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ON DISCRETIZATION METHOD FOR THREE–DIMENSIONAL

SEMI–DISCRETE TODA LATTICE TYPE EQUATIONS

A.R. KHAKIMOVA

Abstract. In this paper we develop the classification method of three–dimensional in-
tegrable discrete lattices based on Darboux integrable finite–field reductions of equations
with one continuous and two discrete independent variables. As an example we consider
a semi–discrete Toda lattice. In the framework of the present study we obtain the Toda
lattice.
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1. Introduction

In this paper we discuss a method for classifying discrete equations with three independent
variables of Hirota — Miwa type equation

𝑢𝑗+1
𝑛,𝑚+1 = ℎ(𝑢𝑗𝑛,𝑚+1, 𝑢

𝑗+1
𝑛,𝑚, 𝑢

𝑗
𝑛+1,𝑚+1, 𝑢

𝑗
𝑛,𝑚, 𝑢

𝑗+1
𝑛−1,𝑚), (1.1)

where the function 𝑢 = 𝑢𝑗𝑛,𝑚 depends on three discrete variables 𝑛, 𝑗, and 𝑚. The approach
is based on the discretization of three–dimensional equations of the semi–discrete Toda lattice
type

𝑢𝑗+1
𝑛,𝑥 = 𝑔(𝑢𝑗𝑛,𝑥, 𝑢

𝑗+1
𝑛 , 𝑢𝑗𝑛+1, 𝑢

𝑗
𝑛, 𝑢

𝑗+1
𝑛−1), (1.2)

where the function 𝑢 = 𝑢𝑗𝑛(𝑥) depends on the continuous variable 𝑥 and the discrete variables
𝑛 and 𝑗. In other words, to obtain a list of integrable equations of form (1.1), it is necessary to
study the list of all known equations of form (1.2), which includes the lattices

(𝐿1) 𝑢
𝑗+1
𝑛,𝑥 = 𝑢𝑗𝑛,𝑥 + 𝑒𝑢

𝑗
𝑛−𝑢𝑗+1

𝑛−1 − 𝑒𝑢
𝑗
𝑛+1−𝑢𝑗+1

𝑛 ;

(𝐿2) 𝑢
𝑗+1
𝑛,𝑥 = 𝑢𝑗𝑛,𝑥 − 𝑒𝑢

𝑗+1
𝑛−1−𝑢𝑗

𝑛 + 𝑒𝑢
𝑗+1
𝑛 −𝑢𝑗

𝑛+1 − 𝑒𝑢
𝑗+1
𝑛−1−𝑢𝑗+1

𝑛 + 𝑒𝑢
𝑗
𝑛−𝑢𝑗

𝑛+1 ;

(𝐿3) 𝑢
𝑗+1
𝑛,𝑥 = 𝑢𝑗𝑛,𝑥

(𝑢𝑗+1
𝑛 )

2

𝑢𝑗𝑛+1𝑢
𝑗+1
𝑛−1

;

(𝐿4) 𝑢
𝑗+1
𝑛,𝑥 = 𝑢𝑗𝑛,𝑥

𝑢𝑗𝑛+1 − 𝑢𝑗+1
𝑛

𝑢𝑗𝑛 − 𝑢𝑗+1
𝑛−1

;
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(𝐿5) 𝑢
𝑗+1
𝑛,𝑥 = 𝑢𝑗𝑛,𝑥

𝑢𝑗+1
𝑛

(︀
𝑢𝑗+1
𝑛 − 𝑢𝑗𝑛+1

)︀
𝑢𝑗𝑛+1

(︀
𝑢𝑗+1
𝑛−1 − 𝑢𝑗𝑛

)︀ ;

(𝐿6) 𝑢
𝑗+1
𝑛,𝑥 = 𝑢𝑗𝑛,𝑥

(︀
𝑢𝑗+1
𝑛 − 𝑢𝑗+1

𝑛−1

)︀ (︀
𝑢𝑗+1
𝑛 − 𝑢𝑗𝑛+1

)︀(︀
𝑢𝑗𝑛+1 − 𝑢𝑗𝑛

)︀ (︀
𝑢𝑗+1
𝑛−1 − 𝑢𝑗𝑛

)︀ ;

(𝐿7) 𝑢
𝑗+1
𝑛,𝑥 = 𝑢𝑗𝑛,𝑥 + 𝑒𝑢

𝑗+1
𝑛−1−𝑢𝑗+1

𝑛 −𝑢𝑗
𝑛+𝑢𝑗

𝑛+1 ;

(𝐿8) 𝑢
𝑗+1
𝑛,𝑥 = 𝑢𝑗𝑛,𝑥 + 𝑒𝑢

𝑗
𝑛+1 + 𝑒𝑢

𝑗+1
𝑛−1 − 𝑒𝑢

𝑗+1
𝑛 − 𝑒𝑢

𝑗
𝑛 ;

(𝐿9) 𝑢
𝑗+1
𝑛,𝑥 = 𝑢𝑗𝑛,𝑥 +

(︀
𝑢𝑗+1
𝑛 − 𝑢𝑗𝑛

)︀ (︀
𝑢𝑗+1
𝑛 + 𝑢𝑗𝑛 − 𝑢𝑗+1

𝑛−1 − 𝑢𝑗𝑛+1

)︀
.

Integrable lattices (𝐿1)–(𝐿9) were found in the framework of various studies in the following
works. Equations (𝐿1) and (𝐿8) were obtained as iterations of the Bäcklund transformation
for nonlinear differential–difference models by Date, Jimba, and Miwa [8]. Equation (𝐿7) was
found as an equation for the Laplace invariants of linear differential–difference equations with
variable coefficients by Startsev and Adler [1]. Lattices (𝐿2)–(𝐿6) were obtained as a result of
solving the problem on classifying integrable equations of form (1.2), under some additional
assumption, by the dispersion deformations method by Ferapontov, Novikova and Rustemoglou
[9]. Equation (𝐿9) was derived while studying the properties of tangential mapping by Adler
in [7].

Remark 1.1. In our recent joint works with I.T. Habibullin [12], [6] we obtained a complete
list of equations (𝐿1)–(𝐿9) by discretizing all known three–dimensional equations of the two–
dimensional Toda lattice type

𝑢𝑛,𝑥𝑦 = 𝑓(𝑢𝑛,𝑥, 𝑢𝑛,𝑦, 𝑢𝑛+1, 𝑢𝑛, 𝑢𝑛−1), (1.3)

which consists of six equations

(𝐸1) 𝑢𝑛,𝑥𝑦 = 𝑒𝑢𝑛+1−2𝑢𝑛+𝑢𝑛−1 ,

(𝐸2) 𝑢𝑛,𝑥𝑦 = 𝑒𝑢𝑛+1 − 2𝑒𝑢𝑛 + 𝑒𝑢𝑛−1 ,

(𝐸3) 𝑢𝑛,𝑥𝑦 = 𝑒𝑢𝑛+1−𝑢𝑛 − 𝑒𝑢𝑛−𝑢𝑛−1 ,

(𝐸4) 𝑢𝑛,𝑥𝑦 = (𝑢𝑛+1 − 2𝑢𝑛 + 𝑢𝑛−1)𝑢𝑛,𝑥,

(𝐸5) 𝑢𝑛,𝑥𝑦 = (𝑒𝑢𝑛+1−𝑢𝑛 − 𝑒𝑢𝑛−𝑢𝑛−1)𝑢𝑛,𝑥,

(𝐸6) 𝑢𝑛,𝑥𝑦 = 𝛼𝑛𝑢𝑛,𝑥𝑢𝑛,𝑦, 𝛼𝑛 = 1
𝑢𝑛−𝑢𝑛−1

− 1
𝑢𝑛+1−𝑢𝑛

.

Equations (𝐸1)–(𝐸3) are known from classical works, see, for example, review [2]; equations
(𝐸4), (𝐸5) were obtained within the framework of the classification of equations of form (1.3) in
[14]; lattice (𝐸6) was found independently in [14] and [4]. Moreover, in [3], [13], [5] the problem
on a complete description of integrable cases of equation (1.3) with a linear dependence on the
derivatives 𝑢𝑛,𝑥, 𝑢𝑛,𝑦 was solved by the method of Darboux integrable reductions. To the best of
our knowledge, there are no examples in the literature of integrable equations of form (1.3) that
are not linear in the derivatives. Therefore, it is likely that the list (𝐸1)–(𝐸6) is a complete one
of integrable equations of form (1.3). In this regard, it can be conjectured that the list (𝐿1)–(𝐿9)
is also complete.
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Let us discuss some notion we shall need later. We consider a system of differential–difference
equations ⎧⎪⎨⎪⎩

𝑢𝑗+1
1,𝑥 = 𝑔1(𝑢

𝑗
1,𝑥, 𝑢

𝑗+1
1 , 𝑢𝑗2, 𝑢

𝑗
𝑛),

𝑢𝑗+1
𝑛,𝑥 = 𝑔(𝑢𝑗𝑛,𝑥, 𝑢

𝑗+1
𝑛 , 𝑢𝑗𝑛+1, 𝑢

𝑗
𝑛, 𝑢

𝑗+1
𝑛−1), 2 ⩽ 𝑛 ⩽ 𝑁 − 1,

𝑢𝑗+1
𝑁,𝑥 = 𝑔𝑁(𝑢

𝑗
𝑁,𝑥, 𝑢

𝑗+1
𝑁 , 𝑢𝑗𝑁+1, 𝑢

𝑗
𝑁 , 𝑢

𝑗+1
𝑁−1).

(1.4)

Definition 1.1. System of equations (1.4) is called Darboux integrable if it admits complete
sets of integrals in both characteristic directions 𝑥 and 𝑗.

Definition 1.2. The function

𝐽 = 𝐽(𝑥, 𝑗, 𝑢𝑗1, 𝑢
𝑗
2, . . . , 𝑢

𝑗
𝑁 , 𝑢

𝑗+1
1 , 𝑢𝑗+1

2 , . . . , 𝑢𝑗+1
𝑁 , . . . , 𝑢𝑗+𝑘

1 , 𝑢𝑗+𝑘
2 , . . . , 𝑢𝑗+𝑘

𝑁 ), (1.5)

where 𝑘 = 1, 2, . . . , is called an 𝑥–integral of system (1.4) of order 𝑘 if, for at least one pair of
numbers 𝑙, 𝑠 = 1, 2, . . . , 𝑁 , the product

𝜕𝐽

𝜕𝑢𝑗𝑙
· 𝜕𝐽

𝜕𝑢𝑗+𝑘
𝑠

does not vanish identically, and, in addition, the relation

𝐷𝑥𝐽 = 0,

holds where 𝐷𝑥 denotes the operator of total differentiation with respect to 𝑥. The derivative
of the variables 𝑢𝑗+𝑘

1 , 𝑢𝑗+𝑘
2 , . . ., 𝑢𝑗+𝑘

𝑁 , 𝑘 = 1, 2, . . . , with respect to 𝑥 is calculated by means of
system (1.4).

Suppose we are given a set of 𝑥–integrals of minimal orders 𝑘𝑙 (the definition of minimality
can be found in [15])

𝐽𝑙 = 𝐽𝑙(𝑥, 𝑗, 𝑢
𝑗
1, 𝑢

𝑗
2, . . . , 𝑢

𝑗
𝑁 , 𝑢

𝑗+1
1 , 𝑢𝑗+1

2 , . . . , 𝑢𝑗+1
𝑁 , . . . , 𝑢𝑗+𝑘𝑙

1 , 𝑢𝑗+𝑘𝑙
2 , . . . , 𝑢𝑗+𝑘𝑙

𝑁 ), (1.6)

where 𝑙 = 1, 2, . . . , 𝑁 . The set (1.6) is a complete set of 𝑥–integrals for a hyperbolic system
(1.4) if and only if

det

(︂
𝜕𝐽𝑙

𝜕𝑢𝑗+𝑘𝑙
𝑛

)︂
:=

⃒⃒⃒⃒
⃒⃒⃒

𝜕𝐽1

𝜕𝑢
𝑗+𝑘1
1

𝜕𝐽1

𝜕𝑢
𝑗+𝑘1
2

. . . 𝜕𝐽1

𝜕𝑢
𝑗+𝑘1
𝑁

. . . . . . . . . . . .
𝜕𝐽𝑁

𝜕𝑢
𝑗+𝑘𝑁
1

𝜕𝐽𝑁

𝜕𝑢
𝑗+𝑘𝑁
2

. . . 𝜕𝐽𝑁

𝜕𝑢
𝑗+𝑘𝑁
𝑁

⃒⃒⃒⃒
⃒⃒⃒ ̸= 0. (1.7)

Definition 1.3. A function

𝐼 = 𝐼(𝑥, 𝑗, 𝑢𝑗1, 𝑢
𝑗
2, . . . , 𝑢

𝑗
𝑁 , 𝑢

𝑗
1,𝑥, 𝑢

𝑗
2,𝑥, . . . , 𝑢

𝑗
𝑁,𝑥, . . . , 𝑢

𝑗
1,[𝑟], 𝑢

𝑗
2,[𝑟], . . . , 𝑢

𝑗
𝑁,[𝑟]), (1.8)

where 𝑢[𝑟] =
𝜕𝑟𝑢
𝜕𝑥𝑟 , 𝑟 = 1, 2, . . ., is called 𝑗–integral of order 𝑟 of system (1.4) if the relation

𝐷𝑗𝐼 = 𝐼

holds, where 𝐷𝑗 is the shift operator, which acts by the rule 𝐷𝑗(𝑓(𝑗)) = 𝑓(𝑗 + 1). The shift

of 𝑗 variables 𝑢𝑗1,[𝑟], 𝑢
𝑗
2,[𝑟], . . ., 𝑢

𝑗
𝑁,[𝑟], 𝑟 = 1, 2, . . ., is calculated by means of system of equations

(1.4).

Suppose we are given a set of 𝑗–integrals of minimal orders 𝑟𝑠

𝐼𝑠 = 𝐼𝑠(𝑥, 𝑗, 𝑢
𝑗
1, 𝑢

𝑗
2, . . . , 𝑢

𝑗
𝑁 , 𝑢

𝑗
1,𝑥, 𝑢

𝑗
2,𝑥, . . . , 𝑢

𝑗
𝑁,𝑥, . . . , 𝑢

𝑗
1,[𝑟𝑠]

, 𝑢𝑗2,[𝑟𝑠], . . . , 𝑢
𝑗
𝑁,[𝑟𝑠]

), (1.9)

where 𝑠 = 1, 2, . . . , 𝑁 . Set (1.9) is a complete set of 𝑗–integrals of system (1.4) if and only if
[10]

det

(︃
𝜕𝐼𝑠

𝜕𝑢𝑗𝑛,[𝑟𝑠]

)︃
:=

⃒⃒⃒⃒
⃒⃒⃒⃒

𝜕𝐼1
𝜕𝑢𝑗

1,[𝑟1]

𝜕𝐼1
𝜕𝑢𝑗

2,[𝑟1]

. . . 𝜕𝐼1
𝜕𝑢𝑗

𝑁,[𝑟1]

. . . . . . . . . . . .
𝜕𝐼𝑁

𝜕𝑢𝑗
1,[𝑟𝑁 ]

𝜕𝐼𝑁
𝜕𝑢𝑗

2,[𝑟𝑁 ]

. . . 𝜕𝐼𝑁
𝜕𝑢𝑗

𝑁,[𝑟𝑁 ]

⃒⃒⃒⃒
⃒⃒⃒⃒ ̸= 0. (1.10)
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2. Algorithm for discretization of semi–discrete Toda type lattice

Let us discuss a method for discretizing integrable three–dimensional lattices of the form
(1.2) based on its finite–field reduction⎧⎪⎨⎪⎩

𝑢𝑗+1
1,𝑥 = 𝑔1(𝑢

𝑗
1,𝑥, 𝑢

𝑗+1
1 , 𝑢𝑗2, 𝑢

𝑗
𝑛),

𝑢𝑗+1
𝑛,𝑥 = 𝑔(𝑢𝑗𝑛,𝑥, 𝑢

𝑗+1
𝑛 , 𝑢𝑗𝑛+1, 𝑢

𝑗
𝑛, 𝑢

𝑗+1
𝑛−1), 2 ⩽ 𝑛 ⩽ 𝑁 − 1,

𝑢𝑗+1
𝑁,𝑥 = 𝑔𝑁(𝑢

𝑗
𝑁,𝑥, 𝑢

𝑗+1
𝑁 , 𝑢𝑗𝑁+1, 𝑢

𝑗
𝑁 , 𝑢

𝑗+1
𝑁−1).

(2.1)

Here the functions 𝑔1 and 𝑔𝑁 are chosen such that system (2.1) is Darboux integrable. Boundary
conditions for the lattices (𝐿1)–(𝐿9) ensuring Darboux integrable reductions were found in the
works [11], [12], [6].
Suppose that the functions

𝐽𝑙 = 𝐽𝑙(𝑥, 𝑗, 𝑢
𝑗, 𝑢𝑗+1, . . . , 𝑢𝑗+𝑘𝑙), 𝑙 = 1, 2, . . . , 𝑁, (2.2)

where 𝑢𝑗 = (𝑢𝑗1, 𝑢
𝑗
2, . . . , 𝑢

𝑗
𝑁), form a complete set of characteristic integrals of minimal orders in

the direction 𝑥 of system (2.1). In other words, the functions 𝐽𝑙 satisfy the relation 𝐷𝑥𝐽𝑙 = 0,
where 𝐷𝑥 denotes the operator of the total derivative with respect to the variable 𝑥. This
means that the derivative 𝐷𝑥 of the function 𝐽𝑙 is calculated by means of original system (2.1).
In what follows we suppose that the dynamic variables 𝑢𝑗1, 𝑢

𝑗
2, . . . , 𝑢

𝑗
𝑁 depend not only on 𝑥

and 𝑗, but also on an additional discrete variable 𝑚, so we introduce the subscript 𝑢𝑗1,𝑚, 𝑢
𝑗
2,𝑚,

. . . , 𝑢𝑗𝑁,𝑚. The dependence on the variable 𝑚 will be determined by the following difference
system ⎧⎪⎨⎪⎩

𝑢𝑗+1
1,𝑚+1 = ℎ1(𝑢

𝑗
1,𝑚+1, 𝑢

𝑗+1
1,𝑚 , 𝑢

𝑗
2,𝑚+1, 𝑢

𝑗
1,𝑚),

𝑢𝑗+1
𝑛,𝑚+1 = ℎ(𝑢𝑗𝑛,𝑚+1, 𝑢

𝑗+1
𝑛,𝑚, 𝑢

𝑗
𝑛+1,𝑚+1, 𝑢

𝑗
𝑛,𝑚, 𝑢

𝑗+1
𝑛−1,𝑚), 2 ⩽ 𝑛 ⩽ 𝑁 − 1,

𝑢𝑗+1
𝑁,𝑚+1 = ℎ𝑁(𝑢

𝑗
𝑁,𝑚+1, 𝑢

𝑗+1
𝑁,𝑚, 𝑢

𝑗
𝑁,𝑚, 𝑢

𝑗+1
𝑁−1,𝑚)

(2.3)

with unknown right hand sides. To find the functions ℎ1, ℎ2, and ℎ, we shall employ the
assumption that the functions 𝐽𝑙, which are 𝑥–integrals of the (2.1) system, after introducing
the dependence on the discrete variable 𝑚, are 𝑚–integrals of sought system (2.3). We denote
these functions by 𝐽𝑙:

𝐽𝑙 = 𝐽𝑙(𝑥, 𝑗,𝑚, 𝑢
𝑗
𝑚, 𝑢

𝑗+1
𝑚 , . . . , 𝑢𝑗+𝑘𝑙

𝑚 ), 𝑙 = 1, 2, . . . , 𝑁, (2.4)

where 𝑢𝑗𝑚 = (𝑢𝑗1,𝑚, 𝑢
𝑗
2,𝑚, . . . , 𝑢

𝑗
𝑁,𝑚). In other words, the functions 𝐽𝑙 should satisfy the condition

𝐷𝑚𝐽𝑙 = 𝐽𝑙,

where 𝐷𝑚 is the shift operator of the variable 𝑚, the shift along the the variable 𝑚 is made by
means of system (2.3).
At the same time, to exclude a trivial result, the functions 𝐽1, 𝐽2, . . ., 𝐽𝑙 should form a

complete set of independent 𝑚–integrals of minimal orders for (2.3).
Suppose that system (2.3) is found and it is not trivial, then we can easily determine the

type of discrete three–dimensional lattice

𝑢𝑗+1
𝑛,𝑚+1 = ℎ(𝑢𝑗𝑛,𝑚+1, 𝑢

𝑗+1
𝑛,𝑚, 𝑢

𝑗
𝑛+1,𝑚+1, 𝑢

𝑗
𝑛,𝑚, 𝑢

𝑗+1
𝑛−1,𝑚). (2.5)

We note that to solve the discretization problem it is sufficient to restrict ourselves to considering
the case 𝑁 = 3.

3. Example

As an illustration of the discretization algorithm, we consider the semi–discrete Toda lattice
(𝐿1)

𝑢𝑗+1
𝑛,𝑥 = 𝑢𝑗𝑛,𝑥 + 𝑒𝑢

𝑗
𝑛−𝑢𝑗+1

𝑛−1 − 𝑒𝑢
𝑗
𝑛+1−𝑢𝑗+1

𝑛 . (3.1)
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The finite–field reduction of equation (3.1) is obtained from this lattice by imposing the bound-
ary conditions 𝑢0 = ∞, 𝑢4 = −∞, and it reads⎧⎪⎨⎪⎩

𝑢̄𝑗+1
𝑥 = 𝑢̄𝑗𝑥 − 𝑒𝑣

𝑗−𝑢̄𝑗+1
,

𝑣𝑗+1
𝑥 = 𝑣𝑗𝑥 + 𝑒𝑣

𝑗−𝑢̄𝑗+1 − 𝑒𝑤̄
𝑗−𝑣𝑗+1

,

𝑤̄𝑗+1
𝑥 = 𝑤̄𝑗

𝑥 + 𝑒𝑤̄
𝑗−𝑣𝑗+1

,

(3.2)

where 𝑢̄𝑗 = 𝑢𝑗1, 𝑣
𝑗 = 𝑢𝑗2, 𝑤̄

𝑗 = 𝑢𝑗3. We shall employ 𝑥–integrals of system (3.2), which read

𝐽1 = 𝑒𝑢̄
𝑗+1+𝑣𝑗+1+𝑤̄𝑗+1−𝑢̄𝑗−𝑣𝑗−𝑤̄𝑗

,

𝐽2 = 𝑒𝑣
𝑗+𝑤̄𝑗−𝑣𝑗−1−𝑤̄𝑗−1

+ 𝑒𝑢̄
𝑗+1+𝑤̄𝑗−𝑢̄𝑗−𝑤̄𝑗−1

+ 𝑒𝑢̄
𝑗+1+𝑣𝑗+1−𝑢̄𝑗−𝑣𝑗 ,

𝐽3 = 𝑒𝑢̄
𝑗+2−𝑢̄𝑗+1

+ 𝑒𝑣
𝑗+1−𝑣𝑗 + 𝑒𝑤̄

𝑗−𝑤̄𝑗−1

.

We are going to show that the integrals 𝐽1–𝐽3 form a complete set of independent 𝑥–integrals.
Let us calculate determinant (1.7). We obtain

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒

𝜕𝐽1
𝜕𝑢̄𝑗+1

𝜕𝐽1
𝜕𝑣𝑗+1

𝜕𝐽1
𝜕𝑤̄𝑗+1

𝜕𝐷𝑗(𝐽2)

𝜕𝑢̄𝑗+2

𝜕𝐷𝑗(𝐽2)

𝜕𝑣𝑗+2

𝜕𝐷𝑗(𝐽2)

𝜕𝑤̄𝑗+2

𝜕𝐷𝑗(𝐽3)

𝜕𝑢̄𝑗+3

𝜕𝐷𝑗(𝐽3)

𝜕𝑣𝑗+3

𝜕𝐷𝑗(𝐽3)

𝜕𝑤̄𝑗+3

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒⃒⃒ = 𝑒𝑢̄

𝑗+3+𝑣𝑗+2+𝑤̄𝑗+1−𝑢̄𝑗−𝑣𝑗−𝑤̄𝑗 ̸= 0. (3.3)

Therefore, the integrals 𝐽1–𝐽3 form a complete set of independent 𝑥–integrals.
Now we introduce the dependence on 𝑚 in the variables 𝑢̄𝑗 = 𝑢̄𝑗𝑚, 𝑣

𝑗 = 𝑣𝑗𝑚, 𝑤̄
𝑗 = 𝑤̄𝑗

𝑚 and

make the substitution 𝑒𝑢̄
𝑗
𝑚 = 𝑢𝑗𝑚, 𝑒

𝑣𝑗𝑚 = 𝑣𝑗𝑚, 𝑒
𝑤̄𝑗

𝑚 = 𝑤𝑗
𝑚, then the 𝑥–integrals 𝐽1–𝐽3 can be

rewritten as

𝐽1 =
𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚 𝑤𝑗+1
𝑚

𝑢𝑗𝑚𝑣
𝑗
𝑚𝑤

𝑗
𝑚

,

𝐽2 =
𝑣𝑗𝑚𝑤

𝑗
𝑚

𝑣𝑗−1
𝑚 𝑤𝑗−1

𝑚

+
𝑢𝑗+1
𝑚 𝑤𝑗

𝑚

𝑢𝑗𝑚𝑤
𝑗−1
𝑚

+
𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚

𝑢𝑗𝑚𝑣
𝑗
𝑚

,

𝐽3 =
𝑢𝑗+2
𝑚

𝑢𝑗+1
𝑚

+
𝑣𝑗+1
𝑚

𝑣𝑗𝑚
+

𝑤𝑗
𝑚

𝑤𝑗−1
𝑚

.

In what follows we suppose that the functions 𝐽1–𝐽3 are 𝑚–integrals of the system⎧⎪⎨⎪⎩
𝑢𝑗+1
𝑚+1 = ℎ1(𝑢

𝑗
𝑚, 𝑢

𝑗
𝑚+1, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1),

𝑣𝑗+1
𝑚+1 = ℎ2(𝑣

𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 ),

𝑤𝑗+1
𝑚+1 = ℎ3(𝑤

𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑤

𝑗+1
𝑚 , 𝑣𝑗+1

𝑚 ),

(3.4)

which is obtained from the lattice

𝑢𝑗+1
𝑛,𝑚+1 = ℎ2(𝑢

𝑗
𝑛,𝑚, 𝑢

𝑗
𝑛,𝑚+1, 𝑢

𝑗+1
𝑛,𝑚, 𝑢

𝑗
𝑛+1,𝑚+1, 𝑢

𝑗+1
𝑛−1,𝑚). (3.5)
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By conditions (𝐷𝑚 − 1)𝐽𝑖 = 0 we obtain the following three equations

(𝐷𝑚 − 1)𝐽1 =
𝑢𝑗+1
𝑚+1𝑣

𝑗+1
𝑚+1𝑤

𝑗+1
𝑚+1

𝑢𝑗𝑚+1𝑣
𝑗
𝑚+1𝑤

𝑗
𝑚+1

− 𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚 𝑤𝑗+1
𝑚

𝑢𝑗𝑚𝑣
𝑗
𝑚𝑤

𝑗
𝑚

= 0,

(𝐷𝑚 − 1)𝐽2 =
𝑣𝑗𝑚+1𝑤

𝑗
𝑚+1

𝑣𝑗−1
𝑚+1𝑤

𝑗−1
𝑚+1

+
𝑢𝑗+1
𝑚+1𝑤

𝑗
𝑚+1

𝑢𝑗𝑚+1𝑤
𝑗−1
𝑚+1

+
𝑢𝑗+1
𝑚+1𝑣

𝑗+1
𝑚+1

𝑢𝑗𝑚+1𝑣
𝑗
𝑚+1

− 𝑣𝑗𝑚𝑤
𝑗
𝑚

𝑣𝑗−1
𝑚 𝑤𝑗−1

𝑚

− 𝑢𝑗+1
𝑚 𝑤𝑗

𝑚

𝑢𝑗𝑚𝑤
𝑗−1
𝑚

− 𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚

𝑢𝑗𝑚𝑣
𝑗
𝑚

= 0,

(𝐷𝑚 − 1)𝐽3 =
𝑢𝑗+2
𝑚+1

𝑢𝑗+1
𝑚+1

+
𝑣𝑗+1
𝑚+1

𝑣𝑗𝑚+1

+
𝑤𝑗

𝑚+1

𝑤𝑗−1
𝑚+1

− 𝑢𝑗+2
𝑚

𝑢𝑗+1
𝑚

− 𝑣𝑗+1
𝑚

𝑣𝑗𝑚
− 𝑤𝑗

𝑚

𝑤𝑗−1
𝑚

= 0.

(3.6)

We focus on the first equation. We rewrite it bearing in mind system (3.4)

ℎ1(𝑢
𝑗
𝑚, 𝑢

𝑗
𝑚+1, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1)ℎ2(𝑣

𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 )ℎ3(𝑤

𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑤

𝑗+1
𝑚 , 𝑣𝑗+1

𝑚 )

𝑢𝑗𝑚+1𝑣
𝑗
𝑚+1𝑤

𝑗
𝑚+1

− 𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚 𝑤𝑗+1
𝑚

𝑢𝑗𝑚𝑣
𝑗
𝑚𝑤

𝑗
𝑚

= 0.

(3.7)

We differentiate equation (3.7) in 𝑢𝑗𝑚+1 and obtain that the function ℎ1(𝑢
𝑗
𝑚, 𝑢

𝑗
𝑚+1, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1)

satisfies the equation

𝑢𝑗𝑚+1

𝜕

𝜕𝑢𝑗𝑚+1

ℎ1(𝑢
𝑗
𝑚, 𝑢

𝑗
𝑚+1, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1)− ℎ1(𝑢

𝑗
𝑚, 𝑢

𝑗
𝑚+1, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1) = 0. (3.8)

Solving the obtained equation, we find

ℎ1(𝑢
𝑗
𝑚, 𝑢

𝑗
𝑚+1, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1) = ℎ11(𝑢

𝑗
𝑚, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1)𝑢

𝑗
𝑚+1. (3.9)

Then equation (3.7) can be rewritten as

ℎ11(𝑢
𝑗
𝑚, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1)ℎ2(𝑣

𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 )ℎ3(𝑤

𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑤

𝑗+1
𝑚 , 𝑣𝑗+1

𝑚 )

𝑣𝑗𝑚+1𝑤
𝑗
𝑚+1

− 𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚 𝑤𝑗+1
𝑚

𝑢𝑗𝑚𝑣
𝑗
𝑚𝑤

𝑗
𝑚

= 0.

(3.10)

We differentiate this equation twice in 𝑤𝑗+1
𝑚 , analyze the result and find that the function

ℎ3(𝑤
𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑤

𝑗+1
𝑚 , 𝑣𝑗+1

𝑚 ) reads

ℎ3(𝑤
𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑤

𝑗+1
𝑚 , 𝑣𝑗+1

𝑚 ) = ℎ31(𝑤
𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )𝑤𝑗+1

𝑚 . (3.11)

Then equation (3.10) can be rewritten as

ℎ11(𝑢
𝑗
𝑚, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1)ℎ2(𝑣

𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 )ℎ31(𝑤

𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )

𝑣𝑗𝑚+1𝑤
𝑗
𝑚+1

− 𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚

𝑢𝑗𝑚𝑣
𝑗
𝑚𝑤

𝑗
𝑚

= 0. (3.12)

Since the functions ℎ11(𝑢
𝑗
𝑚, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1), ℎ2(𝑣

𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 ), ℎ31(𝑤

𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 ) are

non–zero, equation (3.12) can be presented by one of the following versions

ℎ11(𝑢
𝑗
𝑚, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1)𝑢

𝑗
𝑚

𝑣𝑗𝑚+1𝑤
𝑗
𝑚+1

− 𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚

𝑣𝑗𝑚𝑤
𝑗
𝑚ℎ2(𝑣

𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 )ℎ31(𝑤

𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )

= 0;

ℎ2(𝑣
𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 )𝑣𝑗𝑚

𝑣𝑗𝑚+1𝑤
𝑗
𝑚+1

− 𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚

𝑢𝑗𝑚𝑤
𝑗
𝑚ℎ11(𝑢

𝑗
𝑚, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1)ℎ31(𝑤

𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )

= 0;

ℎ31(𝑤
𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )𝑤𝑗

𝑚

𝑣𝑗𝑚+1𝑤
𝑗
𝑚+1

− 𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚

𝑢𝑗𝑚𝑣
𝑗
𝑚ℎ11(𝑢

𝑗
𝑚, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1)ℎ2(𝑣

𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 )

= 0.

(3.13)
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Differentiating these equations respectively in 𝑢𝑗𝑚, 𝑣
𝑗
𝑚 and 𝑤𝑗

𝑚, we determine the dependence
of sought functions on the variables

ℎ11(𝑢
𝑗
𝑚, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1) =

ℎ12(𝑢
𝑗+1
𝑚 , 𝑣𝑗𝑚+1)

𝑢𝑗𝑚
;

ℎ2(𝑣
𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 ) =

ℎ22(𝑣
𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 )

𝑣𝑗𝑚
;

ℎ31(𝑤
𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 ) =

ℎ32(𝑤
𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )

𝑤𝑗
𝑚

.

(3.14)

Then equation (3.12) is rewritten as

ℎ12(𝑢
𝑗+1
𝑚 , 𝑣𝑗𝑚+1)ℎ22(𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 )ℎ32(𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )

𝑣𝑗𝑚+1𝑤
𝑗
𝑚+1

− 𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚 = 0. (3.15)

We express the function ℎ22(𝑣
𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 ) by this relation and we find

ℎ22(𝑣
𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 ) =

𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚 𝑣𝑗𝑚+1𝑤
𝑗
𝑚+1

ℎ12(𝑢
𝑗+1
𝑚 , 𝑣𝑗𝑚+1)ℎ32(𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )

. (3.16)

As a result, by the first equation in (3.6) we find preliminary form of sought functions
ℎ1(𝑢

𝑗
𝑚, 𝑢

𝑗
𝑚+1, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1), ℎ2(𝑣

𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 ) and ℎ3(𝑤

𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑤

𝑗+1
𝑚 , 𝑣𝑗+1

𝑚 ):

ℎ1(𝑢
𝑗
𝑚, 𝑢

𝑗
𝑚+1, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1) =

ℎ12(𝑢
𝑗+1
𝑚 , 𝑣𝑗𝑚+1)𝑢

𝑗
𝑚+1

𝑢𝑗𝑚
;

ℎ2(𝑣
𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 ) =

𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚 𝑣𝑗𝑚+1𝑤
𝑗
𝑚+1

𝑣𝑗𝑚ℎ12(𝑢
𝑗+1
𝑚 , 𝑣𝑗𝑚+1)ℎ32(𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )

;

ℎ3(𝑤
𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑤

𝑗+1
𝑚 , 𝑣𝑗+1

𝑚 ) =
ℎ32(𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )𝑤𝑗+1

𝑚

𝑤𝑗
𝑚

.

(3.17)

We proceed to studying the second equation in (3.6), which in view of found relations (3.17)
becomes

ℎ32(𝑤
𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )ℎ12(𝑢

𝑗+2
𝑚 , 𝑣𝑗+1

𝑚+1)

𝑢𝑗+1
𝑚 𝑤𝑗

𝑚+1

+
𝑢𝑗+2
𝑚 𝑣𝑗+2

𝑚 ℎ32(𝑤
𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )

𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚 ℎ32(𝑤
𝑗+1
𝑚+1, 𝑣

𝑗+2
𝑚 )

+
𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚

𝑣𝑗𝑚ℎ12(𝑢
𝑗+1
𝑚 , 𝑣𝑗𝑚+1)

− 𝑣𝑗+1
𝑚

𝑣𝑗𝑚
− 𝑢𝑗+2

𝑚

𝑢𝑗+1
𝑚

− 𝑤𝑗
𝑚𝑢

𝑗+2
𝑚 𝑣𝑗+2

𝑚

𝑤𝑗+1
𝑚 𝑢𝑗+1

𝑚 𝑣𝑗+1
𝑚

= 0,

(3.18)

where

ℎ12(𝑢
𝑗+2
𝑚 , 𝑣𝑗+1

𝑚+1) = 𝐷𝑗(ℎ12(𝑢
𝑗+1
𝑚 , 𝑣𝑗𝑚+1)) = ℎ12

(︃
𝑢𝑗+2
𝑚 ,

𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚 𝑣𝑗𝑚+1𝑤
𝑗
𝑚+1

𝑣𝑗𝑚ℎ12(𝑢
𝑗+1
𝑚 , 𝑣𝑗𝑚+1)ℎ32(𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )

)︃
,

ℎ32(𝑤
𝑗+1
𝑚+1, 𝑣

𝑗+2
𝑚 ) = 𝐷𝑗(ℎ32(𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )) = ℎ32

(︃
ℎ32(𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 )𝑤𝑗+1

𝑚

𝑤𝑗
𝑚

, 𝑣𝑗+2
𝑚

)︃
.

We note that in equation (3.18) only the function ℎ12(𝑢
𝑗+2
𝑚 , 𝑣𝑗+1

𝑚+1) contains the variable 𝑢𝑗+2
𝑚 ,

similarly only ℎ32(𝑤
𝑗+1
𝑚+1, 𝑣

𝑗+2
𝑚 ) contains 𝑣𝑗+2

𝑚 . Therefore, differentiating equation (3.18) with
respect to 𝑢𝑗+2

𝑚 twice and, accordingly, with respect to 𝑣𝑗+2
𝑚 twice, we obtain the following two

equations for the sought functions

𝜕2

𝜕
(︀
𝑢𝑗+2
𝑚

)︀2ℎ12(𝑢𝑗+2
𝑚 , 𝑣𝑗+1

𝑚+1) = 0,
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𝜕2

𝜕
(︀
𝑣𝑗+2
𝑚

)︀2ℎ32(𝑤𝑗+1
𝑚+1, 𝑣

𝑗+2
𝑚 )−

2
(︁

𝜕

𝜕𝑣𝑗+2
𝑚
ℎ32(𝑤

𝑗+1
𝑚+1, 𝑣

𝑗+2
𝑚 )

)︁2
ℎ32(𝑤

𝑗+1
𝑚+1, 𝑣

𝑗+2
𝑚 )

+
2

𝑣𝑗+2
𝑚

𝜕

𝜕𝑣𝑗+2
𝑚

ℎ32(𝑤
𝑗+1
𝑚+1, 𝑣

𝑗+2
𝑚 ) = 0.

We apply the operator 𝐷−1
𝑗 to two latter equations. Then we obtain equations for the unknown

functions ℎ12(𝑢
𝑗+1
𝑚 , 𝑣𝑗𝑚+1) and ℎ32(𝑤

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 ). This gives

ℎ12(𝑢
𝑗+1
𝑚 , 𝑣𝑗𝑚+1) = ℎ13(𝑣

𝑗
𝑚+1)𝑢

𝑗+1
𝑚 + ℎ14(𝑣

𝑗
𝑚+1),

ℎ32(𝑤
𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 ) = − 𝑣𝑗+1

𝑚

ℎ33(𝑤
𝑗
𝑚+1)𝑣

𝑗+1
𝑚 − ℎ34(𝑤

𝑗
𝑚+1)

.

Thus, the sought functions become

ℎ1(𝑢
𝑗
𝑚, 𝑢

𝑗
𝑚+1, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1) =

(︀
ℎ13(𝑣

𝑗
𝑚+1)𝑢

𝑗+1
𝑚 + ℎ14(𝑣

𝑗
𝑚+1)

)︀
𝑢𝑗𝑚+1

𝑢𝑗𝑚
;

ℎ2(𝑣
𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 ) = −

𝑢𝑗+1
𝑚 𝑣𝑗𝑚+1𝑤

𝑗
𝑚+1

(︀
ℎ33(𝑤

𝑗
𝑚+1)𝑣

𝑗+1
𝑚 − ℎ34(𝑤

𝑗
𝑚+1)

)︀
𝑣𝑗𝑚
(︀
ℎ13(𝑣

𝑗
𝑚+1)𝑢

𝑗+1
𝑚 + ℎ14(𝑣

𝑗
𝑚+1)

)︀ ;

ℎ3(𝑤
𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑤

𝑗+1
𝑚 , 𝑣𝑗+1

𝑚 ) = − 𝑤𝑗+1
𝑚 𝑣𝑗+1

𝑚

𝑤𝑗
𝑚

(︀
ℎ33(𝑤

𝑗
𝑚+1)𝑣

𝑗+1
𝑚 − ℎ34(𝑤

𝑗
𝑚+1)

)︀ .
(3.19)

We rewrite equation (3.18) bearing in mind the found functions and equating the coefficients
at the independent variables 𝑢𝑗+2

𝑚 and 𝑣𝑗+2
𝑚 . We then obtain the following three equations

1) ℎ33

(︃
− 𝑤𝑗+1

𝑚 𝑣𝑗+1
𝑚

𝑤𝑗
𝑚

(︀
ℎ33(𝑤

𝑗
𝑚+1)𝑣

𝑗+1
𝑚 − ℎ34(𝑤

𝑗
𝑚+1)

)︀)︃−
𝑤𝑗

𝑚

(︀
ℎ33(𝑤

𝑗
𝑚+1)𝑣

𝑗+1
𝑚 − ℎ34(𝑤

𝑗
𝑚+1)

)︀
𝑣𝑗+1
𝑚 𝑤𝑗+1

𝑚

= 0,

2) ℎ13

(︃
−
𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚 𝑣𝑗𝑚+1𝑤
𝑗
𝑚+1

(︀
ℎ33(𝑤

𝑗
𝑚+1)𝑣

𝑗+1
𝑚 − ℎ34(𝑤

𝑗
𝑚+1)

)︀
𝑣𝑗𝑚
(︀
ℎ13(𝑣

𝑗
𝑚+1)𝑢

𝑗+1
𝑚 + ℎ14(𝑣

𝑗
𝑚+1)

)︀
𝑣𝑗+1
𝑚

)︃
𝑣𝑗+1
𝑚

+ ℎ34

(︃
− 𝑤𝑗+1

𝑚 𝑣𝑗+1
𝑚

𝑤𝑗
𝑚

(︀
ℎ33(𝑤

𝑗
𝑚+1)𝑣

𝑗+1
𝑚 − ℎ34(𝑤

𝑗
𝑚+1)

)︀)︃𝑤𝑗
𝑚+1

−
(︀
ℎ33(𝑤

𝑗
𝑚+1)𝑣

𝑗+1
𝑚 − ℎ34(𝑤

𝑗
𝑚+1)

)︀
𝑤𝑗

𝑚+1 = 0,

3) ℎ14

(︃
−
𝑢𝑗+1
𝑚 𝑣𝑗+1

𝑚 𝑣𝑗𝑚+1𝑤
𝑗
𝑚+1

(︀
ℎ33(𝑤

𝑗
𝑚+1)𝑣

𝑗+1
𝑚 − ℎ34(𝑤

𝑗
𝑚+1)

)︀
𝑣𝑗𝑚
(︀
ℎ13(𝑣

𝑗
𝑚+1)𝑢

𝑗+1
𝑚 + ℎ14(𝑣

𝑗
𝑚+1)

)︀
𝑣𝑗+1
𝑚

)︃

+
𝑢𝑗+1
𝑚 𝑤𝑗

𝑚+1

(︀
ℎ33(𝑤

𝑗
𝑚+1)𝑣

𝑗+1
𝑚 − ℎ34(𝑤

𝑗
𝑚+1)

)︀
𝑣𝑗𝑚

−
𝑤𝑗

𝑚+1 (𝑢
𝑗+1
𝑚 )

2 (︀
ℎ33(𝑤

𝑗
𝑚+1)𝑣

𝑗+1
𝑚 − ℎ34(𝑤

𝑗
𝑚+1)

)︀
𝑣𝑗𝑚
(︀
ℎ13(𝑣

𝑗
𝑚+1)𝑢

𝑗+1
𝑚 + ℎ14(𝑣

𝑗
𝑚+1)

)︀ = 0.

We focus on the second equation. We note that only the function ℎ13 depends on the variable
𝑣𝑗𝑚 and only ℎ34 does on 𝑤

𝑗
𝑚. We therefore find

ℎ13 = 𝐶1, ℎ34 = 𝐶2.

By the same equation we find explicitly the function ℎ33

ℎ33 = − 𝐶1

𝑤𝑗
𝑚+1

.
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Analyzing the first equation in the triple, we conclude that 𝐶1 = 1. It remains to consider the
third equation, which reads

ℎ14

(︃
𝑢𝑗+1
𝑚 𝑣𝑗𝑚+1(𝐶2𝑤

𝑗
𝑚+1 + 𝑣𝑗+1

𝑚 )

𝑣𝑗𝑚(𝑢
𝑗+1
𝑚 + ℎ14(𝑣

𝑗
𝑚+1))

)︃
−
𝑢𝑗+1
𝑚 ℎ14(𝑣

𝑗
𝑚+1)(𝐶2𝑤

𝑗
𝑚+1 + 𝑣𝑗+1

𝑚 )

𝑣𝑗𝑚(𝑢
𝑗+1
𝑚 + ℎ14(𝑣

𝑗
𝑚+1))

= 0.

Differentiating this identity twice in 𝑤𝑗
𝑚+1 and applying the operator 𝐷−1

𝑗 to the resulting
equation, we find

ℎ14(𝑣
𝑗
𝑚+1) = 𝐶3𝑣

𝑗
𝑚+1.

As a result we obtain that the sought functions read

ℎ1(𝑢
𝑗
𝑚, 𝑢

𝑗
𝑚+1, 𝑢

𝑗+1
𝑚 , 𝑣𝑗𝑚+1) =

𝑢𝑗𝑚+1

(︀
𝑢𝑗+1
𝑚 + 𝐶3𝑣

𝑗
𝑚+1

)︀
𝑢𝑗𝑚

,

ℎ2(𝑣
𝑗
𝑚, 𝑣

𝑗
𝑚+1, 𝑣

𝑗+1
𝑚 , 𝑤𝑗

𝑚+1, 𝑢
𝑗+1
𝑚 ) =

𝑢𝑗+1
𝑚 𝑣𝑗𝑚+1

(︀
𝑣𝑗+1
𝑚 + 𝐶2𝑤

𝑗
𝑚+1

)︀
𝑣𝑗𝑚
(︀
𝑢𝑗+1
𝑚 + 𝐶3𝑣

𝑗
𝑚+1

)︀ ,

ℎ3(𝑤
𝑗
𝑚, 𝑤

𝑗
𝑚+1, 𝑤

𝑗+1
𝑚 , 𝑣𝑗+1

𝑚 ) =
𝑤𝑗+1

𝑚 𝑣𝑗+1
𝑚 𝑤𝑗

𝑚+1

𝑤𝑗
𝑚

(︀
𝑣𝑗+1
𝑚 + 𝐶2𝑤

𝑗
𝑚+1

)︀ .
(3.20)

It remains to verify the third equation in system (3.6), i.e., to verify that the function 𝐽3 is the
𝑚–integral of found system (3.20). By direct calculation we find that system (3.20) satisfies
the third equation in system (3.6).
Thus, we finally obtain a system of equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑢𝑗+1
𝑚+1 =

𝑢𝑗𝑚+1

(︀
𝑢𝑗+1
𝑚 + 𝐶3𝑣

𝑗
𝑚+1

)︀
𝑢𝑗𝑚

,

𝑣𝑗+1
𝑚+1 =

𝑢𝑗+1
𝑚 𝑣𝑗𝑚+1

(︀
𝑣𝑗+1
𝑚 + 𝐶2𝑤

𝑗
𝑚+1

)︀
𝑣𝑗𝑚
(︀
𝑢𝑗+1
𝑚 + 𝐶3𝑣

𝑗
𝑚+1

)︀ ,

𝑤𝑗+1
𝑚+1 =

𝑤𝑗+1
𝑚 𝑣𝑗+1

𝑚 𝑤𝑗
𝑚+1

𝑤𝑗
𝑚

(︀
𝑣𝑗+1
𝑚 + 𝐶2𝑤

𝑗
𝑚+1

)︀ .
(3.21)

Since the found system is assumed to be obtained from lattice (3.5), we have

𝑢𝑗+1
𝑛,𝑚+1 =

𝑢𝑗+1
𝑛−1,𝑚𝑢

𝑗
𝑛,𝑚+1(𝐶𝑢

𝑗
𝑛+1,𝑚+1 + 𝑢𝑗+1

𝑛,𝑚)

𝑢𝑗𝑛,𝑚(𝐶𝑢
𝑗
𝑛,𝑚+1 + 𝑢𝑗+1

𝑛−1,𝑚)
, (3.22)

We let 𝐶 = −1 since it can be removed by the change 𝑢𝑗𝑛,𝑚 = (−𝐶)−𝑚𝑣𝑗𝑛,𝑚. This leads to
known lattice Toda lattice

𝑢𝑗+1
𝑛,𝑚+1 =

𝑢𝑗+1
𝑛−1,𝑚𝑢

𝑗
𝑛,𝑚+1(𝑢

𝑗
𝑛+1,𝑚+1 − 𝑢𝑗+1

𝑛,𝑚)

𝑢𝑗𝑛,𝑚(𝑢
𝑗
𝑛,𝑚+1 − 𝑢𝑗+1

𝑛−1,𝑚)
. (3.23)

Its Lax pair reads ⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝜓𝑗+1
𝑛,𝑚 =

𝑢𝑗+1
𝑛,𝑚

𝑢𝑗𝑛,𝑚
𝜓𝑗
𝑛,𝑚 − 𝜓𝑗

𝑛+1,𝑚,

𝜓𝑗
𝑛,𝑚+1 = 𝜓𝑗

𝑛,𝑚 −
𝑢𝑗𝑛,𝑚+1

𝑢𝑗𝑛−1,𝑚

𝜓𝑗
𝑛−1,𝑚.

(3.24)
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