we find the steady-state pressures in the components of
mixture Py(z3) = —pigxs + pio, where p; is the pressure at the origin. We suppose that

1 ( Ouy Ouy,

For a vector field u = (uj;ug;u3)T we define a set of coefficients e (u) = 3 +) of the

3
(I,k =1,2,3) strain rate tensor e(u). By tre(u) := Z ess(u) = divu we denote the trace of matrix e(u).
s=1
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Pi(t,z) = Pyo(zs3) + pi(t,z), Fi(t,x) = —ges + f;(t, x), where p; is the so—called dynamic pres-
sure, f; is the small field of external mass forces imposed on the gravitational field. Assuming
that wu;, p;, f; are small quantities of the same order, we arrive at a linearized system. This
system, the no—slip boundary conditions and the initial conditions read

8ui
5 = _p_ Vpi + Z > piAuj + Z > a;;j(u; —w)+ 15, (t,z) €[0,400) x Q,

2.1
divu; =0, ( ) ) [07+OO) X Q> u; =0, ( ) ) = [O7+OO) x 082, ( )
w;(0,2) =u)(z), i=1,...,n

Here p;; are viscosity coefficients, a;; = aj; > 0 are coefficients describing the intensity of mo-
mentum exchange between the components. The matrix M := {p;;}7;_;, called the viscosity
matrix, is symmetric and positive: M > 0.
By means of the orthogonal projection method, initial boundary value problem (2.1) using
is treated as the Cauchy problem in the Hilbert space’ H := &I | Jo(9):
@& _ g MA+B =¢°
S = RIMAS B+ F(H), €0)=¢" (22)

where

= (ug;...;u,)T, = (uls..;ud)’, F@) = (Rofi(t);...; Pofa(t))",

R = {51']'10]'[}2]':17 M = {,uij[}?,jzla -A = {5ijA}Zj:1a D(A) = @D<A)7

i=1
n
Z ale — a11] —a12[ c. —alnl
B n
) —aglf Z CLQj] — CLQQI Ce —agn]
B = j=1
n
—— —apol e il —ap,l
i=1

Here T is the transposition operation, ¢d;; is the Kronecker delta, I is the identity operator in
Jo(2), By is the orthoprojection of Ly(£2) onto Jo(£2), and A is the Stokes operator.

Definition 2.1. Fields w; and functions p; (i=1,...,n) are called the strong in time
solution to initial boundary value problem (2.1) if the function & is a solution of Cauchy
problem (2.2). In its turn, the function & is a solution to Cauchy problem (2.2) if
€ e CH[0,400);H), £(t) € D(A) for allt >0, AS € C(]0, +00); H), the equation in (2.2) holds
for all t > 0, and the initial conditio holds as well.

In addition to the viscosity matrix M, we introduce the density matrix R := {ds;p;}}
associated with the operator R, and the momentum exchange intensity matrix B associated
with the operator B. And in general, if S := {s;;}}';_, is a matrix acting in C", then we associate
with it the operator S := {s;;[}};_; acting in H. In this case we write S <> S.

We denote by A,(A), ug(A) the eigenvalues of the Stokes operator A taken in the ascending
order and the associated eigenelements.

The main result of the work is the following theorem.

Theorem 2.1. 1) Letu) € D(A) (i =1,...,n), and let the fields £; (i = 1,...,n) satisfy
the local Holder condition. Then initial boundary value problem (2.1) has a unique strong
in time solution.

LAll notations for spaces and operators used in this section are explained in Section 3.
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2) The spectrum o of operator R™Y(MA+ B) is located on the positive semi—axis, is discrete
and has the asymptotic distribution

372

M (RTYMA+B)) = (ﬂ tr (R—%MR-%)3)3k§(1 +o(1)), k— oo

-----

the roots of the characteristic equations
det (\e(A)M + B — AR) = 0.

-----

orthonormal basis in the space Hr' and it can be represented as

o i u(A)
&= Jum@=| ,
Soile SOISIZLUk (A) kelN, p=1,...,n
where go,(f) = ( ,Efi; o go,g’:L)T (p=1,...,n) are normalized in C{ eigenvectors of the ma-

triz spectral problem

(A(A)M + B)yp = ARep.

4) The solution of Cauchy problem (2.2) is given by the formula
t

) =U)E + /L{(t — 5)F(s)ds,

0

u n ” n go,(fﬁuk(A)
UBe=u | i | =33 e ppll(wud) e |
u, kEN p=1 =1 SOI(CP) u;(A)

3. WELL-POSEDNESS AND SOLVABILITY OF INITIAL BOUNDARY VALUE PROBLEM (2.1)

In section we derive problem (2.2) and prove Statement 1) of Theorem 2.1.
We introduce the Hilbert space Ly(€2) with the scalar product and norm

(0, V)L, @) 3:/11(95) 'Tl’)dﬂ HuHiQ(Q) :/]u(x)\QdQ.

For the space Ly(£2), the Weyl expansion into an orthogonal sum of solenoidal fields with
zero normal component on the boundary and potential fields is valid (see, for example, |5, Ch.
2, Sect. 1, Eq. (1.18)]):

Ly(2) = Jo(Q2) & G(Q),

where
Jo(Q) ={uely(): divu=0 (z€Q), u-n=0 (ze€dQ)},
G(Q):={uely(Q): u=VU}.

Here the operations of divergence and the normal component on the boundary are understood
in the sense of the theory of generalized functions (distributions), see |5, Ch. 2, Sect. 1.6].

Hr, Cg are energy spaces for the operator R and the matrix R, respectively.
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In what follows we suppose that the fields u;, Vp; (i = 1,...,n) depend on the variable ¢ and
take values in Ly(€2). Then u;(t) € Jo(€2) by the continuity equations and boundary conditions
from (2.1), and Vp;(t) € G(2), obviously, for each t > 0. We introduce orthoprojections P,
and Py of the space Ly(€2) onto the subspaces Jo(£2) and G(£2), respectively. Applying the
orthoprojections Py and Pg to the momentum equations from (2.1), we obtain the relations

d i g :
i Z /LZ]PQAUJ —I-Z—CLZJ ui)+P0fi, 1= 1,...,n, (31)

0=——Vp1+zp—,uUPGAu]—|—PGf,, 1=1,...,n. (32)
(2 i—1 (2

Having the known fields u; and the given fields f; by relations (3.2) we can recover the fileds
Vp; (i =1,...,n), and this is why in what follows we study only relations (3.1).

We mtroduce the Stokes operator A, which the Friedrichs extension of the operator —FPyA
on smooth fields from Jo(€2) with the nofslip condition on the boundary OS2 of the domain (;
see, for example, |5, Ch. 2, Sect. 2.6]. The operator A is self-adjoint and positive definite, its

spectrum is discrete and has the following asymptotic distribution (see [16]):
A
Me(A) = 33 k3(1+o0(1)), k— ooc. (3.3)
7r

By using the Stokes operator, equations (3.1) together with initial conditions in (2.1) can be
rewritten as the initial value problem for a system of operator equations in Jo(€2):

du; .
L :__<ZMAUJ+Z% )+Pof,, w(O) =, i=1,...n (3.4)

Now system of operator equations and initial conditions (3.4) can be rewritten as Cauchy
problem (2.2).
We present the rest of the proof in the form of several lemmas.

Lemma 3.1. Let detS # 0 and S <> S. Then the operators SA, AS are closed on D(A)
and SAE = ASE for all £ € D(A).

Proof. 1) Let us show that the operator SA is closed on D(A). Due to its diagonal structure, the
operator A is closed on its natural domain D(A). It is obvious that the operator S is bounded’,
that is, S € L(H), since all coefficients of the operator matrix S are proportional to the unit
operators I. The inequality detS # 0 implies that there exists S~! € £(#). This yields, see,
for example, |3, Ch. T, Sect. 5.2, Prbl. 5.7|, that the operator SA is closed on D(A). Indeed,
let &, — & (&, € D(SA) = D(A)), SAE, — (. The last relation can be equivalently rewritten
as A&, — S'(. Together with closedness of the operator A this yields that & € D(A) and
A¢ = S7I¢ or, what is the same, SA¢ = (.

2) Let us show that the operator AS is closed on D(A). The operator AS is defined on
the natural domain D(AS) :={{ € H: S € D(A)} and is closed on it. Indeed, let &, — &
(¢, € D(AS)), ASE, — ¢. In view of the boundedness of the operator S, these conditions
imply S, — S¢ (8¢, € D(A)), A(SE,) — ¢. Together with the closedness of the operator A
this implies that S§ € D(A) (or £ € D(AS)) and ASE = (.

Let us show that D(AS) = D(A). Let £ € D(A). In view of the structure of operator S
and the fact that the domain D(A) of the Stokes operator A is a linear set, we obtain that
8¢ € D(A), and hence D(A) C D(AS). Now let £ € D(AS), that is, S¢ =: ¢ € D(A). Then,
arguing as above, we obtain £ = S~'¢ € D(A), and therefore, D(AS) C D(A).

By L(H1,Hs2) we denote the algebra of linear bounded operators from H; to Ho defined on the entire space
Hi, L(H) = L(H,H).
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3) The identity SA = ASE for all £ € D(A) can be checked straightforwardly. The proof is
complete. O

Lemma 3.2. The operator B is bounded and non—negative in H.

Proof. 1) Let us show that the operator B is bounded. For all £ € ‘H we have

n

IBENZ, =

=1

n

= (- w)

i=1

n n
<N Z a?j”uj - uiHiQ(Q) < Q”iﬁlﬁx n{a?j} Z (|’uj‘|i2(ﬂ) + ”ui”iz(Q))

-----

i,j=1 i,j=1

2 n n

2
< Z (Zaijnuj - uz‘HLz(Q))

L2 () i=1 N j=1

...........

-----

2) We recall that a;; =aj; >0 7(i,j =1,...,n). For each £ € H we have

n

(BE, &)n = — Z aij(u; — u, ui)LQ(Q) == Zaij<uj — Uy, ui)LQ(Q) - Z aij(u; — w;, ui)Lz(Q)

=1 1>] i<j
= = ay(u; — W, W)y — > (W — )Ly = Y aglluy — i, =0,
1>7 7<t 1>7

that is, the operator B is self-adjoint (see, for example, [13, Ch. 2, Sect. 12, Thm. 12.3]) and
non—negative in H. The proof is complete. O

Lemma 3.3. The operator R~ (MA + B) is self-adjoint and positive definite in the energy
space Hg of operator R.

Proof. 1) Let us show that the operator MA is self-adjoint in H. Indeed, it follows
from M = M* € L(H) [3, Ch. I, Sect. 5, Prbl. 5.26] that (MA)*=A*"M*=AM on
D(MA)*) = D(AM). The inequality det M # 0 and Lemma 3.1 imply AM = MA on
D(A) = D(MA) =D(AM).

The operator MA + B is self-adjoint in H since B is self-adjoint and bounded [3, Ch. V| Sect.
4, Thm. 4.3]. Hence, the operator R™'(M.A + B) is self-adjoint in the energy space Hr of the
operator R. Indeed, given R = R*, R~ € L(H), for each £, € D(A) = D(R"Y(MA + B)) we
have

(R MA+ B, g)HR = (MA+B)E,¢),, = (& (MA+ B)),
= (R, RN MA+B)S),, = (&R MA+B)),, .

2) Let us show that the operator R™!(M.A + B) is positive definite in Hg.

We denote by \;(M) and ¢;(M) (j =1,...,n) the eigenvalues and corresponding eigenvec-
tors of matrix M. The coordinates of the eigenvectors can be assumed to be real, and the
system {p;(M)}7_; is an orthonormal basis in C" since the viscosity matrix M is positive def-
inite by assumption. Let M, = My (¢1,...,¢,) be the matrix, the columns of which are the
eigenvectors of matrix M. Then the identities MT = M7, MEM, = M, M? = I, hold, where
L, is the identity matrix in C" and MMM, = {d;;A;(M)}} We let M, <+ M. Then

t,j=1*

MM, = M M, =T, where T is the identity operator in H, MZ MM, = {057\, (M)I}},_;.
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In view of Lemmas 3.1, 3.2 for each £ € D(A) = D(R™Y(MA + B)) we have

(RN MA+B)E ), = (MA+B)E,E),, = (MAE O
= (MAM@M;@ MWM;QH
= ((M;MM )AM*S M*g)

= ({050 (M)A MLE, MEE).,
> Mi(A4) Dglm A (M)(MEE, ML)

-----

=1,...,

(A) j(M)
> M\(A) min Aj(M)jgﬂn Py (RE
(A) (M)

-----

jmin_p; (I

and therefore, the operator R™1(MA + B) is positive definite in Hz. The proof is complete. [

Lemma 3.4. Let u) € D(A) (i =1,...,n), and the fields §; (i =1,...,n) satisfy the local
Hélder condition. Then initial boundary value problem (2.1) has a unique strong in time solu-
tion.

Proof. By Lemma 3.3, the operator —R(MA + B) is self-adjoint and negative definite in
Hr, and hence is the generator of a holomorphic contraction semigroup; see, for example, |3,
Ch. IX, Sect. 6, Thm. 1.24]. Now, to apply Crandall — Pazy theorem (see [11] or [I, Ch
I, Sect. 1, Thm. 1.4]) to the Cauchy problem, we need to show that £° € D(A) and that F
satisfies the local Holder condition.

1) The conditions on the initial data imply £° := (uf;...;u’)" € & | D(A) = D(A).

2) Let us verify that the function F := (Pofl; cels Pofn)T is locally Hoélder continuous with
values in the space Hgr. By the assumption, the fields f; (i = 1,...,n) satisfy the local Holder
condition, that is, for each T' € [0, +00) there exist numbers K; = K;(T) > 0, k; = k;(T) € (0, 1]
such that

for 0<s,t<T.

1£:(1) = £i(8)[|La0) <

Next, we have

1
IF () = F ()l < max p} | F(t) = F($)lln = max. p} ZHPO 08 (5)]12, 0
1 n
< jmax ,0] Bl Z i (t) )||%2(Q) < j{r%axnp]? ZK¢2|t — |2
,,,,, e -~
1 i — Inln k: min kj
= max p; ZK2|7§ — 5| j |t — slo=ten™

n
1 2ki— k;) min k;
< max p; g K?T T e |t — S|J=IRIE" ! VOo<s,t<T.

i=1,....,n
A 2

By Crandall — Pazy theorem, Cauchy problem (2.2) has a unique solution in the sense of
Definition 2.1, and therefore, initial boundary value problem (2.1) has a unique strong in time
solution, see Definition 2.1. The proof is complete. O
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4. SPECTRAL PROPERTIES OF OPERATOR R~ (MA + B)

In this section we prove Statements 2), 3), 4) of Theorem 2.1.
For the sake of completeness of the presentation, we prove the following auxiliary proposition.

Proposition 4.1. Let the operator T be self-adjoint, positive definite in H, and have a

discrete spectrum. Let the distribution function of its eigenvalues N'(r,T) := Y. 1 have a
)\k(T)ST‘
power law asymptotic distribution
N(r,T)=ar*(1+0(1)), r— +oo. (4.1)
Then the eigenvalues of operator T satisfy the asymptotic formula
M(T) = a~aka (1+0(1)), k— oo. (4.2)

The inverse is also true.

Proof. 1) Let the leading term of the eigenvalue distribution function N(r,T) of T have a
power law asymptotic behavior. Let us show that while dealing with this leading term, we can
suppose that all eigenvalues of T" are simple. Indeed, we renumber the eigenvalues of T" in the
ascending order as follows: {\1(T) = ... = A\, (T) hiew, where n; € N is the multiplicity of
the eigenvalue. We denote by {u;s(T)}iew, s=1...n, the system of corresponding eigenelements,
which is an orthonormal basis in the Hilbert space H.

We define the operator

(s — 1) min{1, A — (T
Su = ZZ {1, 1;;11 1( ) 1,1( )} (Ujuz,s(T))Hul,s(T), we H.
IEN s=1
The operator S is bounded (S € L(H)) due to the estimates

HSU’H%I _ Z Z (S — 1) min {L );Zl;-l,l(T) - )‘l,l(T)} |(U,UZ,S(T))H|2

leN s=1

ZZ’”UZS H’Q_HUHH VueH.

leN s=1

It is easy to see that all eigenvalues of the operator 7'+ S are simple. Let us show that
the leading terms of the distribution functions N'(r,T) and N (r, T + S) coincide. Indeed, the
eigenvalues of the operators 7" and 1"+ .S coincide with the characteristic values of the operator
pencils lo(\) ;=1 —AXT~! and I(\) ;=1 — AXT~' +T71S, respectively. The desired assertion
now follows from the inclusion ' 7718 € &, (H) and Keldysh theorem [4] on the comparison
of spectra of operator pencils, see also Markus — Matsaev theorem |[3].

2) Let the distribution function of the eigenvalues of the operator T have power law asymp-
totic distribution (4.1). By the above proven facts, we can suppose that all eigenvalues of
operator T are simple. By (4.1) we have

lim ./\/—(r, T)

r——+o00 ar®

= 1.

We use Heine definition of the limit of a function, choosing {r, = A\¢(T) }rew as the sequence
of points. Then N (A (T),T) = k and the last relation due to the convergence A\,(T) — +00 as
k — oo can be rewritten in the following equivalent forms:

k (7))
im ——— =1 <= lim a(M(T))

= 1.
A (T)—+o00 a(/\k(T)) k—o0

By &oo(Hi,Hs) we denote the set of completely continuous (compact) operators from L(Hi,Hsz),
Co(H) :=Coo(H,H).
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The latter relations implies (4.2), and all calculations can be inverted. The proof is complete.
O

Lemma 4.1. The spectrum o of the operator R~ (MA+ B) is localed on the positive semi-
axis, 1s discrete and has the asymptotic distribution

32

M (RTYMA+B)) = (ﬂ tr (R—éMR-é)g) k3 (1+0(1)), k— oo (4.3)

Proof. 1) Due to the compactness of the inverse operator for the Stokes operator, we have
AV = {0;A71}7 -1 € G4 (H). Taking into account Lemma 3.1, we find that

(R MA+B) " = A 3(M+ A 2BA2) A IR € 6. (H),

and therefore, the spectrum of the operator R~ (M.A + B) is discrete (and lies on the positive
semiaxis by Lemma 3.3).
2) In the spectral problem

R MA+ B)E = X,
we make the change R%S =: ¢ and obtain the spectral problem
R™I(MA+BR2¢ = AC.
The spectrum of this problem coincides with the characteristic values of the operator pencil
L) =T — AR3(MA)'R? + (RF(MA)'R2)R2BR 2.

By the aforementioned Keldysh theorem [1], [8], the leading term of the distribution function of
the characteristic values of operator pencil £(A) coincides with the leading term of distribution
function of characteristic values of the truncated operator pencil Lo(\) := Z — ARz (M.A) 'Rz,
if this distribution function for Ly(\) is, for example, power law. The problem on the spectrum
of operator—function L£y(\) is equivalent to the spectral problem

(R™2MR™2)AC = AC.

Thus, if the leading term of the distribution function N (r, (R"2MR"2).A) is power law, then
the distribution function N(r, R~'(M.A + B)) also has the same leading term.

3) We let P := R"2MR "z and as in Lemma 3.3, we denote \;(P), ¢,;(P) (j = 1,...,n) the
eigenvalues and the corresponding eigenvectors of matrix P. The coordinates of the eigenvectors
can be assumed to be real, and the system {p;(P)}}_, is an orthonormal basis in C". Let
P, =P,(¢1,...,¢,) be the matrix, the columns of which are the eigenvectors of matrix P.
Then the identities PT = P7, PLP, = P,P7 = I, hold, where I, is the identity matrix in C",
P PP, = {6;;7\;(P)}},_;. Welet P, <> P,. Then P;P, = P,P; = I, where Z is the identity
operator in H, 7{:@(7%’%/\/[7?,’%)73¢ = {05\ (P)I}7,—,. We make the change P3¢ =: 7 in the
problem

(R™2MR™2)AC = X,
and in view of Lemma 3.1 we obtain the split spectral problem

PLR™EMR™Z)P,An = {6;;0(P)AY _in = M, n € D(A) = P D(A).

=1
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In view of Proposition 4.1 and (3.3) this yields

_3
11 - — [, 2 (P) 5
N(r, (RTEMR™2)A) =Y N(r,\(P)A) = ek (1+0(1))
— e
1| -3 1 _1, 3
:ﬁ A]2(R : MR 2)T2(1+0(1))
j=1
|Q| _1 _1\-3 3
=33 tr (R72MR"z) *r2(1+o0(1)), r— +oc.
By Proposition 4.1 and the above proven facts this implies (4.3). The proof is complete. [
Lemma 4.2. The spectrum o can be represented as o = {)\ }ke]N p=1,..n, Where )\,(f)
(p=1,...,n) are the roots of the characteristic equations

det (\e(A)M + B — AR) = 0.

The system of eigenelements {ﬁ,ip)}kemp_ ,,,,, n of operator R-Y(MA+ B) forms an orthonor-
mal basis in the space Hr and it can be represented as

o) o ug(A)
&)= Jm@=| ?
i Pl A)) ) o
where cplgp) ; (go,(fi, . .,ga,({pzl) (p=1,...,n) are the normalized in C”R eigenelements of the

matriz spectral problem
(M(AM + B)p = ARep.

Proof. 1) We seek the eigenelements of the spectral problem
(MA+ B)¢ = ARE
as & :=pui(A) (k€ N), where ¢ :=(p1;...;0,)T € C*.  Then, in view of the identity
A& = M (A)E, we obtain the relation
(MA+B—=AR)E{ = (M(AM + B = AR)E = (M(AM + B — AR)pui(A) = 0.

Hence, since u(A) is an eigenelement of the Stokes operator, and therefore is nontrivial, the
vector ¢ should be an eigenvector of the matrix spectral problem

(M(AM 4+ B — AR)¢ = 0.

Thus, let /\,(cp), cp,(cp) : (gogcp{, o go,(cpzl) p=1,...,n, be the eigenvalues and corresponding

eigenvectors of the matrix Spectral problem
(M(AM+B - AR)p =0

for each k € N. We can suppose that the system {go(p)}”zl is an orthonormal basis in C}{

for each k € IN. Then /\ : fk = gp uk(A) (keN,p=1,...,n) are the eigenvalues and
corresponding eigenelements of the operator R™1(MA + B). At the same time, the system
{flip)}kew7 p=1...n is orthonormal in Hg.
2) Let us show that the system {5,?)},?6]1\17,):1 ,,,,, » is complete in Hyr. Since the system of
eigenelements of the operator R~ (MA + B) is orthonormal, this will imply that the operator
“H(MA + B) has no eigenelements different from found ones. In this case, the roots of the

characteristic equations
det (Ae(A)M +B — AR) =0
exhaust all the eigenvalues of the operator R~ (MA + B).



PROBLEM ON SMALL MOTIONS 31

Suppose that the system {f,ip)}ke]N’ p=1,..n is incomplete in Hz. Then there exists an element
(= (vy;...;vp)T € H, ( #0, orthogonal to all elements of this system, that is,

(»)

Pr1uk(A) Vi prof ug(A) Vi
&P Owun = | R : A = : .
eur(A)) \va/ ) pupliun(A)) \va/ )

—ZPJS%] (U (A),vj)Ly) =0 VkEeN, p=1,...,n
Then for a fixed k € ]N we have n relations
ZPJ‘P;W u,(A Vj)LQ(Q) =0, p=1...,n.

These relations and the fact that {o\P = (gp,(ﬁ; o gog?zl)T »_, is a linearly independent system,

since it is an orthonormal basis in Cg, can be rewritten as

1 1 1 1
Pl Pen) /o (W(A), V)L 0 A
S : =1:], det| & .. |#O.
gp,gnl) e gpéngl Pr(Wi(A), Vi), (0) 0 gpé"l) e go,(;?L

This yields that (up(A),v;)L, =0forall k€N, j=1,...,n. Hence, v; =0, j=1,...,n,
since {ug(A)}rew is an orthonormal basis in Jo(£2) being the system of eigenelements of Stokes
operator. Thus, ( = 0. The obtained contradiction completes the proof of the lemma. O

Lemma 4.3. The solution to Cauchy problem (2.2) is given by the formula
t

) =U)E + /U(t — 5)F(s)ds, (4.4)
w . o ug(A)

UE =Ut) | ZZ M thlgokl (wr, ur(4)) g, o) : . (4.5)
u kelN p=1 (p)
n SDk,nuk(A)

Proof. If U(t) is a holomorphic semigroup with the generator —R™'(MA + B), then for-
mula (4.4) gives a solution to the Cauchy problem (2.2) by Crandall — Pazy.

Formula (4.5) is implied by the representation of the semigroup U(t) via the spectral family
generated by the generator — R~ (MA + B). In view of Lemma 4.2 we have

SD DI G PRC

kelN p=1
n p1uy o ug(A) i ue(A)

sy () |
e ) L)), s

. P ug(A)

A :
S )
kEN p=1 gokpnuk(A)

The proof is complete. O
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5. CONCLUSION

We studied the unique solvability and spectral properties for the initial boundary value
problem on small motions of a multicomponent viscous incompressible fluid. The considered
equations are certain generalizations of the well-known system of Navier — Stokes equations
and they involve higher order derivatives (second order derivatives) of the velocity fields of all
components. This is due to the fact that unlike the Navier — Stokes equations, in which the
viscosity coefficient is a scalar, in the multicomponent case, due to the composite structure
of the viscous stress tensors, the viscosity coefficients form a viscosity matrix, the elements of
which are responsible for viscous friction. Diagonal elements are responsible for viscous friction
within each component, and the off-diagonal elements are responsible for friction between the
components. This does not allow one to extend immediately the known results for the Navier —
Stokes equations to the multicomponent case. In the case of a diagonal viscosity matrix, the
equations are likely related only via lower order terms. In this paper we considered a more
complicated case of a non—diagonal viscosity matrix. The existence and uniqueness of a strong in
time solution to the initial boundary value problem were proven with no simplifying assumptions
about the structure of the viscosity matrix other than the standard physical requirements of
symmetry and positive definiteness. We also proved the discreteness of spectrum in the problem
on normal oscillation in the considered system, along with the asymptotic formula for the
eigenvalues. The spectrum and system of eigenelements of the problem on normal oscillation
were expressed in terms of the Stokes operator.
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