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ON DISCRETIZATION METHOD FOR THREE-DIMENSIONAL
SEMI-DISCRETE TODA LATTICE TYPE EQUATIONS

A.R. KHAKIMOVA

Abstract. In this paper we develop the classification method of three—dimensional in-
tegrable discrete lattices based on Darboux integrable finite—field reductions of equations
with one continuous and two discrete independent variables. As an example we consider
a semi—discrete Toda lattice. In the framework of the present study we obtain the Toda
lattice.
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1. INTRODUCTION

In this paper we discuss a method for classifying discrete equations with three independent
variables of Hirota — Miwa type equation

R J J+1 3 J Jj+1
un,m-{—l - h’(un,m—i—l? un,m? un+1,m+17 un,m? un—l,m)’ (11)

where the function u = u%m depends on three discrete variables n, j, and m. The approach
is based on the discretization of three—dimensional equations of the semi—discrete Toda lattice
type

J
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where the function u = u/,(x) depends on the continuous variable z and the discrete variables
n and j. In other words, to obtain a list of integrable equations of form (1.1), it is necessary to
study the list of all known equations of form (1.2), which includes the lattices
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Integrable lattices (L;)—(Lg) were found in the framework of various studies in the following
works. Equations (L;) and (Lg) were obtained as iterations of the Béicklund transformation
for nonlinear differential-difference models by Date, Jimba, and Miwa [8]. Equation (L7) was
found as an equation for the Laplace invariants of linear differential-difference equations with
variable coefficients by Startsev and Adler [1]. Lattices (Ly)—(Lg) were obtained as a result of
solving the problem on classifying integrable equations of form (1.2), under some additional
assumption, by the dispersion deformations method by Ferapontov, Novikova and Rustemoglou
[9]. Equation (Lg) was derived while studying the properties of tangential mapping by Adler
in [7].

Remark 1.1. In our recent joint works with I.T. Habibullin [12], [6] we obtained a complete
list of equations (Ly)—(Lg) by discretizing all known three—dimensional equations of the two—
dimensional Toda lattice type

Un,zy = f(un,wa Unys Un4-1, Un, un—l)a (13)

which consists of siz equations
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Equations (E1)—(Es) are known from classical works, see, for example, review |2|; equations
(E4), (E5) were obtained within the framework of the classification of equations of form (1.3) in
[14]; lattice (Eg) was found independently in [11] and [1]. Moreover, in [3], [13], 5| the problem
on a complete description of integrable cases of equation (1.3) with a linear dependence on the
derivatives Uy z, U,y was solved by the method of Darboux integrable reductions. To the best of
our knowledge, there are no examples in the literature of integrable equations of form (1.3) that
are not linear in the derivatives. Therefore, it is likely that the list (Ey)—(FEg) is a complete one
of integrable equations of form (1.3). In this regard, it can be conjectured that the list (Ly)—(Lo)
18 also complete.
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Let us discuss some notion we shall need later. We consider a system of differential-difference
equations

j+1 J+1 G
Uy = gl(ul o U1 u2,u])
1 1 ,,J i, g+l
U]+ g( nxvuj+ un—l—lvuj 'LLn 1) 2 g n < N — 17 (14)

]+ _ Jj+1 j+1
UN e = QN(UNxaUN 7UN+17UN’UN 1)

Definition 1.1. System of equations (1.4) is called Darbouz integrable if it admits complete
sets of integrals in both characteristic directions x and j.

Definition 1.2. The function

— S J+1  g+1 Jj+1 Jjt+k | jt+k jt+k
J = J(x, joul b, ., wl T Tt e, (1.5)

where k =1,2,..., is called an x—integral of system (1.4) of order k if, for at least one pair of
numbers [, s = 1,2,..., N, the product
oJ 0J
ou oul™*
does not vanish identically, and, in addition, the relation
D,.J =0,

holds where D, denotes the operator of total differentiation with respect to x. The derivative

of the variables uﬁ'k, u%+k, e ujj\;rk, k=1,2,..., with respect to x is calculated by means of

system (1.4).
Suppose we are given a set of x—integrals of minimal orders k; (the definition of minimality
can be found in [15])

_ LN | j+1 g+1 j+1 Jt+ki  j+k J+k
Jy = Ji(x, j,ui,ul, ... uN,ul UYL U T ), (1.6)

where [ = 1,2,..., N. The set (1.6) is a complete set of z—integrals for a hyperbolic system
(1.4) if and only if

8J1k 6J1k aJlkr
j+k1 o, Jt+k1 o, Jtk1
o.J aui Ouy Ouy
det( jk>;: R 0 (1.7)
oulth aJy dJn dJn
auiﬂgN Bu;HCN T Buj]\jkN
Definition 1.3. A function
I=1(x,jul,ul,... ,u&,,u{m,ugw, . ,ugvvl,, o ,uim, uéy[r], - ’“g\/,[r]% (1.8)
where up,) = g Lor=1,2,..., is called j—integral of order r of system (1.4) if the relation
D;I =1
holds, where Dj is the shift opemtor which acts by the rule D;(f(5)) = f(j +1). The shift
of j variables w] "’ ) o U oL =1,2,..., 18 calculated by means of system of equations

(1.4).
Suppose we are given a set of j-integrals of minimal orders r;
_ R B | J o, J J J J J
Io = Io(, , 0y, W,y ooy Uy Uy U gy ey Uy - S U s U s - - 7“N,[7-S])7 (1.9)

where s = 1,2,...,N. Set (1.9) is a complete set of j-integrals of system (1.4) if and only if

[10]

8[1 8[1 ('9[1
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2. ALGORITHM FOR DISCRETIZATION OF SEMI-DISCRETE TODA TYPE LATTICE

Let us discuss a method for discretizing integrable three—dimensional lattices of the form
(1.2) based on its finite-field reduction

Jj+1 Jg+1r o5
U g —91(U1 a0 Wl u2,u{1),
+1 +1 W i, 11
J g( n:e?u n+17uj Uy, — 1) 2<H<N—1, (21)

J+17 7 ]+1 i i J+1
UNz = 9N<uNm7uN y Un 1) U Uy — 1)

Here the functions g; and gy are chosen such that system (2.1) is Darboux integrable. Boundary
conditions for the lattices (L;)—(Lg) ensuring Darboux integrable reductions were found in the

works [11], [12], [0].
Suppose that the functions
Jy = Jy(x, joud T ud R, [=1,2,...,N, (2.2)
where v/ = (ujl, ué, e ,ufv), form a complete set of characteristic integrals of minimal orders in

the direction = of system (2.1). In other words, the functions J; satisfy the relation D,J; = 0,
where D, denotes the operator of the total derivative with respect to the variable xz. This
means that the derivative D, of the function J; is calculated by means of original system (2.1).
In what follows we suppose that the dynamic variables uf, u}, ..., u) depend not only on z
and j, but also on an additional discrete variable m, so we 1ntr0duce the subscript u{m, uéym,
. uf\,m The dependence on the variable m will be determined by the following difference
system

J+1 J Jj+1 J
Uy my1 = hl(ul m—+1> U1, m>“2 1 Ul )
Jl JHL i g+
un,m—H h( Un m+1s un mo n+1 m—+1» un,m’ un—l,m)’ 2<n< N — 17 (23)

Jj+1 _ J+1 g J+1
UNmt1 = hN(uN,m—i—l’ UN s UN,m> UN—1,m)

with unknown right hand sides. To find the functions hy, ho, and h, we shall employ the
assumption that the functions J;, which are z—integrals of the (2.1) system, after introducing
the dependence on the discrete variable m, are m—integrals of sought system (2.3). We denote
these functions by J;:

Jy = Jyi(x, j,maud udtt o Ry =12, N, (2.4)
where u/ = (ujlm, uéym, o ,uf\,m) In other words, the functions J; should satisfy the condition
-ijl = jb

where D,, is the shift operator of the variable m, the shift along the the variable m is made by
means of system (2.3).

At the same time, to exclude a trivial result, the functions Ji, Jo, ..., J; should form a
complete set of independent m—integrals of minimal orders for (2.3).

Suppose that system (2.3) is found and it is not trivial, then we can easily determine the
type of discrete three-dimensional lattice

J+1 J+1 3 J J+l
unm—l—l h( nm—i—l’unm? n+1,m+l7un,m7un—1,m)' (25)

We note that to solve the discretization problem it is sufficient to restrict ourselves to considering
the case N = 3.

3. EXAMPLE

As an illustration of the discretization algorithm, we consider the semi-discrete Toda lattice
(L1)

. Jj+1 j Jj+1
ulth =l +e“" Un—1 — etnp1Un (3.1)
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The finite—field reduction of equation (3.1) is obtained from this lattice by imposing the bound-
ary conditions uy = 0o, uy = —o00, and it reads

l—%ﬂ _ ’&?L, _ eﬁi—ﬂ%'*l’ .
;D%‘Fl —_ 'Dg; + 65J*ﬂ3+1 _ e’a)]f’f)]*'l (32)

)
i+l g wl —pitt
wy, T =w, te ,

where @ = u, o/ = u}, @/ = u}. We shall employ z—integrals of system (3.2), which read

j I 7 et kR oy R

1=E€ )

j2 o ef}j_f_u’]j_@j*l_wj*l + eﬁjJrl_i_ujj_uj_ujj*l + eﬂj+1+ﬁj+l_ﬂj_5j
- )

7 git2_gitl

i+l _gi 5 —pi—1
J3=e +ev TV 4 eV T

We are going to show that the integrals J,—Js form a complete set of independent z-integrals.
Let us calculate determinant (1.7). We obtain

aj]_ ajl ajl
Oui+1 Opitl Owi+1
8Dj(j2) 8Dj(j2) 8D](j2) _ eﬁj+3+ﬁj+2+wj+1fﬂj7fl—)jf’lf)j 7£ 0 (3 3)
W 0w owit? ' |
8DJ(J_3) aD](jS) 8D](j3)
Oui+3 Opi+3 owi+3

Therefore, the integrals J;—Js form a complete set of independent x— integrals.

Now we introduce the dependence on m in the Varlables w=ul, v =uvl, w =w and
make the substitution e'™ = u/ | etn = vl e = w’ , then the z—integrals J;—Js can be
rewritten as

u%—lv%&-lwﬁ-l
Ji= =5
UmVUm W
J oapd J+1,,,7 J+1,,7+1
g, — vy Wy, w),wy, wg vy
2 j—1 Jj—1 J J
uj+2 Ugn+1 wj
Js3 J+1+ ; + 1

In what follows we suppose that the functions J;—J5 are m—integrals of the system

j+1 .9
m+1 = hl( m+17u 7vm+1)7
J+1 G100 j+1
+1 — hQ( m+17 U s W1 Uy, )7 (34)
J+1 j+1 ,5+1
Wiy, 1_h3( m+17w¥n 7U¥n )7

which is obtained from the lattice

Jj+1

J g+l J Jj+1
Unmt1 = h2( U mo Ynma1) Wnmo Wnt1,mt1s unfl,m)' (35)
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By conditions (D,, — 1)J; = 0 we obtain the following three equations

1 1 1 . . .
J+ J+ Jj+ u]—i—lvj—i-lw]—‘rl

U r1Vm+1Wnt1
(Dm—l)le m+ m+ m+ o mj TrJL jm :O,
7 J+1 J+1 941
(Dyy — 1) Jy = Um+1wm+1 um+1wm+1 Unn+1Vm+1
m 2 ] W ! w
m—+1"*m+1 m+1 m+1 m+1"m+1 (3 6)
J and J+1,,,7 Jj+1,,7+1
I _0
1 1 1 j j -
vl il ulwih wh v,
Jj+2 Jj+1 J 42 j+1 j
D 1)J = U’m-l—l Um-i—l wm+1 Ui U Wiy =0
(D= )y = 25t 4 sy St Zoy_ fn S,
Jj+1 J ] 1 Jj+1 J Jj—1
U’m—i—l Um—i—l m+1 Um Um, Wm

We focus on the first equation. We rewrite it bearing in mind system (3.4)

J+l v g+l w’ j+1 J ] J+1 gi+1
hl( Wiy s m+17u m+1>h2( m) m—l—l?/U m+17um >h3(wm7wm+17wm » U )

uwl vl w!
' ' ‘ m+1"m+1"m+1 (37)
wiH i+ .
Ui U Wi,
We differentiate equation (3.7) in u;,,, and obtain that the function hq(uwl,, u;, 1, vl v, 1)
satisfies the equation

B o .
Z’n—i—l a—h (U um—i—l? u]'r;rl7 ’Ufn—‘rl) - hl (um m+17 U]+1 'in—i—l) = O (38)
m+1
Solving the obtained equation, we find
, L L :
ha(ui,, m-s-lvuj+ Uppi1) = ha (), u), V1) U1 (3.9)

Then equation (3.7) can be rewritten as

j ji+1 ,.J i, j+1 .0 j+1 j J i+1 ,,j+1
hll(ugnvugn 7Um+1)h2<v7jn>vm+17v£n awm—i-l?uin )h3(w£mwm+1’w£n 7U¥n )

J J
v w
m+1“m—+1
1+ i+l (3.10)
Ui Vi Win,

We differentiate this equation twice in w/f", analyze the result and find that the function
hS(wfﬁa w7]n+17 wﬁﬁ“, Uﬁjl) reads

ha(wd, wl oy, wi i) = hay (wl, w) ol wd (3.11)

Then equation (3.10) can be rewritten as
N S J j+1 j j+1 j J j+1 i+1,.5+1
hll(umvum vm+1)h2( ms Um+1> U Wi 415 Wiy )h31(wm’wm+17vm ) . Uin Ufn
$n+1wm+1 whvhwl,

=0. (3.12)

: : J .+l G4+ 0 j+1 7 J j+1
Since the functions hyy(ul,, wlt vl 1), ho(v, vl 03 w? ), by (wl w! L it are
non—zero, equation (3.12) can be presented by one of the following versions

ha (ud,, ul, viﬁu)ﬂfﬁ _ up g = 0;
Uin+1wm+1 Umwmh2(vm7 Uin-i—l? ! 7w¥n+1’ Ui )h31<wm’ wm+1’ U%‘H) |
hg(vﬁn Uiﬂ_la Uj+1 wgn—&-la u%H)Ugn uﬁlv%‘rl =0: (3 13)
vl Wl W wWhhit (W, vl Y hay (Wi, wly ol T
hay (wi, me,v”l)wfn B ul ol —0
m+1wm+1 Umvmhll(um, u%rla UfnJrl)hQ (Ugfh U?i"Hrl’ UgnJr ) wi'nJrl’ uﬁl) o
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Differentiating these equations respectively in u/ , vJ and w? , we determine the dependence

m? m?
of sought functions on the variables

hy (U]H Ufﬁﬂ)
.] )

J J+1 _
hll(“m? Uy, 7Um+1) -

Um
o ‘ A ‘ h (vj VIt ol uj+1)
i) G100 g1y — 22Vm+1 Tm 0 Tmd 1 Tm
ho(vl,, vl vl w), g ul ) = ; : (3.14)
Um
j+1
ha (w? w Wity = haa (w m+17vm )
31 m? Ym+1> j
Wm
Then equation (3.12) is rewritten as
haa(udtt vl Vhoo(v2 03 F w! i ) gy (w! 03 1
1)1t22 1 1 32 1
mt Y1, mtl Yt m ) _ ul Myl = 0. (3.15)
m+1wm+1
We express the function hoy(v?, 1, 03! w? | ul+!) by this relation and we find
1,41,
, ~ wH ol ! | w!
Jj+1 J J+1 m+1 m+1
h’22( m+17v 7wm+17u ) (316)

hio(uhs ' vl s (Wl g, v )

As a result, by the first equation in (3.6) we find preliminary form of sought functions

g+1 ] ]+ J Jj+1 J J+1 ,,5+1Y.
h (U um+17u m+1) h2< U U1y Uy 5 Wi 15 Uy, )and h3( ms W1, Wiy~ Upy )

J+1 ) = hia (u” Um—i—l)um-i-l

ho(ul, il ud ol : :
Um
+1g,5+1,,0
. ; ; ; (T w?
J ) J+1 . J+1y m+1 m+1
h’2(vm? Um—i—l? Um 7wm+17 Um ) - j : 1 (317)
Umhm(um ’Um+1)h32( m+17vm )
. . ) ) h ( J UJ+1)w]+1
J J G111y 1932 W15
h’3(wm7wm+17wm 7vm ) - .
wm

We proceed to studying the second equation in (3.6), which in view of found relations (3.17)
becomes

j+1 j+2 ,J+1 J+2,,542 ' j+1 i+1,,5+1
higa (i s O haa (il 0p ) o b (w) o, vl U Vi
1 1 j+1 1 jt2 ' EN
) Wy Vi (Wh oy, Vi) Umbaa (U V) g g
Uin—&-l uj+2 wj u]+2vj+2 0
- 1~ T+l j+1
v ult wh o
where
1,0+ 7
A . , , (VE R w?
j+2 g+l ) J+1 .7 _ 742 m+1 m+1
hl?(um Um—i—l) D] (hlz(um 7vm+1)) = ha Um 5 A J+1 ’
mh12(um 7Um+1>h32( m—‘,—l’vm )
, ' hao (W) ,UJJrl)w]+1 '
J+L 42 JHIVY 32\Wiy 1 J+2
h32(wm+lﬁv ) D; (h32( m+17/Um )) - h32 y U
wm
We note that in equation (3.18) only the function hiz(u?t? v)7Y) contains the variable u/}?,

similarly only hg(wl|, vi+?) contains vi+2. Therefore, differentiating equation (3.18) with
respect to u/ ™ twice and, accordingly, with respect to vJ2 twice, we obtain the following two

equations for the sought functions

O? ) )
+2 g4+l N
hl?(uj 7Um+1> - 07
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2
h J+2 >
0? h2(wj+1 j+2) (3 J+2 32( m+1’v ) 2 0 hg( j+1 U]+2) 0
a(vj+2)2 P haa(wily, vi?) W2 g2 B mats fm '
m m

We apply the operator D_1 to two latter equations. Then we obtain equations for the unknown

i J+1 . J+1 ; ;
functions hys(ul} ,va) and hgo(w), 4, v2"). This gives

hlz(ufﬁl, V1) = has(vl Ul + haa(v), ),

. vj+1
haa (Wl q, v0) =

hgg( wl v = haa(wl )

Thus, the sought functions become

(hl?»(vinjtl)ujnjl + h14(v7]ﬁ+1)) Uzn+1

ha(ud,, ul, gl vl ) = j ;
Um
. , Wl w h vltt —h |
ho(vd, vl vl w! ) = — e it () lw mH)), (3.19)
Um (h13( m+1>U’m +h14( m-i-l))
o wiFlyitt
m U win (has(w), v — haa(w), 1))

We rewrite equation (3.18) bearing in mind the found functions and equating the coefficients
at the independent variables u/? and v/, We then obtain the following three equations

1) h — , (h33< m+1)“¥ﬁ+1 has(w m+1>)
; wh (o (wh )0 — haa(wr,11)) vl il

ul ol wl (h33( T ) UL — g (w m+1)) 41
2) hiz|— J+1 Um,
Um (hlg( m+1>Um + h’14( m+1)) Um

w]+lvj+1

=0,

( wl iyl > j
-+ h34 Win+1
wm (hgg( m+1)Um - h34( m+1)) i
(h33( r'rhtl)vﬁr — hay(w m+1)> wfn—&-l =0,
3) h ot +1wm+1 (h33( m+1)vj+1 haa(w m+1))
14| —
Ul (h13( m+1>um + hyg(v erl)) A

wittw! y (has(w m+1)%+1 haa(wl, 1))

Um

W (Ujﬂ) (Pss (wh,y) o™ = haa(wy,i1))

Um <h13( m+l)u¥7j_1 + h’14( m+1)>

=0.

We focus on the second equation. We note that only the function h;3 depends on the variable
vl and only hss does on w/ . We therefore find

h13 - Cl, h34 = 02.
By the same equation we find explicitly the function hgs
&

J
wm+1

h33:_
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Analyzing the first equation in the triple, we conclude that C'; = 1. It remains to consider the
third equation, which reads

h u]JrlUgn—l-l(O?wZn—l-l + v ) u3+1h14( m+1>(02wm+1 +u)
14 A
vin(ut "+ hia(v),41)) v (ub + hia(v),41))

=0.
Differentiating this identity twice in wfn 41 and applying the operator Dj_1 to the resulting
equation, we find

hia(v m+1) = CSUvjnJrl-

As a result we obtain that the sought functions read

)= Wiy (W 4 Csv),1)
— - :
ul oy fn+ (vj+1 + C’gwfnﬂ)

v (wh i C’gvm+1)

J+1,04+1,7
Wy Um Wt

wm (Um + ngm+1) '

VR J+1 7 J+1
hQ(U v Um s Wing1, Uiy )

: (3.20)

ha(wy,, w£n+17w]+1 vt =

m 9 Tm

It remains to verify the third equation in system (3.6), i.e., to verify that the function J3 is the
m—integral of found system (3.20). By direct calculation we find that system (3.20) satisfies
the third equation in system (3.6).

Thus, we finally obtain a system of equations

p . ) )
J j+1 J
j+1 Um+1 (um + C3Um+1)
uerl - 7 )
Um

u3+1vfn+1 (vift + Cowl, )
U (U W+ Cdvm—H)

w]Jrlijrlw

j+1
Um—i—l -

: (3.21)

J+L

m+1
wm+1 -

wh (Vi + Cowl )

\

Since the found system is assumed to be obtained from lattice (3.5), we have

J+1 J ]—I—l
unfl,mun,erl(CUnJrl m-+1 + Uy, )
Jj+1 ) ?

J J
Un,m (Cun,m—i-l + un—l,m

J+1
un,m—l—l -

(3.22)

We let C' = —1 since it can be removed by the change u),, = (=C)~™v},,. This leads to
known lattice Toda lattice
T .
uflfl,muit,erl(u‘ZLJrl,m«H
: . —
uglvm(uiz,erl - ui*l,ﬁb)

_ g Jt1
i+ )
un,erl -

(3.23)

Its Lax pair reads

J+1 ]
ijrl u J N
n,m n+1,m>

hm ; (3.24)

i w]‘ _ 'mym+1
nm+1 = Ynm j n 1,m:
un—l,m
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