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FOURIER SERIES AND DELTA-SUBHARMONIC FUNCTIONS
ON OPEN SEMI-ANNULUS

K.G. MALYUTIN!, N.V. QUYNH, A.A. NAUMOVA?

Abstract. We consider a class SK(R) of subharmonic functions on the unbounded open
semi—-annulus
Di(R)={z: |z2| > R, Imz > 0},
which on each semi-annulus
D+(R1,R2) = {Z cR< R < ‘Z‘ < Ry <00, Imz > 0}

possesses a positive harmonic majorant. We introduce a class JS(R) of subharmonic func-
tions on D4 (R), whose boundary values on the real boundary D, (R) are non—positive. We
obtain some properties of functions in the classes SK(R) and JS(R). The class S(R)
of delta-subharmonic functions on D (R) is defined as the difference of classes SK(R) or
JS(R):
0S(R) = SK(R) — SK(R) = JS(R) — JS(R).
For functions v € 6S(R) we introduce a growth characteristic Tr(r,v), which differs from
the characteristics used for the functions defined on the upper half-plane. It determines
the growth of function in the vicinity of semi-circumference Lr = {Re” : 0 < § < 7}. For
an arbitrary function of growth 4 (unbounded non-decreasing positive function defined on
the real semi-axis Ry = {r : r > 0}) we define the class 6Sr,(R,y) C dS(R) of delta-
subharmonic functions v of finite y—type on D, (R) in the vicinity of circumference Lp
as
B
Ta(r,0) < Ay ( £ R)
for all R < r < 2R and some positive A and B depending on v, but independent of r.
We obtain the criterions of belonging of function v to the class 6Sr,,(R,~) in terms of its
Fourier coefficients.

Keywords: unbounded open semi—annulus, harmonic majorant, delta—subharmonic func-
tion, growth function, Fourier coefficient.

Mathematics Subject Classification: 30D35 31A05

1. INTRODUCTION

We employ the following notation and terminology. By IN = {1,2,...} we denote the set of
integer positive (natural) numbers, C = {z = = + 4y} is the complex plane with the real axis
R,

R, ={r:r >0}, Imz =y, Rez = x,
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C, :={z € C:Imz > 0} is the upper half-plane without the boundary, oo denote both the
infinite point in the complex plane and +o0o on the real axis. The open circle of a radius r
centered at a point a is denoted by C'(a, ), while B(a,r) = C(a,r) stands for the closed circle,
G is the closure of a set G, and G denotes the intersection of the set G with the half-plane
C,, that is, G, = G N C,. Subject to the context, the symbol 9 can stand both for the
partial derivative of a function and the boundary of a set. By z, = max{z;0} we denote the
non-negative part of a real-number x. In particular, In, 0 = 0. We denote by

D (Ri,Ry) ={2: 0< Ry < |z2]| < Ry < 00, Imz > 0}
an open semi-annulus in the upper half-plane. By
D (R)=A{z:|z2| 2 R, Imz > 0}

we denote an unbounded open semi—annulus in the upper half-plane. By A, Ay, ..., we denote
positive constants, which can vary in the proofs. The reader shall meet the following arguing:
et f(r) < Ay(Br), then f(2r) < Ay(Br)», which should not cause misunderstanding. By
B x G we denote the Cartesian product of sets B and G.

The exposition of theory of subharmonic functions can be found in books by Privalov [12],
Hayman and Kennedy [14], Tsuji [20], as well as in monograph [8]. In the paper we obtain
the criterion of belonging a delta—subharmonic function on an unbounded semi—annulus to a
given class, which is determined by an arbitrary growth function. The base, on which the proof
of this result relies, is a generalized Carleman formula. This formula differs from formulas by
Ito [16], Grishin [5], Govorov [2]. We note that these authors considered these functions on an
open half-plane in contrast to Carleman, who considered meromorphic functions on a closed
semi—annulus. Recently there appeared interesting works by Khabibullin [13] and its pupils [1 1],
in which they proposed a new approach to a generalization of the Carleman formula based on
the inversion of special functions with respect to a circumference.

2. SELECTION AND ESTIMATES FOR EXCEPTIONAL SETS

Let p be a positive measure on the semi-annulus D (R), and ¢(a) be a continuous strictly
increasing function one the segment [0, 1], while A(r) be a continuous strictly positive non—
decreasing function on the semi-axis (0, 00).

Definition 2.1. The exceptional set F' for a measure i constructed by means of functions
A(r) and @(«) is the set of z # 0, for which there exists a € [0,1] such that

u(B(z, ar)) _
T > p(a), =]z (2.1)

Lemma 2.1. For each z € F there exists the greatest of numbers o = «,, for which inequality
(2.1) holds. In the case o, < 1 the identity holds

IR — o).

Definition 2.1 and Lemma 2.1 for the half-plane belong to Grishin [{]. For an unbounded
semi—annulus the proof of Lemma 2.1 is similar to the arguing in the case of half—plane and we
omit it.

We introduce the following notation

L0 = g [T 150 =KL

1
——1In
Im ¢
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The written formulas define the kernels as continuous functions for Imz > 0, ( € C,, z # (.
However, these functions are continued as continuous to the set
@+ X @4_ \dlag (@4_ X @+) s
where
diag (C4 x C1) = {(2,2),2 € Cy }.
In what follows, as usually, we consider the function L(z, () on the set C; x C assuming that
L(z,z) = —oo for z € C; and L(z,{) =0 for Im{ < 0. If ( = ¢, then

1 1 21
L(z,t) = lim —1In — — lim ~Reln(1- —2"7
n—+0 1 z—t+1n

n—+0 7
21 2y

- _R _
S (x —t)2+y?’

z—1—1n
z—1t+4m

where z = x + 1y.

Thus, L(z, () differs from the Poisson kernel for the upper half-plane just by a factor. The
function L(z, () is almost constant in the variable ¢ on the part of circumference |( — z| = ar,
r = |z|, located in the closed upper half-plane. We reflect this in the next lemma due to
Grishin [1].

Lemma 2.2. For | — z| = ar, Im{ > 0, the function L(z,() satisfies the estimate
1 «
: In — ,
(sinf +«a)  2sinf + «

“F(0,0) S L, Q) < -

1 Q .
) In S5 d , «a<sinb,
_ ) sinf — « sinfl — «
fla0) = "5 n 6 ,
- a > sinf,
«Q
4 1 «Q 1 Q

< L(re”,¢) < -

— 1 < _ 1 - .
In3r(sinf + «) Y osind +a (sinf + o) Y osind +a

Remark 2.1. We have expressed the presence of latter inequality by words that the function
L(z,¢) is almost constant on the circumference |( — z| = ar.

Theorem 2.1. Let p be a positive finite measure on the semi—annulus Dy (R), (D4 (R)) =
S, F' is an exceptional set for the measure p constructed by means of functions

Alr) =S, gp(a):21+n04, n e (0,1).

Then for z ¢ F the inequality

u(z) = [[ 10 dutc) > M
+(R)

D

holds, where

8 [ 1 2 1

= — In{1+ —)du, Nz?ﬂ.
In3 ) 14w u n

0

Remark 2.2. Similar theorem for the half-plane C, was proved by Grishin in his thesis |5,
Thm. 18|. The proof for the semi-annulus D, (R) is similar to the arguing in |5], however, we
did not meet the Grishin theorem in other sources except for his thesis, in which the proof is
provided briefly. For the sake of completeness of exposition, we provide the proof of Theorem 2.1
not claiming the authorship and using the ideas from [5].
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Proof. Since the kernel [(z, () is negative, we obtain u(z) < 0. Since for

C—z=are", z=re¥

the inequality
<@ +a)r

I+« 2sind
‘\ln?)//smﬁ—i—a (1+ a )du(é)

4 7 1+a 95in 0
_1113/' ln(1+ ” )du(B(z,ar)).

sinf + o

holds, by Lemma 2.2

We denote

f(a) = .1+oz o <1+231n9>.

sinf 4 « o
The function f(«) decreases on the interval (0, +00), that is, f'(«) < 0.

1
We observe that for o > N and z ¢ F the identity u(B(z,ar)) = S holds, since by con-
struction of the set [’ for such o we have
w(B(z,ar)) = SNa > S.
This implies
4

<
u()| <

fla) du(B(z, ar)).

D\2\~

For z € F' the inequality
w(B(z,ar)) < min{NSa; S}
holds. This is why for all z ¢ F
%
/u z,ar)) df (a)

2\~

f(a)du(B(z,ar)) = u(B(z, ar)

“ \Z\H

< NSef(e )+N5/f( ) dav.

Passing to the limit as ¢ — +0, we obtain
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SNS [ 1 2
< — In{1+—) du.
In3 /1+un< +u) !
0
The proof is complete. O

3. PRELIMINARIES
We first provide known formulas for the Green function of semi-annulus D (R, Ry).
Lemma 3.1. Let G(z,() be the Green function for the semi-annulus Dy (R, Ry) and let
Ry =qR, Ry = § Then

, (3.1)
o <ln 2R2) o (ln )
where
Inw=1In|w|+iargw, 0 <argzarg( <, arg( = —arg(,
arg wiwy = arg wy + arg we, arg 1 argw; — arg ws,
)
o(u) is the Weierstrass sigma—function with the main periods w; = —4Inq, wy = 2mi. The
relations hold
0 1 N q2m7,2m q2mR2m ' .
G(z,() =2 Z — <—> (1 - T) (1 — ——— | sinmfsinmy,
= m(l—g') \r R T (3.2)
gR< 17 <r < —,
q
[e's] 1 r\m q2mR2m q2m7_2m ) .
G(z,() =2 Z oy <;> (1 " am ) (1 ~ sin m#@ sin mep,
m=1 (3.3)
gR<r <1< —,
q
0G(z,1) 2i 1 (t)m( QQmRQM)( " 2’") :
=— — 1— 1— sinm#
_ g4m 2m 2 ’
on te=1l—gq r t R (3.4)
gR < |t] <7 < —,
0G(z,t) 2 i 1 (r>m < q2mt2m) ( " 2’”) .
=— - 1 1— sin m#f
_ A44m 2m 2 ’
on te=1—gq t R r (3.5)
gR<r < |t| < —,
0G (z,qRe™¥) 4 & 1 gR\"™ g@mrimy ,
— % iR mZ:l Rl 1— e m@ sin me, (3.6)
0G | z,—Re" 0o
( q ) _ 4 Z b <g>m 1- ¢ R sin m#@ sin me. (3.7)
on R 1—q¢* \R r2m
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Proof. We can obtain the expansion for the kernel in formula (3.1) for

R , .
R; =qR, Ry = —, q€(0,1), z=re?, ¢ =re¥
q
by using the theory of elliptic functions, see, for instance, [I, Ch. III, Sect. 12|. Formulas
(3.2)-(3.7) were provied in thesis by Grishin [5], see [7], [9]. O

The next theorem is the analogue of Littlewood theorem |18] for the unbounded semi-annulus
D, (R).

Theorem 3.1. Let u be a positive measure concentrated on (open) semi—annulus D, (R)

such that
// 1+ !CP
=50 | [ B0 au)
D4(R)

Then for almost all © € I = (—o0, —R) U (R, +00) in the sense of the Lebesgue measure the
limit exists

Let

yllgrlov(x +iy) = 0.

Remark 3.1. For the case, when the measure p is concentrated on the open upper half-
plane C,, a similar theorem was proved in thesis by Grishin [5, Thm. 26]. We have not meet
in other sources. This is why, for sake of completeness of presentation, we provide the proof of
Theorem 3.1 by using arguing in |5].

Proof. We treat the measure p as continued as zero measure to the semi-annulus D, (%, R].
Let

E=FE = {xEIR: lim v(z + iy) < —5}.
y—+0

Since v(z) < 0 (because L(z,() < 0 and p is a positive measure), the statement of theorem is
equivalent to fact that for each § > 0 the set Fs has the zero measure. Let R < a < b < +o0,
A >0,

= [a/2,2b] x [0,24], B x [0, A,

27r// ¢) du(¢ +— // ¢) = v1(2) + vs(2).

For z € By, ¢ ¢ B the inequalities hold

_L(s.() = 1 (1+4IszmC) o 2Tm 2 o C'lmz
2Im¢ 2 =C2 ) T =P T [
where C'= C(a,b, A, R). Then for z € By

02(2) //1+|<I2

Dy (R)

This is why
y—+0
vo(z+1y) = 0 for x € [a,b].
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Then
v1(z) = % // L(z,Q) // ¢)du(C
where . .
dpa(Q) = Wdﬂ(oa m(B) < 5 u(B).

By Theorem 2.1 for each n € (0, 1) there exists a system of circles F' with the sum of radii not
exceeding 27(b+ A) such that the inequality holds

1
vi1(z) = —2M ]

1 (B).

For each n > 0 we can choose A > 0 so that the inequality
1+ o
1(B) < 5

holds. We denote by F; the projection of F' onto the real axis,
E+ = E1 N (R, +OO), E_ = E1 N (—OO7 —R)

2M

Then
mes B, <mes By <2n(b+ A) < 2n(b+1).

For z ¢ E. the inequalities hold

v(x +1y) > —z, lim v(z +iy) > ——=

2 y—+0 2
This is why E N [a,b] C E,. Since mes £, < 2n(b+ 1), and 7 is an arbitrary number, we
have mes(E N [a,b]) = 0. Since a and b are arbitrary number, we have mes(E N (R, +00)) = 0.
In the same way we prove that mes(E N (—oo, —R)) = 0. And hence, mes E = 0. The proof
is complete. O

Theorem 3.2. Let v be the same function as in Theorem 3.1. Then for each segment |a,b] C

I the limit is well-defined
b

ylgilo v(x +iy) dx = 0.
Remark 3.2. For an open half-plane C, a similar theorem was proved in thesis by Gr-
ishin |5, Thm. 27|. For the sake of completeness of exposition, we provide the proof of Theo-

rem 3.2 using the arguing from [5].

Proof. Let R < a < b < 400 and the functions v; and vy be the same as in the proof of

Theorem 3.1. Since
y——+0
ve(z +iy) = 0 for =z € la,bl,

we have
b

ylg.rﬁo vo(z + 1y) dz = 0.

We denote ¢ = & +in. Then
b

b
1 y+ 2
/|L(x+zy§|dac—%/ln ")2dx

a
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+o0

1 _ _
< — ln(x ° +(y+ d:v<—/lnx O+ (y+n)° dx
2 (=82 +(y— +(y —n)?
R
1 +o00 9 ( )2
u+(y+n T
=— [ In——7F——5du=—(y+n—|y—n|) <27
2n) uwt+(y—n)? 77( | )
This is why
b b
. 1 .
[wtarinide < o [[ 126+ i.0ldedu() < uB).
a B a
Then
b
T [ ol +ig)de < u(B)
Since lim p(B) = 0, this completes the proof. H
A—+0

We shall need the next theorem.

Theorem 3.3. Let i be a measure on Ir such that

/dw(t) <00, |ul=pt+p

1+ t2

Ig
where p = pt — p is the Jordan decomposition of measure p. Let
du(t
v(z):g/(L) z =1z +1y.

) (t—x)*+y*
Ir

1) If at a point xqy there exists a finite or infinite (of certain sign) derivative p'(xo), we have

. L
Jim v(wo +iy) = p'(wo).

2) Let [a,b] C Ig, u({a}) = pn({b}) = 0. Then
b
lim [ v(x+ iy) de = pu(a, b)).

y—+0
a

Proof. Statement 1) is the well-known Fatou theorem. For the case of half-plane, its proof can
be found, for instance, in [17, Ch. VI].

2) A similar statement for the half-plane was proved by Grishin [5, Thm. 29|. Another proof
for the half-plane was given in |9, Thm. 3.3].

Let @ > R. We fix 6 > 0 so that [a — 0,b+ 0] C Ig. We let Iy = Ig\ [a — 6,b + 6]. We
represent the function v as the sum

b+6

_ Y du(t) y du(t)
’U(Z) = ; / m + ;/(t—l’)—z—l-yQ = Ul(Z) +1)2<Z).

a—0 Is
As z =Rez € [a,b], t € I, the estimate holds
2 +1

—\K s Yy )
(t — )2+ 2 (a,5,0)
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where K(a,b,0) > 0 is a constant. This is why

b b 00
_ . . y [ dlpl®) _
ylg}rlo/ |ve(z + iy)| dx < yIEEO/ K(a,b, 6); / e dxr = 0.

—0o0
We estimate the integral of function v,
b b+8

1 b—t —1
/vl(x +iy) do = / — (arctan — arctan - ) du(t).
n Y Y

a a—0

The integrand f(¢,y; a,b) in the right hand side of latter identity is bounded. Moreover,
0, teR\a,b],
ygrgof(t,y; a,b) = 1 t € (a,b),
9 t e {CL, b}
Since p({a}) = u({b}) = 0, the function f(¢,y;a,b) |u|-almost everywhere converges as y — +0
to the characteristic function x4 of an interval [a,b]. Then by the Lebesgue theorem on
dominated convergence

b b
lim [ vi(z+iy)de = /d,u(t) = u([a, b]).
y—+0
In the same way we consider the case a < —R. The proof is complete. O

4. SUBHARMONIC FUNCTIONS ON ANNULUS

We begin with necessary definitions and exposition of properties of subharmonic functions,
which will be employed in what follows. The proof of the next theorem can be found in [12].

Theorem 4.1. Let D be a domain with the Green function G(z,(). Let v be a subharmonic
function on the domain D, p be the Riesz measure of function v. Let h be the best harmonic
majorant of function v in the domain D. The representation

o(z) = — / / G, ¢) du(C) + h(2) (11)

holds with a harmonic function h in the domain D if and only if the function v has a harmonic
magorant in the domain D. If identity (4.1) holds, then h is the best harmonic magjorant function
v in the domain D.

We provide the theorem on positive harmonic majorant [5, Thm. 31].

Theorem 4.2. Let D be a domain possessing the Green function. Let v be a subharmonic
function on the domain D, which has a harmonic majorant in this domain. Let h be the best
possible harmonic majorant of function v in the domain D. The function v possesses a positive
harmonic majorant in the domain D if and only if the function h has a positive harmonic
majorant in the domain D. In the case of existence of positive harmonic majorants for these
functions, the best positive harmonic majorants of the functions v and h coincide.

Remark 4.1. Apart of the thesis by A.F. Grishin, we do not know the formulate and proof
of this theorem in other sources. Due to its importance in our studies (in this one and further
ones), we provide the proof of Theorem /.2 using the arguing from 5] and not claiming the
authorship.
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Proof. By Theorem 4.1, the function v admits representation (4.1). Let there exist best positive
harmonic majorants H, and Hj, for the functions v and h in the domain D, respectively. Then
H, < Hj,. Since the domain D possesses the Green function, there exists a sequence of finitely—

connected bounded domains D,,, which exhaust the domain D, that is, |J D,, = D, and such
m=1

that

1) z C Dm+17

2) D,, is a compact set,

3) the boundary of D,, is the union of finitely many analytic Jordan curves.

Let the boundary £ of domain F consist of finitely many closed analytic Jordan curves. As
it is known |3, Ch. 6, Sect. 3], if the function w is harmonic in the domain F, bounded and
continuous in the closure F, then the Green formula holds

1 oG
u(z) = —/LOU(C) ds, (4.2)

o on
r

where G(z, () is the Green function of domain F, n is the inward normal at the point ¢ € L, s
is the arc length on £, { = ((s) is the parametrization of L.

Let G,,(z,(¢) and G(z,() be the Green functions of domains D,, and D. Then [3, Ch. 6,
Sect. 3] Gin(z,¢) 1T G(z,¢) as m — oo, z € D (it is clear that the limiting relation holds for m
such that z € D,,).

Let h, be the best harmonic majorant of function v in the domain D. According to for-
mula (4.2) we have

o 1 8Gm(27C1) o
hU(Z> = % / a—nhv((1>d8, L:m = 8Dm

L

Applying identity (4.1), we obtain

) =5 [ gy [ [ EE20 G0 ¢ dsanc)

Lm D Lm

By formula (4.2) we obtain

0G . (z,(1) B
o] G(z’@ds{c:(z,c), ¢ & Dy.

Lm,
Moreover, the inequality
0G (2, (1) 1 G (z,C1)
— [ — ds < — | —————H, ds = H,
2m on v(G)ds 2m / on (G ds ()
Lom Lm
holds. This implies the inequality

he) < Hio) 4 5 [[(660) = Gule.0)autc) + 5 [[ 60 dut)
Dy, D\Dpm,

<HE+ o [[660 -Gz 0V + 5 [[ 6 duo)

Dmo D\Dmo
if mg <m.
Since

G('Z? ) - Gm(za C) < G(27C)7 lim (G(Z, C) - Gm(’Z?C)) = 07

m—0o0
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by the Lebesgue theorem on dominated convergence

o) < 1)+ o [[ 6600 = 16+ 5 [ [ 00,660 (@)

D\Dpnyy
Applying again the Lebesgue theorem on dominated convergence, we obtain
hy(2) < Hy(2).

Thus, the function h,(z) has a positive harmonic majorant and H,(z) is one of such majorants.
Then H,(z) > Hp(z). In view of the aforementioned inequality H,(z) < Hj,(z) we obtain
H,(z) = Hp(2). The proof is complete. O

The next theorem is the famous Martin theorem on representation of positive harmonic
functions. Its proof can be found in [15].

Theorem 4.3. Let D be a domain possessing the Green function, and let I' be the Martin
boundary of domain D, M(z,() be the Martin function of domain D, ( € I'. Let u(z) be a
positive harmonic function in the domain D. Then there exists a unique finite positive measure
A on I' concentrated on the set of minimal points in the boundary U such that

waz/M@ow@.

Remark 4.2. The interested reader can read about Martin function and Martin boundary

We shall need the Grishin theorem on best positive harmonic majorant [5, Thm. 33|.

Theorem 4.4. Let D be a domain having the Green function. Let u(z) be a harmonic
function on the domain D having a positive harmonic measure in this domain. Then there
exist a unique measure v on I' concentrated on the set of minimal points having a finite total
variation such that

u(z) = [ M0 ),

If ' =T, UTl'_ is the Hahn decomposition of the set I' for the measure v, and v = v, — v_
is the Jordan decomposition of this measure, then the best positive harmonic majorant H(z) of
the function u(z) satisfies the formula

H@z/M@owwszwowm»

Remark 4.3. This theorem and its proof were provided in the thesis by A.F. Grishin. We
did not meet them in other sources. This is why for the sake of completeness of presentation
and in view of its importance in the theory of functions, we provide the proof of this theorem
based on the ideas from the Grishin’s thesis not claiming the authorship.

Proof. Since the function u(z) has a positive harmonic majorant in the domain D, it is rep-
resented by the difference of two positive harmonic functions. By Theorem 4.3 there exists a
measure v concentrated on the set of minimal boundary points I'; having a finite total variation
such that

wwz/M@ow@.
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Let us prove the uniqueness of such measure. If this is not the case, there exists a nonzero
measure v concentrated on the set I'y and having a finite total variation such that

/M(z, ¢)dv(¢) =0.

If v =v; —v_ is the Jordan decomposition for this measure, then each of measures v, and v_
is concentrated on the set I';. Then

[ MG dn(© = [ M0 d©.

By Theorem 4.3, v, = v_. Since these are mutually singular measures, we have v, = v_ = 0,
v = 0. We have obtained the contradiction that proves the uniqueness of measure v = 0.

Let H(z) be the best positive harmonic majorant of the function w(z). By Theorem 4.3,
there exists a positive measure 1, concentrated on I' such that

H(z) :/M(z,f)dyl(g“).

Then
fﬂa—u@wszﬂaoﬂm@»—woy

By the above proven uniqueness vy — v is a positive measure. Let us show that the measure
vy = vy — vy is negative. If this is not the case, then there exists a compact set F3 C I' such
that the restriction vz of measure v, on Ej3 is a positive measure and v3(Es3) = v5(E3) > 0. We
have vy —v3 =v; — 1, = vy on F3, v — 3 = 1; on CE3. Thus, v; — 13 is a positive measure
and the function

m@z/M@owmoﬂmm>

is a positive harmonic function in D.
Since v3(E3) > 0, the inequality Hq(z) < H(z) holds for z € D. Moreover,

fM@—M@:/M@Oﬂm©—MO—w@)

We consider the measure vy —v —v3 = 1y —v; —v3+v_. On the set E3 this measure coincides
with the measure vy — v, —v3 + v = v_ and this is why it is positive. On the set C'E5 this
measure coincides with the measure 1y — v and is also positive. This is why v, — v — 3 is a
positive measure, and H;(z) — u(z) is a positive function. Then H;(z) is a positive harmonic
majorant of the function u(z). Since Hy(z) < H(z), we obtain the contradiction. The proof of
negativity of the measure 14 is complete.

Since v is the positive measure, the measure v5 is concentrated on the set I', as it is implied
by the definition of vs.

If 15(I';) < 0, then

(1 —v)I4) = — vy + v )(Ty) = (1 — vy )(T4) = 12(l4) <0

This contradicts to the fact that vy — v is a positive measure. Thus, 1, is a negative measure
concentrated on the set T'y. And 1»(T'y) = 0, this is why v = 0, v = v, and the proof is
complete. O

The proof of the next theorem can be found in [15].
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Theorem 4.5. Let D be a simply connected domain, the Euclidean boundary I' of which is
the Jordan curve. Then the Martin boundary of the domain is homeomorphic to T' and each
point of the boundary is minimal. If ¢ € T, then the Martin function M(z,() of domain D
assoctated with this point reads

. G(=0)
M(z,() = lim ———*—,
(:¢) a-¢ G2, (1)

¢1eb

where G(z, () is the Green function of domain D, and zy is a point such that v(zp) > —o0.

Theorem 4.6. Let D be a simply connected domain enveloped by a bounded Jordan curve I
Let at a point ( € T the curve I' possesses the tangential line, and the Green function G(z,()
of domain D has the normal derivative. Then

_9G(2,)/on
M(z,() = m

Proof. This theorem is easily implied by the previous one. O

Let SK(R1, R2) be the class of harmonic functions on D (R, Ry) having a positive harmonic
majorant in this semi-annulus, G(z, () be the Green function of semi-annulus D (R, R2). The
next theorem was proved in [9, Thm. 7].

Theorem 4.7. Let v € SK(Ry, Ry), pu be the Riesz measure of function v(z), G(z,() be the
Green function of semi—annulus Di(Ry, Ry). Then there exist real numbers aj, j = 1,...,4,
uniquely determined by the function v(z) of measure v;, j = 1,2, on the interval (0,7), and the
measure v on the set I(Ry, Ry) = (— R, —R1)U(Ry, Ry). Moreover, if zy such that v(zy) > —o0,
then

- the measure fi, dji(() = G(z0, ) du(Q) is finite on D1 (Ry, Rs),
det OG (20, Rj€')

3 dvi((€), j = 1,2, have a bounded total variation
n¢

- the measures v, dv;(Q)

on the interval (0, ),

of 0G (29,1 L
- the measure v, di(t) o % dv(t), has a bounded total variation on I(Ry, Ry).
¢

For z € D, (R, Rs) the identity

= [ oo+ 5 [P g L [0 g

— one 2m ony
D (R1,R2) J= 0 I(R1,R2)

+ CL1M(Z, R1) + CLQM<Z, —R1) + CL3]\4(27 Rg) + CL4M(Z, —Rg)
holds, where M (z,() is the Martin function of semi-annulus D, (Ry, R2) associated with the

boundary point C, and the integrals are treated as improper with singularities at the integration
limits. The formulas

r—R1+40 r—Ro—0

B B
([, B]) = lim Rl/v(rew) dp, (o, 5]) = lim RQ/U(TGW’) do,

if 0<a<p<m, vi{a})=v,{F}) =0, j=1,2,
v([a,b)) = lim [ v(x+iy)de if [a,b] € [(Ry,Rs), v({a})=v({b}) =0,

y—+0
a

dvi(p) = ij(Rjew)dgo +doj(p)de, j=1,2, dv(t)=wo(t)dt+ do(t),
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hold, where almost everywhere

) : i Q) : ip — 1; ;
W(Rie?) = Tim o(re'),  o(Re®) = T vlre®),  o(t) = lim vlt +iy)

and 0, j = 1,2, 0 are measures singular with respect to the Lebesgue measure (non—increasing
bounded functions on (0,7) and on I, which obey o =0, o’ = 0).

If, in addition, the function v is subharmonic and has a positive harmonic majorant on a
wider semi—annulus

D, (R}, R)), 0 < R} <Ry < Ry <R),

then

™

== [ ce0m+Y o [Py m e a

— 27 one
Dy (R1,Rz) = ) (4.3)
1 0G(z,t)
- ()
s g
I(R1,R2)

We fix R > 0 and consider a class of subharmonic functions on D, (R) having a positive
harmonic majorants in each semi-annulus D, (R, Ry), Ry > R. We denote this class by

SK(R).

Theorem 4.8. Let v € SK(R) and u be its Riesz measure. Then

1) there exists a measure v on Ip = (—00, —R) U (R, +00) having a bounded total variation
on each segment [a,b] C Ig, and, if v({a}) = v({b}) =0, then

b

v([a,b]) = yl—igrlo v(z + iy) dz,

2) for almost all x € IR in the sense of Lebesque measure the limit

v(x) = ylgﬂoU(x +iy) dx

is well-defined, and v(z) belongs to the class Ly of functions integrable by the Lebesgue
measure on each segment [a,b] C Ig,

3) dv(xz) = v(x)dx + do(z), where o is a measure on Ir singular with respect to the Lebesgue
measure,

4) if the function v is bounded from above on the semi—annulus Dy (xg,xo + ) C D, (R),
then the measure o is negative on [—xoy — §, —xo| U [xo, o + I],

5) if dui(¢) = 2 Im {du(C), then the measure py is finite on each compact set K C D, (R) \
LR7

6) for eachr > R

™

/ o (re®)| sin 6d6 < oo.

0
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Proof. We consider the semi—annulus D, (R;,4R;), Ry > R. By Theorem 3.1 there exists a
finite measure v on I(R;,4R;) such that for z € D (R;,4R;) the identity

™

o =- [ )G(z,o Q)+ 5 | 06 RACT) | o)

2w one
D4 (R1,4R:1 0 (4 4)
1 [ 0G(z,4R,6"%) | 1 9G (2, 1)
— [ ———v(dRe¥) dp + — dv(t
27 one v(dRie?) dip + 27 / ony V(1)
0

holds. And if [a,b] € I(R;,4R,), v({a}) = v({b}) = 0, then

v([a,b]) = yligrlo v(z +1y) de.

The written formula shows that the measure v is independent of R; and is uniquely deter-

mined on the set Iz. Since the measure v has a bounded complete variation on each segment
I(Ry,4Ry) C IR, by the Lebesgue theorem

dv(t) = p(t) dt + do(t),

where ¢ belongs to L; on each segment [(Ry,4R;) C Ig, and is a measure o singular with
respect to the Lebesgue measure.

Let v(zg > —0o0), 20 € Di(R1,Ry), G(z,{) be the Green function of semi-annulus
D, (Ry,4R;). Then the measure g, dus(¢) = G(20,()du(C), is a finite measure on D, (R, 4Ry).

Im ¢
G(Z07 C)

dpi (€) = 2m Im (dp(C) = 2

Since the function

3
is a bounded function on D §R1, 531), the measure

Im
Glz0.0) dpz(C)

is a bounded measure on D, (Ry,4R;). Since R; > R is arbitrary, the measure i, is finite on
each compact set K C D (R) \ Lg.
We treat the measure p; as the measure on the entire plane, and its restriction to the semi—
annulus D, (R) is equal 27 Im ¢ du(¢), while its restriction to C\ Dy (R) vanishes.
It follows from Theorems 3.1 and 4.6 that the measures
o 8G<Zo, Rlew) 8G<Zo, 4R1€i<p)

dVl(SO) - 8—n'U<R1€i<P) d907 dV2(S0) = on U(4Rlei<p) d907

has a bounded total variation on the segment [0, 7]. This is why

[ 0G(z0, Rie™) N [ 0G(z, 4R1c%) N
/T’U(Rle )| dp < o0, / o [v(4R1e™)| dp < 0.
0 0
Since
sin
, < M (29, = fi ),
aG(Z(), Rleng)/an (ZO Rl) or pc (O 7T)
we have

™

/|U(Rlei0)] sinf df < 0.

0
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Let G1(z,() be the Green function of the upper half plane C.. Then the quotient g((z, CC))
1\%,
is bounded for z,( € D, (Ry,4R;). Moreover, %Z%C) = —L(z,().
Then
C)
G(z,¢)du(C 50 dp1(¢)
+(R1,4R1) +(R1,4R1) -
<2 / / (2.0 dmr ().
D+ (R1,4R1)

Then by Theorem 3.1 lirEO vi(x +iy) = 0 almost everywhere.
Yy—
Since for each fixed x € I(Ry,4R;) the relations

OG(z + iy, Ri1e?)/On y—=+0 IG(x + iy, 4R e"?) /On y=+0
: 0 : 0 0
0G (=, Bac?)jon Gl aleyjon = O ¢ €07,
hold for the functions

A i ) 7 i
(o) = ot [PEETED ey = 1 [ SEETICI g, )

on m ) 0G(zy, Ri€%¥)/0n .
0 0
AR, [ OG(z, 4R.e™) | AR, [ OG(z,4R.e)/on
- 4R.e™)dyp = : d
’U3(Z) It / an U( Rle ) ¥ o' 8G(ZO,R1€ZSO)/8TL VQ(SD)’
0
the identities lim v;(x +iy) =0, j = 2,3, hold.
y—=-+0
Since
) . 1) y—=+0
0G(x + 1y, t) B 0G1(x + iy, t) y:; 0 for wel 3R17 TR, te I(RLAR),
on on 2 2
the function . 0G(-1)  ICh(e.)
B z,t 1z, t
vil(2) = 27 / ( on on ) dv(t)
I(R1,4R1)
satisfies the identity
3R, TR,
ylig-l v(r+iy) =0, zel (T’T) .
Let
. 1 8G1(Z,t)
U5(Z> = % / a—n dV(t)
I(Ry ,ARy)
. 1 GGl(Z,t) 1 aGl(Z,t)
=5 / 5 ©(t) dt + o / —on do(t).
I(R1,4R1) I(R1,4R1)

It follows from Theorem 3.3 that for almost all z € I(R;,4R;) the identity holds
Jim vs(z +1y) = o(2).

It follows from the obtained identities for v;, j = 1,5, and (4.4) that for almost all z € I(R)
the identity holds

Jim v(z + i) = ().
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It remains to prove Assertion 4 of the theorem. Without loss of generality, we can suppose
that o = 2R1, 0= Rl.
Since the measures do(t) and v(t)dt are mutually singular, we obtain
dvy(t) = vy (t) + doy (1), dv_(t) =v_(t) + do_(1).

By Theorem 4.2 the best harmonic majorants of the functions v(z) and

vr(2) = v(2) +vi(2)

in the semi-annulus Dy (R, Rs) coincides. By Theorem 4.4, the best harmonic majorant of
function v;(z) in the semi-annulus D, (R;, Ry) reads

8G (z, R e“" »

J:1 ¢

+i / aG(’”dm(tHi = =)

2 87?45 2 ant
I(R1,R2) [(Rl,Rg)

Since by the assumption of theorem v(z) < K in the semi-annulus D (R;, Ry), and H(z) is
the best harmonic majorant of the function v(z) in this semi-annulus, we have H(z) < K. In

particular,
1 0G(z,t
u(z) = — / ({;nt )da+(t) < K.

](R1,Rg)

It follows from the Fatou theorem that for almost everywhere for all x € I(R;, Ry) the identity
holds

ylgilou(x +iy) = o’ (z) = 0.

By Theorem 4.7, if [a,b] C I(Ry, Ry), o({a}) = o({b}) = 0, then the identity holds
b
o4 (la,b]) = /u(m +iy) du.

Since u(z) < K, by the Lebesgue theorem on dominated convergence o4 ([a,b]) = 0. Thus, o
is the zero measure on I(Ry, Rs), and 0 = 04 —o_ = o_ is the negative measure on I(Ry, Ry).
The proof is complete. O

Now we introduce an important in the theory of subharmonic functions on semi—annulus
notion of total measure of subharmonic function. The total measure with be defined not on
the entire set of subharmonic functions on the semi-annulus, but only on the class SK(R).

Definition 4.1. Let v € SK(R). The total measure of function v is a measure \ such that
d\(¢) = 2nIm (du(C) — dv(t), t=Re(,t € I(R) = (—00,—R|U[R, +0),

where w is the Riesz measure of function v, dv(t) = v(t)dt + do(t) is the boundary measure of
function v, and o is a singular boundary measure of function v.

Remark 4.4. The measure \ possesses the following properties

1) X is a finite measure on each compact set K C D, (R);
2) A is a non—negative measure on D, (R);

3) A wvanishes on the complement C\ D4 (R).

And vice versa, if a measure \ satisfied conditions 1) — 3), then there exists a function v €
SK(R) with the total measure equalling to \.
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We treat A as a measure on the entire plane. Its restriction to C\ D, (R) is the zero measure,
the restriction to D, (R) is a positive measure, and its restriction to I(R) is equal to —v, where
v is the boundary measure. Generally speaking, the boundary measure v is a sign—changing
measure (charge).

In the next theorem we establish with what accuracy the functions in the class SK(R) are
determined by their total measure.

Theorem 4.9. Let vi,vy € SK(R). The total measures of functions vy and vy coincide if
and only if there exists a function g analytic on the set C\ C(0, R) taking real values on I(R)
such that

v1(2) —v9(2) =Imyg(z), 2z € D,i(R). (4.5)
Proof. Let identity (4.5) holds. Since Ag(z) = 0, the functions v; and vy have the same Riesz
measures. Since

lim / Img(x + 1y) dz =0,

y—+0
[a,b]NI(R)
the functions v; and vy haver the same boundary measures. Therefore, these functions have
the same total measure and same boundary measures.
Vice versa, let the functions v; and vy have same total measures. Then they have same Riesz
measures and same boundary measures. Let R; > R be an arbitrary number. By Theorem (3.1)

™

n(2) = oa(s) = [ FEET 0y () = wn(Re)

it
+ / %(m(me% — uy(Rye®)) dip.
¢
0
The right hand side involves a harmonic function on the semi-annulus D, (R, Ry), which is
continuously continued by zero to I(R, R1) = (—Ri,—R) U (R, Ry). Since R; is an arbitrary
number, v; — vy is a harmonic function on D, (R), which is continuously continued by zero
to I(R). By the Schwarz reflection principle this function is continued as harmonic one to
{z: |z| > R, Imz < 0}. Thus, there exists a harmonic function » on C\ B(R) vanishing on
I(R) such that vy — vy = h for Imz > 0. Let —h; be the function harmonically conjugated
with the function h. Then g = h + ihy is the analytic function on C\ B(R) taking real values
on I(R) and h = Img. The proof is complete. O

We denote by JS(R) the class of harmonic functions on D (R) such that lirr% v(z) < 0 for
zZ—r
each t € I(R).

Remark 4.5. For subharmonic function in the class JS(R) the total measure is a non-—
negative measure.

Proposition 4.1. JS(R) C SK(R).
Proof. Let
ve JS(R), P={z:Rez€a,b] CI(R), 0 <Imz<T}.
Since

T vl + i) <0,
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the function v(a + dy) is bounded from above for y € (0,7"). This is true for v(b + iy). The
function v(x +i7") is bounded from above for x € [a,b]. The above semi-continuity implies that

{U(C), Im¢ >0,

lim v(2) <
0, Im¢ > 0.

zEP
z—¢

In particular, there exists a constant M such that

@v(z) <M, (e€oP.
z—C

The maximum principle implies that v(z) < M on P. The proof is complete. ]

Now we are in position to give the definition of our main object, which is the é—subharmonic
function.

Usually, as the d—subharmonic function, one calls the function, which can be represented
as the difference of subharmonic functions. However, such definition needs a correction. The
corrected definition of d—subharmonic function was given in [6].

Definition 4.2. The function v on the domain G C C is called §—subharmonic if the follow-
ing three conditions are satisfied.

1) There exists a set F' of zero capacity such that on the set G\ F' the representation v(z) =
v1(2) — va(2) holds, where v1(z) and vo(2) are subharmonic functions on the domain G.
By means of this representation we determined the Riesz measure i the function v by the
formula pn = py — pa, where py and ps are the Riesz measures of functions v1(z) and vo(z).
The determining set H of a function v is the set of points z € G, for which there exists
0 > 0 such that the inequality holds

j plBGD)
t

2) For each point z € H the identity holds

3) v(z) =0 for ze G\ H.

Now we introduce the class dS(R) of delta-subharmonic functions on D (R) as the difference
dS(R) = JS(R)— JS(R). Here the difference is understood with the above made remark taken
into consideration.

Proposition 4.2. 0S(R) = SK(R) — SK(R).
Proof. Let v € §S(R). Then
V= U] — Vg, vi, vy € JS(R) C SK(R).

This implies that
dS(R) Cc SK(R) — SK(R).
Now let v € SK(R)—SK(R), A be its total measure, A = \; —A_ be the Jordan composition

of measure A. Let the functions vy, vy € SK(R) be such that A and A_ are their total measures;
such functions exist by Remark 4.4. Then vy, vy € JS(R). We have

v(2) = v1(2) —v2(2) + Im g,
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where g is as in Theorem 4.5. Thus, we have obtained that
veIS(R), SK(R)—SK(R)C JS(R)—JS(R)=0S(R).
The proof is complete. O

5. FOURIER COEFFICIENTS OF FUNCTION v € §S(R) IN VICINITY OF Lg

The Fourier coefficients of functions v € §S(R) in the vicinity of Lg by the identity

™

cp(r,v) = %/v((r — R)e®)sink0df, R<r<2R, kecN.
0
We shall employ the generalized Carleman formula for the semi-annulus D ((r—R), 4(r—R)),
which can be obtained from formula (16) in [10]. We formulate it as a theorem, but first we
introduce a notation. Let A be an arbitrary measure in the closed half-plane C,. We define

the measure \,,, m € IN, by the identity

Don(Q) = T ANC), (= Te,
where 511.1 "7 for @ = 0,7 is defined by the continuity.
sin ¢

Theorem 5.1. Let v € JS(R), A be the total measure of function v. Then for each r,
R <r < 2R, the formula holds

/v(2(r — R)e") sinmé db

0

™
2m—2

:(7" —R)(dm + 1) / (40 ((r — R)e™?) + v(4(r — R)e'?)) sinmep dep

0

om AR (r— R)?m (5.1)
" om(4m + 1)(r — Rym / (1 - Tg—m> dAm(7)

(r—R)

4(r—R)

gmypm 1 1
_ c _ A (7).
2m (4™ + 1) / (sz 16m(r—R)2m) ™)
2(r—R)

We transform formula (5.1). In order to do this, we integrate by parts two last terms in the
right hand side and we obtain
/0(2(7’ — R)e) sinm# db

0

== ;;47” gy / (4v ((r — R)e?) 4+ v(4(r — R)e™)) sinmep dip (5.2)

)
2m(r = R)™ Am(T) m Am(T)
+—4m+1 a1 dr —4 / dr
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In particular, for m = 1 formula (5.2) reads

™ s

/U(Q(r — R)e)sin 0 db :ﬁ / (4v ((r — R)e) + v(4(r — R)e')) sinp dyp
or — B) 2(7"71%)/\( ) 4(1"7R))\( ) (5.3)
+ 5 / 3 dr —4 / = dr
(r—R) 2(r—R)

Ifv=wv, —v_,and A = Ay — A_ is the Jordan decomposition of measure \, formula (5.3)
can be represented as

™

/U+(2(r — R)e")sin 6 db
0

" ﬁ / (40— ((r = R)e") +v_(4(r — R)e™?)) sinpdi

( ) 2(r—R) ( ) 4(r—R) ( ) T

20r— R A_(T Mg (T B o .

+T / = dr +4 / TdT —/"U_(2(7“—R)6 ) sin 6 df (5.4)
(r—R) 2(r—R) 0

™

1 . A
T 00— R) / (4vy ((r — R)e™) + vy (4(r — R)e™)) sin o dyp
0
2(r—R) 4(r—R)

2R /Md7+4 / A0y,

5 73
(r—R) 2(r—R)

We rewrite formula (5.2) in terms of Fourier coefficients
2m—2

(r—R)(4m+1)

Cm(2r,v) =

(4dey, (r,v) + e (4r,v))

2(r—R) 4(r—R) 5.5
2mHl(p — R)™ Am(T) A (T) (5:5)
S St A dr — 4™ dr
(4™ + 1) 72m+1 F2mt1
(r—R) 2(r—R)

6. DELTA-SUBHARMONIC FUNCTIONS OF FINITE v-TYPE ON D, (R) IN VICINITY OF Lp

Let v € 6S(R), v = vy —v_, X be the total measure of function v, A = A, —A_ be the Jordan
decomposition of measure \. We denote

™

mg(r,v) = (r — R) /v+(2(r — R)e")sin 6 db

0
7r

+ % (4v- ((r = R)e™) + v_(4(r — R)e’?)) sinp dyp,
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) 2(r—R) 4(r—R)

2(r — A A

Ng(r,v) = Hr = R) - R) / T(;) dr + 4 / J“Tgﬂ dr |,
(r—R) 2(r—R)

Tr(r,v) = mg(r,v) + Ng(r,v), r> R.
By (5.4) we obtain
Tr(r,v) = Tr(r, —v). (6.1)

Definition 6.1. A strictly positive conlinuous increasing and unbounded function v(r) de-
fined on R, is called the growth function.

Definition 6.2. Let v be a growth function. A function v € §S(R) is called the function
of finite v—type in the vicinity of semi—circumference Ly if there exist constants A and B > 0
such that

Tatro) < 47 (27 (62)

forallr, R <r < 2R.

The class of given d—subharmonic functions of finite v—type in the vicinity of circumference
Ly is denoted by 05, (R,7v). By JSL,(R,v) C JS(R) we denote the corresponding class of
subharmonic function. It is clear that JSL,(R,7y) C 0SL,(R,7).

Definition 6.3. A positive measure X\ on D, (R) has a finite y—density in the vicinity of
semi—circumference Ly if for some positive A and B for all v, R < r < 2R, the inequality holds

B

A(r—R) < Ay (m) . (6.3)

We note that inequality (6.3) implies

2(r—R) ( )
AT B
——dr <A 4
/ T3 dr 7 (7‘ — R) (6:4)
(r—R)

for some positive A and B for all r, R < r < 2R. And vice versa, inequality (6.4) implies
inequality (6.3).

Remark 6.1. Let v € J,,(R,7), A be the total measure of function v, A = Ay — A_ be the
Jordan decomposition of measure A, |A\| = Ay +A_. Then the measure || has a finite y—density
in the vicinity of semi—circumference L.

This is the corollary of Definitions 6.2 and 6.3.
Now we formulate and prove the criterion of belonging of a delta-subharmonic function v to
the class Jip, (R, 7).

Theorem 6.1. Letv € JO(R), A = A\ — \_ be the total measure of function v, v be a growth
function. The following two statements are equivalent:

1) J5LR<R7 7);
2) the measure Ay (or the measure \_) has a finite y—density in the vicinity of circumference
Ly and for all r, R <r < 2R, for some positive A and B the inequality holds

A B
lex(2r,v)] < -t (r — R) , kel (6.5)
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Proof. We prove by the scheme 1) = 2) = 1). We begin with the implication 1) =
2). The fact that the measures A (v) and A\_(v) have the finite yo-density in the vicinity of
circumference Lp is immediately implied by the definition of class 65y, (R, v) and identity (6.1).
Then it follows from Remark 6.1 that the measure |A| has a finite y—density in the vicinity of
circumference Lg, that is,

A= 1) < An () (66)

for some positive A and B for all r, R < r < 2R.
It follows from inequality (6.2) that

m(r,v) < Ay (rfﬁ,) ,

for some A and B for all r;, R < r < 2R. Relation (6.1) also implies the inequality

m(r,—v)gm( B )

Hence, for all r, R < r < 2R,

. - A B
/ (2 = e singdp = DI 2 ( - R> |
0

- (6.7)
lex (21, v)| < %/‘U(2(T — R)ew)\sin@dgo < Ak fy( B )
s r_

0

R r—R

We also note the inequality

| [ o] =] [f et

C(0,r) c(o,r)

m// 1 gIN(C) < mrm ().

By (5.5), (6.4), (6.7), (6) we obtain

2m—2

e, € s (e 1. 0)] + e (4,00
- my [ ) )
gmHl(p — R)m A - AT
T T(dm 1 1) / —amy1 0T 4 / i1 4T
(r— 2(r—R)
< 2mmA
= (r—R)((4m+1 7
2( 7“ R) 4(r—R)
m2m L (r — ])\] " |A|(7)dT
+ T4 ART)ET
4m + 1 7—m+2 ,7—m+2
2(r—R)

NG ”( )
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2(r—R) 4(r—R)
N m2™ L (r — R)Y™ |\ (4(r — R)) / dr Ly / dr

w(4m 4+ 1) Tmt2 Tm+2

(r—R) 2(r—R)
< 2MmmA B
Sr—R)(@+1) ' \r—R

M2 (e — R)"(\|(4(r — R)) | om
(@ ¥ Dm+ 1) ((T—R)mﬂ + (r—R)m“)

A B
< Y .
r—R r—R

The proof of the implication 1) = 2) is complete.

We proceed to proving the implication 2) = 1). It follows from inequality (6.5) and
formula (5.4) that if one of measures A\, (v) or A_(v) has finite y—density in the vicinity of
circumference Lg, then the other measure also has a finite y—density in the vicinity of circum-
ference Lg. Therefore, the measure |A| has a finite y—density in the vicinity of circumference
Lg. Then we estimate v, (z) by employing formula (4.3) for Ry = r — R, Ry = 4(r — R). Using
the expansion into the Fourier series (3.6), (3.7), for ¢ = 2, R = 2(r — R) = ||, we obtain

™

% / 0G (z,4(r — R)ew)v (4(7" B R)ei‘p) do + % / 0G (z, (gn— R)ew)v ((r _ R)eiw) dy

™ s

1 =1 4m , 1 .
- w(r— R) Z om 1 4 4m 2/“ ((r = R)e') sinmepdyp + 5/1) (4(r — R)e™) sin medyp
0 0

I 1 1 A B
<_§ _ — <
~ r 2m (’Cm (7“,7})‘ + 4|Cm(4r7v)|) ~ T_Rfy (T_R>7

for some A, B > 0. By this inequality and formula (4.3) we obtain

1 0G(z,t) A B
< — . .
w@ <5 [ Ao+ 2pa (2) (6.5)
I(r4r)

Now, using the orthogonality of the system of polynomials {sinkf}, &k = 1,2,..., on the
segment [0, 7] and formulas (3.4), (3.5), we find

™

[oerensmoan<y [ 25D iy smodn + ARv( b )
—

T ony r—R
0 I(r—R,4(r—R))
2(r—R)
27 1 r—R
<— — d|v|(t
5 / (T—R 2 ) vI®)
(r—R)
4(r—R) ( )
4(r — R 1
— d|v|(t
- [ () o
2(r—R)
c-R) T W)
A B 16w(r — R v|(t
= —2dt
+T—R7(T—R) 5 / t3
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v-r)
dr(r — R v|(t A B
SR [ a2 ()
(r—R)
v—R) 1
16m(r — R v|(t A B
oM = i) dt
5 / 13 +r—R7(r—R>
2(r—R)

o A B
Si—rI\GZR)

This implies that the function v belongs to the space Joy,, (R, 7). The proof is complete. [

For true subharmonic functions the following corollary of the above theorem holds.

Theorem 6.2. Let v be a growth function, v € JS(R). The following two statements are

equivalent:

1) ve JSL.(R,);
2) for some r > R for all positive A, B the inequality holds

A B
lek(2r,v)] < ( ) , kel

7“—R7 r—R

Proof. Indeed, if v € JS(R), then A_(v) = 0 and hence, this measure has a finite y—density. [

10.

11.

12.
13.
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