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CONVOLUTION KERNEL IDENTIFICATION PROBLEM

FOR MULTI–DIMENSIONAL TIME FRACTIONAL

DIFFUSION–WAVE EQUATION IN BOUNDED DOMAIN

D.K. DURDIEV

Abstract. We study the inverse problem on determining the convolution kernel of integral
term in an initial boundary value problem for a multi–dimensional time fractional diffusion–
wave equation with the uniformly elliptic operator in a divergent form. Moreover, as an
overdetermination condition, a single observation at the point 𝑥0 ∈ Ω of the diffusion–wave
process serves, where Ω ⊂ R𝑛 is a bounded domain. By the Fourier spectral method and
fractional integro–differentiating technics the inverse problem is reduced to a convolution
nonlinear Volterra integral equation of the second kind. The fixed point argument proves
the local existence and global uniqueness results. Also the stability estimate for solution
to inverse problem is obtained.
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1. Introduction and statement of problem

Nowadays, equations of mathematical physics with fractional derivatives have received con-
siderable attention in various areas of applied mathematics. These equations involving nonlocal
integro–differential operators are used to formulate many real world problems, for example heat
and mass transfer processes. Number of interesting features of time fractional diffusion–wave
equations (TFDWEs) are presented in the book [16] and they indicate a certain similarity of
these equations with second order partial differential equations. It also presents the studies of a
wide class of well–posed initial (Cauchy), initial boundary value and boundary value problems
for TFDWEs.

Recently, the attention to inverse zero order coefficient (potential) problems for TFDWEs
increased extensively. In [27] and [14], the uniqueness of determining the potential by finitely
many measurements on the boundary and the flux measurements in one dimension, respec-
tively was proved. In [29] the authors considered an inverse potential term problem from the
overdetermined final time data and gave an efficient regularized iterative algorithm based on
mollification in one dimensional case. The paper [15] studied an inverse potential problem from
overposed final time data, and recovered numerically the unknown coefficient by an iterative
Newton type method. In [13], a locally Lipschitz conditional stability for an inverse potential
coefficient from the terminal datawas obtained. In [23], [24], [25], the authors investigated the
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uniqueness in determining the fractional order(s) and the potential simultaneously for the sin-
gle term and multi term TFDEs, respectively, and gave a valid numerical method. In [18], an
inverse potential coefficient from the integral overdetermination data was studied by using the
well–known Rothe method. In [1]-[3] the inverse time depending potential problems by single
observations at 𝑥 = 0 on corresponding direct problems solutions was studied on the base of
the integral equations method.

In this paper we consider the following integro–differential equation with fractional derivative

𝜕𝛼𝑡 𝑢− 𝐿𝑢 =

𝑡∫︁
0

𝑘(𝑡− 𝜏)𝑢(𝑥, 𝜏) 𝑑𝜏 + 𝑔(𝑥, 𝑡), 1 < 𝛼 ⩽ 2, (𝑥, 𝑡) ∈ 𝑄𝑇 , (1.1)

with initial
𝑢|𝑡=0 = 𝜙(𝑥), 𝑢𝑡|𝑡=0 = 𝜓(𝑥), 𝑥 ∈ Ω, (1.2)

and boundary conditions
𝑢(𝑥, 𝑡) = 0, (𝑥, 𝑡) ∈ 𝜕𝑄𝑇 , (1.3)

where 𝜕𝛼𝑡 is the regularized fractional derivative (Caputo derivative) in the variable 𝑡 [16, Ch.
II, Sect. 4, Thm 2.1]:

𝜕𝛼𝑡 𝑢(𝑥, 𝑡) =
1

Γ(2− 𝛼)

𝑡∫︁
0

𝑢𝜏𝜏 (𝑥, 𝜏)

(𝑡− 𝜏)𝛼−1
𝑑𝜏, 𝜕2𝑡 𝑢(𝑥, 𝑡) =

𝜕2

𝜕𝑡2
𝑢(𝑥, 𝑡),

where

𝐿 =
𝑛∑︁

𝑖,𝑗=1

𝜕

𝜕𝑥𝑖
𝑎𝑖𝑗(𝑥)

𝜕

𝜕𝑥𝑗
− 𝑐(𝑥)

is the uniformly elliptic operator (𝑛 ⩾ 1), the coefficients satisfy the conditions

𝑎𝑖𝑗(𝑥) = 𝑎𝑗𝑖(𝑥), 𝑐(𝑥) ≥ 0, 𝑥 ∈ Ω̄,

and
𝑄𝑇 := Ω× (0, 𝑇 ], Ω ⊂ R𝑛

is a bounded domain with a smooth boundary 𝜕Ω, and 𝜕𝑄𝑇 := 𝜕Ω × [0, 𝑇 ], while 𝜙(𝑥), 𝜓(𝑥)
and 𝑔(𝑥, 𝑡) are given functions.

In linear viscoelasticity a large variety of regular kernels were classically employed depending
on the mechanical properties of the materials to be modeled. In (1.1), the main feature is that
the memory kernel 𝑘 depends on time, allowing for instance to describe the dynamics of aging
composite materials.

The direct problem is to find the function 𝑢(𝑥, 𝑡) from (1.1), (1.2), (1.3), with known 𝑘(𝑡).
Many artificial and natural materials exhibit viscoelastic properties. Most often, the need

to take into consideration such properties arises in relation to polymers and composites with
a polymer matrix. The governing equations for viscoelastic bodies contain integral operators,
which significantly complicates the mathematical description of the deformation behavior of
such bodies. The equation (1.1) for 𝛼 = 2 is a viscoelasticity equation written for one of the
components of the displacement vector. The kernel determination problems in these equations
are a relatively new direction in the theory of inverse problems for differential equations. The
unique solvability of such inverse problems were studied, for example, in [21], [22], [4], [5], [6], [7],
[8], [12], [17]. In recent monographs [19], [10], a wide range of inverse problems of determining
the convolution kernel in equations describing phenomena with memory were studied.

Inverse problems studied in [28], [9] are close to the problem considered here. In these
problem, the kernel of the convolution of the integral, as in (1.1), was determined in the
time fractional diffusion equation (0 < 𝛼 < 1) with the Caputo operator from the integral
overdetermination condition in the first and from the simple observation of the direct problem
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solution at the point 𝑥 = 0 in the second one. Theorems for unique solvability were obtained
and estimates for the stability of the solution were established.

By 𝐶0,1
(︀
𝑄𝑇

)︀
we denote the class of continuous and continuously differentiable in 𝑡 in 𝑄𝑇

functions. Let 𝐶𝑚,𝛼 (𝑄𝑇 ) be the class of functions, which are𝑚 times continuously differentiable
with respect to 𝑥 in 𝑄𝑇 and for which a continuous derivative 𝜕𝛼𝑡 exists.

Definition 1.1. A classical solution of initial and boundary value problem (1.1), (1.2), (1.3)
is a function 𝑢(𝑥, 𝑡) ∈ 𝐶𝑚,𝛼 (𝑄𝑇 ) ∩ 𝐶0,1

(︀
𝑄𝑇

)︀
, which satisfies all the equation in (1.1), (1.2),

(1.3) in the usual sense.

The inverse problem consists in determining the unknown coefficient 𝑘(𝑡), 𝑡 > 0, from the
available additional data on the solution to the direct problem at some point 𝑥0 ∈ Ω

𝑢(𝑥0, 𝑡) = ℎ(𝑡), 0 ⩽ 𝑡 ⩽ 𝑇, (1.4)

where ℎ(𝑡) is the given function.

Definition 1.2. A solution to inverse problem (1.1), (1.2), (1.3), (1.4) is a pair of functions
𝑢(𝑥, 𝑡) and 𝑘(𝑡) from the classes 𝐶2, 𝛼

(︀
𝑄𝑇

)︀
∩ 𝐶0,1

(︀
𝑄𝑇

)︀
and 𝐶[0, 𝑇 ], respectively, which satisfy

(1.1), (1.2), (1.3), (1.4).

In this paper, we investigate the local existence, uniqueness and the conditional stability
estimate for inverse problem. We begin with studying the direct problem.

2. Direct problem

We begin with considering the numbers 𝜆 such that the Dirichlet problem

𝐿𝑣 + 𝜆𝑣 = 0, 𝑥 ∈ Ω, (2.1)

𝑣
⃒⃒
𝜕Ω

= 0, (2.2)

has a nontrivial solution. It is known (see, [11, Sect. 1, Eq. 8]) that spectral problem (2.1),
(2.2) in 𝐿2(Ω) has a complete set of orthonormal eigenfunctions 𝑣𝑚(𝑥), 𝑚 ⩾ 1, and the corre-
sponding eigenvalues 𝜆𝑚 are positive, form a countable set and can be arranged counting their
multiplicities as 0 < 𝜆1 ⩽ 𝜆2 ⩽ . . ., lim

𝑘→∞
𝜆𝑘 = ∞.

A solution to problem (1.1), (1.2), (1.3) is sought in the form of Fourier series

𝑢(𝑥, 𝑡) =
∞∑︁

𝑚=1

𝑢𝑚(𝑡)𝑣𝑚(𝑥), (2.3)

where 𝑣𝑚(𝑥) are the eigenfunctions of problem (2.1), (2.2), and 𝑢𝑚(𝑡) are the Fourier coefficients
defined by the formula

𝑢𝑚(𝑡) =

∫︁
Ω

𝑢(𝑥, 𝑡)𝑣𝑚(𝑥) 𝑑𝑥. (2.4)

Substituting (2.3) into equations (1.1), (1.2), we obtain the problem for the Fourier coeffi-
cients 𝑢𝑚(𝑡)

𝜕𝛼𝑡 𝑢𝑚(𝑡) + 𝜆𝑚𝑢𝑚(𝑡)−
𝑡∫︁

0

𝑘(𝑡− 𝜏)𝑢𝑚(𝜏) 𝑑𝜏 = 𝑔𝑚(𝑡), (2.5)

𝑢𝑚(0) = 𝜙𝑚, 𝑢′𝑚(0) = 𝜓𝑚, (2.6)

where 𝜙𝑚, 𝜓𝑚, 𝑔𝑚(𝑡) are the Fourier coefficients of functions 𝜙(𝑥), 𝜓(𝑥), 𝑔(𝑥, 𝑡) :

𝜙(𝑥) =
∞∑︁

𝑚=1

𝜙𝑚𝑣𝑚(𝑥), 𝜓(𝑥) =
∞∑︁

𝑚=1

𝜓𝑚𝑣𝑚(𝑥), 𝑔(𝑥, 𝑡) =
∞∑︁

𝑚=1

𝑔𝑚(𝑡)𝑣𝑚(𝑥). (2.7)
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The problem (2.5) and (2.6) is equivalent to the integral equation [16, Ch. III, Sect. 1, Eq.
3.1.11]:

𝑢𝑚(𝑡) =𝜙𝑚𝐸𝛼,1 (−𝜆𝑚𝑡𝛼) + 𝜓𝑚𝑡𝐸𝛼,2 (−𝜆𝑚𝑡𝛼)

+

𝑡∫︁
0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)𝐺𝑚(𝑠; 𝑘, 𝑢𝑚) 𝑑𝑠,
(2.8)

where

𝐺𝑚(𝑡; 𝑘, 𝑢𝑚) := 𝑔𝑚(𝑡) +

𝑡∫︁
0

𝑘(𝑡− 𝜏)𝑢𝑚(𝜏) 𝑑𝜏, (2.9)

and 𝐸𝛼,𝛽(𝑧) is the Mittag — Leffler function defined by the series [16, Ch. I, Sect. 8, Eq.
(1.8.1)]:

𝐸𝛼,𝛽(𝑧) :=
∞∑︁
𝑛=0

𝑧𝑛

Γ(𝛼𝑛+ 𝛽)
,

with 𝛼, 𝑧, 𝛽 ∈ C, Re(𝛼) > 0 (Re(𝛼) stands for real part of 𝛼). Here we list some important
properties of the Mittag — Leffler function, which will be employed in what follows.

Proposition 2.1. [20, Ch. I, Sect. 2, Thm 1.6]. Let 0 < 𝛼 < 2 and 𝛽 ∈ R be arbitrary.
We suppose that 𝜅 is such that 𝜋𝛼/2 < 𝜅 < min{𝜋, 𝜋𝛼}. Then there exists a constant 𝐶 =
𝐶(𝛼, 𝛽, 𝜅) > 0 such that

|𝐸𝛼,𝛽(𝑧)| ⩽
𝐶

1 + |𝑧|
, 𝜅 ⩽ | arg(𝑧)| ⩽ 𝜋.

Proposition 2.2. [16, Ch. I, Sec. 8]. For 𝜆 > 0, 𝑎 > 0, and 𝑡 > 0 we have

𝑑

𝑑𝑡
𝐸𝛼,1 (−𝜆𝑡𝛼) = −𝜆𝑡𝛼−1𝐸𝛼, 𝛼 (−𝜆𝑡𝛼) ,

𝑑

𝑑𝑡
𝑡𝛽−1𝐸𝛼,𝛽 (−𝜆𝑡𝛼) = 𝑡𝛽−2𝐸𝛼, 𝛽−1 (−𝜆𝑡𝛼) .

Equation (2.8) is an integral Volterra equation of second kind for the function 𝑢𝑚(𝑡). It
follows from the theory of integral equations that this equation is uniquely solvable and the
solution can be obtained by the method of successive approximations. Then next two lemmas
will used in the proof of our main result.

Lemma 2.1. The estimates hold

|𝑢𝑚(𝑡)| ⩽ 𝐶

(︂
|𝜙𝑚|+ 𝑇 |𝜓𝑚|+

𝑇𝛼

𝛼
‖𝑔𝑚‖

)︂
𝑒

𝐶‖𝑘‖𝑇1+𝛼

𝛼(1+𝛼) , (2.10)

|𝜕𝛼𝑡 𝑢𝑚(𝑡)| ⩽𝐶 (|𝜙𝑚|+ 𝑇 |𝜓𝑚|)
(︂
𝜆𝑚 + 𝑇‖𝑘‖

(︂
1 + 𝜆𝑚

𝑇𝛼

𝛼

)︂
𝑒

𝐶‖𝑘‖𝑇1+𝛼

𝛼(1+𝛼)

)︂
+ 𝐶‖𝑔𝑚‖

(︂
1 +

𝑇 1+𝛼

𝛼
‖𝑘‖

(︂
1 + 𝜆𝑚

𝑇𝛼

𝛼

)︂
𝑒

𝐶‖𝑘‖𝑇1+𝛼

𝛼(1+𝛼)

)︂
,

(2.11)

where

‖𝑔𝑚‖ = max
0⩽𝑡⩽𝑇

|𝑔𝑚(𝑡)|, ‖𝑘‖ = max
0⩽𝑡⩽𝑇

|𝑘(𝑡)|.

Proof. By Proposition 2.1, it follows from formula (2.8) that

|𝑢𝑚(𝑡)| ⩽𝐶 (|𝜙𝑚|+ |𝜓𝑚|𝑡)

+

⃒⃒⃒⃒
⃒

𝑡∫︁
0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)

(︂
𝑔𝑚(𝑠) +

𝑠∫︁
0

𝑘(𝑠− 𝜏)𝑢𝑚(𝜏) 𝑑𝜏

)︂
(𝑠) 𝑑𝑠

⃒⃒⃒⃒
⃒
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⩽ 𝐶

(︂
|𝜙𝑚|+ 𝑇 |𝜓𝑚|+

𝑇𝛼

𝛼
‖𝑔𝑚‖

)︂
+
𝐶‖𝑘‖
𝛼

𝑡∫︁
0

(𝑡− 𝜏)𝛼|𝑢𝑚(𝜏)| 𝑑𝜏.

By Grönwall integral inequality we now arrive at (2.10).
It follows from (2.5) that

𝜕𝛼𝑡

𝑡∫︁
0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)𝐺𝑚(𝑠; 𝑘, 𝑢𝑚) 𝑑𝑠

= 𝐺𝑚(𝑡; 𝑘, 𝑢𝑚)− 𝜆𝑚

𝑡∫︁
0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)𝐺𝑚(𝑠; 𝑘, 𝑢𝑚) 𝑑𝑠.

Taking this identity into consideration, we apply the operator 𝜕𝛼𝑡 to both sides of (2.8) and on
the base of the relations [16, Ch. II, Sec. 4]

𝜕𝛼𝑡 𝐸𝛼,1 (−𝜆𝑚𝑡𝛼) = −𝜆𝑚𝐸𝛼,1 (−𝜆𝑚𝑡𝛼) , 𝜕𝛼𝑡 (𝑡𝐸𝛼,2 (−𝜆𝑚𝑡𝛼)) = −𝜆𝑚𝑡𝐸𝛼,2 (−𝜆𝑚𝑡𝛼) ,

we obtain

𝜕𝛼𝑡 𝑢𝑚(𝑡) =− 𝜆𝑚𝜙𝑚𝐸𝛼,1 (−𝜆𝑚𝑡𝛼)− 𝜆𝑚𝜓𝑚𝑡𝐸𝛼,2 (−𝜆𝑚𝑡𝛼) +𝐺𝑚(𝑡; 𝑘, 𝑢𝑚)

− 𝜆𝑚

𝑡∫︁
0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)𝐺𝑚(𝑠; 𝑘, 𝑢𝑚)𝑑𝑠.
(2.12)

Estimating the right hand side of this equation and using (2.10), we obtain (2.11). The proof
is complete.

The main result of this section is as follows.

Theorem 2.1. Let 𝑘(𝑡) ∈ 𝐶[0, 𝑇 ] and

1. 𝑎𝑖𝑗 ∈ 𝐶[
𝑁
2 ]+2(Ω̄), 𝑐 ∈ 𝐶[

𝑁
2 ]+1(Ω̄);

2. {𝜙𝜓} ∈ 𝐻[𝑁2 ]+3(Ω), 𝑔 ∈ 𝐶
(︁
𝐻[𝑁2 ]+3; [0, 𝑇 ]

)︁
;

3. {𝜙, 𝜓, 𝑔( · , 𝑡)} , 𝐿 {𝜙, 𝜓, 𝑔( · , 𝑡)} , . . . , 𝐿[
𝑁
4
+1] {𝜙, 𝜓, 𝑔( · , 𝑡)} ∈ 𝐻1

0 (Ω).

Then there exists a unique classical solution to problem (1.1), (1.2), (1.3).

Proof. Applying (formally) the operators 𝐿 and 𝜕𝛼𝑡 to the series (2.3), we get

𝜕𝛼𝑡 𝑢(𝑥, 𝑡) =
∞∑︁

𝑚=1

𝜕𝛼𝑡 𝑢𝑚(𝑡)𝑣𝑚(𝑥), (2.13)

𝐿𝑢(𝑥, 𝑡) =
∞∑︁

𝑚=1

𝑢𝑚(𝑡)𝐿𝑣𝑚(𝑥) = −
∞∑︁

𝑚=1

𝜆𝑚𝑢𝑚(𝑡)𝑣𝑚(𝑥). (2.14)

Let us prove the convergence of series (2.3), (2.13), (2.14).
It follows from (2.3) and (2.10) that

|𝑢(𝑥, 𝑡)| ⩽𝐶
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|
(︂
|𝜙𝑚|+ 𝑇 |𝜓𝑚|+

𝑇𝛼

𝛼
‖𝑔𝑚‖

)︂
𝑒

𝐶‖𝑘‖𝑇1+𝛼

𝛼(1+𝛼)

⩽𝐶𝑒
𝐶‖𝑘‖𝑇1+𝛼

𝛼(1+𝛼)

(︃
∞∑︁

𝑚=1

|𝜙𝑚||𝑣𝑚|+ 𝑇

∞∑︁
𝑚=1

|𝜓𝑚||𝑣𝑚|+
𝑇𝛼

𝛼

∞∑︁
𝑚=1

|𝑔𝑚(𝑡)||𝑣𝑚|

)︃
.

(2.15)
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Proceeding similarly for series (2.13) and (2.14), we have

|𝜕𝛼𝑡 𝑢(𝑥, 𝑡)| ⩽𝐶

(︃
𝑒

𝐶‖𝑘‖𝑇1+𝛼

𝛼(1+𝛼)

(︃(︂
1 + ‖𝑘‖𝑇

1+𝛼

𝛼

)︂(︂ ∞∑︁
𝑚=1

𝜆𝑚|𝜙𝑚||𝑣𝑚(𝑥)|

+ 𝑇
∞∑︁

𝑚=1

𝜆𝑚|𝜓𝑚||𝑣𝑚(𝑥)|
)︂

+ 𝑇‖𝑘‖
∞∑︁

𝑚=1

(︂
|𝜙𝑚||𝑣𝑚(𝑥)|+ 𝑇

∞∑︁
𝑚=1

|𝜓𝑚||𝑣𝑚(𝑥)|
)︂)︃

+

(︂
1 +

𝑇 1+𝛼

𝛼

)︂ ∞∑︁
𝑚=1

𝜆𝑚|𝑔𝑚(𝑡)||𝑣𝑚(𝑥)|

+ 𝑒
𝐶‖𝑘‖𝑇1+𝛼

𝛼(1+𝛼)
𝑇𝛼

𝛼

∞∑︁
𝑚=1

|𝑔𝑚(𝑡)||𝑣𝑚(𝑥)|

)︃
,

(2.16)

and

|𝐿𝑢(𝑥, 𝑡)| ⩽ 𝐶𝑒
𝐶‖𝑘‖𝑇1+𝛼

𝛼(1+𝛼)

(︂ ∞∑︁
𝑚=1

𝜆𝑚|𝜙𝑚||𝑣𝑚(𝑥)|

+ 𝑇
∞∑︁

𝑚=1

𝜆𝑚|𝜓𝑚||𝑣𝑚(𝑥)|+
𝑇𝛼

𝛼

∞∑︁
𝑚=1

𝜆𝑚|𝑔𝑚(𝑡)||𝑣𝑚(𝑥)|
)︂
.

(2.17)

If we ensure the convergence of the series
∞∑︀

𝑚=1

𝜆𝑚𝜔𝑚|𝑣𝑚(𝑥)| with 𝜔𝑚 = {|𝜙𝑚|, |𝜓𝑚|, ‖𝑔𝑚‖},

then the series (2.3), (2.13), (2.14) converge. We shall only prove the convergence of
∞∑︀

𝑚=1

𝜆𝑚|𝜙𝑚||𝑣𝑚(𝑥)|, and for the remaining series this can be proved in a similar way. By the

Cauchy —Schwarz — Bunyakovsky inequality we have

∞∑︁
𝑚=1

𝜆𝑚|𝜙𝑚||𝑣𝑚(𝑥)| =
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|

𝜆
[𝑁2 ]+1

2
𝑚

|𝜙𝑚|𝜆
[𝑁2 ]+3

2
𝑚 ⩽

(︃
∞∑︁

𝑚=1

|𝑣𝑚(𝑥)|2

𝜆
[𝑁2 ]+1
𝑚

)︃ 1
2
(︃

∞∑︁
𝑚=1

|𝜙𝑚|2𝜆
[𝑁2 ]+3
𝑚

)︃ 1
2

.

The first series in the right side of this relation converges by [11, Lm. 1], and the second series
converges by [11, Lm. 5]. Generally, if the assumptions of the theorem are satisfied, the series
(2.3), (2.13), (2.14) converge uniformly and absolutely in 𝑄𝑇 . Thus, the function 𝑢(𝑥, 𝑡) defined
by series (2.3) is a solution to problem (1.1), (1.2), (1.3) in 𝑄𝑇 .
Let us now prove the uniqueness of this solution. For 𝜙(𝑥) ≡ 0, 𝜓(𝑥) ≡ 0 and 𝑔(𝑥, 𝑡) ≡ 0

we obtain 𝜙𝑚 ≡ 0, 𝜓𝑚 ≡ 0, 𝑔𝑚(𝑡) ≡ 0. Then formula (2.8) implies that 𝑢𝑚 ≡ 0 since 𝑢𝑚 is a
solution to the homogeneous equation

𝑢𝑚(𝑡) =

𝑡∫︁
0

𝑑𝑠 (𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)

𝑠∫︁
0

𝑘(𝑠− 𝜏)𝑢𝑚(𝜏) 𝑑𝜏.

Substituting 𝑢𝑚 ≡ 0 into equation (2.4), we obtain∫︁
Ω

𝑢(𝑥, 𝑡)𝑣𝑚(𝑥) 𝑑𝑥 = 0.

Since the system 𝑣𝑚 is complete in space 𝐿2(Ω), function 𝑢(𝑥, 𝑡) = 0 almost everywhere in
Ω and for any 𝑡 ∈ [0, 𝑇 ]. Since the function 𝑢(𝑥, 𝑡) ∈ 𝐶0,1

(︀
𝑄𝑇

)︀
we conclude that 𝑢(𝑥, 𝑡) ≡ 0 in

𝑄𝑇 . The proof is complete.
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3. Theorem on solvability of inverse problem

Denoting 𝑟(𝑡) =
𝑡∫︀
0

𝑘(𝑠)𝑑𝑠, we rewrite (2.8) as

𝑢𝑚(𝑡) =𝜙𝑚𝐸𝛼,1 (−𝜆𝑚𝑡𝛼) + 𝜓𝑚𝑡𝐸𝛼,2 (−𝜆𝑚𝑡𝛼)

+

𝑡∫︁
0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)𝒢𝑚(𝑠; 𝑟, 𝑢
′
𝑚)𝑑𝑠,

(3.1)

where

𝒢𝑚(𝑡; 𝑟, 𝑢
′
𝑚) := 𝑟(𝑡)𝜙𝑚 + 𝑔𝑚(𝑡) +

𝑡∫︁
0

𝑟(𝑡− 𝜏)𝑢′𝑚(𝜏) 𝑑𝜏. (3.2)

Basing on Proposition 2.2 and differentiating (3.1) in 𝑡, we get the integral equation for 𝑢′𝑚(𝑡)

𝑢′𝑚(𝑡) = −𝜆𝑚𝜙𝑚𝑡
𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚𝑡𝛼)

+ 𝜓𝑚𝐸𝛼,1 (−𝜆𝑚𝑡𝛼) +
𝑡∫︁

0

(𝑡− 𝑠)𝛼−2𝐸𝛼,𝛼−1 (−𝜆𝑚(𝑡− 𝑠)𝛼)𝒢𝑚(𝑠; 𝑟, 𝑢
′
𝑚)𝑑𝑠,

(3.3)

Lemma 3.1. Let 𝑢′𝑚(𝑡), (𝑢
′
𝑚)

1 (𝑡), (𝑢′𝑚)
2 (𝑡) be solutions of (3.3), corresponding to functions

𝑟(𝑡), 𝑟1(𝑡), 𝑟2(𝑡), respectively. For 𝑡 ∈ [0, 𝑇 ] and fixed 𝑚 ∈ N the estimates hold

|𝑢′𝑚(𝑡)| ⩽ 𝐶

(︂(︂
𝜆𝑚𝑇

𝛼−1 + ‖𝑟‖ 𝑇
𝛼−1

𝛼− 1

)︂
|𝜙𝑚|+ |𝜓𝑚|+ ‖𝑔𝑚‖

𝑇𝛼−1

𝛼− 1

)︂
𝑒

𝐶‖𝑟‖𝑇𝛼

(𝛼−1)(𝛼) , (3.4)⃒⃒⃒
(𝑢′𝑚)

1
(𝑡)− (𝑢′𝑚)

2
(𝑡)
⃒⃒⃒
⩽ 𝐶

⃦⃦
𝑟1 − 𝑟2

⃦⃦ (︂
|𝜙𝑚|

𝑇𝛼−1

𝛼− 1
+
⃦⃦
(𝑢′𝑚)

1
⃦⃦ 𝑇𝛼

(𝛼− 1)𝛼

)︂
𝑒

𝐶‖𝑟2‖𝑇𝛼

(𝛼−1)𝛼 , (3.5)

where

‖𝑔𝑚‖ = max
0⩽𝑡⩽𝑇

|𝑔𝑚(𝑡)|, ‖𝑟‖ = max
0⩽𝑡⩽𝑇

|𝑟(𝑡)|,

and ‖(𝑢′𝑚)1‖ satisfies (3.4) with 𝑟1.

Proof. The validity of (3.4) is proved similarly to the evaluation of (2.10). To prove the estimate
(3.5) for 𝑡 ∈ [0, 𝑇 ], we use Proposition 1 and we get

⃒⃒⃒
(𝑢′𝑚)

1
(𝑡)− (𝑢′𝑚)

2
(𝑡)
⃒⃒⃒
⩽𝐶

𝑡∫︁
0

𝑑𝑠(𝑡− 𝑠)𝛼−2

(︃ ⃒⃒
𝑟1(𝑡)− 𝑟2(𝑡)

⃒⃒
|𝜙𝑚|+

𝑡∫︁
0

(︁ ⃒⃒
𝑟1(𝑡− 𝜏)− 𝑟2(𝑡− 𝜏)

⃒⃒ ⃒⃒
(𝑢′𝑚)

1(𝜏)
⃒⃒

+
⃒⃒
𝑟2(𝑡− 𝜏)

⃒⃒ ⃒⃒
(𝑢′𝑚)

1(𝜏)− (𝑢′𝑚)
2(𝜏)

⃒⃒ )︁
𝑑𝜏

)︃
.

Applying the Grönwall lemma to this inequality, in view of (3.4) with 𝑟1 we arrive at (3.5).
Since 𝐺𝑚(𝑠; 𝑘, 𝑢𝑚) = 𝒢𝑚(𝑡; 𝑟, 𝑢

′
𝑚), we multiply (2.12) by 𝑣𝑚(𝑥0) and sum over 𝑚. Then,

taking into consideration (1.4), we get the integral equation for 𝑟(𝑡)

𝑟(𝑡) = 𝐴(𝑟)(𝑡), 𝑡 ∈ [0, 𝑇 ], (3.6)
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where

𝐴(𝑟)(𝑡) =𝑟0(𝑡) + (𝜙(𝑥0))
−1

(︃ 𝑡∫︁
0

𝑟(𝜏)
∞∑︁

𝑚=1

𝑢′𝑚(𝑡− 𝜏 ; 𝑟)𝑣𝑚(𝑥0)𝑑𝜏

+

𝑡∫︁
0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)

·
(︂
𝑟(𝑠)

∞∑︁
𝑚=1

𝜆𝑚𝜙𝑚𝑣𝑚(𝑥0) +

𝑠∫︁
0

𝑟(𝜏)
∞∑︁

𝑚=1

𝜆𝑚𝑢
′
𝑚(𝑠− 𝜏 ; 𝑟)𝑣𝑚(𝑥0) 𝑑𝜏

)︂
𝑑𝑠

)︃
,

𝑢′𝑚(𝑡; 𝑟) means that the solution of (3.3) depends on 𝑟(𝑡), and

𝑟0(𝑡) = (𝜙(𝑥0))
−1

(︃
𝜕𝛼𝑡 ℎ(𝑡)− 𝑔(𝑥0, 𝑡) +

∞∑︁
𝑚=1

𝜆𝑚𝜙𝑚𝑣𝑚(𝑥0)𝐸𝛼,1 (−𝜆𝑚𝑡𝛼)

+ 𝑡
∞∑︁

𝑚=1

𝜆𝑚𝜓𝑚𝑣𝑚(𝑥0)𝐸𝛼,2 (−𝜆𝑚𝑡𝛼)

+

𝑡∫︁
0

(𝑡− 𝑠)𝛼−1𝐸𝛼,𝛼 (−𝜆𝑚(𝑡− 𝑠)𝛼)
∞∑︁

𝑚=1

𝜆𝑚𝑔𝑚(𝑠)𝑣𝑚(𝑥0)𝑑𝑠

)︃
.

The proof is complete.

Fix a number 𝜌 > 0 and consider the ball in the class of continuous function

𝑅𝑇 (𝑟0, 𝜌) :=
{︀
𝑟(𝑡) : 𝑟(𝑡) ∈ 𝐶 [0, 𝑇 ] , ‖𝑟 − 𝑟0‖ ⩽ 𝜌

}︀
.

The main result of this work is as follows.

Theorem 3.1. Let ℎ ∈ 𝐶2[0, 𝑇 ], 𝜙(𝑥0) ̸= 0 and

1. 𝑎𝑖𝑗 ∈ 𝐶[
𝑁
2 ]+4(Ω̄), 𝑐 ∈ 𝐶[

𝑁
2 ]+3(Ω̄);

2. 𝜙(𝑥) ∈ 𝐻[𝑁2 ]+5(Ω), 𝜓) ∈ 𝐻[𝑁2 ]+3(Ω), 𝑔 ∈ 𝐶
(︁
𝐻[𝑁2 ]+3; [0, 𝑇 ]

)︁
;

3. {𝜙, 𝜓, 𝑔( · , 𝑡)} , 𝐿 {𝜙, 𝜓, 𝑔( · , 𝑡)} , . . . , 𝐿[
𝑁
4
+1] {𝜙, 𝜓, 𝑔( · , 𝑡)} ∈ 𝐻1

0 (Ω), 𝐿
[𝑁4 +2]𝜙 ∈ 𝐻1

0 (Ω).

Then there is a unique solution to the operator equation (3.6).

Proof. It can be shown that for a sufficiently small 𝑇 > 0 the operator 𝐴 is a contracting
mapping of the ball 𝑅𝑇 (𝑟0, 𝜌) onto itself; i.e., the condition 𝑟 ∈ 𝑅𝑇 (𝑟0, 𝜌) implies that 𝐴(𝑟) ∈
𝑅𝑇 (𝑟0, 𝜌) and 𝐴 shrinks the distance between any elements {𝑟1(𝑡), 𝑟2(𝑡)} ∈ 𝑅𝑇 (𝑟0, 𝜌) .
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Indeed, by (3.4), (3.5), (3.6), after some calculations we have

|𝐴(𝑟)(𝑡)− 𝑟0(𝑡)| ⩽𝐶𝑇𝛼−1|(𝜙(𝑥0))−1|
(︂
𝑇

𝛼

∞∑︁
𝑚=1

𝜆𝑚 |𝜙𝑚| |𝜗𝑚 (𝑥0)|

+ 𝐶
∞∑︁

𝑚=1

(︂(︂
𝜆𝑚𝑇

𝛼−1 + ‖𝑟‖ 𝑇
𝛼−1

𝛼− 1

)︂
|𝜙𝑚|+ |𝜓𝑚|+ ‖𝑔𝑚‖

𝑇𝛼−1

𝛼− 1

)︂
· exp

(︂
𝐶‖𝑟‖𝑇𝛼

𝛼(𝛼− 1)

)︂
‖𝑟‖ |𝜗𝑚 (𝑥0)|

+
𝐶𝑇 2

𝛼(𝛼 + 1)

∞∑︁
𝑚=1

(︂(︂
𝜆2𝑚𝑇

𝛼−1 + ‖𝑟‖ 𝑇
𝛼−1

𝛼− 1
𝜆𝑚

)︂
|𝜙𝑚|+ |𝜓𝑚|𝜆𝑚

+
𝑇𝛼−1

𝛼− 1
𝜆𝑚 ‖𝑔𝑚‖

)︂
exp

(︂
𝐶‖𝑟‖𝑇𝛼

𝛼(𝛼− 1)

)︂
|𝑣𝑚 (𝑥0)| ‖𝑟‖,

(3.7)

⃒⃒⃒
𝐴(𝑟1)(𝑡)− 𝐴(𝑟2)(𝑡)

⃒⃒⃒
⩽𝐶𝑇𝛼−1

⃒⃒
(𝜙 (𝑥0))

−1
⃒⃒ (︂ ∞∑︁

𝑚=1

𝜆𝑚 |𝜙𝑚| |𝑣𝑚 (𝑥0)|
𝛼

+
∞∑︁

𝑚=1

(︂(︂
𝜆𝑚𝑇

𝛼−1 + ‖𝑟1‖ 𝑇
𝛼−1

𝛼− 1

)︂
|𝜙𝑚|+ |𝜓𝑚|

+ ‖𝑔𝑚‖
𝑇𝛼−1

𝛼− 1

)︂
exp

(︂
𝐶‖𝑟1‖𝑇𝛼

𝛼(𝛼− 1)

)︂
|𝑣𝑚 (𝑥0)|

+
𝑇 2

𝛼(𝛼 + 1)

∞∑︁
𝑚=1

(︂(︂
𝜆2𝑚𝑇

𝛼−1 + ‖𝑟1‖𝜆
2
𝑚𝑇

𝛼−1

𝛼− 1

)︂
|𝜓𝑚|

+ 𝜆𝑚 |𝜓𝑚|+ 𝜆𝑚 ‖𝑔𝑚‖
𝑇𝛼−1

𝛼− 1

)︂
exp

(︂
𝐶‖𝑟1‖𝑇𝛼

𝛼(𝛼− 1)

)︂
|𝑣𝑚 (𝑥0)|

+ ‖𝑟2‖
∞∑︁

𝑚=1

(︂
|𝜙𝑚|

𝑇𝛼−1

𝛼− 1
+ 𝐶

(︂(︂
𝜆𝑚𝑇

𝛼−1 + ‖𝑟2‖ 𝑇
𝛼−1

𝛼− 1

)︂
|𝜙𝑚|

+ |𝜓𝑚|+ ‖𝑔𝑚‖
𝑇𝛼−1

𝛼− 1

)︂
exp

(︂
𝐶‖𝑟2‖𝑇𝛼

𝛼(𝛼− 1)

)︂
𝑇𝛼

𝛼(𝛼 + 1)

)︂
· |𝑣𝑚 (𝑥0)| exp

(︂
𝐶‖𝑟2‖𝑇𝛼

𝛼(𝛼− 1)

)︂
+

‖𝑟2‖𝑇𝛼

𝛼(𝛼 + 1)

∞∑︁
𝑚=1

(︂
𝜆𝑚 |𝜙𝑚|

𝑇𝛼−1

𝛼− 1

+ 𝐶

(︂(︂
𝜆2𝑚𝑇

𝛼−1 + 𝜆𝑚‖𝑟‖
𝑇𝛼−1

𝛼− 1

)︂
|𝜙𝑚|

+ 𝜆𝑚 |𝜓𝑚|+ 𝜆𝑚 ‖𝑔𝑚‖
𝑇𝛼−1

𝛼− 1

)︂
exp

(︂
𝐶‖𝑟2‖𝑇𝛼

𝛼(𝛼− 1)

)︂
𝑇𝛼

𝛼(𝛼 + 1)

)︂
· exp

(︂
𝐶‖𝑟2‖𝑇𝛼

𝛼(𝛼− 1)

)︂
|𝑣𝑚(𝑥0)|

)︂
‖𝑟1 − 𝑟2‖.

(3.8)

Under the assumptions of the theorem, all series in the above formulas converge.
Note that the expressions on the right sides of these inequalities are monotonically increasing

functions of 𝑇, ‖𝑟‖, ‖𝑟1‖, ‖𝑟1‖, and since 𝑟, 𝑟1, 𝑟2 ∈ 𝑅𝑇 (𝑟0, 𝜌) , it yields the inequality⃦⃦
(𝑟, 𝑟1, 𝑟2)

⃦⃦
⩽ 𝜌+ ‖𝑟0‖
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In view of these facts, for (𝑥, 𝑡) ∈ 𝑄𝑇 we obtain

‖𝐴(𝑟)(𝑡)− 𝑟0(𝑡)‖ ⩽ 𝑚1(𝑇 ),⃦⃦
𝐴[𝑟1](𝑡)− 𝐴[𝑟2(𝑡)]

⃦⃦
= 𝑚2(𝑇 )

⃦⃦
𝑟1 − 𝑟2

⃦⃦
,

where 𝑚1(𝑇 ) denotes the right hand side of inequality (3.7) and 𝑚2(𝑇 ) is the factor at ‖𝑟1−𝑟2‖
in the right hand side of (3.8) with the only difference that 𝑟, 𝑟1, 𝑟2 are replaced by 𝜌+ ‖𝑟0‖ in
both cases.

Note that𝑚𝑖(𝑇 ), 𝑖 = 1, 2, are positive monotonically increasing functions of 𝑇 , and𝑚𝑖(0) = 0.
Hence, the equations 𝑚1(𝑇 ) = 𝜌 and 𝑚2(𝑇 ) = 1 have unique positive roots. We denote these
roots by 𝑇1 and 𝑇2, respectively. Then, it is clear that if we choose 𝑇

* < min (𝑇1, 𝑇2) , then the
operator 𝐴 is a contraction on the ball 𝑅𝑇 (𝑟0, 𝜌) . By the Banach theorem, the operator 𝐴 has
a unique fixed point in the ball 𝑅𝑇 (𝑟0, 𝜌) ; i.e., there exists a unique solution of the equation
(3.6). The proof is complete.

Since we have found that the function 𝑟 ∈ 𝐶[0, 𝑇 *], provided 𝑟 ∈ 𝐶1[0, 𝑇 *], we have
𝑘(𝑡) = 𝑟′(𝑡). Let us find the conditions for the given functions, under which 𝑟 ∈ 𝐶1[0, 𝑇 *].
Differentiating both sides of equation (3.6), we obtain the linear integral equation for 𝑘

𝑘(𝑡) = 𝐴(𝑘)(𝑡), 𝑡 ∈ [0, 𝑇 ], (3.9)

where the integral operator 𝐴(𝑘) involves 𝑟′0(𝑡) as a free term and the integral terms have similar
structures as in 𝐴(𝑟); they may also include the already known function 𝑟.

On the base of Proposition 2.2, by direct calculations we show

𝑟′0(𝑡) = (𝜙(𝑥0))
−1

(︃
𝑑

𝑑𝑡
(𝜕𝛼𝑡 ℎ(𝑡))− 𝑔𝑡(𝑥0, 𝑡) + 𝑡𝛼−1

∞∑︁
𝑚=1

𝜆2𝑚𝜙𝑚𝑣𝑚(𝑥0)𝐸𝛼,𝛼 (−𝜆𝑚𝑡𝛼)

+
∞∑︁

𝑚=1

𝜆𝑚𝜓𝑚𝑣𝑚(𝑥0)𝐸𝛼,1 (−𝜆𝑚𝑡𝛼)

+

𝑡∫︁
0

(𝑡− 𝑠)𝛼−2𝐸𝛼,𝛼−1 (−𝜆𝑚(𝑡− 𝑠)𝛼)
∞∑︁

𝑚=1

𝜆𝑚𝑔𝑚(𝑠)𝑣𝑚(𝑥0) 𝑑𝑠

)︃
.

Theorem 3.2. Let ℎ(𝑡) ∈ 𝐶3[0, 𝑇 ], 𝜙(𝑥0) ̸= 0 and

1. 𝑎𝑖𝑗 ∈ 𝐶[
𝑁
2 ]+4(Ω̄), | 𝑐 ∈ 𝐶[

𝑁
2 ]+3(Ω̄);

2. 𝜙 ∈ 𝐻[𝑁2 ]+5(Ω), 𝜓 ∈ 𝐻[𝑁2 ]+3(Ω), 𝑔 ∈ 𝐶1
(︁
𝐻[𝑁2 ]+3(Ω); [0, 𝑇 ]

)︁
;

3. {𝜙, 𝜓, 𝑔(·, 𝑡)} , 𝐿 {𝜙, 𝜓, 𝑔(·, 𝑡)} , · · · , 𝐿[
𝑁
4
+1] {𝜙, 𝜓, 𝑔(·, 𝑡)} ∈ 𝐻1

0 (Ω), 𝐿
[𝑁4 +2]𝜙 ∈ 𝐻1

0 (Ω).

Then there exists a unique solution to the inverse problem (1.1), (1.2), (1.3), (1.4).

To prove this theorem, we note that under the assumptions of this theorem the function 𝑟′0
is continuous. Then equation (3.9) is a linear Volterra integral equation of the second kind
with continuous free term and kernels. This equation has a unique solution 𝑘 ∈ 𝐶[0, 𝑇 *]. Then
the solution to direct problem (1.1), (1.2), (1.3) is found by formula (2.3), where 𝑢𝑚(𝑡) is the
solution to integral equation (2.8).

Let 𝑇 be a positive fixed number. Consider the set Ψ(𝜔0) (𝜔0 > 0 is some fixed number) of
the given functions (𝑔, 𝜙, 𝜓, ℎ), for which all assumptions of Theorem 3.1 are satisfied and

max

{︂
‖𝑔‖

𝐶1

(︃
𝐻[

𝑁
2 ]+3

(Ω);[0,𝑇 ]

)︃, ‖𝜙‖
𝐻[

𝑁
2 ]+5

(Ω)
, ‖𝜓‖

𝐻[
𝑁
2 ]+3

(Ω)
, ‖ℎ‖𝐶3[0,𝑇 ]

}︂
⩽ 𝜔0.
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By 𝐾(𝜔1) we denote the class of functions 𝑘 ∈ 𝐶 [0, 𝑇 ] satisfying the inequality ‖𝑘‖ ⩽ 𝜔1

with some fixed positive number 𝜔1.
The following theorems characterize the conditional stability and global uniqueness the so-

lution to the inverse problem. They can be proved quite analogously to the corresponding
theorems in [1].

Theorem 3.3. Let (𝑔, 𝜙, 𝜓, ℎ) ∈ Ψ(𝜔0),
(︀
𝑔, 𝜙, 𝜓, ℎ̃

)︀
∈ Ψ(𝜔0) and

(︀
𝑘, 𝑘

)︀
∈ 𝐾(𝜔1). Then

the solution of inverse problem (1.1), (1.2), (1.3), (1.4) satisfies the estimate

‖𝑘 − 𝑘‖ ⩽ 𝑑𝜅,

where

𝜅 := ‖𝑔 − 𝑔‖
𝐶1
(︀
𝐻[

𝑁
2 ]+3

(Ω);[0,𝑇 ]
)︀ + ‖𝜙− 𝜙‖

𝐻[
𝑁
2 ]+5

(Ω)
+ ‖𝜓 − 𝜓‖

𝐻[
𝑁
2 ]+3

(Ω)
+ ‖ℎ− ℎ̃‖𝐶3[0,𝑇 ],

the constant 𝑑 depends only on 𝑇 , 𝛼 𝑁, 𝜔0, 𝜔1 and norms of 𝑎𝑖𝑗, 𝑐 in the corresponding spaces
given in Theorem 3.2 for these functions.

This theorem implies the uniqueness theorem for each 𝑇 > 0.

Theorem 3.4. Let the functions 𝑘, 𝑔, 𝜙, 𝜓, ℎ and 𝑘, 𝑔, 𝜙, 𝜓, ℎ̃ have the same meaning as
in Theorem 3.3. Moreover, if 𝑔 = 𝑔, 𝜙 = 𝜙, 𝜓 = 𝜓, ℎ = ℎ̃ for 𝑡 ∈ [0, 𝑇 ], then 𝑘(𝑡) = 𝑘(𝑡) for
𝑡 ∈ [0, 𝑇 ].

4. Particular case

Let us consider a special case of problem (1.1), (1.2), (1.3), (1.4) for 𝑛 = 1. In this case, we
assume that 𝑎11(𝑥) and 𝑐(𝑥) are constant, namely, 𝑎11(𝑥) ≡ 1, 𝑐(𝑥) ≡ 0. Then in the domain
𝑄𝑇 = {(𝑥, 𝑡) : 0 < 𝑥 < 𝑙, 0 < 𝑡 ⩽ 𝑇} we have the problem

𝜕𝛼𝑡 𝑢− 𝑢𝑥𝑥 =

𝑡∫︁
0

𝑘(𝑡− 𝜃)𝑢(𝑥, 𝜃) 𝑑𝜃 + 𝑔(𝑥, 𝑡), (𝑥, 𝑡) ∈ 𝑄𝑇 , (4.1)

with initial
𝑢|𝑡=0 = 𝜙(𝑥), 𝑢𝑡|𝑡=0 = 𝜓(𝑥), 0 ⩽ 𝑥 ⩽ 𝑙, (4.2)

and boundary conditions

𝑢(0, 𝑡) = 0, 𝑢(𝑙, 𝑡) = 0, 0 ⩽ 𝑡 ⩽ 𝑇, (4.3)

where 𝜙(𝑥), 𝜓(𝑥) and 𝑔(𝑥, 𝑡) are given functions.
The inverse problem requires to find the function 𝑘(𝑡) if there is additional information

regarding the solution of the direct problem (1.1, (1.2), (1.3)

𝑢(𝑥0, 𝑡) = ℎ(𝑡), 0 ⩽ 𝑡 ⩽ 𝑇, (4.4)

where ℎ(𝑡) is a given function, 𝑥0 ∈ (0, 𝑙) is a given number. It is known that in this case the
eigenfunctions and the corresponding eigenvalues of this problem have the form [26, Ch. II,
Sec. 3, Eq. 14]

𝑣𝑚(𝑥) =

√︂
2

𝑙
sin
√︀
𝜆𝑚𝑥, 𝜆𝑚 =

(︁𝜋𝑚
𝑙

)︁2
, 𝑚 ∈ N.

For this case by Sobolev embedding theorem and Theorem 3.4 implies the following statement.

Theorem 4.1. Let ℎ ∈ 𝐶3[0, 𝑇 ], 𝜙(𝑥0) ̸= 0 and

1. 𝜙 ∈ 𝐶4[0, 𝑙], 𝜙(𝑉 )(𝑥) ∈ 𝐿2(0, 𝑙), 𝜓 ∈ 𝐶2[0, 𝑙], 𝜓′′′ ∈ 𝐿2[0, 𝑙], 𝑔 ∈ 𝐶2,1 (𝑄𝑇 ) 𝑔𝑥𝑥𝑥( · , 𝑡) ∈
𝐿2(0, 𝑙);
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2. 𝜙(0) = 𝜙(𝑙) = 𝜙′′(0) = 𝜙′′(𝑙) = 𝜙(𝐼𝑉 )(0) = 𝜙(𝐼𝑉 )(𝑙), 𝜓(0) = 𝜓(𝑙) = 𝜓′′(0) = 𝜓′′(𝑙),
𝑔(0, 𝑡) = 𝑔(𝑙, 𝑡) = 𝑔𝑥𝑥(0, 𝑡) = 𝑔𝑥𝑥(𝑙, 𝑡).

Then there exists a unique solution to the inverse problem (4.1), (4.2), (4.3), (4.4).

It should be noted that for this particular case, it is also possible to formulate theorems on
conditional stability and the global unique solvability of the inverse problem (4.1), (4.2), (4.3),
(4.4) similar to Theorems 3.3 and 3.4.

5. Conclusion

We have studied the inverse problem on identification the convolution kernel in the integral
term of an initial boundary value problem for a multidimensional time fractional diffusion–wave
equation. The spatial operator is assumed to be time independent and uniformly elliptic in
divergence form. As an additional (overdetermination) condition, a single pointwise observation
of the diffusion–wave process is provided at a fixed point 𝑥0 ∈ Ω, where Ω ⊂ R𝑛 is a bounded
domain.

By employing the Fourier spectral method in combination with techniques from the fractional
calculus, the inverse problem is reduced to a nonlinear Volterra integral equation of the second
kind with a convolution kernel. Using a fixed point approach, we establish the local existence
and global uniqueness of the solution. In addition, we derive a stability estimate for the solution
to the inverse problem. Finally, we present the one–dimensional case and prove a theorem on
the unique solvability in this setting.

The following cases appear to be promising for further investigation:
∙ The study of the inverse problem of determining the memory kernel 𝑘(𝑡) from equation

(1.1) with conditions (1.2) and (1.3), based on an additional condition of the form∫︁
Ω

ℎ(𝑥)𝑢(𝑡, 𝑥) 𝑑𝑥 = 𝑔(𝑡), 0 ⩽ 𝑡 ⩽ 𝑇,

where ℎ(𝑥) and 𝑔(𝑡) are given functions. A key question is how this choice of supplementary
condition influences the stability of the solution.

∙ The study of the inverse problem (1.1), (1.2), (1.3), (1.4) in the case where the integral
term in equation (1.1) reads

𝑡∫︁
0

𝑘(𝑡− 𝜏)𝐿𝑢(𝑥, 𝜏) 𝑑𝜏,

where 𝐿 is the operator defined in the problem statement.
∙ Extending the results of this paper to nonlinear analogs of equation (1.1), for example by

considering 𝑘(𝑢) in place of 𝑘(𝑡).
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