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CONVOLUTION KERNEL IDENTIFICATION PROBLEM
FOR MULTI-DIMENSIONAL TIME FRACTIONAL
DIFFUSION-WAVE EQUATION IN BOUNDED DOMAIN

D.K. DURDIEV

Abstract. We study the inverse problem on determining the convolution kernel of integral
term in an initial boundary value problem for a multi-dimensional time fractional diffusion—
wave equation with the uniformly elliptic operator in a divergent form. Moreover, as an
overdetermination condition, a single observation at the point zg € §2 of the diffusion-wave
process serves, where 2 C R” is a bounded domain. By the Fourier spectral method and
fractional integro—differentiating technics the inverse problem is reduced to a convolution
nonlinear Volterra integral equation of the second kind. The fixed point argument proves
the local existence and global uniqueness results. Also the stability estimate for solution to
inverse problem is obtained.

Keywords: integro—differential equation, inverse problem, kernel, spectral problem, fixed
point theorem, Gronwall inequality, existence, uniqueness
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1. INTRODUCTION AND STATEMENT OF PROBLEM

Nowadays, equations of mathematical physics with fractional derivatives have received
considerable attention in various areas of applied mathematics. These equations involving
nonlocal integro—differential operators are used to formulate many real world problems, for
example heat and mass transfer processes. Number of interesting features of time fractional
diffusion-wave equations (TFDWEs) are presented in the book [16] and they indicate a certain
similarity of these equations with second order partial differential equations. It also presents
the studies of a wide class of well-posed initial (Cauchy), initial boundary value and boundary
value problems for TFDWEs.

Recently, the attention to inverse zero order coefficient (potential) problems for TFDWESs
increased extensively. In |27] and [14], the uniqueness of determining the potential by finitely
many measurements on the boundary and the flux measurements in one dimension, respectively
was proved. In [29] the authors considered an inverse potential term problem from the
overdetermined final time data and gave an efficient regularized iterative algorithm based on
mollification in one dimensional case. The paper [15] studied an inverse potential problem from
overposed final time data, and recovered numerically the unknown coefficient by an iterative
Newton type method. In [13], a locally Lipschitz conditional stability for an inverse potential
coefficient from the terminal datawas obtained. In [23], [24], [25], the authors investigated
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the uniqueness in determining the fractional order(s) and the potential simultaneously for the
single term and multi term TFDEs, respectively, and gave a valid numerical method. In [18], an
inverse potential coefficient from the integral overdetermination data was studied by using the
well-known Rothe method. In [1]-|3] the inverse time depending potential problems by single
observations at x = 0 on corresponding direct problems solutions was studied on the base of
the integral equations method.

In this paper we consider the following integro—differential equation with fractional derivative

t

Ofu — Lu = /k;(t —1u(x,7)dr + g(x, 1), l<a<2, (z,1)€Qr, (1.1)
0
with initial
ulimo = (),  uth—o =Y(z), TEQ, (1.2)
and boundary conditions
u(z,t) =0, (x,t) € 0Qr, (1.3)

where 0f is the regularized fractional derivative (Caputo derivative) in the variable ¢ [16, Ch.
I, Sect. 4, Thm 2.1]:

t
N B 1 Urr (2, 7T) 9 B 0?
Ofu(z,t) = T2 —a) / = T)a_ldT, Oru(z,t) = 8t2u(x’t)’
0

where
is the uniformly elliptic operator (n > 1), the coefficients satisfy the conditions
a;j(x) = aji(z), c(r) >0, xeq,

and

Qr = x (0,77, QcCcR"
is a bounded domain with a smooth boundary 0%, and 0Qr := 9Q x [0,T], while p(z), ¥ (z)
and g(z,t) are given functions.

In linear viscoelasticity a large variety of regular kernels were classically employed depending
on the mechanical properties of the materials to be modeled. In (1.1), the main feature is that
the memory kernel k£ depends on time, allowing for instance to describe the dynamics of aging
composite materials.

The direct problem is to find the function u(z,t) from (1.1), (1.2), (1.3), with known k().

Many artificial and natural materials exhibit viscoelastic properties. Most often, the need
to take into consideration such properties arises in relation to polymers and composites with
a polymer matrix. The governing equations for viscoelastic bodies contain integral operators,
which significantly complicates the mathematical description of the deformation behavior of
such bodies. The equation (1.1) for « = 2 is a viscoelasticity equation written for one of the
components of the displacement vector. The kernel determination problems in these equations
are a relatively new direction in the theory of inverse problems for differential equations. The
unique solvability of such inverse problems were studied, for example, in [21], [22], [4], [5], [6], 7],
18], [12], [17]. In recent monographs [19], [10], a wide range of inverse problems of determining
the convolution kernel in equations describing phenomena with memory were studied.

Inverse problems studied in [28], [9] are close to the problem considered here. In these
problem, the kernel of the convolution of the integral, as in (1.1), was determined in the
time fractional diffusion equation (0 < a < 1) with the Caputo operator from the integral
overdetermination condition in the first and from the simple observation of the direct problem
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solution at the point x = 0 in the second one. Theorems for unique solvability were obtained
and estimates for the stability of the solution were established.

By C%! (@T) we denote the class of continuous and continuously differentiable in ¢ in Q;
functions. Let C"™ < (Qr) be the class of functions, which are m times continuously differentiable
with respect to x in Q7 and for which a continuous derivative 0 exists.

Definition 1.1. A classical solution of initial and boundary value problem (1.1), (1.2), (1.5)
is a function u(z,t) € C™*(Qr) N C* (Qr), which satisfies all the equation in (1.1), (1.2),
(1.3) in the usual sense.

The inverse problem consists in determining the unknown coefficient k(t), t > 0, from the
available additional data on the solution to the direct problem at some point zy € €2

u(xg,t) = h(t), 0<t<T, (1.4)
where h(t) is the given function.

Definition 1.2. A solution to inverse problem (1.1), (1.2), (1.3), (1.4) is a pair of functions
u(z,t) and k(t) from the classes C**(Qr) N C*Y(Qr) and C[0,T), respectively, which satisfy
(1.1), (1.2), (13), (14).

In this paper, we investigate the local existence, uniqueness and the conditional stability
estimate for inverse problem. We begin with studying the direct problem.

2. DIRECT PROBLEM

We begin with considering the numbers A such that the Dirichlet problem
Lv+X =0, x€, (2.1)
0]yg =0, (2.2)
has a nontrivial solution. It is known (see, [11, Sect. 1, Eq. 8]) that spectral problem (2.1),
(2.2) in Ly(€2) has a complete set of orthonormal eigenfunctions v,,(z), m > 1, and the corre-

sponding eigenvalues \,, are positive, form a countable set and can be arranged counting their
multiplicities as 0 < A\; < Ay < .., klim AL = 00.
— 00

A solution to problem (1.1), (1.2), (1.3) is sought in the form of Fourier series

u(@,t) =t (t)om (@), (2.3)

where vy, (x) are the eigenfunctions of problem (2.1), (2.2), and w,,(t) are the Fourier coefficients
defined by the formula

U (t) = /u(x,t)vm(x) dx. (2.4)
Q
Substituting (2.3) into equations (1.1), (1.2), we obtain the problem for the Fourier coeffi-
cients ,, (t)
t
OF (1) + Mtn(€) = [ Kt = 7)) 7 = (), (25)
0
um(()) = Pm; u;n(O) = Y, (26)

where ©,,, ¥m, gm(t) are the Fourier coefficients of functions p(z), ¥(z), g(z,t) :

p(a) =Y omvm(@),  Y(@) =Y Ymvm(), g t) =Y gm(t)om(@). (2.7)
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The problem (2.5) and (2.6) is equivalent to the integral equation [16, Ch. III, Sect. 1, Eq.
3.1.11J:

U (1) =0mFEai (—Amt®) + Ymt Eq o (—Apnt?®)
¢
+ /(t — 8)* B0 (At — 8)Y) Grn(s; by up) ds,
0

(2.8)

where
t

Gm(t; k,um) == gm(t) + /k(t — ) (7) dT, (2.9)
0
and E,g(z) is the Mittag — Leffler function defined by the series [16, Ch. I, Sect. 8, Eq.
(1.8.1)]:

o0
Zﬂ

Eop(2) = ZO m7

with «, 2,5 € C, Re(a) > 0 (Re(a) stands for real part of «). Here we list some important
properties of the Mittag — Leffler function, which will be employed in what follows.

Proposition 2.1. [20, Ch. I, Sect. 2, Thm 1.6]. Let 0 < a < 2 and 5 € R be arbitrary.
We suppose that k is such that ma/2 < k < min{m, 7a}. Then there exists a constant C' =

C(a, B,k) > 0 such that

C
EO[ z < )
Bas(2) < T35

Proposition 2.2. [16, Ch. I, Sec. 8|. For A >0, a > 0, and t > 0 we have

d d
— By (=M = = ME, o (—MtY), — P B, 5 (M) =192 B, 50 (— M)
dt ’ dt ’ ’

Equation (2.8) is an integral Volterra equation of second kind for the function wu,,(t). It
follows from the theory of integral equations that this equation is uniquely solvable and the
solution can be obtained by the method of successive approximations. Then next two lemmas

will used in the proof of our main result.

k< |arg(z)| < 7.

Lemma 2.1. The estimates hold

T Cllk|Tite
[um ()| < C | |om| + T|tm] +;||gm|\ e ot (2.10)
o T Cllk|Tite
|at U,m(t)| <C((|(t0m| +T|¢m|) Am""T‘“l‘fH 1+)\mz e ol+a)
. (2.11)
Tt T*\ clrjrite
+Cllgal <1+ 1] (1+Am—)e S )
a o
where
lgmll = max lgm (@), [[kll = max |k (t)].

Proof. By Proposition 2.1, it follows from formula (2.8) that
|t (£)] <C (lm| + |thm]t)

t s

/(t — 8)* B0 (= A (t — 5)%) (gm(s) + / k(s — 7)) (7) dT) (s)ds

0 0

+
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%k” (t — 7)%um(7)| dr.

Ta
< 0 (loul + Tlonl+ Sl ) +

By Gronwall integral inequality we now arrive at (2.10).
It follows from (2.5) that

t
oy /(t — 8)  Eya (At — 8)*) Gu(s; Ky up) ds
0

t
Gt E ) — A / (£ = 85 B (At — 8)%) Gon(s: k, 1y s,
0

Taking this identity into consideration, we apply the operator 09 to both sides of (2.8) and on
the base of the relations [16, Ch. II, Sec. 4]

0 Eqn (—Amt®) = =AnEai (—Ant?), O (tEn2 (—Amt®)) = =AntEas (—Ant®),
we obtain

0P U (1) = — AMnm B (—Amt”) — AmWUmtEg 2 (—Ant®) + G (t k)

t

— A /(t — 8)* By a (= Am(t — 8)%) Gu(s; by up )ds.

(2.12)

Estimating the right hand side of this equation and using (2.10), we obtain (2.11). The proof
is complete. O

The main result of this section is as follows.

Theorem 2.1. Let k(t) € C[0,T] and
1. a; € cl21(Q), c e ol 1M (@),
2. {pv} e HIEI(Q), g e c (HEF0,1)),;

N
3. {90, @Dy g('7t)}’L{S0a %U, g('7t)}a"'7L[4+1] {907 ¢7 g("t)} S H(%(Q)
Then there exists a unique classical solution to problem (1.1), (1.2), (1.3).

wfz

Proof. Applying (formally) the operators L and 9§ to the series (2.3), we get

2,) = Ot (t)vm(x), (2.13)
Lu(x,t) = 3 U () Loy, (2 Z/\mum U (2 (2.14)

Let us prove the convergence of series (2.3), (2.13), (2.14).
It follows from (2.3) and (2.10) that

Cllk|Tite

o0 Ta
w01 SO 3 oo (Il + Tl + gl ) 555

(2.15)

kTt

<Ce atFar (Z | oml|vm| + TZ || Um| + — Z |gm (t ||Um|)
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Proceeding similarly for series (2.13) and (2.14) we have

e t>\<0<e Lﬁqz?”(( )(ZA omlem ()
+T;Am|wm||vm<x>|)
+TIlH] ni (1enlon(a)l + T,i |wm||vm<x>|)) 2.16)
+(1+ 25 ixm\gmamvmw

clr|rite To
+ e alFe) —Z|gm Nvm ()] |,

and

kTt

Lu(e,t)] < O (ZA mllom(@)]
(2.17)

+TZ/\m|¢)m||vm ’+_Z)‘ |G () ]|V ( )|)
m=1

If we ensure the convergence of the series > A\pwpm|vm(z)| with wy, = {l@mls [Ymls [|gmll}
m=1

then the series (2.3), (2.13), (2.14) converge. ~We shall only prove the convergence of

Z Am|@m||vm(x)], and for the remaining series this can be proved in a similar way. By the

Cauchy —Schwarz — Bunyakovsky inequality we have

> bl = Y- m% it < (Z'“’" ) (D onl2E )

m=1

The first series in the right 81de of this relation converges by [11, Lm. 1|, and the second series
converges by |11, Lm. 5|. Generally, if the assumptions of the theorem are satisfied, the series
(2.3), (2.13), (2.14) converge uniformly and absolutely in Q7. Thus, the function u(z,t) defined
by series (2.3) is a solution to problem (1.1), (1.2), (1.3) in Q7.

Let us now prove the uniqueness of this solution. For ¢(z) = 0, ¢(x) = 0 and g(z, 1)
we obtain ¢, = 0, ¥, = 0, ¢,n(t) = 0. Then formula (2.8) implies that u,, = 0 since u,, i
solution to the homogeneous equation

t s

i (1) — / ds (£ — 8 B o (—An(t — 8)°) / k(s — 7Y (7) dr.

0 0

0
a

z |l

Substituting u,, = 0 into equation (2.4), we obtain

/u(:c, t)om(x) dz = 0.

Since the system wv,, is complete in space Lo(f2), function u(x,t) = 0 almost everywhere in
Q and for any t € [0,7]. Since the function u(z,t) € C*' (Qr) we conclude that u(z,t) =0 in
Q7. The proof is complete. O
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3. THEOREM ON SOLVABILITY OF INVERSE PROBLEM

t
Denoting r(t) = [ k(s)ds, we rewrite (2.8) as
0

Um, (t) :QOmEa,l (—)\mta) + @Z}mtEa’Q (—)\mta)

t

+ /(t — 8)* By a (= Am(t — 8)%) G857, 1), )ds,

0

(3.1)

where
Gn(t;rul ) = 1r(t)om + gm(t) + /T(t —7)ul (7)dr. (3.2)

Basing on Proposition 2.2 and differentiating (3.1) in ¢, we get the integral equation for ., (t)
() = =Xomt® " Eo o (—Ant®)

m
t

+ U Eo 1 (—Ant®) + /(t — S)O‘_QEa,a_l (= Am(t — 8)%) G (s; 7,0l )ds,

0

Lemma 3.1. Let u/, (1), (u,)" (t), () (t) be solutions of (3.3), corresponding to functions

)’
r(t), r(t), r(t), respectively. Fort € [0,T] and fizred m € N the estimates hold

(3.3)

, o1 Ta—l Ta—l Clirli T
[ < C( (AT + 7l ——7 ) leml + [l + llgmll =—7 | T, (34)
1 2 12 ot clr?yre
M%ﬁ(0—@%)@”<CNT—TH<WM———+H ||a_1 )emna’ (3.5)
where
lgmll = max |gm(®)l,  Irll = max [r(®)],

and ||(ul, )| satisfies (3.4) with r'

Proof. The validity of (3.4) is proved similarly to the evaluation of (2.10). To prove the estimate
(3.5) for t € [0,T], we use Proposition 1 and we get
t
<m01@>—<u;f<w\<6{/ddt—srh2(hia>—r%ou¢mw

0
t

[ (I =7 ==l ')

+ﬁﬁ@—ﬂuww%ﬂ—o%fwn)w>.

Applying the Gronwall lemma to this inequality, in view of (3.4) with 7! we arrive at (3.5).
Since G (s;k,upm) = Gn(t;r,ul,), we multiply (2.12) by v, (z¢) and sum over m. Then,
taking into consideration (1.4), we get the integral equation for r(t)

r(t) = A(r)(t), t € [0,7], (3.6)
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where
m0®—mawwwm»1</Mﬂ§j%ﬁ—7wwm%Mr

+ /(t — 8) 1 Epa (—Am(t — 5)%)

0

.(mgézxw%wdmygjmﬂéiAw%@—Tnm%@@m)da,

0

u.(t; ) means that the solution of (3.3) depends on r(t¢), and

TU(t) - (90(1;0))_1 (a?h@) - g(ZL’O, t) + Z )‘mQOmvm(CUO)Ea,l (_/\mta)

m=1

+1 Z )\mwmvm<x0)Ea,2 <_>\mta>

m=1

+ /(t — 3)0"1Ea7a (—Am(t —5)%) Z )\mgm(s)vm(:co)ds> .

0

The proof is complete.
Fix a number p > 0 and consider the ball in the class of continuous function
Rr (ro,p) = {r(t) : r(t) € C[0, 17, I = roll < p}-

The main result of this work is as follows.

Theorem 3.1. Let h € C?[0,T], ¢(x¢) # 0 and

[z

N
2

1. ay € ClEl @), ce clal3(Q);
2. o) € HEF(@Q), ) e mBE@), ge o (nlElp0, 1),
3. {o, ¥, g(-, 0}, L{p, ¥, g(-, 0}, L o v, (- 1)} € HY(Q), LIEHlp e HL(Q).

Then there is a unique solution to the operator equation (3.6).

Proof. Tt can be shown that for a sufficiently small 7" > 0 the operator A is a contracting
mapping of the ball Ry (rg, p) onto itself; i.e., the condition r € Ry (19, p) implies that A(r) €
Ry (19, p) and A shrinks the distance between any elements {r'(t), r2(t)} € Ry (1o, p) .
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Indeed, by (3.4), (3.5), (3.6), after some calculations we have

[A(r)(t) = ro(t)] CT* (¢ < E:A‘\meﬂ (o)

a—1 To— 1
oy ((AmTa—l I ) o + el + lgall 5 )
Cllr|| T«
exp (ﬂ) 17l [0 (20)] (3.7)

oo 1)
CT? & Tot
_— A2 ot Am m m| Am
T re I (C R S W IEM NN
Tt C|r||T
)\m m N m )
t ol ) esp (S0 o ol 1)

A0 = AG) 0] <CT (g ey (3 21l o)

[e¢) . Tafl
+3 ( (AmT C Il — 1) [Pl + [t
m=1
To—1 C 7-1 T
ol 2 Yo (S s )

-1 ala—1)
T2 > A2 Tl
)\2 To— 1 1 m m
Farm 2 (BT I )

Tt Cl|rt|| T
T e (&) o (@)

1 ala—1)
OO Ta-1
2
#1032 (ol

3 Ta—l
o (T 4 1= ) om
a (3.8)

il 4 gl ) e (ST T
e X
" L P ala—1) ) a(a+1)

. ’U (.T )‘GX M
2T & ot
+a(a+1)z m ol a—1

m=1

ol (erer o e X
vo( (ret e T ) el
(8}

Ta—l C'f’2 T T
# A bl + gl 5 ) exo (S0) )

1 ala—1) ) a(a+1)

exp (%) oo ) I = 2]

Under the assumptions of the theorem, all series in the above formulas converge.
Note that the expressions on the right sides of these inequalities are monotonically increasing
functions of T, |||, [|!]|, ||7']|, and since r, r', r* € Ry (ro, p), it yields the inequality

[y )] < o+ ol
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In view of these facts, for (x,t) € Qr we obtain

[A(r)(t) = ro()]| < ma(T),
HA[rl](t) — A['rQ(t)]” =myo(T) Hfrl — 'r’QH ,

where m; (T') denotes the right hand side of inequality (3.7) and my(T) is the factor at ||r! —r?|
in the right hand side of (3.8) with the only difference that 7, v, 72 are replaced by p + ||ro]| in
both cases.

Note that m;(T), i = 1,2, are positive monotonically increasing functions of 7', and m;(0) = 0.
Hence, the equations m;(7T") = p and ms(7T") = 1 have unique positive roots. We denote these
roots by 77 and Ty, respectively. Then, it is clear that if we choose T* < min (73, 75), then the
operator A is a contraction on the ball Ry (79, p) . By the Banach theorem, the operator A has
a unique fixed point in the ball Ry (ro, p); i.e., there exists a unique solution of the equation
(3.6). The proof is complete. O

Since we have found that the function r € C[0,T*], provided » € C'0,T*], we have
k(t) = r'(t). Let us find the conditions for the given functions, under which r € C'0,7*].
Differentiating both sides of equation (3.6), we obtain the linear integral equation for k

k() = A()(t),  telo,T), (3.9)

where the integral operator A(k) involves 7{(t) as a free term and the integral terms have similar
structures as in A(r); they may also include the already known function r.
On the base of Proposition 2.2, by direct calculations we show

7“6(15)=(¢(xo>)‘1<%(3?h(t)) il talemsamvm (20) Ea (~Ant™)

+ Z )\mwmvm('xO)Ea,l (_)\mta)
m=1

t

+ /(t —8)* ?Epa 1 (= An(t — 5)* Z AmGm (8)vm (o) ds >

0

Theorem 3.2. Let h(t) € C3|0,T], ¢(z0) # 0 and
1. ay € CLEIH(Q), | c e lE1H(q);

Nl
2

2. p e 1@, v e HIET(Q), g e ct (2B 0.77)

3. (e v g0} Lo, gC)} - L o v () € B3 (@), LIE o e my(@).
Then there exists a unique solution to the inverse problem (1.1), (1.2), (1.3), (1.4).

?

To prove this theorem, we note that under the assumptions of this theorem the function r{
is continuous. Then equation (3.9) is a linear Volterra integral equation of the second kind
with continuous free term and kernels. This equation has a unique solution k € C[0,7*]. Then
the solution to direct problem (1.1), (1.2), (1.3) is found by formula (2.3), where w,,(t) is the
solution to integral equation (2.8).

Let T be a positive fixed number. Consider the set ¥U(wy) (wo > 0 is some fixed number) of
the given functions (g, o, ¥, h), for which all assumptions of Theorem 3.1 are satisfied and

h < wy.
max{\|9||CI<H[15]+3(Q);[O’T]) [l ¥, ||¢|| MEIE |l ||C3[OT} wo
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By K(w;) we denote the class of functions k € C'[0, T| satisfying the inequality || k|| < w;
with some fixed positive number w;.

The following theorems characterize the conditional stability and global uniqueness the so-
lution to the inverse problem. They can be proved quite analogously to the corresponding
theorems in [1].

Theorem 3.3. Let (g, ¢, ¥, h) € U(wo), (§, ¢, ¥, h) € ¥(wo) and (k, k) € K(wr). Then
the solution of inverse problem (1.1), (1.2), (1.3), (1.4) satisfies the estimate
Ik — k|| < dx,

where

ul ¥ @)

the constant d depends only on T, o N, wy, wi and norms of a;j, ¢ in the corresponding spaces
given in Theorem 3.2 for these functions.

=lg—g — @ — h—h
wi= o=l ) = Bl fagen g 1 = O ) + = Bl

This theorem implies the uniqueness theorem for each 7' > 0.

Theorem 3.4. Let the functions k, g, ¢, ¥, h and k, 9, Ps 1;, h have the same meaning as
in Theorem 3.3. Moreover, if g = g, ¢ = @, v =, h = h fort € [0, T|, then k(t) = k(t) for
t e o0, T

4. PARTICULAR CASE

Let us consider a special case of problem (1.1), (1.2), (1.3), (1.4) for n = 1. In this case, we
assume that aj;(z) and c¢(x) are constant, namely, a;1(x) = 1, ¢(z) = 0. Then in the domain
Qr ={(z,t): 0 <z <, 0<t<T} we have the problem

O U — Uyy = /kz(t — Q)u(x,0)do + g(x, 1), (x,t) € Qr, (4.1)
0

with initial
u|t:0 = ¢<x)7 ut|t:0 = w(aj)a 0 < € < la (42)
and boundary conditions
uw(0,t) =0, wu(l,t)=0, 0<t<T, (4.3)

where o(z), ¥(z) and g(x,t) are given functions.
The inverse problem requires to find the function k(t) if there is additional information
regarding the solution of the direct problem (1.1, (1.2), (1.3)
u(xo, t) = h(t), 0<t<T, (4.4)

where h(t) is a given function, xy € (0,[) is a given number. It is known that in this case the
eigenfunctions and the corresponding eigenvalues of this problem have the form [26, Ch. II,
Sec. 3, Eq. 14|

U () = %sin vV A, A, = (?)2, m € IN.

For this case by Sobolev embedding theorem and Theorem 3.4 implies the following statement.

Theorem 4.1. Let h € C3[0,T], ¢(xy) # 0 and

Lo e 0,1, ¢Y(z) e L*0,1), v € C*0,1], ¥" € L*0,1], g € C* (Qr) Guaa(-,t) €
L2(0,1);
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2. 9(0) = ¢(I) = ¢"(0) = ¢"(1) = P"(0) = (1), ¥(0) = ¥(1) = ¢"(0) = ¢"(1),
Then there exists a unique solution to the inverse problem (4.1), (4.2), (4.3), (4.4).

It should be noted that for this particular case, it is also possible to formulate theorems on
conditional stability and the global unique solvability of the inverse problem (4.1), (4.2), (4.3),
(4.4) similar to Theorems 3.3 and 3.4.

5. CONCLUSION

We have studied the inverse problem on identification the convolution kernel in the integral
term of an initial boundary value problem for a multidimensional time fractional diffusion—wave
equation. The spatial operator is assumed to be time independent and uniformly elliptic in
divergence form. As an additional (overdetermination) condition, a single pointwise observation
of the diffusion—wave process is provided at a fixed point zy € €2, where €2 C R" is a bounded
domain.

By employing the Fourier spectral method in combination with techniques from the fractional
calculus, the inverse problem is reduced to a nonlinear Volterra integral equation of the second
kind with a convolution kernel. Using a fixed point approach, we establish the local existence
and global uniqueness of the solution. In addition, we derive a stability estimate for the solution
to the inverse problem. Finally, we present the one-dimensional case and prove a theorem on
the unique solvability in this setting.

The following cases appear to be promising for further investigation:

e The study of the inverse problem of determining the memory kernel k(t) from equation
(1.1) with conditions (1.2) and (1.3), based on an additional condition of the form

/h(:r)u(t,a:) de=g(t), 0<t<T,
Q

where h(z) and g(t) are given functions. A key question is how this choice of supplementary
condition influences the stability of the solution.
e The study of the inverse problem (1.1), (1.2), (1.3), (1.4) in the case where the integral

term in equation (1.1) reads
t

/k:(t —7)Lu(x,T)dT,
0
where L is the operator defined in the problem statement.
e Extending the results of this paper to nonlinear analogs of equation (1.1), for example by
considering k(u) in place of k(t).
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