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KOLMOGOROV TYPE INEQUALITIES
FOR FUNCTIONS ANALYTIC IN CIRCLE

M.SH. SHABOZOV, R.A. KARIMZODA

Abstract. In the paper we obtain a series of Kolmogorov type inequalities for functions
analytic in a circle of an arbitrary radius R and belonging to the Hardy space Hy g (1 <
q < oo, R > 0). We provide some applications of these inequalities in extremal problem of
best polynomial approximation.

Keywords: Kolmogorov type inequalities, best polynomial approximation, intermediate
derivatives, supremum, Hardy space.

Mathematics Subject Classification: 30E05, 30E10

1. INTRODUCTION

Since the early twentieth century, many great mathematicians, such as E. Landau,
J. Hadamard, G. Hardy, J. Littlewood, A.N. Kolmogorov, have been particularly interested
in obtaining precise inequalities for the norms of intermediate derivatives of functions using
the norm of the function itself and the norm of its highest derivative. In modern math-
ematics, such inequalities are commonly referred to as Kolmogorov type inequalities. The
rapid development of this topic is associated with the works of V.V. Arestov, S.B. Stechkin,
L.V. Taikov, V.N. Gabushin, V.M. Tikhomirov, N.P. Kuptsov, V.N. Konovalov, N.P. Korne-
ichuk, V.F. Babenko, G.G. Magaril-Ilyaev, A.A. Ligun, S.A. Pichugov, and many others. A
detailed presentation of both modern and earlier results is given in the relatively recently pub-
lished monograph by Babenko, Korneichuk, Kofanov, and Pichugov [2]. For functions of two
variables, Kolmogorov type inequalities were proved in recently published papers by Vakarchuk
[3], Vakarchuk and Vakarchuk [!], [5] and by Shabozov and his students [9], [10].

In our opinion, it is of great interest to find Kolmogorov type inequalities for functions
analytic in an arbitrary circle of radius R, where, in comparison to functions of a real variable,
just few complete results were obtained, see, for example, [3]-[5], [8]-[10], [12] and the references
therein.

In this paper, we prove a series of Kolmogorov type inequalities for functions analytic in an
arbitrary circle and belonging to the Hardy spaces H,, 1 < ¢ < oo.

We introduce necessary notation and notions. Let IN, Z,, R, R, and C be the set of
natural numbers, non-negative integers, positive numbers, real numbers, and complex numbers,
respectively. Let

Urp:={2€C:|z| <R}
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be a disk of an arbitrary radius R in the complex plane C, and let A(Ug) be the set of functions
analytic in the disk Ug. For an arbitrary function f € A(Ug) with 0 < p < R we denote

1

q

2T
1 . ,
— e ) |9dt if 1<qg< o0,
VLfp) QW/U@ ) ;

max{|f(pe")| : 0 <t < 2r} if ¢q=o0,

where the integral is understood in the Lebesgue sense.
By the symbol Hy,pr, 1 < ¢ < 0o, R > 0, we denote the Hardy space, which consists of
functions f € A(Ug) with a finite norm

£l = lim Mo(F0) (1)

It is well-known [0, Ch. 4] that norm (1.1) is attained at angular boundary values f(Re®)
of a function f € H, r

27
1 . .
. %/|f(Re”)|th it 1<q< oo,
q,R
0

esssup{|f(Re™)|: 0 <t < 2r} if ¢= oo
In the case R =1welet U :=U,, Hy; :== H,;.

We denote H, ,, 0 < p < R the Hardy space of functions f € A(U,), which obey

1f sz, = 1£ (p2) Lz, = [1F (pe™ ) 2y10.2m) = Mo(f p) < 00

The rth derivative of function f(z) in the argument of the complex variable z = pe® is denoted
by fy)(z). It is obvious that

and for r > 2 (r € IN) we let
f7(z) = {230,
. By the symbol Héjﬂz)%,a we denote the class of functions f € A(Ug) such that fér) € H, g, that
is,
H'ho = {F € AUR) : [FOllor = 1O (Rl < 0}, reN.

In the same way for the usual derivative of rth order in the variable z of a function f € A(Ug)
with the Taylor series

f(2) =) alf)zh, (1.2)

we let

d

f(r) (Z) = ;Zf - Zak,rck(f)zk_ra
k=r

where
agr =k(k—1)---(k—r+1), k>r, keN, reZ,, oao:=1 api =k,
cx(f) are the coefficients in the Taylor series of function f. In what follows we let

HO) = {f € AUR) : [If)lgr = If(R)|ly < 00}, reN.
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(r)

2. KOLMOGOROV TYPE INEQUALITY FOR CLASSES H ', , AND Héf}% (relN,1<qg< )

In this section we prove a Kolmogorov type inequality for the classes H (r 1)%(1 and H for all

r € N, 1 < g < oo. We have noted above that the norm of functions f 6 o.R 18 attalned on
its angular boundary values f(Re") € L,, 1 < ¢ < oo, which are Wellfdeﬁned for almost all

values ¢ € [0, 2m). If at the same time 1 < p < ¢, then the inclusion H, x C H) g holds for each
R > 0. The results of [1] 1mply as a corollary that qu)::a C Hyp, 1 < ¢ < oo. Hence, for an
arbitrary function f € HqRa for ¢ > 2 we have fi") € H,r C Hsp. Using the Taylor series

(1.2) of function f in the circle Ug, we represented the rth derivative of f{"”(z) as

o0

JO(2) = (k) en(f)=".

k=1
Since, as the above facts imply, the rth derivative

(e 9]

FI(Re™y = (ik) e (f) (Re™)

k=1

of function f € Hé,r])%,a has a finite norm in the space Hy g
11, = Zkz’"lc )IPR* < o0, (2.1)

by the above formula, the norms of all intermediate derivatives fé“l')(z), v=1,r —1, in this
space are also finite. In particular, this implies that these derivatives belong to the Hardy space
Hy,r, 1 <p< 2, that is, the relations

H() CH(T V)

hold, where 1 <p <2< q, v=1,r, H;E?I)% = H, r. The following theorem holds.

Theorem 2.1. Letv,r e N, 1<v <r,0<p< Rand1 <p<2<s,t<q. Then each
function f € Hé%a satisfies the Kolmogorov type inequality
r—v P % r 1_%
£ a,, < }—szHHS,RHfé N, 3 (2.2)

This inequality is sharp in the sense that there exists a function g € H") which turns it into

q,R,a’
the identity.

Proof. Since for v = r inequality (2.2) is obvious, we suppose that 1 < v <r—1. Let f € ng)%,a-
Then its (r — v)th derivative obeys the relation

o

FUE) = SR ()2, (2.3)

k=1

and by the Parseval identity for the norms of functions f and f"~), by (1.2) and (2.3) we have

11, , = ZIC PIPR, (2.4)

£, = Zk‘%’ er(f)P R
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At an arbitrary point z € Ug, |2| = p, 0 < p < R for the norms of fi")(z) we write

1N, = Zk” Dex(F)PPo*. (2.5)

We rewrite this identity as

T—V S T—V p 2k
1M, = D Rl )RS (£)
k=1

Y (el NP (PR (2) 26)
< (2)7 S (el PR (2l PR

k=1
Applying the Holder inequality for series

San< () (20) 27)
k=1 k=1 k=1

where ag, b, > 0, a > 1, §+% = 1, to the right hand side of (2.6) with o := L, 3 := (ri—u), in
view of formulas (2.4), (2.1) and the relation

wax (7)" = (4)

r—v P 2 2% r 2(17%)
1, < (%) 111, 107 1

we get

or, what is the same,
1—r

1£5 M, < 5 ||f||H2RHf 15y (2.8)

Taking into consideration the belonging of intermediate derivative fa ) of the function f €

Hé%a, q = 2, to the space Hy,r, 1 < p < 2 and the relations f € H; g, £ e Hy g, where

2 < s,t < q, as well as the features of the definition of norm in the Hardy space, we obtain
£ ey, <Ny, 0<p<R,  1<p<2 (2.9)

Moreover, since f € Hy g, for 1 <p <2 < s, < ¢ we have

HQ,R C Hs,Rv Hé,R,a - Ht(,I%,a’

and the inequalities hold

||f||H2,R < ||f| Hg R HfoET)HHzR < Hftgr)HHt,R’ (2'10)
In view of inequalities (2.9) and (2.10), by (2.8) we have

r—rv p
£, < BIF

and this proves inequality (2.2).
Let us prove the sharpness of inequality (2.2), for instance, for the extremal function g(z) =

az € H . We have

v 1—v
i, ol F8 N,

lgll. = lalR, Mgy ™I, = lalo, N9 Nlan = lal R.
Using these values of norms, we get

P v
605 = 2 lal )

—Hg\ alR)'" = lalp = [l9 " |1n,.,.
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that implies the sharpness of (2.2) and completes the proof. ]
Theorem 2.1 implies the next corollary.
Corollary 2.1. Under the assumptions of Theorem 2.1 for p = R the inequality holds
L ity < 1 W LM

Theorem 2.2. Letv,r e N, 1 < v <r,0<p< Randl1 <p<2<s,t<q Then
each function f € H;Z)% with the Taylor coefficients cx(f) = 0, k = r —v,r — 1, satisfies the
mequality

v r 17%
IT-IS,R“f( )”Ht,R’ (211)

_ /) r Qpr—yp
1, < (&) 252016
TUNRS g

which becomes the identity for the function gi1(z) = az", a € C, r € N,

Proof. Using the Taylor series (1.2) of function f € A(Ug), for the rth derivative f(z) we
write

1) =S anper(£),
k=r

where oy, == k(k—1)---(k—r+1), k> r, k,r € N. Since for an arbitrary function f € Hé%
the norm of its rth derivative

1N = D i len (PR (2.12)
k=r

is finite in the space Hs g, by (2.12) and representations of quantities ay ., all its intermediate
derivatives f")(2), (v = 1,r — 1). also have finite norms. In particular, this implies that

fr=)(2) € HZ()TI)% (1<p<2) and H(g% C H]SEV), where 1 <p<2<q,v=1,r.
Now let a function f € Hé% satisfies the assumptions of Theorem 2.2 on the coefficients
ck(f). Then its (r — v)th derivative has the Taylor series

FOIE) = 3 e
k=r

and by the closedness condition

£ ||§{27p — Z azvr_y|ck(f)|2p2(k—r+u)7
k=r

what is represented as

2
o L v 2(k—r+v) r—u
11 = S (0 e DPRE) 7 (£ PR (£) (&k;_u )

k=r ak,r
, (2.13)
p\2E=r+0) (ay > v it
<max | (7) ) ] (PR (af Jen PR
- k:,?"7 k=r
The result of [5] implies
2
2(k—r+v) —v v rr—v
max (£> S _ <p> Trrr ) (2.14)
k}}?" ak,,.r R a'f‘,?‘r
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As in the proof of previous theorem, we apply Holder inequality (2.7) to the right hand side of
(2.13) and in view of (2.14) we obtain

Hf(r—z/)H%IZP < (%) rr v <Z|C R2k> (Zakr|ck ’ RQk r)

2
p v Qo r—y (1-%)
= (%)

7‘7"

1—v

T

Arguing as in the proof of Theorem 2.1, we find

||f(r_y)||pr < ||f(T_V)HH2,p’ 1

p<2, 0<p<R,
1FNor S WMt N o < 1F e

sR’

and this yields

Ol
[Vl s

£, < (%) Z 17115

that proves inequality (2.11).
(r)

For the function ¢;(z) = az" € H, o> @ € €, r € N inequality (2.11) becomes the identity.
Indeed, for g; we obtain

=R, e N = a9V a,, = lalp e,

911z
Substituting the values of these norms into the right hand side of (2.11), we get

P Qpr—p —%_pl/rru r\ £ -z
() = il ot M= () o (al )7 (anfa)™

TT 7”7’

VOypp_y 1-% —
=lal (£) S5 ar B = laloan,— = g™ i,
Oy

)

This proves the sharpness of inequality (2.11) and completes the proof. O
Corollary 2.2. Under the assumptions of Theorem 2.2 for p = R the inequality

_ (6%
PO, < SIS
Oy’

j—

sRHfT)HHtR (2'15)

holds, and it becomes the identity for the function ¢(z) = az".

Remark 2.1. Earlier inequality (2.15) for p=s=1t =2, R =1 was proved in |3|, and in
the case 1 <p <2< s,t<qand R=1 it was proved in [5].

3. KOLMOGOROV TYPE INEQUALITIES FOR BEST POLYNOMIAL APPROXIMATIONS OF
(r)

ANALYTIC FUNCTIONS IN CLASESS Hq’R’a AND Héf}%, relN; 1<q¢g<< o

We consider some applications of the results obtained in Theorems 2.1 and 2.2 in Section 2
to the extremal problems in the theory of polynomial approximations of functions analytic in a
disk and belonging to the classes H(T])%a and H(z)z relN, 1< q< oo Wedenote by P,, n € Z,
the subspace of algebraic polynomlals of a complex Varlable z of degree not exceeding n.

By the symbol E,_1(f)sp, n € N, 1 < ¢ < 00, 0 < p < R, we denote the value of best
polynomial approximation of a function f € H, , by the elements in the subspace P,_; in the
metric of space H , :

En—1<f)q,p ;= inf {Hf _pn—IHq,p P Pn-1 € Pn—l} .
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The polynomial p;_,, for which E,_i(f)s, = |If — P}_1llqp, is called the polynomial of best
approximation of function f € H,,. In the case ¢ = 2 the polynomial of best approximation
pi_, coincides with (n — 1)th partial sum

n—1

Tooi(fo2) =Y clf)"
k=0

of the Taylor series of function f € Hj g. At the same time

Bur(f)2p = 1 = Tuca () 2 = {Z exlf } (3.1)

Theorem 3.1. Letv,r e N, 1 <v<r, 1 <p<2<s,t<q, 0<p< R Then for each
function f € H; NH") and each n € N the inequalities

q,R,a
r—v nertv an,r—u L4 r 1_%
Buriva(F ™ < (5) 5 (Baa (D) (Bacon(F i) 71 m>7, (32)
Qln "
r—v P\" z r 17%
Bua (5o < (£) Buct(Pe) (Buca (f ) (33)

hold, where f© = féo) = f, which are sharp in the above stated sense.

Proof. The proofs of identities (3.2) and (3.3) follow the same scheme and this is why we prove
only (3.2). We consider an arbitrary function f € A(Ug) with Taylor series (1.2), which belongs
to the set H, g, ¢ = 2, and we denote

ra(f,2) = f(2) = Tuca(f,2) = Y enl( )" (3.4)

It is clear that r,(f) € H(l)%, and since by the assumptions of theorem f € H, g, by identities
(3.1) and (3.4)
En1(f)2r = lIra(f)ll2r. (3.5)

Now let v € [0,n — 1] be an arbitrary natural number. By direct calculation of vth derivative
we verify the identity

(fa ) n v— 1(f(y)72)7 (36)
where Té[l)l(f, 2) =T a(f, 2). By identities (3.4) and (3.6) for n > r > v > 1 we obtain

— - k—r+v
z) ;@k,ruck(f)z (37)

= f(r_y)(z) - Tn—r—&-u—l(f(r_y)a Z) = Tn—r—&-u(f(r_y)a Z)
In view of identity (3.5), by (3.7) we get

1S () 2k = Encrio1 (F77)2,m, (3.8)
I (Dller = Baerar (f)2,r. (3.9)

Applying the scheme of proof of Theorem 2.2 for p = s =t = 2 in view of formulas (3.5), (3.8)
and (3.9), after some simple calculations we obtain

r—v P n—r+v Qp r—y v r 1_%
EnfrJrufl(f( )>2,p g (E) Tz (En71<f)2,R) " (Enfr+1<f( ))2,R) .
Oén,rr

The definition of best polynomial approximation of functions f € H, g for 1 < p < ¢ we have
En—l(f)p,R < En—l(f>q,R'
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In view of the relation H é’ 1)% c H" bR ), 1 < p <2< q and the implied inequality
En1(f)2,r < Eni(f)s,r: 5,1 < ¢,

we write
En—r—&-l/—l(f(r_y))p,p < En—r—&-l/—l(f(r_y))lpa
Enfr71<f(r)>2,R g Enfr‘fl(f(r))t,Ru t 2 27

and this immediately implies inequality (3.2).
For the function go(2) = az™ € H(I)%, a € C,n € N, n>r inequality (3.2) becomes the

identity. We have

(r—v) —rt
9 ™(2) = agn,_, 2",

937 (2) = aag,2"",

En—l(QQ)S,R = |G\Rna

En—r+u—1 (gér_u))pm = |a|an,7"—upn_r+y7

En 1 (gér))t,R = ‘a’an,arir-

Substituting the obtained quantities of best polynomial approximations into inequality (3.2),
we make sure that it becomes the identity and hence it is sharp in the above stated sense.
Indeed, we have

P n7T+Van,rfz/ 14 r 1*%
<E> 17 (En—l(g2)s,R)r (En—r—l(gé ))t,R>

Qnr”
pNTTY Oén,« v n\ = n—r\1—%
- (%)  (Jal ) (lala, B*)
@nr
:<%>n r+v Oén'r V| |Rn Y ip—r— (TL T)Ta:l_rz

Oénr

:pn_r+y|a|04n,r—1/ = Enryv— 1(95” V))p7p’

that completes the proof. O
Corollary 3.1. Under the assumptions of Theorem 3.1 for p = R the inequalities hold

(Buera (F)em) ' (3.10)

v

r—v Qpr—v v
EnfrJrufl(f( )>p,R < T(En*1<f)S7R)T
an,rr
—v z r 1-=
En—l(fér ))p,R g (En—l(.f)s,R) r (En—l<f(§ ))t,R)
We note that inequality (3.10) was earlier proved for R = 1 in [5]. It is obvious that proven
inequalities (3.2) and (3.3) can be written in a slightly simplified form

En—u—l(f(y))p,p < (%)n_y OZZW (E"_l(f)S’R)l—% (E”—T—1<f(r)>t,3> ’ ) (3'11)
Qn
Bt (F00 < (5) (Baa(£)o) ™% (Baa (1) (3.12)

Inequalities (3.11) and (3.12) allow one to solve some extremal problems of approximation
theory in a simpler way.

By W;%(Wq(%a) we denote the class of functions f € H R (f € H }){a) for which || f (r) g <

L, (] £ llo.r < 1). We consider the following extremal problem: find exact values of quantities

mp@%ylﬂw :fewﬁ%, ner>v>1, p<2<q (3.13)
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sup {En_l(fél’))%p fe Wq(%a} , n e N, p<2<yq. (3.14)

These quantities (3.13) and (3.14) define the suprema of best polynomial approximations of
intermediate derivatives f® (f)), 1 < v < r, on the classes W;j}% and Wq(%a respectively in
the metric of Hardy space H), ,, where 1 <p <2<¢q, 0<p<R.

The next theorems concern the calculations of mentioned quantities.

Theorem 3.2. Let n,r,v € N satisfy the relations n > r > v > 1,1 < p <2< q, and
0<p< R, R>1. Then the identity holds

sup {En—l/—l(f(y)>pyp : f S Wq(%}
' (3.15)

_ <£>TL—V an’y — <£>n—u
R Qny \R n—v)---(n—r+1)
Proof. For an arbitrary function f € Hé%, 1 < g < o0, r €Z, the inequality holds [7], [11]:
1

Ol r

En1(f)qr < Enra(f)g.r-

Using the Holder inequality, we easily verify the inclusion W( e WS( 133 for 2 < s < g. Therefore,
1

Bt (£an < Bna(£on < —Enra(fO)yr < Mo < (3.16)
For a function f € W & With 1 < p <2 <1< ¢ by the inequality
En—r—1<f(r))p,R < En—r—l(f(r))q,R (3-17)
for p =t we have
En r— l(f(r))tR < En r— 1( ) ||f ||qR (318)

Then for an arbitrary function f € W & by formulas (3.16), (3.18), the inclusion Hg"})% C H;E’,/z)%a
with1<v<r,1<p<2<gq and by inequality (3.11) we obtain

(p >7‘L—l/ Oén,l/ 1 1_%

=) Z: =(7) (). 1(n )

This implies the upper bound

En,,,,1 (f(u) )p,R

N

n—v 1
vt ([ [ €W} < (%) . 3.19
sup {Euealf Dy £ €Wy} < (5 (n—v)-(n—r+1) (3.19)
To get the lower bound, we consider the function
1 n
g5(z) = ., R>21, nrveN, nzr>v,

Rnfu an,r

which belongs to the class Wq(j?z. Since

(v) _ 1 Ony pn_p E (v) _ (ﬁ)nfy Oy
g3 (2) Rn—v _an,rz ) nv—1(93 )p.p R an,r’
, R 1
157 lor = oy = s L T2,
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the lower bound

S0 { Bua(F ) s £ €W 2 Buui ()
) (3.20)

B (%)n_y Z:: B (f%>n_u n—v)---(n—r+1)

holds. Desired identity (3.15) is obtained by comparing inequalities (3.19) and (3.20). The
proof is complete. O

In the same way we prove the next theorem.

Theorem 3.3. Letn,r,v € N, 1<p<2<q 0<p<
sup{ _— 1(f(”)pp fEW }z( > )
2

Theorem 3.4. Let n,r,v € N satisfy the relations n
0 < p < R. Then the identity holds

En—y—l(f(y))il’vp . (r) _ ﬁ v Qp y
sup { (Boa(f)om) 2 fe Wq,R} = (R) @) (3.21)

Ifn,r,v € IN are arbitrary numbers and 1 < p <2< q, 0 < p < R, then the identity holds

B (f)py @ | _(P\"
sup { B € Wik = (%) (3.22)

Proof. We provide the proof (3.21), which is essentially based on (3.2). The proof of identity
(3.22) follows the same scheme and is based on inequality (3.3). For an arbitrary function

R. Then the identity holds

f € w) . With p =1 on the base of inequality (3.17) we write

Epra(f)ir < Bacra(F ) < IV lgr < (3.23)

and hence, in view of (3.16) and (3.23), the inclusion H( N H( , with 1 <p<2<s<yq
and (3.11), we obtain
n—v O{’VL v

By < () (Buca(£)ar)' .

T
On,r

This immediately implies the upper bound for the quantity in the left hand side of identity
(3.21):

En—y—l(f(y) )p p (r) } PNV
sup{ = feWw < (—) - 3.24
(En1(f)s,p)' o BRI oy, (324
To obtain the lower bound, we introduce the function
1 2"
94(2) - Rn_’,« Oén;,"
Taking into consideration the relations
r 2" r v 2 oy
O L e O R =
B pnfu Qs Rr

En-1(94)s,r =
— 3 n—1\94)s,R 5
Rn r Oén’r an,r
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we write »
En—l/— v r
sup{ 10) )1’3_’1 fe Wq(%}
(En—1<f)s,R) r '
E (v) n—v 1—2 n—v (325)
Y e Ay o B (O R
(En—l(g4>s,R>1_? Rr=r Qpr R R Oé?i,r
Comparing upper bounds (3.24) and lower bounds (3.25), we get identity (3.21), and this
completes the proof. O
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