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IDENTIFICATION OF FORMAL
POWER-LOGARITHMIC EXPANSIONS FOR
SOLUTIONS TO ¢—DIFFERENCE EQUATIONS

N.V. GAIANOV, A.V. PARUSNIKOV

Abstract. We consider an algebraic g—difference equation. We propose a sufficient con-
dition for the existence of a formal power—logarithmic expansion in the vicinity of zero of
the solution to such an equation. We apply this sufficient condition to construct the formal
expansion of a solution to a certain g—difference analogue of the fifth Painlevé equation for
particular values of the parameters in the equations. We consider two different values of ¢,
which lead to qualitatively different formal asymptotic expansions for the solutions.
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1. INTRODUCTION

Nowadays the theory of g—difference equations and systems is being actively developed [4],
[3]. Methods for finding solutions in the form of formal power expansions are well-mastered [(],
there are proofs of their convergence [7]. However, even linear ¢—difference equations can
have solutions with logarithmic terms [5]. In our previous paper [1] we obtained a sufficient
condition for the existence of a solution with a power-logarithmic expansion in non-negative
integer powers of the independent variable (Dulac series). Developing these results, in the
present paper we extend the methods and results of power geometry [1], [2] to the case of
g—difference equations, formulate sufficient conditions for the existence of formal solutions to
an algebraic ¢—difference equation. We formulate sufficient conditions ensuring the existence
of formal solutions with power—logarithmic series of a more general form than in the previous
paper, and we present a method for constructing these solutions. We also provide an example of
applying the obtained theorem to construction of a formal expansion for a solution to a certain
g—difference analogue of the fifth Painlevé equation for particular values of the parameters.
We consider two different values of the number ¢, which lead to qualitatively different formal
asymptotic expansions for the solutions to the analogue of the fifth Painlevé equation.
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2. MAIN DEFINITIONS

In this work we consider the case x — 0.
Suppose that y is a univalent complex—valued function of a complex variable x, and ¢ # 0.
We define the g—difference differentiation operator o by the formula
(oy)(x) = y(qz),

the function oy is called ¢-difference derivative of function y. We also suppose that ¢* # 1 for
all k € N. An algebraic g—difference equation of the n-th order is the equation

f($7y7 0y7"'70-ny) = 07 (2'1)

where f is a polynomial of n + 2 variables.

We borrow the known definitions in the power geometry for differential equations from |[?]
to construct a similar theory for g—difference equations. We denote X = (x,y). A g—difference
monomial b(x,y) is the product of a monomial cz™y"2, where ¢ = const, r;,75 € R, and of
finitely many ¢-difference derivatives o'y, [ € N. A g-difference sum is the sum of ¢-difference

monomials
FX) =) a(X). (2:2)
To each g—difference monomial b(X), we assign a vector exponent Q(b) as follows:

Qez™y™) = (ri,m2);  Qo'y) = (0,1);  Qbi(X)ba(X)) = Q(b1(X)) + Q(b2(X)).

We denote by S(f) the set of vector exponents ¢ of the difference sum f(X), and by fo(X) we
denote the sum of all monomials b; for which Q(b;) = @. Then

FX)= > fo(X).
QeS(f)

The set S(f) is called the support of sum f(X) and of equation (2.1). We observe that the
support of the algebraic g—difference equation (2.1) lies in Z2.
The Newton polygon of equation (2.1) (as well as of g—difference sum (2.2)) is the convex hull

of the set S(f), which is denoted by I'(f). The boundary OI'(f) of the polygon I'(f) consists

of the vertices I‘EO) and edges F;l), which are (generalized) faces ng)7 where the superscript d
indicates the dimension of the face. Each generalized face has a corresponding boundary subset

Si¥ = S(f)nTy,

J
the truncated sum

F2X) =3 fo(X)
Qes?
and the truncated equation
£2x) =o0. (2.3)

3. RELATIONS BETWEEN SOLUTIONS TO ORIGINAL AND TRUNCATED EQUATIONS
If equation (2.1) possesses a solution of the form
y=cx"+ 0", reR, -0, >0, ceC\{0}, (3.1)

then its truncated solution is
y=cx", (3.2)
and the normal cone of solution (3.1) is the ray A\(—1, —r), where A > 0.
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(d)

The normal cone of the face Fj is the set

U ={P: (P.Q) = (P.Q), Q.Q €51 (P.Q) > (P.Q")., Q"€ S(N\ S},
where (P, Q) := p1q; + p2qo is the scalar product of vectors P = (p1,p2), Q = (q1,2)-

Theorem 3.1. If equation (2.1) has a solution (3.1) and the normal cone U of solution (3.1)

s such that U C U;d), then truncated solution (3.2) is a solution to corresponding truncated
equation (2.3).

Proof. We substitute solution (3.1) into equation (2.1)

Z fo(z,cx” + O(x"*%) Z fo(z,ca™) +0@") + 0(z"") = 0,

QeS(f) Qes?

where

"= min (Q, (1,r + ¢€)), = min (Q,(1,7)).
Qesy? Qes(H\s;”

Since U € U, we find 1" > (Q, (1,7)) for all Q € S\*. We obtain

> Jalw,an) (1 +o(1), =0,

(d)
Qes!

and to ensure the identity, we need

Z folz,ca”) =

(d)
QES;

what is exactly truncated equation (2.3). The proof is complete. ]

4. SOLUTIONS TO TRUNCATED EQUATIONS

We consider the truncated equation ]E(o) = 0 corresponding to the vertex I'®© = (g, ¢) of
the Newton polygon. Substituting here y = cx” and canceling the powers of x and ¢, we obtain
the equation

CilJQ:C*qlquTf:(O) (x’ er) — X(T) — O’

which depends only on r and, generally speaking, on ¢q. The polynomial x(r) is called the
characteristic polynomial of the q—difference sum f ©)(X). Among its roots, we need to select
ones, for which the vector (—1, —r) lies in the normal cone U

Consider the truncated equation corresponding to the edge I'V) lying on the line ¢; +r¢g+c¢ =
0. In ensure that the solution y = cx” solves the truncated equation f(l)(x, y) = 0, it is necessary
to have (—1, —r) € UM, which uniquely determines the value of . The value of ¢, is found by
the determining equation

cf( )([L' Cr X ) 0

Thus, each truncated equation has one or several appropriate solutions with U ¢ U@
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5.  CRITICAL VALUES OF TRUNCATED SOLUTION

If truncated solution (3.2) is found, the change y = cx” + z reduces equation (2.1) to

flz,2) = f(z,cx” 4+ z) = 0. (5.1)
In many cases, up to a possible reduction by some power of x, equation (5.1) reads
f(x,2) == L(0)z + h(z,2) =0, (5.2)
where £(0) is a linear ¢—difference operator with constant coefficients
L(o) = a,o™+ ...+ a0 + ao, (5.3)

the point @ (L(0)z) = (0,1) is located in the support of equation (5.2) and is a vertex of the
polygon I'(f), and the support of S(h) does not contain the point (0, 1).
We define the characteristic polynomial of g-difference sum L(0)z by the formula

v(k) =2 "L(o) 2.

If v(k) # 0, then the roots ky, ..., ks of the polynomial v(k) are called eigenvalues of truncated
solution (3.2). Real eigenvalues k € {k1, ..., ks}, for which k > r, are called critical values.

We introduce some additional notation. We translate the support of S(f) by (0,—1) and

denote the new set by S’(f) = S(f) — (0,1). Let r be a number such that for each point

Q' € S'(f) we have (R,Q') > 0, where R = (1,7). By S'.(f) we denote the set of finite

sums of points Q' € S’(f) and vectors (ky,—1),...,(ks,—1), where ky,... ks are the critical
values of the truncated solution y = cz”. Let K(ki,...,ks) be the set of ¢ € R such that

(@1, —1) € SL(f).

6. POWER-LOGARITHMIC EXPANSIONS OF SOLUTIONS

As it was shown in [1], not each algebraic ¢—difference equation has power solutions, i.e.,

solutions in the space
Cllz]] = {Z cra®, ¢, = const € C} :

k=0
In [1], we restricted ourselves to formal solutions represented by the series

Zpk(logq )k,
k=0

where p; are polynomials with complex coefficients.

In this paper, we consider formal series of more general form (6.1), which are power—
logarithmic asymptotic expansions of solutions.

In what follows we prove a sufficient condition for the existence of a formal power—logarithmic
asymptotic expansion of a solution to a ¢g-difference algebraic equation, which is similar to that
for a differential equation |2].

Theorem 6.1. We consider equation (2.1) and its truncated solution (3.2). Suppose that
after the change y = cx” + z and transformations we obtain equation (5.2) and let the following
conditions be satisfied for the support of equation (5.2):

(1) the point (0,1) is the vertex of T(f);

(2) in the equation f(x,z) = 0, the vertez (0,1) corresponds only to the term L(c)z, where
L(o) is a linear q—difference operator defined by formula (5.3) (L(0) is a polynomial in o
with constant coefficients).
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Then equation (5.2) has a formal solution of the form

z=25k(long)mk, ke K(ky,....,ks), k>, (6.1)
k

where By, are polynomials in the variable log, x, and ki, ..., ks are critical values of truncated
solution (3.2).

Proof. We rewrite equation (5.2) as
L(o)z = —h(z,2).
We substitute formal solution (6.1) into equation (5.2). After the substitution, the left hand

side contains terms with powers of 2%, where k € K (k1,..., k), k > r. The right hand side
involves terms with powers of the form (@ 1%) where Q = (q1, ) € S(f).

But (@, (1,k)) € K(ki,...,ks) since (Q, (1,k)) = ¢1 + kqa. The set K(ky,...,ks) contains
the abscissa of the vertex Q'+ g2(k, —1) = (q1,q2 — 1) + q2(k, —1) = (q1 + kqo, —1); here we use
the fact that g2 € Z,, i.e. we add the point (k,—1) to itself finitely many times.

Therefore, equating the coefficients at the like powers of ¥, we obtain a family of difference
equations on f;; hereinafter ¢ = log, ;

L(¢"T)Br(t) + 0u(t) = 0, (6.2)
where 0} is a polynomial in the functions 5y, where ¢ € K(ky,...,ks), { < k; the translation
operator T is defined by the formula (7'f)(¢t) = f(t + 1). The proof is complete. O

Remark 6.1. Equations (6.2) obtained in Theorem 6.1 are similar to ones in |1, but now
the indices k are not only non-negative integers.

A critical values k is said to satisfy the compatibility condition if 0;(t) = 0 in equation (6.2).

Remark 6.2. Under the assumptions of Theorem 6.1, let the compatibility condition be sat-
wsfied for all critical values k, and let all critical values k be non—multiple. Then formal solution
(6.1) to equation (5.1) contains no logarithms.

Proof. The functions fj appear as solutions of difference equations (6.2).

If k£ is a non—multiple critical value and the compatibility condition is satisfied for it, then
the equation for f; reads
then its solution is S (t) = C, Cx € C is an arbitrary constant.

Let k be non—critical. The function () = Ay in equation (6.2) is constant, the equation
for p reads

L(q"T)B(t) = —Ax = const,

its solution B(t) = —A./L(¢") is a uniquely determined constant. The proof is complete. [

7. POWERS OF LOGARITHMS IN EXPANSION

Let us consider how the powers of logarithms grow in expansion (6.1). We denote by u(j)
the multiplicity of ¢/ as a root of L(s).

Theorem 7.1. Let the assumptions of Theorem 6.1 be satisfied. Then the degrees of the
polynomials By, in solution (6.1) satisfy the estimates

deg By < C(k —7) Z u(j) (7.1)

forC =1+ max

1
l—r"
LeK (ki,....ks)N{e>r}
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Proof. We stress that the degree of the zero polynomial is supposed to be zero.

We prove by induction. We consider &0 = min (K (ky,..., k) N {k >r}), which is the
minimal degree in expansion (6.1). Then deg 8.0 < u(k?), and since C' > Wl—w inequality
(7.1) is satisfied.

Suppose that inequality (7.1) is true for all 5; for j < k. For fj, we have equation (6.2), in
which 6, is a linear combination of monomials of the form

Bigul(t) .. .5%‘?00 (t) Bt +1). .. 5;“13511 (t+1)...8."(t+mn).. .ﬁ;f;jj (t+n), (7.2)
where o oto0 + ... + an N, iy N, < k. This inequality also implies that
aoolioog —7)+ ... +ann, (inn, —7) < k—7.

By the induction assumption, the degree of each monomial (7.2) does not exceed

agpodeg Biy, + - .-+ ann, deg B,

<C' | apoliop — 1) Z pw(g) + .o+ ann, (iny, — 1) Z 11(5)

7'<j<7:0,0 T<j<in,N7L
<Clk=1) D n):
r<j<k
Then
deg i < deg O + p(k) < Clk = 7) 3 p(G) +p(k) SClk=r) 3, p(5).
r<j<k r<j<k
The latter inequality is true since C'(k —r) > 1. The proof is complete. ]

8. EXAMPLE OF POWER—LOGARITHMIC EXPANSION

Let us consider the fifth Painlevé equation

d2 1 1 dy\> 1d —1)2 1

da? 2y y—1) \dx x dt x2 y—1"7
where aq, as, as, as are complex parameters. Letting a; = as = 0, a3, ay # 0 and passing to
the operator § = x%, we obtain the equation

%y — dy 1 1 (0y)? y yly+1)
—= ==+ — - —0 = =
x? 2y+y—1 x? x? y+a3m+a4 y—1
We formally replace the operator 0 in this equation by o and obtain some g—difference equation
oly—oy (1 1 (oy)? 1 vy, yly+1)
——— ==+ — — —o0y+az= + ag——.
x? (2y+y—1> x? x? v+ 3£L'+ ! y—1
We simplify it by multiplying by z?y(y — 1) and we get the equation
3(oy)? oy)?
—aszy® + aszry® — asx’y® — aax®y® + yPoty — —( g) y_ yo’y + —< g) =0. (8.1)

The Newton polygon I' of this equation is shown on Fig. 1.
We are interested in the left vertical edge of the polygon I'. Tts determining equation is
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q2
(0,3) (2,3)
(0,2) 22)

[0) q1

FIGURE 1. Newton polygon of equation (8.1).

and the only non-zero solution of this equation is ¢ = —1. We make the substitution y = z — 1
in equation (8.1) and pass to the equation

—azxz® + dasrz® — Basrz + 2a3x — agx’z® + 2040227 — ayxtz + otz — 22

3 3 8.2
— 5(02)22 + 3202 — 3202 + EZ +2(02)* — 4oz + 2072 = 0, (82)

the Newton polygon of which is shown on Fig. 2.

(0, 1)1\

7

(0,0) (1,0) (2,0) &1

FIGURE 2. Newton polygon of equation (8.2).

3
The linear part of equation (8.2) reads £L(0)z = 202 — 402+ 72, and hence the characteristic

equation is

3
v(k) =2¢** —4¢" + = =0,

2
. . ) P L3
the roots k of which are determined by the equation ¢ = 3 or q° = —.
We continue the truncated solution y = —1 to a formal expansion of a solution to equation

(8.1). We consider several values of the parameter g.

Case 1. First let ¢ = %, then the eigenvalues are ky = 1, ks = 1 —log, 3. Only £, is a critical
value (kg < 0).

Since the coordinates of all points of the support of equation (8.2) are non-—negative integers,
the critical value is a natural number, and the support does not contain the point (0,0), we
have K (ki) C IN. On the other hand, the set S;(f) contains the points (0,1) and (1,—1),
their finite sums cover all numbers of the form (n,—1),n € N, and hence K(k;) = N. Thus,
equation (8.2) has a power—logarithmic solution with support lying in IN.
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We proceed to finding a solution. The second term in the expansion satisfies the equation
3
20%2 — 4oz + 52 + 2azx = 0.

Substituting the solution in the form z = fi(log, z)x, 81 € Cllog, x| into the above equation
and passing to the variable ¢t = log, x, we obtain the difference equation for j;:

%51(75 +2) =28, (t+1) + gﬁl(t) + 2a3 = 0,

all polynomial solutions of which are written as (3;(t) = 2ast + C, C € C.

Thus, we obtain the initial sum of the formal expansion of solution to equation (8.1) for
1

q:§:

y(r) = =1+ (C —2a3logyx)x+..., CeC.

1 3
Case 2. Now let ¢ = —, then the eigenvalues are k; = —, ky = —log, (5), and only k; is a

1
4 2
critical value.
Since the coordinates of all points of the support of the equation (8.2) are non-negative
integers, the critical value is a positive half-integer, and the support does not contain the

point (0,0), we have K(k;) C IN/2. On the other hand, the set S’ (f) contains the points

1
(0,1) and (5, —1>7 their finite sums cover all numbers of the form (% —1> ,n € IN, and hence

K(ky) = IN/2.
Let’s find the first term in the expansion of solution. The equation for 3 1 (t) reads

%5;(15 +2) =281 (t+1) + gﬂé(t) = 0.

This equation satisfies the compatibility condition. All polynomial solutions of such a difference
equation are constants: 6% (t) = C, C € C is an arbitrary constant. We find the next term in
the expansion, namely, the difference equation for 5; has the form

2

L) - i+ 1)+ a0 = 20, - S

2
The only polynomial solution of this difference equation is f;(t) = —g(8a3 + C?). This gives

the initial sum in the expansion of a solution to equation (8.1)

2
y(x) = —1+C\/5+—5(8a3—|—02)x—|—....

Thus, we have illustrated that, depending on the value of the parameter q of the equation, the
power truncated solution of algebraic ¢—difference equation (8.1) can be continued as a power—

logarithmic expansion of form (6.1) for g = 3 or a power expansion, which is an expansion in

1
a formal Puiseux series, for ¢ = 7
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