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FOURIER SERIES AND DELTA–SUBHARMONIC FUNCTIONS

ON OPEN SEMI–ANNULUS

K.G. MALYUTIN1, N.V. QUYNH, A.A. NAUMOVA2

Abstract. We consider a class 𝑆𝐾(𝑅) of subharmonic functions on the unbounded open
semi–annulus

𝐷+(𝑅) = {𝑧 : |𝑧| > 𝑅, Im 𝑧 > 0},
which on each semi–annulus

𝐷+(𝑅1, 𝑅2) = {𝑧 : 𝑅 < 𝑅1 < |𝑧| < 𝑅2 < ∞, Im 𝑧 > 0}
possesses a positive harmonic majorant. We introduce a class 𝐽𝑆(𝑅) of subharmonic func-
tions on 𝐷+(𝑅), whose boundary values on the real boundary 𝐷+(𝑅) are non–positive. We
obtain some properties of functions in the classes 𝑆𝐾(𝑅) and 𝐽𝑆(𝑅). The class 𝛿𝑆(𝑅)
of delta–subharmonic functions on 𝐷+(𝑅) is defined as the difference of classes 𝑆𝐾(𝑅) or
𝐽𝑆(𝑅):

𝛿𝑆(𝑅) = 𝑆𝐾(𝑅)− 𝑆𝐾(𝑅) = 𝐽𝑆(𝑅)− 𝐽𝑆(𝑅).

For functions 𝑣 ∈ 𝛿𝑆(𝑅) we introduce a growth characteristic 𝑇𝑅(𝑟, 𝑣), which differs from
the characteristics used for the functions defined on the upper half–plane. It determines
the growth of function in the vicinity of semi–circumference 𝐿𝑅 = {𝑅𝑒𝑖𝜃 : 0 ⩽ 𝜃 ⩽ 𝜋}. For
an arbitrary function of growth 𝛾 (unbounded non–decreasing positive function defined on
the real semi–axis 𝑅+ = {𝑟 : 𝑟 > 0}) we define the class 𝛿𝑆𝐿𝑅

(𝑅, 𝛾) ⊂ 𝛿𝑆(𝑅) of delta–
subharmonic functions 𝑣 of finite 𝛾–type on 𝐷+(𝑅) in the vicinity of circumference 𝐿𝑅
as

𝑇𝑅(𝑟, 𝑣) ⩽ 𝐴𝛾

(︂
𝐵

𝑟 −𝑅

)︂
for all 𝑅 < 𝑟 < 2𝑅 and some positive 𝐴 and 𝐵 depending on 𝑣, but independent of 𝑟.
We obtain the criterions of belonging of function 𝑣 to the class 𝛿𝑆𝐿𝑅

(𝑅, 𝛾) in terms of its
Fourier coefficients.

Keywords: unbounded open semi–annulus, harmonic majorant, delta–subharmonic func-
tion, growth function, Fourier coefficient.
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1. Introduction

We employ the following notation and terminology. By N = {1, 2, . . . } we denote the set of
integer positive (natural) numbers, C = {𝑧 = 𝑥 + 𝑖𝑦} is the complex plane with the real axis
R,

𝑅+ = {𝑟 : 𝑟 > 0}, Im 𝑧 = 𝑦, Re 𝑧 = 𝑥,
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C+ := {𝑧 ∈ C : Im 𝑧 > 0} is the upper half–plane without the boundary, ∞ denote both the
infinite point in the complex plane and +∞ on the real axis. The open circle of a radius 𝑟
centered at a point 𝑎 is denoted by 𝐶(𝑎, 𝑟), while 𝐵(𝑎, 𝑟) = 𝐶(𝑎, 𝑟) stands for the closed circle,
𝐺 is the closure of a set 𝐺, and 𝐺+ denotes the intersection of the set 𝐺 with the half–plane
C+, that is, 𝐺+ = 𝐺 ∩ C+. Subject to the context, the symbol 𝜕 can stand both for the
partial derivative of a function and the boundary of a set. By 𝑥+ = max{𝑥; 0} we denote the
non–negative part of a real–number 𝑥. In particular, ln+ 0 = 0. We denote by

𝐷+(𝑅1, 𝑅2) = {𝑧 : 0 < 𝑅1 < |𝑧| < 𝑅2 < +∞, Im 𝑧 > 0}

an open semi–annulus in the upper half–plane. By

𝐷+(𝑅) = {𝑧 : |𝑧| ⩾ 𝑅, Im 𝑧 > 0}

we denote an unbounded open semi–annulus in the upper half–plane. By 𝐴, 𝐴1, . . . , we denote
positive constants, which can vary in the proofs. The reader shall meet the following arguing:
«let 𝑓(𝑟) ⩽ 𝐴𝛾(𝐵𝑟), then 𝑓(2𝑟) ⩽ 𝐴𝛾(𝐵𝑟)», which should not cause misunderstanding. By
𝐵 ×𝐺 we denote the Cartesian product of sets 𝐵 and 𝐺.
The exposition of theory of subharmonic functions can be found in books by Privalov [12],

Hayman and Kennedy [14], Tsuji [20], as well as in monograph [8]. In the paper we obtain
the criterion of belonging a delta–subharmonic function on an unbounded semi–annulus to a
given class, which is determined by an arbitrary growth function. The base, on which the proof
of this result relies, is a generalized Carleman formula. This formula differs from formulas by
Ito [16], Grishin [5], Govorov [2]. We note that these authors considered these functions on an
open half–plane in contrast to Carleman, who considered meromorphic functions on a closed
semi–annulus. Recently there appeared interesting works by Khabibullin [13] and its pupils [11],
in which they proposed a new approach to a generalization of the Carleman formula based on
the inversion of special functions with respect to a circumference.

2. Selection and estimates for exceptional sets

Let 𝜇 be a positive measure on the semi–annulus 𝐷+(𝑅), and 𝜙(𝛼) be a continuous strictly
increasing function one the segment [0, 1], while 𝐴(𝑟) be a continuous strictly positive non–
decreasing function on the semi–axis (0,∞).

Definition 2.1. The exceptional set 𝐹 for a measure 𝜇 constructed by means of functions
𝐴(𝑟) and 𝜙(𝛼) is the set of 𝑧 ̸= 0, for which there exists 𝛼 ∈ [0, 1] such that

𝜇(𝐵(𝑧, 𝛼𝑟))

𝐴(𝑟)
⩾ 𝜙(𝛼), 𝑟 = |𝑧|. (2.1)

Lemma 2.1. For each 𝑧 ∈ 𝐹 there exists the greatest of numbers 𝛼 = 𝛼𝑧, for which inequality
(2.1) holds. In the case 𝛼𝑧 < 1 the identity holds

𝜇(𝐵(𝑧, 𝛼𝑟))

𝐴(𝑟)
= 𝜙(𝛼𝑧).

Definition 2.1 and Lemma 2.1 for the half–plane belong to Grishin [4]. For an unbounded
semi–annulus the proof of Lemma 2.1 is similar to the arguing in the case of half–plane and we
omit it.
We introduce the following notation

𝐿(𝑧, 𝜁) =
1

Im 𝜁
ln

⃒⃒⃒⃒
𝑧 − 𝜁

𝑧 − 𝜁

⃒⃒⃒⃒
, 𝑙(𝑧, 𝜁) = |𝜁|𝐿(𝑧, 𝜁).
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The written formulas define the kernels as continuous functions for Im 𝑧 ⩾ 0, 𝜁 ∈ C+, 𝑧 ̸= 𝜁.
However, these functions are continued as continuous to the set

C+ × C+ ∖ diag
(︀
C+ × C+

)︀
,

where
diag

(︀
C+ × C+

)︀
=

{︀
(𝑧, 𝑧), 𝑧 ∈ C+

}︀
.

In what follows, as usually, we consider the function 𝐿(𝑧, 𝜁) on the set C+×C assuming that
𝐿(𝑧, 𝑧) = −∞ for 𝑧 ∈ C+ and 𝐿(𝑧, 𝜁) = 0 for Im 𝜁 < 0. If 𝜁 = 𝑡, then

𝐿(𝑧, 𝑡) = lim
𝜂→+0

1

𝜂
ln

⃒⃒⃒⃒
𝑧 − 𝑡− 𝑖𝜂

𝑧 − 𝑡+ 𝑖𝜂

⃒⃒⃒⃒
= − lim

𝜂→+0

1

𝜂
Re ln

(︂
1− 2𝑖𝜂

𝑧 − 𝑡+ 𝑖𝜂

)︂
= −Re

2𝑖

𝑧 − 𝑡
= − 2𝑦

(𝑥− 𝑡)2 + 𝑦2
,

where 𝑧 = 𝑥+ 𝑖𝑦.
Thus, 𝐿(𝑧, 𝜁) differs from the Poisson kernel for the upper half–plane just by a factor. The

function 𝐿(𝑧, 𝜁) is almost constant in the variable 𝜁 on the part of circumference |𝜁 − 𝑧| = 𝛼𝑟,
𝑟 = |𝑧|, located in the closed upper half–plane. We reflect this in the next lemma due to
Grishin [4].

Lemma 2.2. For |𝜁 − 𝑧| = 𝛼𝑟, Im 𝜁 ⩾ 0, the function 𝐿(𝑧, 𝜁) satisfies the estimate

1

𝑟
𝑓(𝛼, 𝜃) ⩽ 𝐿(𝑟𝑒𝑖𝜃, 𝜁) ⩽

1

𝑟(sin 𝜃 + 𝛼)
ln

𝛼

2 sin 𝜃 + 𝛼
,

𝑓(𝛼, 𝜃) =

⎧⎪⎨⎪⎩
1

sin 𝜃 − 𝛼
ln

𝛼

2 sin 𝜃 − 𝛼
, 𝛼 < sin 𝜃,

−2 sin 𝜃

𝛼2
, 𝛼 ⩾ sin 𝜃,

4

ln 3

1

𝑟(sin 𝜃 + 𝛼)
ln

𝛼

2 sin 𝜃 + 𝛼
⩽ 𝐿(𝑟𝑒𝑖𝜃, 𝜁) ⩽

1

𝑟(sin 𝜃 + 𝛼)
ln

𝛼

2 sin 𝜃 + 𝛼
.

Remark 2.1. We have expressed the presence of latter inequality by words that the function
𝐿(𝑧, 𝜁) is almost constant on the circumference |𝜁 − 𝑧| = 𝛼𝑟.

Theorem 2.1. Let 𝜇 be a positive finite measure on the semi–annulus 𝐷+(𝑅), 𝜇(𝐷+(𝑅)) =
𝑆, 𝐹 is an exceptional set for the measure 𝜇 constructed by means of functions

𝐴(𝑟) ≡ 𝑆, 𝜙(𝛼) = 2
1 + 𝜂

𝜂
𝛼, 𝜂 ∈ (0, 1).

Then for 𝑧 /∈ 𝐹 the inequality

𝑢(𝑧) :=

∫︁∫︁
𝐷+(𝑅)

𝑙(𝑧, 𝜁) 𝑑𝜇(𝜁) > −𝑀𝑁𝑆

holds, where

𝑀 =
8

ln 3

∞∫︁
0

1

1 + 𝑢
ln

(︂
1 +

2

𝑢

)︂
𝑑𝑢, 𝑁 = 2

1 + 𝜂

𝜂
.

Remark 2.2. Similar theorem for the half–plane C+ was proved by Grishin in his thesis [5,

Thm. 18]. The proof for the semi–annulus 𝐷+(𝑅) is similar to the arguing in [5], however, we
did not meet the Grishin theorem in other sources except for his thesis, in which the proof is
provided briefly. For the sake of completeness of exposition, we provide the proof of Theorem 2.1
not claiming the authorship and using the ideas from [5].
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Proof. Since the kernel 𝑙(𝑧, 𝜁) is negative, we obtain 𝑢(𝑧) ⩽ 0. Since for

𝜁 − 𝑧 = 𝛼𝑟𝑒𝑖𝜓, 𝑧 = 𝑟𝑒𝑖𝜃

the inequality

|𝜁| ⩽ (1 + 𝛼)𝑟

holds, by Lemma 2.2

|𝑢(𝑧)| ⩽ 4

ln 3

∫︁∫︁
1 + 𝛼

sin 𝜃 + 𝛼
ln

(︂
1 +

2 sin 𝜃

𝛼

)︂
𝑑𝜇(𝜁)

=
4

ln 3

∞∫︁
0

1 + 𝛼

sin 𝜃 + 𝛼
ln

(︂
1 +

2 sin 𝜃

𝛼

)︂
𝑑𝜇(𝐵(𝑧, 𝛼𝑟)).

We denote

𝑓(𝛼) =
1 + 𝛼

sin 𝜃 + 𝛼
ln

(︂
1 +

2 sin 𝜃

𝛼

)︂
.

The function 𝑓(𝛼) decreases on the interval (0,+∞), that is, 𝑓 ′(𝛼) < 0.

We observe that for 𝛼 ⩾
1

𝑁
and 𝑧 ̸∈ 𝐹 the identity 𝜇(𝐵(𝑧, 𝛼𝑟)) = 𝑆 holds, since by con-

struction of the set 𝐹 for such 𝛼 we have

𝜇(𝐵(𝑧, 𝛼𝑟)) ⩾ 𝑆𝑁𝛼 ⩾ 𝑆.

This implies

|𝑢(𝑧)| ⩽ 4

ln 3

1
𝑁∫︁

0

𝑓(𝛼) 𝑑𝜇(𝐵(𝑧, 𝛼𝑟)).

For 𝑧 ̸∈ 𝐹 the inequality

𝜇(𝐵(𝑧, 𝛼𝑟)) ⩽ min{𝑁𝑆𝛼;𝑆}
holds. This is why for all 𝑧 ̸∈ 𝐹

1
𝑁∫︁
𝜀

𝑓(𝛼) 𝑑𝜇(𝐵(𝑧, 𝛼𝑟)) = 𝜇(𝐵(𝑧, 𝛼𝑟))𝑓(𝛼)
⃒⃒⃒ 1
𝑁

𝜀
−

1
𝑁∫︁
𝜀

𝜇(𝐵(𝑧, 𝛼𝑟)) 𝑑𝑓(𝛼)

⩽ 𝑆𝑓

(︂
1

𝑁

)︂
− 𝜇(𝐵(𝑧, 𝜀𝑟))𝑓(𝜀)−𝑁𝑆

1
𝑁∫︁
𝜀

𝛼 𝑑𝑓(𝛼)

⩽ 𝑁𝑆𝜀𝑓(𝜀) +𝑁𝑆

1
𝑁∫︁
𝜀

𝑓(𝛼) 𝑑𝛼.

Passing to the limit as 𝜀 → +0, we obtain

|𝑢(𝑧)| ⩽ 4𝑁𝑆

ln 3

1
𝑁∫︁

0

1 + 𝛼

sin 𝜃 + 𝛼
ln

(︂
1 +

2 sin 𝜃

𝛼

)︂
𝑑𝛼

⩽
8𝑁𝑆

ln 3

1
𝑁∫︁

0

1

sin 𝜃 + 𝛼
ln

(︂
1 +

2 sin 𝜃

𝛼

)︂
𝑑𝛼
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⩽
8𝑁𝑆

ln 3

∞∫︁
0

1

1 + 𝑢
ln

(︂
1 +

2

𝑢

)︂
𝑑𝑢.

The proof is complete.

3. Preliminaries

We first provide known formulas for the Green function of semi–annulus 𝐷+(𝑅1, 𝑅2).

Lemma 3.1. Let 𝐺(𝑧, 𝜁) be the Green function for the semi–annulus 𝐷+(𝑅1, 𝑅2) and let

𝑅1 = 𝑞𝑅, 𝑅2 =
𝑅

𝑞
. Then

𝐺(𝑧, 𝜁) = ln

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒
𝜎

(︂
ln

𝑧𝜁

𝑞2𝑅2

)︂
𝜎

(︂
ln

𝑧

𝜁

)︂
𝜎

(︂
ln

𝑧𝜁

𝑞2𝑅2

)︂
𝜎

(︂
ln

𝑧

𝜁

)︂
⃒⃒⃒⃒
⃒⃒⃒⃒
⃒, (3.1)

where

ln𝜔 = ln |𝜔|+ 𝑖 arg𝜔, 0 < arg 𝑧, arg 𝜁 < 𝜋, arg 𝜁 = − arg 𝜁,

arg𝜔1𝜔2 = arg𝜔1 + arg𝜔2, arg
𝜔1

𝜔2

= arg𝜔1 − arg𝜔2,

𝜎(𝑢) is the Weierstrass sigma–function with the main periods 𝜔1 = −4 ln 𝑞, 𝜔2 = 2𝜋𝑖. The
relations hold

𝐺(𝑧, 𝜁) =2
∞∑︁
𝑚=1

1

𝑚(1− 𝑞4𝑚)

(︁𝜏
𝑟

)︁𝑚(︂
1− 𝑞2𝑚𝑟2𝑚

𝑅2𝑚

)︂(︂
1− 𝑞2𝑚𝑅2𝑚

𝜏 2𝑚

)︂
sin𝑚𝜃 sin𝑚𝜙,

𝑞𝑅 < 𝜏 < 𝑟 <
𝑅

𝑞
,

(3.2)

𝐺(𝑧, 𝜁) =2
∞∑︁
𝑚=1

1

𝑚(1− 𝑞4𝑚)

(︁ 𝑟
𝜏

)︁𝑚(︂
1− 𝑞2𝑚𝑅2𝑚

𝑟2𝑚

)︂(︂
1− 𝑞2𝑚𝜏 2𝑚

𝑅2𝑚

)︂
sin𝑚𝜃 sin𝑚𝜙,

𝑞𝑅 < 𝑟 < 𝜏 <
𝑅

𝑞
,

(3.3)

𝜕𝐺(𝑧, 𝑡)

𝜕𝑛
=
2

𝑡

∞∑︁
𝑚=1

1

1− 𝑞4𝑚

(︂
𝑡

𝑟

)︂𝑚(︂
1− 𝑞2𝑚𝑅2𝑚

𝑡2𝑚

)︂(︂
1− 𝑞2𝑚𝑟2𝑚

𝑅2𝑚

)︂
sin𝑚𝜃,

𝑞𝑅 < |𝑡| < 𝑟 <
𝑅

𝑞
,

(3.4)

𝜕𝐺(𝑧, 𝑡)

𝜕𝑛
=
2

𝑡

∞∑︁
𝑚=1

1

1− 𝑞4𝑚

(︁𝑟
𝑡

)︁𝑚(︂
1− 𝑞2𝑚𝑡2𝑚

𝑅2𝑚

)︂(︂
1− 𝑞2𝑚𝑅2𝑚

𝑟2𝑚

)︂
sin𝑚𝜃,

𝑞𝑅 < 𝑟 < |𝑡| < 𝑅

𝑞
,

(3.5)

𝜕𝐺 (𝑧, 𝑞𝑅𝑒𝑖𝜙)

𝜕𝑛
=

4

𝑞𝑅

∞∑︁
𝑚=1

1

1− 𝑞4𝑚

(︂
𝑞𝑅

𝑟

)︂𝑚(︂
1− 𝑞2𝑚𝑟2𝑚

𝑅2𝑚

)︂
sin𝑚𝜃 sin𝑚𝜙, (3.6)

𝜕𝐺

(︂
𝑧,

1

𝑞
𝑅𝑒𝑖𝜙

)︂
𝜕𝑛

=
4𝑞

𝑅

∞∑︁
𝑚=1

1

1− 𝑞4𝑚

(︁𝑞𝑟
𝑅

)︁𝑚(︂
1− 𝑞2𝑚𝑅2𝑚

𝑟2𝑚

)︂
sin𝑚𝜃 sin𝑚𝜙. (3.7)
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Proof. We can obtain the expansion for the kernel in formula (3.1) for

𝑅1 = 𝑞𝑅, 𝑅2 =
𝑅

𝑞
, 𝑞 ∈ (0, 1), 𝑧 = 𝑟𝑒𝑖𝜃, 𝜁 = 𝜏𝑒𝑖𝜙

by using the theory of elliptic functions, see, for instance, [1, Ch. III, Sect. 12]. Formulas
(3.2)–(3.7) were provied in thesis by Grishin [5], see [7], [9].

The next theorem is the analogue of Littlewood theorem [18] for the unbounded semi–annulus
𝐷+(𝑅).

Theorem 3.1. Let 𝜇 be a positive measure concentrated on (open) semi–annulus 𝐷+(𝑅)
such that ∫︁∫︁

𝐷+(𝑅)

𝑑𝜇(𝜁)

1 + |𝜁|2
< ∞.

Let

𝑣(𝑧) =
1

2𝜋

∫︁∫︁
𝐷+(𝑅)

𝐿(𝑧, 𝜁) 𝑑𝜇(𝜁).

Then for almost all 𝑥 ∈ 𝐼𝑅 = (−∞,−𝑅) ∪ (𝑅,+∞) in the sense of the Lebesgue measure the
limit exists

lim
𝑦→+0

𝑣(𝑥+ 𝑖𝑦) = 0.

Remark 3.1. For the case, when the measure 𝜇 is concentrated on the open upper half–
plane C+, a similar theorem was proved in thesis by Grishin [5, Thm. 26]. We have not meet
in other sources. This is why, for sake of completeness of presentation, we provide the proof of
Theorem 3.1 by using arguing in [5].

Proof. We treat the measure 𝜇 as continued as zero measure to the semi–annulus 𝐷+

(︀
𝑅
2
, 𝑅

]︀
.

Let

𝐸 = 𝐸𝛿 =
{︁
𝑥 ∈ 𝐼𝑅 : lim

𝑦→+0
𝑣(𝑥+ 𝑖𝑦) < −𝛿

}︁
.

Since 𝑣(𝑧) ⩽ 0 (because 𝐿(𝑧, 𝜁) ⩽ 0 and 𝜇 is a positive measure), the statement of theorem is
equivalent to fact that for each 𝛿 > 0 the set 𝐸𝛿 has the zero measure. Let 𝑅 < 𝑎 < 𝑏 < +∞,
∆ > 0,

𝐵 = [𝑎/2, 2𝑏]× [0, 2∆], 𝐵1 = [𝑎, 𝑏]× [0,∆],

𝑣(𝑧) =
1

2𝜋

∫︁∫︁
𝐵

𝐿(𝑧, 𝜁) 𝑑𝜇(𝜁) +
1

2𝜋

∫︁∫︁
𝐷+(𝑅)∖𝐵

𝐿(𝑧, 𝜁) 𝑑𝜇(𝜁) = 𝑣1(𝑧) + 𝑣2(𝑧).

For 𝑧 ∈ 𝐵1, 𝜁 /∈ 𝐵 the inequalities hold

−𝐿(𝑧, 𝜁) =
1

2 Im 𝜁
ln

(︂
1 +

4 Im 𝑧 Im 𝜁

|𝑧 − 𝜁|2

)︂
⩽

2 Im 𝑧

|𝑧 − 𝜁|2
⩽

𝐶 Im 𝑧

1 + |𝜁|2
,

where 𝐶 = 𝐶(𝑎, 𝑏,∆, 𝑅). Then for 𝑧 ∈ 𝐵1

|𝑣2(𝑧)| ⩽ 𝐶 Im 𝑧

∫︁∫︁
𝐷+(𝑅)

𝑑𝜇(𝜁)

1 + |𝜁|2
.

This is why

𝑣2(𝑥+ 𝑖𝑦)
𝑦→+0

⇒ 0 for 𝑥 ∈ [𝑎, 𝑏].
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Then

𝑣1(𝑧) =
1

2𝜋

∫︁∫︁
𝐵

𝐿(𝑧, 𝜁) 𝑑𝜇(𝜁) =

∫︁∫︁
𝐵

𝑙(𝑧, 𝜁) 𝑑𝜇1(𝜁),

where

𝑑𝜇1(𝜁) =
1

2𝜋|𝜁|
𝑑𝜇(𝜁), 𝜇1(𝐵) ⩽

1

2𝜋𝑎
𝜇(𝐵).

By Theorem 2.1 for each 𝜂 ∈ (0, 1) there exists a system of circles 𝐹 with the sum of radii not
exceeding 2𝜂(𝑏+∆) such that the inequality holds

𝑣1(𝑧) ⩾ −2𝑀
1 + 𝜂

𝜂
𝜇1(𝐵).

For each 𝜂 > 0 we can choose ∆ > 0 so that the inequality

2𝑀
1 + 𝜂

𝜂
𝜇1(𝐵) <

𝜎

2

holds. We denote by 𝐸1 the projection of 𝐹 onto the real axis,

𝐸+ = 𝐸1 ∩ (𝑅,+∞), 𝐸− = 𝐸1 ∩ (−∞,−𝑅).

Then

mes𝐸+ < mes𝐸1 < 2𝜂(𝑏+∆) < 2𝜂(𝑏+ 1).

For 𝑥 ̸∈ 𝐸+ the inequalities hold

𝑣(𝑥+ 𝑖𝑦) > −𝜎

2
, lim

𝑦→+0
𝑣(𝑥+ 𝑖𝑦) ⩾ −𝜎

2
.

This is why 𝐸 ∩ [𝑎, 𝑏] ⊂ 𝐸+. Since mes𝐸+ < 2𝜂(𝑏 + 1), and 𝜂 is an arbitrary number, we
have mes(𝐸 ∩ [𝑎, 𝑏]) = 0. Since 𝑎 and 𝑏 are arbitrary number, we have mes(𝐸 ∩ (𝑅,+∞)) = 0.
In the same way we prove that mes(𝐸 ∩ (−∞,−𝑅)) = 0. And hence, mes𝐸 = 0. The proof

is complete.

Theorem 3.2. Let 𝑣 be the same function as in Theorem 3.1. Then for each segment [𝑎, 𝑏] ⊂
𝐼𝑅 the limit is well–defined

lim
𝑦→+0

𝑏∫︁
𝑎

𝑣(𝑥+ 𝑖𝑦) 𝑑𝑥 = 0.

Remark 3.2. For an open half–plane C+ a similar theorem was proved in thesis by Gr-
ishin [5, Thm. 27]. For the sake of completeness of exposition, we provide the proof of Theo-
rem 3.2 using the arguing from [5].

Proof. Let 𝑅 < 𝑎 < 𝑏 < +∞ and the functions 𝑣1 and 𝑣2 be the same as in the proof of
Theorem 3.1. Since

𝑣2(𝑥+ 𝑖𝑦)
𝑦→+0

⇒ 0 for 𝑥 ∈ [𝑎, 𝑏],

we have

lim
𝑦→+0

𝑏∫︁
𝑎

𝑣2(𝑥+ 𝑖𝑦) 𝑑𝑥 = 0.

We denote 𝜁 = 𝜉 + 𝑖𝜂. Then

𝑏∫︁
𝑎

|𝐿(𝑥+ 𝑖𝑦, 𝜁)| 𝑑𝑥 =
1

2𝜂

𝑏∫︁
𝑎

ln
(𝑥− 𝜉)2 + (𝑦 + 𝜂)2

(𝑥− 𝜉)2 + (𝑦 − 𝜂)2
𝑑𝑥
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<
1

2𝜂

+∞∫︁
𝑅

ln
(𝑥− 𝜉)2 + (𝑦 + 𝜂)2

(𝑥− 𝜉)2 + (𝑦 − 𝜂)2
𝑑𝑥 <

1

2𝜂

+∞∫︁
−∞

ln
(𝑥− 𝜉)2 + (𝑦 + 𝜂)2

(𝑥− 𝜉)2 + (𝑦 − 𝜂)2
𝑑𝑥

=
1

2𝜂

+∞∫︁
−∞

ln
𝑢2 + (𝑦 + 𝜂)2

𝑢2 + (𝑦 − 𝜂)2
𝑑𝑢 =

𝜋

𝜂
(𝑦 + 𝜂 − |𝑦 − 𝜂|) ⩽ 2𝜋.

This is why

𝑏∫︁
𝑎

|𝑣1(𝑥+ 𝑖𝑦)| 𝑑𝑥 ⩽
1

2𝜋

∫︁∫︁
𝐵

𝑏∫︁
𝑎

|𝐿(𝑥+ 𝑖𝑦, 𝜁)| 𝑑𝑥𝑑𝜇(𝜁) ⩽ 𝜇(𝐵).

Then

lim
𝑦→+0

𝑏∫︁
𝑎

𝑣(𝑥+ 𝑖𝑦) 𝑑𝑥 ⩽ 𝜇(𝐵).

Since lim
Δ→+0

𝜇(𝐵) = 0, this completes the proof.

We shall need the next theorem.

Theorem 3.3. Let 𝜇 be a measure on 𝐼𝑅 such that∫︁
𝐼𝑅

𝑑|𝜇|(𝑡)
1 + 𝑡2

< ∞, |𝜇| = 𝜇+ + 𝜇−,

where 𝜇 = 𝜇+ − 𝜇− is the Jordan decomposition of measure 𝜇. Let

𝑣(𝑧) =
𝑦

𝜋

∫︁
𝐼𝑅

𝑑𝜇(𝑡)

(𝑡− 𝑥)2 + 𝑦2
, 𝑧 = 𝑥+ 𝑖𝑦.

1) If at a point 𝑥0 there exists a finite or infinite (of certain sign) derivative 𝜇′(𝑥0), we have

lim
𝑦→+0

𝑣(𝑥0 + 𝑖𝑦) = 𝜇′(𝑥0).

2) Let [𝑎, 𝑏] ⊂ 𝐼𝑅, 𝜇({𝑎}) = 𝜇({𝑏}) = 0. Then

lim
𝑦→+0

𝑏∫︁
𝑎

𝑣(𝑥+ 𝑖𝑦) 𝑑𝑥 = 𝜇([𝑎, 𝑏]).

Proof. Statement 1) is the well–known Fatou theorem. For the case of half–plane, its proof can
be found, for instance, in [17, Ch. VI].
2) A similar statement for the half–plane was proved by Grishin [5, Thm. 29]. Another proof

for the half–plane was given in [9, Thm. 3.3].
Let 𝑎 > 𝑅. We fix 𝛿 > 0 so that [𝑎 − 𝛿, 𝑏 + 𝛿] ⊂ 𝐼𝑅. We let 𝐼𝛿 = 𝐼𝑅 ∖ [𝑎 − 𝛿, 𝑏 + 𝛿]. We

represent the function 𝑣 as the sum

𝑣(𝑧) =
𝑦

𝜋

𝑏+𝛿∫︁
𝑎−𝛿

𝑑𝜇(𝑡)

(𝑡− 𝑥)2 + 𝑦2
+

𝑦

𝜋

∫︁
𝐼𝛿

𝑑𝜇(𝑡)

(𝑡− 𝑥)2 + 𝑦2
= 𝑣1(𝑧) + 𝑣2(𝑧).

As 𝑥 = Re 𝑧 ∈ [𝑎, 𝑏], 𝑡 ∈ 𝐼𝛿, the estimate holds

𝑡2 + 1

(𝑡− 𝑥)2 + 𝑦2
⩽ 𝐾(𝑎, 𝑏, 𝛿),



70 K.G. MALYUTIN1, N.V. QUYNH, A.A. NAUMOVA2

where 𝐾(𝑎, 𝑏, 𝛿) > 0 is a constant. This is why

lim
𝑦→+0

𝑏∫︁
𝑎

|𝑣2(𝑥+ 𝑖𝑦)| 𝑑𝑥 ⩽ lim
𝑦→+0

𝑏∫︁
𝑎

⎛⎝𝐾(𝑎, 𝑏, 𝛿)
𝑦

𝜋

∞∫︁
−∞

𝑑|𝜇|(𝑡)
1 + 𝑡2

⎞⎠ 𝑑𝑥 = 0.

We estimate the integral of function 𝑣1
𝑏∫︁

𝑎

𝑣1(𝑥+ 𝑖𝑦) 𝑑𝑥 =

𝑏+𝛿∫︁
𝑎−𝛿

1

𝜋

(︂
arctan

𝑏− 𝑡

𝑦
− arctan

𝑎− 𝑡

𝑦

)︂
𝑑𝜇(𝑡).

The integrand 𝑓(𝑡, 𝑦; 𝑎, 𝑏) in the right hand side of latter identity is bounded. Moreover,

lim
𝑦→+0

𝑓(𝑡, 𝑦; 𝑎, 𝑏) =

⎧⎪⎨⎪⎩
0, 𝑡 ∈ R ∖ [𝑎, 𝑏],
1, 𝑡 ∈ (𝑎, 𝑏),
1
2
, 𝑡 ∈ {𝑎; 𝑏}.

Since 𝜇({𝑎}) = 𝜇({𝑏}) = 0, the function 𝑓(𝑡, 𝑦; 𝑎, 𝑏) |𝜇|–almost everywhere converges as 𝑦 → +0
to the characteristic function 𝜒[𝑎,𝑏] of an interval [𝑎, 𝑏]. Then by the Lebesgue theorem on
dominated convergence

lim
𝑦→+0

𝑏∫︁
𝑎

𝑣1(𝑥+ 𝑖𝑦) 𝑑𝑥 =

𝑏∫︁
𝑎

𝑑𝜇(𝑡) = 𝜇([𝑎, 𝑏]).

In the same way we consider the case 𝑎 < −𝑅. The proof is complete.

4. Subharmonic functions on annulus

We begin with necessary definitions and exposition of properties of subharmonic functions,
which will be employed in what follows. The proof of the next theorem can be found in [12].

Theorem 4.1. Let 𝐷 be a domain with the Green function 𝐺(𝑧, 𝜁). Let 𝑣 be a subharmonic
function on the domain 𝐷, 𝜇 be the Riesz measure of function 𝑣. Let ℎ be the best harmonic
majorant of function 𝑣 in the domain 𝐷. The representation

𝑣(𝑧) = −
∫︁∫︁
𝐷

𝐺(𝑧, 𝜁) 𝑑𝜇(𝜁) + ℎ(𝑧) (4.1)

holds with a harmonic function ℎ in the domain 𝐷 if and only if the function 𝑣 has a harmonic
majorant in the domain 𝐷. If identity (4.1) holds, then ℎ is the best harmonic majorant function
𝑣 in the domain 𝐷.

We provide the theorem on positive harmonic majorant [5, Thm. 31].

Theorem 4.2. Let 𝐷 be a domain possessing the Green function. Let 𝑣 be a subharmonic
function on the domain 𝐷, which has a harmonic majorant in this domain. Let ℎ be the best
possible harmonic majorant of function 𝑣 in the domain 𝐷. The function 𝑣 possesses a positive
harmonic majorant in the domain 𝐷 if and only if the function ℎ has a positive harmonic
majorant in the domain 𝐷. In the case of existence of positive harmonic majorants for these
functions, the best positive harmonic majorants of the functions 𝑣 and ℎ coincide.

Remark 4.1. Apart of the thesis by A.F. Grishin, we do not know the formulate and proof
of this theorem in other sources. Due to its importance in our studies (in this one and further
ones), we provide the proof of Theorem 4.2 using the arguing from [5] and not claiming the
authorship.
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Proof. By Theorem 4.1, the function 𝑣 admits representation (4.1). Let there exist best positive
harmonic majorants 𝐻𝑣 and 𝐻ℎ for the functions 𝑣 and ℎ in the domain 𝐷, respectively. Then
𝐻𝑣 ⩽ 𝐻ℎ. Since the domain 𝐷 possesses the Green function, there exists a sequence of finitely–

connected bounded domains 𝐷𝑚, which exhaust the domain 𝐷, that is,
∞⋃︀
𝑚=1

𝐷𝑚 = 𝐷, and such

that

1) 𝐷𝑚 ⊂ 𝐷𝑚+1,
2) 𝐷𝑚 is a compact set,
3) the boundary of 𝐷𝑚 is the union of finitely many analytic Jordan curves.

Let the boundary ℒ of domain 𝐸 consist of finitely many closed analytic Jordan curves. As
it is known [3, Ch. 6, Sect. 3], if the function 𝑢 is harmonic in the domain 𝐸, bounded and
continuous in the closure 𝐸, then the Green formula holds

𝑢(𝑧) =
1

2𝜋

∫︁
ℒ

𝜕𝐺(𝑧, 𝜁)

𝜕𝑛
𝑢(𝜁) 𝑑𝑠, (4.2)

where 𝐺(𝑧, 𝜁) is the Green function of domain 𝐸, 𝑛 is the inward normal at the point 𝜁 ∈ ℒ, 𝑠
is the arc length on ℒ, 𝜁 = 𝜁(𝑠) is the parametrization of ℒ.
Let 𝐺𝑚(𝑧, 𝜁) and 𝐺(𝑧, 𝜁) be the Green functions of domains 𝐷𝑚 and 𝐷. Then [3, Ch. 6,

Sect. 3] 𝐺𝑚(𝑧, 𝜁) ↑ 𝐺(𝑧, 𝜁) as 𝑚 → ∞, 𝑧 ∈ 𝐷 (it is clear that the limiting relation holds for 𝑚
such that 𝑧 ∈ 𝐷𝑚).
Let ℎ𝑣 be the best harmonic majorant of function 𝑣 in the domain 𝐷. According to for-

mula (4.2) we have

ℎ𝑣(𝑧) =
1

2𝜋

∫︁
ℒ𝑚

𝜕𝐺𝑚(𝑧, 𝜁1)

𝜕𝑛
ℎ𝑣(𝜁1) 𝑑𝑠, ℒ𝑚 = 𝜕𝐷𝑚.

Applying identity (4.1), we obtain

ℎ𝑣(𝑧) =
1

2𝜋

∫︁
ℒ𝑚

𝜕𝐺𝑚(𝑧, 𝜁1)

𝜕𝑛
𝑣(𝜁1) 𝑑𝑠+

∫︁∫︁
𝐷

1

2𝜋

∫︁
ℒ𝑚

𝜕𝐺𝑚(𝑧, 𝜁1)

𝜕𝑛
𝐺(𝜁1, 𝜁) 𝑑𝑠𝑑𝜇(𝜁).

By formula (4.2) we obtain

1

2𝜋

∫︁
ℒ𝑚

𝜕𝐺𝑚(𝑧, 𝜁1)

𝜕𝑛
𝐺(𝑧, 𝜁1) 𝑑𝑠 =

{︃
𝐺(𝑧, 𝜁)−𝐺𝑚(𝑧, 𝜁), 𝜁 ∈ 𝐷𝑚,

𝐺(𝑧, 𝜁), 𝜁 ̸∈ 𝐷𝑚.

Moreover, the inequality

1

2𝜋

∫︁
ℒ𝑚

𝜕𝐺𝑚(𝑧, 𝜁1)

𝜕𝑛
𝑣(𝜁1) 𝑑𝑠 ⩽

1

2𝜋

∫︁
ℒ𝑚

𝜕𝐺𝑚(𝑧, 𝜁1)

𝜕𝑛
𝐻𝑣(𝜁1) 𝑑𝑠 = 𝐻𝑣(𝑧)

holds. This implies the inequality

ℎ𝑣(𝑧) ⩽ 𝐻𝑣(𝑧) +
1

2𝜋

∫︁∫︁
𝐷𝑚

(𝐺(𝑧, 𝜁)−𝐺𝑚(𝑧, 𝜁)) 𝑑𝜇(𝜁) +
1

2𝜋

∫︁∫︁
𝐷∖𝐷𝑚

𝐺(𝑧, 𝜁) 𝑑𝜇(𝜁)

⩽ 𝐻𝑣(𝑧) +
1

2𝜋

∫︁∫︁
𝐷𝑚0

(𝐺(𝑧, 𝜁)−𝐺𝑚(𝑧, 𝜁)) 𝑑𝜇(𝜁) +
1

2𝜋

∫︁∫︁
𝐷∖𝐷𝑚0

𝐺(𝑧, 𝜁) 𝑑𝜇(𝜁)

if 𝑚0 ⩽ 𝑚.
Since

𝐺(𝑧, 𝜁)−𝐺𝑚(𝑧, 𝜁) ⩽ 𝐺(𝑧, 𝜁), lim
𝑚→∞

(𝐺(𝑧, 𝜁)−𝐺𝑚(𝑧, 𝜁)) = 0,
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by the Lebesgue theorem on dominated convergence

ℎ𝑣(𝑧) ⩽ 𝐻𝑣(𝑧) +
1

2𝜋

∫︁∫︁
𝐷∖𝐷𝑚0

𝐺(𝑧, 𝜁) 𝑑𝜇(𝜁) = 𝐻𝑣(𝑧) +
1

2𝜋

∫︁∫︁
𝐷

𝜒𝐷∖𝐷𝑚0
(𝜁)𝐺(𝑧, 𝜁) 𝑑𝜇(𝜁).

Applying again the Lebesgue theorem on dominated convergence, we obtain

ℎ𝑣(𝑧) ⩽ 𝐻𝑣(𝑧).

Thus, the function ℎ𝑣(𝑧) has a positive harmonic majorant and 𝐻𝑣(𝑧) is one of such majorants.
Then 𝐻𝑣(𝑧) ⩾ 𝐻ℎ(𝑧). In view of the aforementioned inequality 𝐻𝑣(𝑧) ⩽ 𝐻ℎ(𝑧) we obtain
𝐻𝑣(𝑧) = 𝐻ℎ(𝑧). The proof is complete.

The next theorem is the famous Martin theorem on representation of positive harmonic
functions. Its proof can be found in [15].

Theorem 4.3. Let 𝐷 be a domain possessing the Green function, and let Γ be the Martin
boundary of domain 𝐷, 𝑀(𝑧, 𝜁) be the Martin function of domain 𝐷, 𝜁 ∈ Γ. Let 𝑢(𝑧) be a
positive harmonic function in the domain 𝐷. Then there exists a unique finite positive measure
𝜆 on Γ concentrated on the set of minimal points in the boundary Γ such that

𝑢(𝑧) =

∫︁
Γ

𝑀(𝑧, 𝜁) 𝑑𝜆(𝜁).

Remark 4.2. The interested reader can read about Martin function and Martin boundary
in [15].

We shall need the Grishin theorem on best positive harmonic majorant [5, Thm. 33].

Theorem 4.4. Let 𝐷 be a domain having the Green function. Let 𝑢(𝑧) be a harmonic
function on the domain 𝐷 having a positive harmonic measure in this domain. Then there
exist a unique measure 𝜈 on Γ concentrated on the set of minimal points having a finite total
variation such that

𝑢(𝑧) =

∫︁
Γ

𝑀(𝑧, 𝜁) 𝑑𝜈(𝜁).

If Γ = Γ+ ∪ Γ− is the Hahn decomposition of the set Γ for the measure 𝜈, and 𝜈 = 𝜈+ − 𝜈−
is the Jordan decomposition of this measure, then the best positive harmonic majorant 𝐻(𝑧) of
the function 𝑢(𝑧) satisfies the formula

𝐻(𝑧) =

∫︁
Γ+

𝑀(𝑧, 𝜁) 𝑑𝜈(𝜁) =

∫︁
Γ

𝑀(𝑧, 𝜁) 𝑑𝜈+(𝜁).

Remark 4.3. This theorem and its proof were provided in the thesis by A.F. Grishin. We
did not meet them in other sources. This is why for the sake of completeness of presentation
and in view of its importance in the theory of functions, we provide the proof of this theorem
based on the ideas from the Grishin’s thesis not claiming the authorship.

Proof. Since the function 𝑢(𝑧) has a positive harmonic majorant in the domain 𝐷, it is rep-
resented by the difference of two positive harmonic functions. By Theorem 4.3 there exists a
measure 𝜈 concentrated on the set of minimal boundary points Γ1 having a finite total variation
such that

𝑢(𝑧) =

∫︁
Γ

𝑀(𝑧, 𝜁) 𝑑𝜈(𝜁).
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Let us prove the uniqueness of such measure. If this is not the case, there exists a nonzero
measure 𝜈 concentrated on the set Γ1 and having a finite total variation such that∫︁

Γ

𝑀(𝑧, 𝜁) 𝑑𝜈(𝜁) = 0.

If 𝜈 = 𝜈+ − 𝜈− is the Jordan decomposition for this measure, then each of measures 𝜈+ and 𝜈−
is concentrated on the set Γ1. Then∫︁

Γ

𝑀(𝑧, 𝜁) 𝑑𝜈+(𝜁) =

∫︁
Γ

𝑀(𝑧, 𝜁) 𝑑𝜈−(𝜁).

By Theorem 4.3, 𝜈+ = 𝜈−. Since these are mutually singular measures, we have 𝜈+ = 𝜈− = 0,
𝜈 = 0. We have obtained the contradiction that proves the uniqueness of measure 𝜈 = 0.
Let 𝐻(𝑧) be the best positive harmonic majorant of the function 𝑢(𝑧). By Theorem 4.3,

there exists a positive measure 𝜈1 concentrated on Γ such that

𝐻(𝑧) =

∫︁
Γ

𝑀(𝑧, 𝜁) 𝑑𝜈1(𝜁).

Then

𝐻(𝑧)− 𝑢(𝑧) =

∫︁
Γ

𝑀(𝑧, 𝜁) 𝑑(𝜈1(𝜁)− 𝜈(𝜁)).

By the above proven uniqueness 𝜈1 − 𝜈 is a positive measure. Let us show that the measure
𝜈2 = 𝜈1 − 𝜈+ is negative. If this is not the case, then there exists a compact set 𝐸3 ⊂ Γ such
that the restriction 𝜈3 of measure 𝜈2 on 𝐸3 is a positive measure and 𝜈3(𝐸3) = 𝜈2(𝐸3) > 0. We
have 𝜈1 − 𝜈3 = 𝜈1 − 𝜈2 = 𝜈+ on 𝐸3, 𝜈1 − 𝜈3 = 𝜈1 on 𝐶𝐸3. Thus, 𝜈1 − 𝜈3 is a positive measure
and the function

𝐻1(𝑧) =

∫︁
Γ

𝑀(𝑧, 𝜁) (𝑑𝜈1(𝜁)− 𝑑𝜈3(𝜁))

is a positive harmonic function in 𝐷.
Since 𝜈3(𝐸3) > 0, the inequality 𝐻1(𝑧) < 𝐻(𝑧) holds for 𝑧 ∈ 𝐷. Moreover,

𝐻1(𝑧)− 𝑢(𝑧) =

∫︁
Γ

𝑀(𝑧, 𝜁) 𝑑(𝜈1(𝜁)− 𝜈(𝜁)− 𝜈3(𝜁)).

We consider the measure 𝜈1−𝜈−𝜈3 = 𝜈1−𝜈+−𝜈3+𝜈−. On the set 𝐸3 this measure coincides
with the measure 𝜈1 − 𝜈+ − 𝜈3 + 𝜈− = 𝜈− and this is why it is positive. On the set 𝐶𝐸3 this
measure coincides with the measure 𝜈1 − 𝜈 and is also positive. This is why 𝜈1 − 𝜈 − 𝜈3 is a
positive measure, and 𝐻1(𝑧) − 𝑢(𝑧) is a positive function. Then 𝐻1(𝑧) is a positive harmonic
majorant of the function 𝑢(𝑧). Since 𝐻1(𝑧) < 𝐻(𝑧), we obtain the contradiction. The proof of
negativity of the measure 𝜈2 is complete.
Since 𝜈1 is the positive measure, the measure 𝜈2 is concentrated on the set Γ+ as it is implied

by the definition of 𝜈2.
If 𝜈2(Γ+) < 0, then

(𝜈1 − 𝜈)(Γ+) = (𝜈1 − 𝜈+ + 𝜈−)(Γ+) = (𝜈1 − 𝜈+)(Γ+) = 𝜈2(Γ+) < 0.

This contradicts to the fact that 𝜈1 − 𝜈 is a positive measure. Thus, 𝜈2 is a negative measure
concentrated on the set Γ+. And 𝜈2(Γ+) = 0, this is why 𝜈2 = 0, 𝜈1 = 𝜈+, and the proof is
complete.

The proof of the next theorem can be found in [15].
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Theorem 4.5. Let 𝐷 be a simply connected domain, the Euclidean boundary Γ of which is
the Jordan curve. Then the Martin boundary of the domain is homeomorphic to Γ and each
point of the boundary is minimal. If 𝜁 ∈ Γ, then the Martin function 𝑀(𝑧, 𝜁) of domain 𝐷
associated with this point reads

𝑀(𝑧, 𝜁) = lim
𝜁1→𝜁
𝜁1∈𝐷

𝐺(𝑧, 𝜁)

𝐺(𝑧0, 𝜁1)
,

where 𝐺(𝑧, 𝜁) is the Green function of domain 𝐷, and 𝑧0 is a point such that 𝑣(𝑧0) > −∞.

Theorem 4.6. Let 𝐷 be a simply connected domain enveloped by a bounded Jordan curve Γ.
Let at a point 𝜁 ∈ Γ the curve Γ possesses the tangential line, and the Green function 𝐺(𝑧, 𝜁)
of domain 𝐷 has the normal derivative. Then

𝑀(𝑧, 𝜁) =
𝜕𝐺(𝑧, 𝜁)/𝜕𝑛𝜁
𝜕𝐺(𝑧0, 𝜁)/𝜕𝑛𝜁

.

Proof. This theorem is easily implied by the previous one.

Let 𝑆𝐾(𝑅1, 𝑅2) be the class of harmonic functions on 𝐷+(𝑅1, 𝑅2) having a positive harmonic
majorant in this semi–annulus, 𝐺(𝑧, 𝜁) be the Green function of semi–annulus 𝐷+(𝑅1, 𝑅2). The
next theorem was proved in [9, Thm. 7].

Theorem 4.7. Let 𝑣 ∈ 𝑆𝐾(𝑅1, 𝑅2), 𝜇 be the Riesz measure of function 𝑣(𝑧), 𝐺(𝑧, 𝜁) be the
Green function of semi–annulus 𝐷+(𝑅1, 𝑅2). Then there exist real numbers 𝑎𝑗, 𝑗 = 1, . . . , 4,
uniquely determined by the function 𝑣(𝑧) of measure 𝜈𝑗, 𝑗 = 1, 2, on the interval (0, 𝜋), and the
measure 𝜈 on the set 𝐼(𝑅1, 𝑅2) = (−𝑅2,−𝑅1)∪(𝑅1, 𝑅2). Moreover, if 𝑧0 such that 𝑣(𝑧0) > −∞,
then

- the measure 𝜇̃, 𝑑𝜇̃(𝜁)
def
= 𝐺(𝑧0, 𝜁) 𝑑𝜇(𝜁) is finite on 𝐷+(𝑅1, 𝑅2),

- the measures 𝜈𝑗, 𝑑𝜈𝑗(𝜁)
def
=

𝜕𝐺(𝑧0, 𝑅𝑗𝑒
𝑖𝜙)

𝜕𝑛𝜁
𝑑𝜈𝑗(𝜁), 𝑗 = 1, 2, have a bounded total variation

on the interval (0, 𝜋),

- the measure 𝜈, 𝑑𝜈(𝑡)
def
=

𝜕𝐺(𝑧0, 𝑡)

𝜕𝑛𝜁
𝑑𝜈(𝑡), has a bounded total variation on 𝐼(𝑅1, 𝑅2).

For 𝑧 ∈ 𝐷+(𝑅1, 𝑅2) the identity

𝑣(𝑧) =−
∫︁∫︁

𝐷+(𝑅1,𝑅2)

𝐺(𝑧, 𝜁) 𝑑𝜇(𝜁) +
2∑︁
𝑗=1

1

2𝜋

𝜋∫︁
0

𝜕𝐺(𝑧,𝑅𝑗𝑒
𝑖𝜙)

𝜕𝑛𝜁
𝑑𝜈𝑗(𝜙) +

1

2𝜋

∫︁
𝐼(𝑅1,𝑅2)

𝜕𝐺(𝑧, 𝑡)

𝜕𝑛𝑡
𝑑𝜈(𝑡)

+ 𝑎1𝑀(𝑧,𝑅1) + 𝑎2𝑀(𝑧,−𝑅1) + 𝑎3𝑀(𝑧,𝑅2) + 𝑎4𝑀(𝑧,−𝑅2)

holds, where 𝑀(𝑧, 𝜁) is the Martin function of semi–annulus 𝐷+(𝑅1, 𝑅2) associated with the
boundary point 𝜁, and the integrals are treated as improper with singularities at the integration
limits. The formulas

𝜈1([𝛼, 𝛽]) = lim
𝑟→𝑅1+0

𝑅1

𝛽∫︁
𝛼

𝑣(𝑟𝑒𝑖𝜙) 𝑑𝜙, 𝜈2([𝛼, 𝛽]) = lim
𝑟→𝑅2−0

𝑅2

𝛽∫︁
𝛼

𝑣(𝑟𝑒𝑖𝜙) 𝑑𝜙,

if 0 < 𝛼 < 𝛽 < 𝜋, 𝜈𝑗({𝛼}) = 𝜈𝑗({𝛽}) = 0, 𝑗 = 1, 2,

𝜈([𝑎, 𝑏]) = lim
𝑦→+0

𝑏∫︁
𝑎

𝑣(𝑥+ 𝑖𝑦) 𝑑𝑥 if [𝑎, 𝑏] ∈ 𝐼(𝑅1, 𝑅2), 𝜈({𝑎}) = 𝜈({𝑏}) = 0,

𝑑𝜈𝑗(𝜙) = 𝑅𝑗𝑣(𝑅𝑗𝑒
𝑖𝜙)𝑑𝜙+ 𝑑𝜎𝑗(𝜙)𝑑𝜙, 𝑗 = 1, 2, 𝑑𝜈(𝑡) = 𝑣(𝑡)𝑑𝑡+ 𝑑𝜎(𝑡),
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hold, where almost everywhere

𝑣(𝑅1𝑒
𝑖𝜙) = lim

𝑟→𝑅1+0
𝑣(𝑟𝑒𝑖𝜙), 𝑣(𝑅2𝑒

𝑖𝜙) = lim
𝑟→𝑅2−0

𝑣(𝑟𝑒𝑖𝜙), 𝑣(𝑡) = lim
𝑦→+0

𝑣(𝑡+ 𝑖𝑦),

and 𝜎𝑗, 𝑗 = 1, 2, 𝜎 are measures singular with respect to the Lebesgue measure (non–increasing
bounded functions on (0, 𝜋) and on 𝐼, which obey 𝜎′

𝑗 = 0, 𝜎′ = 0).
If, in addition, the function 𝑣 is subharmonic and has a positive harmonic majorant on a

wider semi–annulus

𝐷+(𝑅
′
1, 𝑅

′
2), 0 < 𝑅′

1 < 𝑅1 < 𝑅2 < 𝑅′
2,

then

𝑣(𝑧) =−
∫︁∫︁

𝐷+(𝑅1,𝑅2)

𝐺(𝑧, 𝜁)𝑑𝜇(𝜁) +
2∑︁
𝑗=1

1

2𝜋

𝜋∫︁
0

𝜕𝐺(𝑧, 𝑅𝑗𝑒
𝑖𝜙)

𝜕𝑛𝜁
𝑣(𝑅𝑗𝑒

𝑖𝜙)𝑑𝜙

+
1

2𝜋

∫︁
𝐼(𝑅1,𝑅2)

𝜕𝐺(𝑧, 𝑡)

𝜕𝑛𝑡
𝑑𝜈(𝑡).

(4.3)

We fix 𝑅 > 0 and consider a class of subharmonic functions on 𝐷+(𝑅) having a positive
harmonic majorants in each semi–annulus 𝐷+(𝑅1, 𝑅2), 𝑅1 > 𝑅. We denote this class by
𝑆𝐾(𝑅).

Theorem 4.8. Let 𝑣 ∈ 𝑆𝐾(𝑅) and 𝜇 be its Riesz measure. Then

1) there exists a measure 𝜈 on 𝐼𝑅 = (−∞,−𝑅) ∪ (𝑅,+∞) having a bounded total variation
on each segment [𝑎, 𝑏] ⊂ 𝐼𝑅, and, if 𝜈({𝑎}) = 𝜈({𝑏}) = 0, then

𝜈([𝑎, 𝑏]) = lim
𝑦→+0

𝑏∫︁
𝑎

𝑣(𝑥+ 𝑖𝑦) 𝑑𝑥,

2) for almost all 𝑥 ∈ 𝐼𝑅 in the sense of Lebesgue measure the limit

𝑣(𝑥) = lim
𝑦→+0

𝑣(𝑥+ 𝑖𝑦) 𝑑𝑥

is well–defined, and 𝑣(𝑥) belongs to the class 𝐿1 of functions integrable by the Lebesgue
measure on each segment [𝑎, 𝑏] ⊂ 𝐼𝑅,

3) 𝑑𝜈(𝑥) = 𝑣(𝑥)𝑑𝑥+ 𝑑𝜎(𝑥), where 𝜎 is a measure on 𝐼𝑅 singular with respect to the Lebesgue
measure,

4) if the function 𝑣 is bounded from above on the semi–annulus 𝐷+(𝑥0, 𝑥0 + 𝛿) ⊂ 𝐷+(𝑅),
then the measure 𝜎 is negative on [−𝑥0 − 𝛿,−𝑥0] ∪ [𝑥0, 𝑥0 + 𝛿],

5) if 𝑑𝜇1(𝜁) = 2𝜋 Im 𝜁𝑑𝜇(𝜁), then the measure 𝜇1 is finite on each compact set 𝐾 ⊂ 𝐷+(𝑅) ∖
𝐿𝑅,

6) for each 𝑟 > 𝑅

𝜋∫︁
0

|𝑣(𝑟𝑒𝑖𝜃)| sin 𝜃𝑑𝜃 < ∞.
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Proof. We consider the semi–annulus 𝐷+(𝑅1, 4𝑅1), 𝑅1 > 𝑅. By Theorem 3.1 there exists a
finite measure 𝜈 on 𝐼(𝑅1, 4𝑅1) such that for 𝑧 ∈ 𝐷+(𝑅1, 4𝑅1) the identity

𝑣(𝑧) =−
∫︁∫︁

𝐷+(𝑅1,4𝑅1)

𝐺(𝑧, 𝜁) 𝑑𝜇(𝜁) +
1

2𝜋

𝜋∫︁
0

𝜕𝐺(𝑧, 𝑅1𝑒
𝑖𝜙)

𝜕𝑛𝜁
𝑣(𝑅1𝑒

𝑖𝜙) 𝑑𝜙

+
1

2𝜋

𝜋∫︁
0

𝜕𝐺(𝑧, 4𝑅1𝑒
𝑖𝜙)

𝜕𝑛𝜁
𝑣(4𝑅1𝑒

𝑖𝜙) 𝑑𝜙+
1

2𝜋

∫︁
𝐼(𝑅1,4𝑅1)

𝜕𝐺(𝑧, 𝑡)

𝜕𝑛𝑡
𝑑𝜈(𝑡)

(4.4)

holds. And if [𝑎, 𝑏] ∈ 𝐼(𝑅1, 4𝑅1), 𝜈({𝑎}) = 𝜈({𝑏}) = 0, then

𝜈([𝑎, 𝑏]) = lim
𝑦→+0

𝑏∫︁
𝑎

𝑣(𝑥+ 𝑖𝑦) 𝑑𝑥.

The written formula shows that the measure 𝜈 is independent of 𝑅1 and is uniquely deter-
mined on the set 𝐼𝑅. Since the measure 𝜈 has a bounded complete variation on each segment
𝐼(𝑅1, 4𝑅1) ⊂ 𝐼𝑅, by the Lebesgue theorem

𝑑𝜈(𝑡) = 𝜙(𝑡) 𝑑𝑡+ 𝑑𝜎(𝑡),

where 𝜙 belongs to 𝐿1 on each segment 𝐼(𝑅1, 4𝑅1) ⊂ 𝐼𝑅, and is a measure 𝜎 singular with
respect to the Lebesgue measure.
Let 𝑣(𝑧0 > −∞), 𝑧0 ∈ 𝐷+(𝑅1, 𝑅2), 𝐺(𝑧, 𝜁) be the Green function of semi–annulus

𝐷+(𝑅1, 4𝑅1). Then the measure 𝜇2, 𝑑𝜇2(𝜁) = 𝐺(𝑧0, 𝜁)𝑑𝜇(𝜁), is a finite measure on𝐷+(𝑅1, 4𝑅1).

Since the function
Im 𝜁

𝐺(𝑧0, 𝜁)
is a bounded function on 𝐷+

(︂
3

2
𝑅1,

7

2
𝑅1

)︂
, the measure

𝑑𝜇1(𝜁) = 2𝜋 Im 𝜁 𝑑𝜇(𝜁) = 2𝜋
Im 𝜁

𝐺(𝑧0, 𝜁)
𝑑𝜇2(𝜁)

is a bounded measure on 𝐷+(𝑅1, 4𝑅1). Since 𝑅1 > 𝑅 is arbitrary, the measure 𝜇1 is finite on

each compact set 𝐾 ⊂ 𝐷+(𝑅) ∖ 𝐿𝑅.
We treat the measure 𝜇1 as the measure on the entire plane, and its restriction to the semi–

annulus 𝐷+(𝑅) is equal 2𝜋 Im 𝜁 𝑑𝜇(𝜁), while its restriction to C ∖𝐷+(𝑅) vanishes.
It follows from Theorems 3.1 and 4.6 that the measures

𝑑𝜈1(𝜙) =
𝜕𝐺(𝑧0, 𝑅1𝑒

𝑖𝜙)

𝜕𝑛
𝑣(𝑅1𝑒

𝑖𝜙) 𝑑𝜙, 𝑑𝜈2(𝜙) =
𝜕𝐺(𝑧0, 4𝑅1𝑒

𝑖𝜙)

𝜕𝑛
𝑣(4𝑅1𝑒

𝑖𝜙) 𝑑𝜙,

has a bounded total variation on the segment [0, 𝜋]. This is why

𝜋∫︁
0

𝜕 𝐺(𝑧0, 𝑅1𝑒
𝑖𝜙)

𝜕𝑛
|𝑣(𝑅1𝑒

𝑖𝜙)| 𝑑𝜙 < ∞,

𝜋∫︁
0

𝜕 𝐺(𝑧0, 4𝑅1𝑒
𝑖𝜙)

𝜕𝑛
|𝑣(4𝑅1𝑒

𝑖𝜙)| 𝑑𝜙 < ∞.

Since
sin𝜙

𝜕 𝐺(𝑧0, 𝑅1𝑒𝑖𝜙)/𝜕𝑛
⩽ 𝑀(𝑧0,±𝑅1) for 𝜙 ∈ (0, 𝜋),

we have
𝜋∫︁

0

|𝑣(𝑅1𝑒
𝑖𝜃)| sin 𝜃 𝑑𝜃 < ∞.



FOURIER SERIES AND DELTA–SUBHARMONIC FUNCTIONS 77

Let 𝐺1(𝑧, 𝜁) be the Green function of the upper half plane C+. Then the quotient
𝐺(𝑧, 𝜁)

𝐺1(𝑧, 𝜁)

is bounded for 𝑧, 𝜁 ∈ 𝐷+(𝑅1, 4𝑅1). Moreover,
𝐺1(𝑧, 𝜁)

Im 𝜁
= −𝐿(𝑧, 𝜁).

Then

𝑣1(𝑧) =

∫︁∫︁
𝐷+(𝑅1,4𝑅1)

𝐺(𝑧, 𝜁) 𝑑𝜇(𝜁) = − 1

2𝜋

∫︁∫︁
𝐷+(𝑅1,4𝑅1)

𝐿(𝑧, 𝜁)
𝐺(𝑧, 𝜁)

𝐺1(𝑧, 𝜁)
𝑑𝜇1(𝜁)

⩽ −𝑀

2𝜋

∫︁∫︁
𝐷+(𝑅1,4𝑅1)

𝐿(𝑧, 𝜁) 𝑑𝜇1(𝜁).

Then by Theorem 3.1 lim
𝑦→+0

𝑣1(𝑥+ 𝑖𝑦) = 0 almost everywhere.

Since for each fixed 𝑥 ∈ 𝐼(𝑅1, 4𝑅1) the relations

𝜕𝐺(𝑥+ 𝑖𝑦, 𝑅1𝑒
𝑖𝜙)/𝜕𝑛

𝜕𝐺(𝑧0, 𝑅1𝑒𝑖𝜙)/𝜕𝑛

𝑦→+0

⇒ 0,
𝜕𝐺(𝑥+ 𝑖𝑦, 4𝑅1𝑒

𝑖𝜙)/𝜕𝑛

𝜕𝐺(𝑧0, 4𝑅1𝑒𝑖𝜙)/𝜕𝑛

𝑦→+0

⇒ 0, 𝜙 ∈ (0, 𝜋),

hold for the functions

𝑣2(𝑧) =
𝑅1

2𝜋

𝜋∫︁
0

𝜕𝐺(𝑧, 𝑅1𝑒
𝑖𝜙)

𝜕𝑛
𝑣(𝑅1𝑒

𝑖𝜙) 𝑑𝜙 =
𝑅1

2𝜋

𝜋∫︁
0

𝜕𝐺(𝑧,𝑅1𝑒
𝑖𝜙)/𝜕𝑛

𝜕𝐺(𝑧0, 𝑅1𝑒𝑖𝜙)/𝜕𝑛
𝑑𝜈1(𝜙),

𝑣3(𝑧) =
4𝑅1

2𝜋

𝜋∫︁
0

𝜕𝐺(𝑧, 4𝑅1𝑒
𝑖𝜙)

𝜕𝑛
𝑣(4𝑅1𝑒

𝑖𝜙) 𝑑𝜙 =
4𝑅1

2𝜋

𝜋∫︁
0

𝜕𝐺(𝑧, 4𝑅1𝑒
𝑖𝜙)/𝜕𝑛

𝜕𝐺(𝑧0, 𝑅1𝑒𝑖𝜙)/𝜕𝑛
𝑑𝜈2(𝜙),

the identities lim
𝑦→+0

𝑣𝑗(𝑥+ 𝑖𝑦) = 0, 𝑗 = 2, 3, hold.

Since

𝜕𝐺(𝑥+ 𝑖𝑦, 𝑡)

𝜕𝑛
− 𝜕𝐺1(𝑥+ 𝑖𝑦, 𝑡)

𝜕𝑛

𝑦→+0

⇒ 0 for 𝑥 ∈ 𝐼

(︂
3𝑅1

2
,
7𝑅1

2

)︂
, 𝑡 ∈ 𝐼(𝑅1, 4𝑅1),

the function

𝑣4(𝑧) =
1

2𝜋

∫︁
𝐼(𝑅1,4𝑅1)

(︂
𝜕𝐺(𝑧, 𝑡)

𝜕𝑛
− 𝜕𝐺1(𝑧, 𝑡)

𝜕𝑛

)︂
𝑑𝜈(𝑡)

satisfies the identity

lim
𝑦→+0

𝑣4(𝑥+ 𝑖𝑦) = 0, 𝑥 ∈ 𝐼

(︂
3𝑅1

2
,
7𝑅1

2

)︂
.

Let

𝑣5(𝑧) =
1

2𝜋

∫︁
𝐼(𝑅1,4𝑅1)

𝜕𝐺1(𝑧, 𝑡)

𝜕𝑛
𝑑𝜈(𝑡)

=
1

2𝜋

∫︁
𝐼(𝑅1,4𝑅1)

𝜕𝐺1(𝑧, 𝑡)

𝜕𝑛
𝜙(𝑡) 𝑑𝑡+

1

2𝜋

∫︁
𝐼(𝑅1,4𝑅1)

𝜕𝐺1(𝑧, 𝑡)

𝜕𝑛
𝑑𝜎(𝑡).

It follows from Theorem 3.3 that for almost all 𝑥 ∈ 𝐼(𝑅1, 4𝑅1) the identity holds

lim
𝑦→+0

𝑣5(𝑥+ 𝑖𝑦) = 𝜙(𝑥).

It follows from the obtained identities for 𝑣𝑗, 𝑗 = 1, 5, and (4.4) that for almost all 𝑥 ∈ 𝐼(𝑅)
the identity holds

lim
𝑦→+0

𝑣(𝑥+ 𝑖𝑦) = 𝜙(𝑥).
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It remains to prove Assertion 4 of the theorem. Without loss of generality, we can suppose
that 𝑥0 = 2𝑅1, 𝛿 = 𝑅1.
Since the measures 𝑑𝜎(𝑡) and 𝑣(𝑡)𝑑𝑡 are mutually singular, we obtain

𝑑𝜈+(𝑡) = 𝑣+(𝑡) + 𝑑𝜎+(𝑡), 𝑑𝜈−(𝑡) = 𝑣−(𝑡) + 𝑑𝜎−(𝑡).

By Theorem 4.2 the best harmonic majorants of the functions 𝑣(𝑧) and

𝑣7(𝑧) = 𝑣(𝑧) + 𝑣1(𝑧)

in the semi–annulus 𝐷+(𝑅1, 𝑅2) coincides. By Theorem 4.4, the best harmonic majorant of
function 𝑣7(𝑧) in the semi–annulus 𝐷+(𝑅1, 𝑅2) reads

𝐻(𝑧) =
2∑︁
𝑗=1

𝑅𝑗

2𝜋

𝜋∫︁
0

𝜕𝐺(𝑧,𝑅𝑗𝑒
𝑖𝜙)

𝜕𝑛𝜁
𝑣+(𝑅𝑗𝑒

𝑖𝜙) 𝑑𝜙

+
1

2𝜋

∫︁
𝐼(𝑅1,𝑅2)

𝜕𝐺(𝑧, 𝑡)

𝜕𝑛𝑡
𝑑𝑣+(𝑡) +

1

2𝜋

∫︁
𝐼(𝑅1,𝑅2)

𝜕𝐺(𝑧, 𝑡)

𝜕𝑛𝑡
𝑑𝜎+(𝑡).

Since by the assumption of theorem 𝑣(𝑧) ⩽ 𝐾 in the semi–annulus 𝐷+(𝑅1, 𝑅2), and 𝐻(𝑧) is
the best harmonic majorant of the function 𝑣(𝑧) in this semi–annulus, we have 𝐻(𝑧) ⩽ 𝐾. In
particular,

𝑢(𝑧) =
1

2𝜋

∫︁
𝐼(𝑅1,𝑅2)

𝜕𝐺(𝑧, 𝑡)

𝜕𝑛𝑡
𝑑𝜎+(𝑡) ⩽ 𝐾.

It follows from the Fatou theorem that for almost everywhere for all 𝑥 ∈ 𝐼(𝑅1, 𝑅2) the identity
holds

lim
𝑦→+0

𝑢(𝑥+ 𝑖𝑦) = 𝜎′
+(𝑥) = 0.

By Theorem 4.7, if [𝑎, 𝑏] ⊂ 𝐼(𝑅1, 𝑅2), 𝜎({𝑎}) = 𝜎({𝑏}) = 0, then the identity holds

𝜎+([𝑎, 𝑏]) =

𝑏∫︁
𝑎

𝑢(𝑥+ 𝑖𝑦) 𝑑𝑥.

Since 𝑢(𝑧) ⩽ 𝐾, by the Lebesgue theorem on dominated convergence 𝜎+([𝑎, 𝑏]) = 0. Thus, 𝜎+

is the zero measure on 𝐼(𝑅1, 𝑅2), and 𝜎 = 𝜎+ − 𝜎− = 𝜎− is the negative measure on 𝐼(𝑅1, 𝑅2).
The proof is complete.

Now we introduce an important in the theory of subharmonic functions on semi–annulus
notion of total measure of subharmonic function. The total measure with be defined not on
the entire set of subharmonic functions on the semi–annulus, but only on the class 𝑆𝐾(𝑅).

Definition 4.1. Let 𝑣 ∈ 𝑆𝐾(𝑅). The total measure of function 𝑣 is a measure 𝜆 such that

𝑑𝜆(𝜁) = 2𝜋 Im 𝜁 𝑑𝜇(𝜁)− 𝑑𝜈(𝑡), 𝑡 = Re 𝜁, 𝑡 ∈ 𝐼(𝑅) = (−∞,−𝑅] ∪ [𝑅,+∞),

where 𝜇 is the Riesz measure of function 𝑣, 𝑑𝜈(𝑡) = 𝑣(𝑡)𝑑𝑡 + 𝑑𝜎(𝑡) is the boundary measure of
function 𝑣, and 𝜎 is a singular boundary measure of function 𝑣.

Remark 4.4. The measure 𝜆 possesses the following properties

1) 𝜆 is a finite measure on each compact set 𝐾 ⊂ 𝐷+(𝑅);
2) 𝜆 is a non–negative measure on 𝐷+(𝑅);

3) 𝜆 vanishes on the complement C ∖𝐷+(𝑅).

And vice versa, if a measure 𝜆 satisfied conditions 1) — 3), then there exists a function 𝑣 ∈
𝑆𝐾(𝑅) with the total measure equalling to 𝜆.
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We treat 𝜆 as a measure on the entire plane. Its restriction to C∖𝐷+(𝑅) is the zero measure,
the restriction to 𝐷+(𝑅) is a positive measure, and its restriction to 𝐼(𝑅) is equal to −𝜈, where
𝜈 is the boundary measure. Generally speaking, the boundary measure 𝜈 is a sign–changing
measure (charge).
In the next theorem we establish with what accuracy the functions in the class 𝑆𝐾(𝑅) are

determined by their total measure.

Theorem 4.9. Let 𝑣1, 𝑣2 ∈ 𝑆𝐾(𝑅). The total measures of functions 𝑣1 and 𝑣2 coincide if
and only if there exists a function 𝑔 analytic on the set C ∖ 𝐶(0, 𝑅) taking real values on 𝐼(𝑅)
such that

𝑣1(𝑧)− 𝑣2(𝑧) = Im 𝑔(𝑧), 𝑧 ∈ 𝐷+(𝑅). (4.5)

Proof. Let identity (4.5) holds. Since ∆𝑔(𝑧) ≡ 0, the functions 𝑣1 and 𝑣2 have the same Riesz
measures. Since

lim
𝑦→+0

∫︁
[𝑎,𝑏]∩𝐼(𝑅)

Im 𝑔(𝑥+ 𝑖𝑦) 𝑑𝑥 = 0,

the functions 𝑣1 and 𝑣2 haver the same boundary measures. Therefore, these functions have
the same total measure and same boundary measures.
Vice versa, let the functions 𝑣1 and 𝑣2 have same total measures. Then they have same Riesz

measures and same boundary measures. Let 𝑅1 > 𝑅 be an arbitrary number. By Theorem (3.1)

𝑣1(𝑧)− 𝑣2(𝑧) =

𝜋∫︁
0

𝜕𝐺(𝑧,𝑅𝑒𝑖𝜙)

𝜕𝑛𝜁
(𝑣1(𝑅𝑒𝑖𝜙)− 𝑣2(𝑅𝑒𝑖𝜙)) 𝑑𝜙

+

𝜋∫︁
0

𝜕𝐺(𝑧,𝑅1𝑒
𝑖𝜙)

𝜕𝑛𝜁
(𝑣1(𝑅1𝑒

𝑖𝜙)− 𝑣2(𝑅1𝑒
𝑖𝜙)) 𝑑𝜙.

The right hand side involves a harmonic function on the semi–annulus 𝐷+(𝑅,𝑅1), which is
continuously continued by zero to 𝐼(𝑅,𝑅1) = (−𝑅1,−𝑅) ∪ (𝑅,𝑅1). Since 𝑅1 is an arbitrary
number, 𝑣1 − 𝑣2 is a harmonic function on 𝐷+(𝑅), which is continuously continued by zero
to 𝐼(𝑅). By the Schwarz reflection principle this function is continued as harmonic one to
{𝑧 : |𝑧| > 𝑅, Im 𝑧 < 0}. Thus, there exists a harmonic function ℎ on C ∖ 𝐵(𝑅) vanishing on
𝐼(𝑅) such that 𝑣1 − 𝑣2 = ℎ for Im 𝑧 > 0. Let −ℎ1 be the function harmonically conjugated
with the function ℎ. Then 𝑔 = ℎ+ 𝑖ℎ1 is the analytic function on C ∖ 𝐵(𝑅) taking real values
on 𝐼(𝑅) and ℎ = Im 𝑔. The proof is complete.

We denote by 𝐽𝑆(𝑅) the class of harmonic functions on 𝐷+(𝑅) such that lim
𝑧→𝑡

𝑣(𝑧) ⩽ 0 for

each 𝑡 ∈ 𝐼(𝑅).

Remark 4.5. For subharmonic function in the class 𝐽𝑆(𝑅) the total measure is a non–
negative measure.

Proposition 4.1. 𝐽𝑆(𝑅) ⊂ 𝑆𝐾(𝑅).

Proof. Let

𝑣 ∈ 𝐽𝑆(𝑅), 𝑃 = {𝑧 : Re 𝑧 ∈ [𝑎, 𝑏] ⊂ 𝐼(𝑅), 0 < Im 𝑧 < 𝑇}.

Since

lim
𝑦→+0

𝑣(𝑥+ 𝑖𝑦) ⩽ 0,
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the function 𝑣(𝑎 + 𝑖𝑦) is bounded from above for 𝑦 ∈ (0, 𝑇 ). This is true for 𝑣(𝑏 + 𝑖𝑦). The
function 𝑣(𝑥+ 𝑖𝑇 ) is bounded from above for 𝑥 ∈ [𝑎, 𝑏]. The above semi–continuity implies that

lim
𝑧∈𝑃
𝑧→𝜁

𝑣(𝑧) ⩽

{︃
𝑣(𝜁), Im 𝜁 > 0,

0, Im 𝜁 > 0.

In particular, there exists a constant 𝑀 such that

lim
𝑧∈𝑃
𝑧→𝜁

𝑣(𝑧) ⩽ 𝑀, 𝜁 ∈ 𝜕𝑃.

The maximum principle implies that 𝑣(𝑧) ⩽ 𝑀 on 𝑃 . The proof is complete.

Now we are in position to give the definition of our main object, which is the 𝛿–subharmonic
function.
Usually, as the 𝛿–subharmonic function, one calls the function, which can be represented

as the difference of subharmonic functions. However, such definition needs a correction. The
corrected definition of 𝛿–subharmonic function was given in [6].

Definition 4.2. The function 𝑣 on the domain 𝐺 ⊂ C is called 𝛿–subharmonic if the follow-
ing three conditions are satisfied.

1) There exists a set 𝐹 of zero capacity such that on the set 𝐺 ∖ 𝐹 the representation 𝑣(𝑧) =
𝑣1(𝑧) − 𝑣2(𝑧) holds, where 𝑣1(𝑧) and 𝑣2(𝑧) are subharmonic functions on the domain 𝐺.
By means of this representation we determined the Riesz measure 𝜇 the function 𝑣 by the
formula 𝜇 = 𝜇1−𝜇2, where 𝜇1 and 𝜇2 are the Riesz measures of functions 𝑣1(𝑧) and 𝑣2(𝑧).
The determining set 𝐻 of a function 𝑣 is the set of points 𝑧 ∈ 𝐺, for which there exists
𝛿 > 0 such that the inequality holds

𝛿∫︁
0

|𝜇|(𝐵(𝑧, 𝑡))

𝑡
𝑑𝑡 < ∞.

2) For each point 𝑧 ∈ 𝐻 the identity holds

𝑣(𝑧) = lim
𝛿→0

1

2𝜋𝛿

2𝜋∫︁
0

𝑤(𝑧 + 𝛿𝑒𝑖𝜙)𝑑𝜙.

3) 𝑣(𝑧) = 0 for 𝑧 ∈ 𝐺 ∖𝐻.

Now we introduce the class 𝛿𝑆(𝑅) of delta–subharmonic functions on 𝐷+(𝑅) as the difference
𝛿𝑆(𝑅) = 𝐽𝑆(𝑅)−𝐽𝑆(𝑅). Here the difference is understood with the above made remark taken
into consideration.

Proposition 4.2. 𝛿𝑆(𝑅) = 𝑆𝐾(𝑅)− 𝑆𝐾(𝑅).

Proof. Let 𝑣 ∈ 𝛿𝑆(𝑅). Then

𝑣 = 𝑣1 − 𝑣2, 𝑣1, 𝑣2 ∈ 𝐽𝑆(𝑅) ⊂ 𝑆𝐾(𝑅).

This implies that

𝛿𝑆(𝑅) ⊂ 𝑆𝐾(𝑅)− 𝑆𝐾(𝑅).

Now let 𝑣 ∈ 𝑆𝐾(𝑅)−𝑆𝐾(𝑅), 𝜆 be its total measure, 𝜆 = 𝜆+−𝜆− be the Jordan composition
of measure 𝜆. Let the functions 𝑣1, 𝑣2 ∈ 𝑆𝐾(𝑅) be such that 𝜆+ and 𝜆− are their total measures;
such functions exist by Remark 4.4. Then 𝑣1, 𝑣2 ∈ 𝐽𝑆(𝑅). We have

𝑣(𝑧) = 𝑣1(𝑧)− 𝑣2(𝑧) + Im 𝑔,
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where 𝑔 is as in Theorem 4.5. Thus, we have obtained that

𝑣 ∈ 𝛿𝑆(𝑅), 𝑆𝐾(𝑅)− 𝑆𝐾(𝑅) ⊂ 𝐽𝑆(𝑅)− 𝐽𝑆(𝑅) = 𝛿𝑆(𝑅).

The proof is complete.

5. Fourier coefficients of function 𝑣 ∈ 𝛿𝑆(𝑅) in vicinity of 𝐿𝑅

The Fourier coefficients of functions 𝑣 ∈ 𝛿𝑆(𝑅) in the vicinity of 𝐿𝑅 by the identity

𝑐𝑘(𝑟, 𝑣) =
2

𝜋

𝜋∫︁
0

𝑣((𝑟 −𝑅)𝑒𝑖𝜃) sin 𝑘𝜃 𝑑𝜃, 𝑅 < 𝑟 ⩽ 2𝑅, 𝑘 ∈ N.

We shall employ the generalized Carleman formula for the semi–annulus𝐷+((𝑟−𝑅), 4(𝑟−𝑅)),
which can be obtained from formula (16) in [10]. We formulate it as a theorem, but first we
introduce a notation. Let 𝜆 be an arbitrary measure in the closed half–plane C+. We define
the measure 𝜆𝑚, 𝑚 ∈ N, by the identity

𝑑𝜆𝑚(𝜁) =
sin𝑚𝜙

Im 𝜁
𝜏𝑚 𝑑𝜆(𝜁), 𝜁 = 𝜏𝑒𝑖𝜙,

where
sin𝑚𝜙

sin𝜙
for 𝜙 = 0, 𝜋 is defined by the continuity.

Theorem 5.1. Let 𝑣 ∈ 𝛿𝑆(𝑅), 𝜆 be the total measure of function 𝑣. Then for each 𝑟,
𝑅 < 𝑟 ⩽ 2𝑅, the formula holds

𝜋∫︁
0

𝑣(2(𝑟 −𝑅)𝑒𝑖𝜃) sin𝑚𝜃 𝑑𝜃

=
2𝑚−2

(𝑟 −𝑅)(4𝑚 + 1)

𝜋∫︁
0

(︀
4𝑣

(︀
(𝑟 −𝑅)𝑒𝑖𝜙

)︀
+ 𝑣(4(𝑟 −𝑅)𝑒𝑖𝜙)

)︀
sin𝑚𝜙𝑑𝜙

− 2𝑚

2𝑚(4𝑚 + 1)(𝑟 −𝑅)𝑚

2(𝑟−𝑅)∫︁
(𝑟−𝑅)

(︂
1− (𝑟 −𝑅)2𝑚

𝜏 2𝑚

)︂
𝑑𝜆𝑚(𝜏)

− 8𝑚𝑟𝑚

2𝑚(4𝑚 + 1)

4(𝑟−𝑅)∫︁
2(𝑟−𝑅)

(︂
1

𝜏 2𝑚
− 1

16𝑚(𝑟 −𝑅)2𝑚

)︂
𝑑𝜆𝑚(𝜏).

(5.1)

We transform formula (5.1). In order to do this, we integrate by parts two last terms in the
right hand side and we obtain

𝜋∫︁
0

𝑣(2(𝑟 −𝑅)𝑒𝑖𝜃) sin𝑚𝜃 𝑑𝜃

=
2𝑚−2

(𝑟 −𝑅)(4𝑚 + 1)

𝜋∫︁
0

(︀
4𝑣

(︀
(𝑟 −𝑅)𝑒𝑖𝜙

)︀
+ 𝑣(4(𝑟 −𝑅)𝑒𝑖𝜙)

)︀
sin𝑚𝜙𝑑𝜙

+
2𝑚(𝑟 −𝑅)𝑚

4𝑚 + 1

⎛⎜⎝ 2(𝑟−𝑅)∫︁
(𝑟−𝑅)

𝜆𝑚(𝜏)

𝜏 2𝑚+1
𝑑𝜏 − 4𝑚

4(𝑟−𝑅)∫︁
2(𝑟−𝑅)

𝜆𝑚(𝜏)

𝜏 2𝑚+1
𝑑𝜏

⎞⎟⎠ .

(5.2)
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In particular, for 𝑚 = 1 formula (5.2) reads

𝜋∫︁
0

𝑣(2(𝑟 −𝑅)𝑒𝑖𝜃) sin 𝜃 𝑑𝜃 =
1

10(𝑟 −𝑅)

𝜋∫︁
0

(︀
4𝑣

(︀
(𝑟 −𝑅)𝑒𝑖𝜙

)︀
+ 𝑣(4(𝑟 −𝑅)𝑒𝑖𝜙)

)︀
sin𝜙𝑑𝜙

+
2(𝑟 −𝑅)

5

⎛⎜⎝ 2(𝑟−𝑅)∫︁
(𝑟−𝑅)

𝜆(𝜏)

𝜏 3
𝑑𝜏 − 4

4(𝑟−𝑅)∫︁
2(𝑟−𝑅)

𝜆(𝜏)

𝜏 3
𝑑𝜏

⎞⎟⎠ .

(5.3)

If 𝑣 = 𝑣+ − 𝑣−, and 𝜆 = 𝜆+ − 𝜆− is the Jordan decomposition of measure 𝜆, formula (5.3)
can be represented as

𝜋∫︁
0

𝑣+(2(𝑟 −𝑅)𝑒𝑖𝜃) sin 𝜃 𝑑𝜃

+
1

10(𝑟 −𝑅)

𝜋∫︁
0

(︀
4𝑣−

(︀
(𝑟 −𝑅)𝑒𝑖𝜙

)︀
+ 𝑣−(4(𝑟 −𝑅)𝑒𝑖𝜙)

)︀
sin𝜙𝑑𝜙

+
2(𝑟 −𝑅)

5

⎛⎜⎝ 2(𝑟−𝑅)∫︁
(𝑟−𝑅)

𝜆−(𝜏)

𝜏 3
𝑑𝜏 + 4

4(𝑟−𝑅)∫︁
2(𝑟−𝑅)

𝜆+(𝜏)

𝜏 3
𝑑𝜏

⎞⎟⎠ =

𝜋∫︁
0

𝑣−(2(𝑟 −𝑅)𝑒𝑖𝜃) sin 𝜃 𝑑𝜃

+
1

10(𝑟 −𝑅)

𝜋∫︁
0

(︀
4𝑣+

(︀
(𝑟 −𝑅)𝑒𝑖𝜙

)︀
+ 𝑣+(4(𝑟 −𝑅)𝑒𝑖𝜙)

)︀
sin𝜙𝑑𝜙

+
2(𝑟 −𝑅)

5

⎛⎜⎝ 2(𝑟−𝑅)∫︁
(𝑟−𝑅)

𝜆+(𝜏)

𝜏 3
𝑑𝜏 + 4

4(𝑟−𝑅)∫︁
2(𝑟−𝑅)

𝜆−(𝜏)

𝜏 3
𝑑𝜏

⎞⎟⎠ .

(5.4)

We rewrite formula (5.2) in terms of Fourier coefficients

𝑐𝑚(2𝑟, 𝑣) =
2𝑚−2

(𝑟 −𝑅)(4𝑚 + 1)
(4𝑐𝑚 (𝑟, 𝑣) + 𝑐𝑚(4𝑟, 𝑣))

+
2𝑚+1(𝑟 −𝑅)𝑚

𝜋(4𝑚 + 1)

⎛⎜⎝ 2(𝑟−𝑅)∫︁
(𝑟−𝑅)

𝜆𝑚(𝜏)

𝜏 2𝑚+1
𝑑𝜏 − 4𝑚

4(𝑟−𝑅)∫︁
2(𝑟−𝑅)

𝜆𝑚(𝜏)

𝜏 2𝑚+1
𝑑𝜏

⎞⎟⎠ .

(5.5)

6. Delta–subharmonic functions of finite 𝛾–type on 𝐷+(𝑅) in vicinity of 𝐿𝑅

Let 𝑣 ∈ 𝛿𝑆(𝑅), 𝑣 = 𝑣+−𝑣−, 𝜆 be the total measure of function 𝑣, 𝜆 = 𝜆+−𝜆− be the Jordan
decomposition of measure 𝜆. We denote

𝑚𝑅(𝑟, 𝑣) = (𝑟 −𝑅)

𝜋∫︁
0

𝑣+(2(𝑟 −𝑅)𝑒𝑖𝜃) sin 𝜃 𝑑𝜃

+
1

10

𝜋∫︁
0

(︀
4𝑣−

(︀
(𝑟 −𝑅)𝑒𝑖𝜙

)︀
+ 𝑣−(4(𝑟 −𝑅)𝑒𝑖𝜙)

)︀
sin𝜙𝑑𝜙,
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𝑁𝑅(𝑟, 𝑣) =
2(𝑟 −𝑅)2

5

⎛⎜⎝ 2(𝑟−𝑅)∫︁
(𝑟−𝑅)

𝜆−(𝜏)

𝜏 3
𝑑𝜏 + 4

4(𝑟−𝑅)∫︁
2(𝑟−𝑅)

𝜆+(𝜏)

𝜏 3
𝑑𝜏

⎞⎟⎠ ,

𝑇𝑅(𝑟, 𝑣) = 𝑚𝑅(𝑟, 𝑣) +𝑁𝑅(𝑟, 𝑣), 𝑟 > 𝑅.

By (5.4) we obtain

𝑇𝑅(𝑟, 𝑣) = 𝑇𝑅(𝑟,−𝑣). (6.1)

Definition 6.1. A strictly positive continuous increasing and unbounded function 𝛾(𝑟) de-
fined on 𝑅+ is called the growth function.

Definition 6.2. Let 𝛾 be a growth function. A function 𝑣 ∈ 𝛿𝑆(𝑅) is called the function
of finite 𝛾–type in the vicinity of semi–circumference 𝐿𝑅 if there exist constants 𝐴 and 𝐵 > 0
such that

𝑇𝑅(𝑟, 𝑣) ⩽ 𝐴𝛾

(︂
𝐵

𝑟 −𝑅

)︂
(6.2)

for all 𝑟, 𝑅 < 𝑟 ⩽ 2𝑅.

The class of given 𝛿–subharmonic functions of finite 𝛾–type in the vicinity of circumference
𝐿𝑅 is denoted by 𝛿𝑆𝐿𝑅

(𝑅, 𝛾). By 𝐽𝑆𝐿𝑅
(𝑅, 𝛾) ⊂ 𝐽𝑆(𝑅) we denote the corresponding class of

subharmonic function. It is clear that 𝐽𝑆𝐿𝑅
(𝑅, 𝛾) ⊂ 𝛿𝑆𝐿𝑅

(𝑅, 𝛾).

Definition 6.3. A positive measure 𝜆 on 𝐷+(𝑅) has a finite 𝛾–density in the vicinity of
semi–circumference 𝐿𝑅 if for some positive 𝐴 and 𝐵 for all 𝑟, 𝑅 < 𝑟 ⩽ 2𝑅, the inequality holds

𝜆(𝑟 −𝑅) ⩽ 𝐴𝛾

(︂
𝐵

𝑟 −𝑅

)︂
. (6.3)

We note that inequality (6.3) implies

2(𝑟−𝑅)∫︁
(𝑟−𝑅)

𝜆(𝜏)

𝜏 3
𝑑𝜏 ⩽ 𝐴𝛾

(︂
𝐵

𝑟 −𝑅

)︂
(6.4)

for some positive 𝐴 and 𝐵 for all 𝑟, 𝑅 < 𝑟 ⩽ 2𝑅. And vice versa, inequality (6.4) implies
inequality (6.3).

Remark 6.1. Let 𝑣 ∈ 𝐽𝛿𝐿𝑅
(𝑅, 𝛾), 𝜆 be the total measure of function 𝑣, 𝜆 = 𝜆+ − 𝜆− be the

Jordan decomposition of measure 𝜆, |𝜆| = 𝜆++𝜆−. Then the measure |𝜆| has a finite 𝛾–density
in the vicinity of semi–circumference 𝐿𝑅.

This is the corollary of Definitions 6.2 and 6.3.
Now we formulate and prove the criterion of belonging of a delta–subharmonic function 𝑣 to

the class 𝐽𝛿𝐿𝑅
(𝑅, 𝛾).

Theorem 6.1. Let 𝑣 ∈ 𝐽𝛿(𝑅), 𝜆 = 𝜆+−𝜆− be the total measure of function 𝑣, 𝛾 be a growth
function. The following two statements are equivalent:

1) 𝐽𝛿𝐿𝑅
(𝑅, 𝛾);

2) the measure 𝜆+ (or the measure 𝜆−) has a finite 𝛾–density in the vicinity of circumference
𝐿𝑅 and for all 𝑟, 𝑅 < 𝑟 ⩽ 2𝑅, for some positive 𝐴 and 𝐵 the inequality holds

|𝑐𝑘(2𝑟, 𝑣)| ⩽
𝐴

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂
, 𝑘 ∈ N. (6.5)
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Proof. We prove by the scheme 1) =⇒ 2) =⇒ 1). We begin with the implication 1) =⇒
2). The fact that the measures 𝜆+(𝑣) and 𝜆−(𝑣) have the finite 𝛾2-density in the vicinity of
circumference 𝐿𝑅 is immediately implied by the definition of class 𝛿𝑆𝐿𝑅

(𝑅, 𝛾) and identity (6.1).
Then it follows from Remark 6.1 that the measure |𝜆| has a finite 𝛾–density in the vicinity of
circumference 𝐿𝑅, that is,

|𝜆|(𝑟 −𝑅) ⩽ 𝐴𝛾

(︂
𝐵

𝑟 −𝑅

)︂
(6.6)

for some positive 𝐴 and 𝐵 for all 𝑟, 𝑅 < 𝑟 ⩽ 2𝑅.
It follows from inequality (6.2) that

𝑚(𝑟, 𝑣) ⩽ 𝐴𝛾

(︂
𝐵

𝑟 −𝑅

)︂
,

for some 𝐴 and 𝐵 for all 𝑟, 𝑅 < 𝑟 ⩽ 2𝑅. Relation (6.1) also implies the inequality

𝑚(𝑟,−𝑣) ⩽ 𝐴𝛾

(︂
𝐵

𝑟 −𝑅

)︂
.

Hence, for all 𝑟, 𝑅 < 𝑟 ⩽ 2𝑅,

𝜋∫︁
0

|𝑣(2(𝑟 −𝑅)𝑒𝑖𝜙)| sin𝜙𝑑𝜙 =
𝑚(𝑟, 𝑣) +𝑚(𝑟,−𝑣)

𝑟 −𝑅
⩽

𝐴

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂
,

|𝑐𝑘(2𝑟, 𝑣)| ⩽
2𝑘

𝜋

𝜋∫︁
0

|𝑣(2(𝑟 −𝑅)𝑒𝑖𝜙)| sin𝜙𝑑𝜙 ⩽
𝐴𝑘

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂ (6.7)

We also note the inequality

|𝜆𝑚(𝑟)| =

⃒⃒⃒⃒
⃒
∫︁∫︁
𝐶(0,𝑟)

𝑑𝜆𝑚(𝜁)

⃒⃒⃒⃒
⃒ =

⃒⃒⃒⃒
⃒
∫︁∫︁
𝐶(0,𝑟)

sin𝑚𝜙

sin𝜙
𝜏𝑚−1 𝑑𝜆(𝜁)

⃒⃒⃒⃒
⃒

⩽ 𝑚

∫︁∫︁
𝐶(0,𝑟)

𝜏𝑚−1 𝑑|𝜆|(𝜁) ⩽ 𝑚𝑟𝑚−1|𝜆|(𝑟).

By (5.5), (6.4), (6.7), (6) we obtain

|𝑐𝑚(2𝑟, 𝑣)| ⩽
2𝑚−2

(𝑟 −𝑅)(4𝑚 + 1)
(4 |𝑐𝑚 (𝑟, 𝑣)|+ |𝑐𝑚(4𝑟, 𝑣)|)

+
2𝑚+1(𝑟 −𝑅)𝑚

𝜋(4𝑚 + 1)

⎛⎜⎝ 2(𝑟−𝑅)∫︁
(𝑟−𝑅)

|𝜆𝑚(𝜏)|
𝜏 2𝑚+1

𝑑𝜏 + 4𝑚
4(𝑟−𝑅)∫︁

2(𝑟−𝑅)

|𝜆𝑚(𝜏)|
𝜏 2𝑚+1

𝑑𝜏

⎞⎟⎠
⩽

2𝑚𝑚𝐴

(𝑟 −𝑅)((4𝑚 + 1)
𝛾

(︂
𝐵

𝑟 −𝑅

)︂

+
𝑚2𝑚+1(𝑟 −𝑅)𝑚

𝜋(4𝑚 + 1)

⎛⎜⎝ 2(𝑟−𝑅)∫︁
(𝑟−𝑅)

|𝜆|(𝜏)𝑑𝜏
𝜏𝑚+2

+ 4𝑚
4(𝑟−𝑅)∫︁

2(𝑟−𝑅)

|𝜆|(𝜏)𝑑𝜏
𝜏𝑚+2

⎞⎟⎠
⩽

2𝑚𝑚𝐴

(𝑟 −𝑅)((4𝑚 + 1)
𝛾

(︂
𝐵

𝑟 −𝑅

)︂
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+
𝑚2𝑚+1(𝑟 −𝑅)𝑚|𝜆|(4(𝑟 −𝑅))

𝜋(4𝑚 + 1)

⎛⎜⎝ 2(𝑟−𝑅)∫︁
(𝑟−𝑅)

𝑑𝜏

𝜏𝑚+2
+ 4𝑚

4(𝑟−𝑅)∫︁
2(𝑟−𝑅)

𝑑𝜏

𝜏𝑚+2

⎞⎟⎠
⩽

2𝑚𝑚𝐴

(𝑟 −𝑅)((4𝑚 + 1)
𝛾

(︂
𝐵

𝑟 −𝑅

)︂
+

𝑚2𝑚+1(𝑟 −𝑅)𝑚|𝜆|(4(𝑟 −𝑅))

𝜋(4𝑚 + 1)(𝑚+ 1)

(︂
1

(𝑟 −𝑅)𝑚+1
+

2𝑚

(𝑟 −𝑅)𝑚+1

)︂
⩽

𝐴

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂
.

The proof of the implication 1) =⇒ 2) is complete.
We proceed to proving the implication 2) =⇒ 1). It follows from inequality (6.5) and

formula (5.4) that if one of measures 𝜆+(𝑣) or 𝜆−(𝑣) has finite 𝛾–density in the vicinity of
circumference 𝐿𝑅, then the other measure also has a finite 𝛾–density in the vicinity of circum-
ference 𝐿𝑅. Therefore, the measure |𝜆| has a finite 𝛾–density in the vicinity of circumference
𝐿𝑅. Then we estimate 𝑣+(𝑧) by employing formula (4.3) for 𝑅1 = 𝑟−𝑅, 𝑅2 = 4(𝑟−𝑅). Using
the expansion into the Fourier series (3.6), (3.7), for 𝑞 = 1

2
, 𝑅 = 2(𝑟 −𝑅) = |𝑧|, we obtain⃒⃒⃒⃒

⃒⃒ 12𝜋
𝜋∫︁

0

𝜕𝐺 (𝑧, 4(𝑟 −𝑅)𝑒𝑖𝜙)

𝜕𝑛
𝑣
(︀
4(𝑟 −𝑅)𝑒𝑖𝜙

)︀
𝑑𝜙+

1

2𝜋

𝜋∫︁
0

𝜕𝐺 (𝑧, (𝑟 −𝑅)𝑒𝑖𝜙)

𝜕𝑛
𝑣
(︀
(𝑟 −𝑅)𝑒𝑖𝜙

)︀
𝑑𝜙

⃒⃒⃒⃒
⃒⃒

=
1

𝜋(𝑟 −𝑅)

∞∑︁
𝑚=1

1

2𝑚
4𝑚

1 + 4𝑚

⃒⃒⃒⃒
⃒⃒2

𝜋∫︁
0

𝑣
(︀
(𝑟 −𝑅)𝑒𝑖𝜙

)︀
sin𝑚𝜙𝑑𝜙+

1

2

𝜋∫︁
0

𝑣
(︀
4(𝑟 −𝑅)𝑒𝑖𝜙

)︀
sin𝑚𝜙𝑑𝜙

⃒⃒⃒⃒
⃒⃒

⩽
1

𝑟

∞∑︁
𝑚=1

1

2𝑚

(︂
| 𝑐𝑚 (𝑟, 𝑣)|+ 1

4
| 𝑐𝑚(4𝑟, 𝑣)|

)︂
⩽

𝐴

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂
,

for some 𝐴,𝐵 > 0. By this inequality and formula (4.3) we obtain

𝑣+(𝑧) ⩽
1

2𝜋

∫︁
𝐼(𝑟,4𝑟)

𝜕𝐺(𝑧, 𝑡)

𝜕𝑛𝑡
𝑑|𝜈|(𝑡) + 𝐴

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂
. (6.8)

Now, using the orthogonality of the system of polynomials {sin 𝑘𝜃}, 𝑘 = 1, 2, . . . , on the
segment [0, 𝜋] and formulas (3.4), (3.5), we find

𝜋∫︁
0

𝑣+(2𝑟𝑒
𝑖𝜃) sin 𝜃 𝑑𝜃 ⩽

1

2𝜋

∫︁
𝐼(𝑟−𝑅,4(𝑟−𝑅))

𝜕𝐺(𝑧, 𝑡)

𝜕𝑛𝑡
𝑑|𝜈|(𝑡) sin 𝜃 𝑑𝜃 + 𝐴

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂

⩽
2𝜋

5

⎛⎜⎝ 2(𝑟−𝑅)∫︁
(𝑟−𝑅)

(︂
1

𝑟 −𝑅
− 𝑟 −𝑅

𝑡2

)︂
𝑑|𝜈|(𝑡)

+

4(𝑟−𝑅)∫︁
2(𝑟−𝑅)

(︂
4(𝑟 −𝑅)

𝑡2
− 1

4(𝑟 −𝑅)

)︂
𝑑|𝜈|(𝑡)

⎞⎟⎠
+

𝐴

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂
=

16𝜋(𝑟 −𝑅)

5

4(𝑟−𝑅)∫︁
2(𝑟−𝑅)

|𝜈|(𝑡)
𝑡3

𝑑𝑡
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− 4𝜋(𝑟 −𝑅)

5

2(𝑟−𝑅)∫︁
(𝑟−𝑅)

|𝜈|(𝑡)
𝑡3

𝑑𝑡+
𝐴

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂

⩽
16𝜋(𝑟 −𝑅)

5

4(𝑟−𝑅)∫︁
2(𝑟−𝑅)

|𝜈|(𝑡)
𝑡3

𝑑𝑡+
𝐴

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂

⩽
𝐴

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂
.

This implies that the function 𝑣 belongs to the space 𝐽𝛿𝐿𝑅

(︁
𝑅, 𝛾

)︁
. The proof is complete.

For true subharmonic functions the following corollary of the above theorem holds.

Theorem 6.2. Let 𝛾 be a growth function, 𝑣 ∈ 𝐽𝑆(𝑅). The following two statements are
equivalent:

1) 𝑣 ∈ 𝐽𝑆𝐿𝑅
(𝑅, 𝛾);

2) for some 𝑟 > 𝑅 for all positive 𝐴, 𝐵 the inequality holds

|𝑐𝑘(2𝑟, 𝑣)| ⩽
𝐴

𝑟 −𝑅
𝛾

(︂
𝐵

𝑟 −𝑅

)︂
, 𝑘 ∈ N.

Proof. Indeed, if 𝑣 ∈ 𝐽𝑆(𝑅), then 𝜆−(𝑣) ≡ 0 and hence, this measure has a finite 𝛾–density.
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Chelyabinskĭı Fiz.–Mat. Zh. 10:4, 688–700 (2025). (in Russian).
https://doi.org/10.47475/2500-0101-2025-10-4-688-700

11. E.B. Menshikova. Integral formulas of the type of Carleman and B. Ya. Levin for meromorphic and

subharmonic functions // Russ. Math. 66:6, 28–42 (2022).
https://doi.org/10.3103/S1066369X22060056

12. I.I. Privalov. Subharmonic functions. Gostekhizdat, Moscow (1937). (in Russian).
13. B.N. Khabibullin. Slowness of the growth on the imaginary axis of entire functions of exponential

type with given zeros // Math. Notes 43:5, 372–375 (1988). https://doi.org/10.1007/BF01158843

https://doi.org/10.1070/SM2001v192n06ABEH000572
https://doi.org/10.22405/2226-8383-2023-24-5-136-152
https://doi.org/10.47475/2500-0101-2025-10-4-688-700
https://doi.org/10.3103/S1066369X22060056
https://doi.org/10.1007/BF01158843


FOURIER SERIES AND DELTA–SUBHARMONIC FUNCTIONS 87

14. W.K. Hayman, P.B. Kennedy. Subharmonic functions. Vol. I. Academic Press, London (1976).
15. M. Brelot. On Topologies and Boundaries in Potential Theory. Springer, Berlin (1971).
16. Jun-Iti Ito. Subarmonic functions in the half-plane // Trans. Amer. Math. Soc. 129, 479–499

(1967).
17. P. Koosis. Introduction to 𝐻𝑝 Spaces. Cambridge University Press, Cambridge (1998).
18. J.E. Littlewood. On functions subharmonic in a circle. II. // Proceedings L. M. S. 28, 383–394

(1929). https://doi.org/10.1112/plms/s2-28.1.383
19. L.A. Rubel, B.A. Taylor. Fourier series method for meromorphic and entire functions // Bull. Soc.

Math. Fr. 96, 53–96 (1968). https://doi.org/10.24033/bsmf.1660
20. M. Tsuji. Potential Theory in Modern Function Theory. Maruzen Co., Ltd, Tokyo (1959).

Konstantin Gennadievich Malyutin,
Kursk State University,
Radischev str. 33,
305000, Kursk, Russia
E-mail: malyutinkg@gmail.com

Nguyen Van Quynh,
Hanoi University of Industry,
No. 298 Cau Dien Street,
Tay Tuu Ward,
Hanoi, Vietnam
E-mail: nguyenvanquynh@haui.edu.vn

Alena Alexandrovna Naumova,
Kursk State University,
Radischev str. 33,
305000, Kursk, Russia
E-mail: aliona.filatowa2013@yandex.ru

https://doi.org/10.1112/plms/s2-28.1.383
https://doi.org/10.24033/bsmf.1660

	to1. Introduction
	to2. Selection and estimates for exceptional sets
	to3. Preliminaries
	to4. Subharmonic functions on annulus
	to5. Fourier coefficients of function vS(R) in vicinity of LR
	to6. Delta–subharmonic functions of finite –type on D+(R) in vicinity of LR
	 References

