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COARSE-GRAINING STATES ON
ULTRAPRODUCTS OF PROBABILITY ALGEBRAS

S.G. HALIULLIN

Abstract. A probability algebra, which is a kind of analogue of a probability space, is
designed to describe a physical system. If we have a prior distribution defined by a faithful
state on this algebra and we can define the behavior of the system in terms of this state, then
we can also make some prediction about its behavior. In practice, however, it is impossible
to measure all observable quantities on the original algebra, so we only perform a partial
measurement, that is, we measure the observable quantities on a certain subalgebra. This
measurenient then determines another state on this subalgebra. If the resulting state extends
to the original algebra without introducing additional information about the behavior of
system, then we call the resulting state on the original algebra coarse—graining.

In the paper we discuss the existence of coarse—graining states, referred to as (B,w)—
coarse—graining of a state, and we also consider ultraproducts of sequences of probability
algebras and states. We show that under the introduced definition, ultraproducts of se-
quences of probability algebras are probability algebras, and we discuss the existence of
conditional mathematical expectations, coarse-grained states, and information.

Keywords: probability algebra, equivalent states, coarse—graining states, information, ul-
traproducts.
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1. INTRODUCTION

This work continues a series of studies of ultraproducts of various quantum structures [l],
[2], [6]-]9]: The author is interested in studying state relationships, such as absolute continuity
and singularity of states. However, the definitions of absolute continuity of a state with respect
to to another state may differ for different structures. This is due to the fact that sometimes it
is necessary to consider only faithful states, which, according to the traditional definition, are
trivially mutually absolutely continuous with respect to other faithful states.

It is also interesting to study questions related to the concept of absolute continuity, namely,
the existence of Radon — Nikodym derivatives, conditional expectation, coarse—graining states,
and information on probability algebras. The concept of probability algebra goes back to Day
and Segal [1], [12].

To preserve the useful properties of the “factors” in the ultraproduct, we modify the definition
of the ultraproduct subject to structure. We consider ultrafilters only in the set of natural
numbers that is motivated by questions of state equivalence and mutual contiguity of sequences
of states. The concept of contiguity was first introduced by Le Cam [10] in the statistical
problem of distinguishing closely related hypotheses with increasing sample size.
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2. EQUIVALENCE AND ORTHOGONALITY OF STATES ON PROBABILITY ALGEBRAS
Definition 2.1 ([5]). Suppose that we are given an *—algebra A over the field of complex
numbers with the involution * and a unity. A linear functional w : A — C is called a state if

i) w is positive: w(xz*x) > 0 for all x € A;

i) w is normalized: w(1) = 1.

A state w is faithful if w(x*x) = 0 implies © = 0. Let w : A — C be a faithful state on A.
Then the triple (A, *, w) is called a probability algebra.

Let (A, *, w) be a probability algebra. We introduce the scalar product on A by letting

(r,y) = w(y"z).
We denote by H the Hilbert space that is the completion of A with respect to this scalar
product. The extension of the state w from A to H is denoted by the same symbol w.

Definition 2.2 ([ 1]). A representation w of an algebra £ in a Hilbert space Hisa mapping
from & into the set of linear operators defined in a common dense domain D(m) (dense in H)
and satisfying the conditions

1. 7(1) =1;

2. mlax+y)z=an(z)z+7(y)z z,y€ &, z€ D(m),aeC;

3. w(x)D(m) C D(n) for all x € € and 7(x)n(y)z = w(zy)z, x,y€E, z€ D(m).
4. m(z*) C w(x)* for all x € A.

Definition 2.3 ([11]). A representation of m*-algebra € in a Hilbert space H is called a
Hermitian or *-representation if (y,m(x)z) = (w(x*)y, z) for all y,z € D(w) and z € £.

We note that the representation 7 is Hermitian if and only if for each Hermitian = € £, that
is, x = x*, the operator 7(x) is Hermitian.

Let (A, *, w) be a probability algebra. For z € A we define the operator 7(z) : A — A by
the formula

m(x)y = zy. (2.1)

—representation of the probability algebra A in a dense

*

Then the operator 7 is a Hermitian
invariant domain D(7) = A C H.
We define the adjoint representation of 7* as

D(x*) ={ND(n(z)") : 2z € A}, 7*(2) = [x(«")]"[D(7").

In what follows we consider representations 2.1.
We denote by L(.A) the set of all linear mappings C' : A — H.

Definition 2.4 ([5]). The set
(A ={C € L(A) : (Cr(z)y, z) = (Cy,m(z")z), w,y,2 € A}
15 called the weak unbounded commutator subgroup of the operator .
It can be shown that if C' € 7(A)°, then C': A — D(7*) and
Cn(z) =" (x)C
for all x € A.
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Example 2.1. Let (H, M, T) be a reqular probability gauge space, that is, H is a complex
Hilbert space, M s the von Neumann algebra on H, and 7 is a faithful normal trace state
on M (see [12] for more detail). In the algebra M we take a set (P,) of mutually orthogonal
projections such that ) P, = 1. We consider the set A of simple operators on H, in other
words, finite sums T = > \;P;, where \; € C, P, € (P,). We define the faithful state w on A
by letting

w(T) = Z AT ().

Then the triple (A, *, w) is a probability algebra.
Definition 2.5. Let (A, *, w) be a probability algebra.

1) A state v is called absolutely continuous with respect to a state w (denoted v < w) if
w(zixk) — 0 implies v(yzg) — 0, (kK — o0) for each y € A. Mutually absolutely continu-
ous states are called equivalent.

2) States w and v are called orthogonal if there exists a sequence (xy) € A such that
w(zirg) = 0 and v(1 —yxy) — 0, k — oo, for each y € A.

It is known that that on probability algebras the analog of Radon — Nikodym theorem holds:
a state v is absolutely continuous with respect to a state w if and only if there exists a non—

d
negative element C' =: d—y € m(A)¢ such that w(C1) =1 and v(z) = w(Cx) for all z € A [7].

W
If the state v is faithful, then C' > 0.
Let us define the concept of contiguity for sequences of states defined on probability algebras.

Definition 2.6. Let (A, *, wy)ns1 be a sequence of probability algebras.

1) A sequence of states (v,) defined on a sequence of algebras (A,, *, wp)n>1 1S called con-
tiguous with respect to the sequence (wy,) if

lim w,(x}z,) =0 dmplies lim v,(y,x,) =0 for each vy, € A,.
n—oo n—oo

If the sequence (wy) is contiguous with respect to the sequence (v,), then these sequences
are called mutually contiguous or, simply, contiguous;

2) Sequences of states (wy,) and (v,) are called completely asymptotically separable if there
exists a subsequence (n') C (n) and (z,/) € A, such that
lim wy(z),2,y) =0, lim vy (1 —yyxy) =0 foreach y, € Ay.
n/—o0 n/—o00
It is clear that the contiguity of sequences of states is a generalization of the concept of
equivalence of states, and the complete asymptotic separability generalizes the concept of or-
thogonality of states.
Let (A, *, w) be a probability algebra and B be a * subalgebra of A. In this case B is
a subspace of H and its closure B is a (closed) subspace of H. We denote by 7|B the *-
representation of the *-subalgebra B.

Definition 2.7 ([5]). For x € A, the conditional mathematical expectation of an element x
with respect to a *—subalgebra B is an element E(x|B) if

E(z|B) € D[(n|B)"] € B, w(yz) = w[(7|B)*(y)E(z|B)]
for all y € B.

The existence of the conditional expectation is implied by the following fact [5]. Suppose
that for all z € A, a state w, : B — C is defined as follows: we denote w,(y) = w(w(x)y) =
w(zy), which turns out to be absolutely continuous with respect to the state w|B. We call
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this a transformation of the state w with respect to the representation 7. Then E(z|B) =
(dwys /d(w|B))1.
It is easy to see that for y = 1 the identity holds

w(z) = w(E(z|B)).
Another property of conditional mathematical expectations is also known
E(z|B) = Pg(x),
where Pz : H — B is the projection.

Definition 2.8 ([0]). Let (A, *, w) be a probability algebra, and B C A be a subalgebra. Let
v be a state on B such that v < w|B. The (B,w)-coarse—graining v, of a state v on the algebra
A is a state, which obeys the conditions

1) v |B=v;
2) v, < w;
3) ve(x) = v [E(x|B)] for all x € A.

Let us consider one more concept that will be needed later.

Definition 2.9 ([5]). A subalgebra of B is said to preserve positivity if for each x € A there
exists a sequence (yx), yx € B, such that

Uiy — Pe(z*x), k — oo,
where the convergence is considered as that in the norm on the *—subalgebra B.
We provide some known results on the existence and properties of (B, w)-coarse—graining.

Theorem 2.1 ([3]). Let (A, *, w) be a probability algebra and B C A be a *—subalgebra.
Suppose that *—subalgebra B preserves positivity, and v is a state on B such that v < w|B.
Then (B,w)-coarse—graining of v exists.

Theorem 2.2 (|0]). Let (A, *, w) be a probability algebra and B C A be a *-subalgebra. If
a (B,w)-coarse—grain v, of a state v exists and is unique, then v, is an absolutely continuous
extension of the state v to the algebra A, and (dv./dw)|B = dv/d(w|B).

Definition 2.10. Let (A, *, w) be a probability algebra and v be a state on A. Information
about a state v with respect to the state w is a mapping v — 1,(v), which satisfies

1) I,(v) >20,1,(w) =1;
2) for states vy K w,vs K w such that ((dvy/dw)1, (dvy/dw)l) =0,

[w(yl + VQ) = [w(yl) + IW<V2>.
It is known |5, Thm. 4| that the information I, (v) exists and is unique, and
L, (v) = || (dv/dw)1]|]?,

and if (B,w)-coarse—graining of state v exists, then it is the unique continuous extension of v
to the algebra A with minimal information with respect to the state w.
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3. ULTRAPRODUCT OF PROBABILITY ALGEBRAS

Let (A, *, wn)n>1 be a sequence of probability algebras, and % be a nontrivial ultrafilter on
the set IN. We consider the ultraproduct ((A,)#, *, wy ) of this sequence (see definition in [9]).

Theorem 3.1 ([9]). The ultraproduct of a sequence of probability algebras is a probability
algebra.
In a natural way, on the probability algebra ((A,)%,*, wz), we introduce the *—
representation my and its adjoint 7}, :
7@/(95)9 = (ﬂ—n(xn)yn)?/ = (xn)%(yn)(’?/a T = (xn)‘?/v Yy = (yn)“Z/
Theorem 3.2. Let (A, *, wn)n>1 be a sequence of probability algebras.

1) If sequences of states (w,) and (v,) are mutually contiguous, then the states wy and vy
are equivalent on the ultraproduct (A,) for each nontrivial ultrafilter % on IN.

2) If sequences of states (wy,) and (v,) are completely asymptotically separable, then the states
wy and vy are orthogonal on the ultraproduct (A, )z for some nontrivial ultrafilter % on

N.

Proof. Assertion 1) was proved in |6]. Here prove Assertion 2).

We suppose the contrary, that is, the states wy and vy on the ultraproduct (A,), are
non-orthogonal. This means that for each ultrafilter %, for each sequence (z) € (A,)%, there
exists an element y € (A,)4 such that

lim wey (x3x)) = 0, lim vy (1 —yx,) >0 for some 6 > 0.
k—o00 k—o0

This implies that there exists kg such that for all £ > kg
wa (Trer) < &, vy (1 — yxy) > 0.

Hence, for all k > kg there exists Uy, € %, and for all n(k) € Uy

Wa(k) (TnyTuk) <€ Va) (1 = Yn()Tn(k)) > 0.

The latter contradicts the fact that the sequences of states (w,) and (v,,) are completely asymp-
totically separable. The proof is complete. O

We provive the conditions ensuring the existence of a conditional mathematical expectation
and the information associated with it in the ultraproduct of probability algebras.

Theorem 3.3. Let (A, *, wn)n>1 be a sequence of probability algebras, B,, be a *—subalgebra
of A, n € N, % be an ultrafilter in the set IN. Assume that

1) for each n there is a conditional mathematical expectation E(z,|B,,);

2) the sequence of states ((wy),.) defined on the sequence of *—subalgebras (B,) is contiguous
with respect to the sequence (wn|By), where (wn), (Yn) = Wn(Tn¥n), Yn € Bn;

3) the sequence of states (vy,) is contiguous with respect to the sequence (wy).

Then on the ultraproduct ((An)w, *, wa ) there exists a conditional mathematical expectation
with respect to the subalgebra (B,)s and

E((zn)a |(Bn)a) = (E(xn|Bn))a,

and there exists an information about the state of vg with respect to the state of wy and

Loy (vir) = lixn | (dv, /e L
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Proof. The proof of the theorem follows immediately from the definition of the ultraproduct and
Theorem 3.2. Indeed, Condition 2) ensures that the state ((wn),.)# is absolutely continuous
with respect to the state (w,|B,)#, and, consequently, there exists the Radon — Nikodym
derivative

d(wx;)ﬂ///d(wn|6n)% = hﬁ/in d(wxz)/d(wnlb)n)

and [d(wss ) /d(wnlBy) o)1 = E((2) o (B
In the same way, the existence of information and the necessary identity are derived from
Condition 3). The proof is complete. O]

We introduce the following definition.
Definition 3.1. Let (A,, *, wn)n>1 be a sequence of probability algebras,

A={(z,), ©, € A, :sup ||z, |, < oo}
We say that a sequence (x*))5; = (:z:ﬁf))@l € A converges uniformly to an element x = (x,,) €
A as k — oo if for each € > 0 there exists ko such that for all k > ko and all n € IN

Hx;k) — Tplln < e.

Theorem 3.4. Let (A, *, w,)n>1 be a sequence of probability algebras, B, C A, be *—
subalgebras (n € IN), and (B,,)y be the ultraproduct of sequence (B,,).

If *—subalgebra B,, preserves positivity, n € IN, and for each x, € A, there exrists a sequence
(y¥), y* € By, such that y**y* — Py, (x*x,) uniformly as k — oo, then *-subalgebra (B,)z
preserves positivity.

Proof. We take an arbitrary sequence z* € (A,)z, 2* = (2¥)4. The assumptions of theorem

implies that for each n there exists a sequence (y¥) such that lim,_, ||y**yk — Pg, (2% 2%)|| = 0.
Let Y = (ys)%, B = (Bn)%. Then
lim g™yt — Pe(a* 2| = lim lim [|y,"y, — Ps, (2372, |
k—oco %
o kx, k kx .k —
= lim lim [ly;"y, — Pp, (2,"2) [ = 0.

The interchange of limits in the double limit is ensured by the condition of uniform convergence
of the corresponding sequence. The proof is complete. O

Theorem 3.5. 1) Let (A, *, wn)ns1 be a sequence of probability algebras, B, C A, be
*—subalgebras (n € W), v, be a state on B,, such that v, < w,|B, and the sequence (v,)
be contiguous with respect to (w,|By,), and % be a nontrivial ultrafilter on the set N. If
there exists (B, wy,)—coarse—graining vy, of the state v, on the algebra A,, and *—subalgebra
(Bn)# preserves positivity, then the state vy . on the algebra (A,)y is a coarse—graining
of the state vy, where

V%c(‘) = I}IZI/n Vnc(');

2) If (vn.) is contiguous with respect to (wy,), then the state vy . is the only absolutely contin-
uous extension of the state vy to the algebra (A,)q with minimal information with respect
to wy .

Proof. The existence of coarse-graining on the ultraproduct is implied by Theorem 2.2 and 3.4.
Assertion 2) follows from Theorem 3.3. O
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