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CRITERION OF FUNDAMENTAL PRINCIPLE

A.S. KRIVOSHEEV, O.A. KRIVOSHEEVA

Abstract. In the work we study the subspace of functions analytic in a convex domain
and invariant with respect to the differentiation operator. We study the fundamental prin-
ciple problem, namely, on representation of all functions in the invariant subspace by the
series of exponential monomials. These exponential monomials are the eigenfunctions and
generalized eigenfunctions of differentiation operator in the invariant subspace. We obtain
a simple geometric criterion of fundamental principle. We also obtain a similar criterion for
solvability of an interpolation problem in the spaces of entire functions of exponential type.
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1. INTRODUCTION

Let A = {\g,n;}72, be a sequence of mutually different complex numbers A, and of their
multiplicities ng. We suppose that |[\;| are non-decreasing and |A\;| — oo, &k — oo. By the
symbol Z(A) we denote the set of limits of all converging subsequences of form {)\kj/|/\kj|};i1

(X is the complex conjugation). The set Z(A) is closed and is a subset of unit circumference
S5(0,1) ={z € C: |z| = 1}. We introduce the set of exponential monomials

E(N) = {z"e/\’“z 22711,’;:0-
Let D C C be a convex domain and

Hp(p) =supRe(ze™), ¢ €[0,2n]
zeD

be its support function. We let
J(D) ={e” € S(0,1) : Hp(p) = +oo}.

By the symbols int J(D), J(D) and 90J(D) we denote respectively the interior, closure and
boundary of set J(D) in the topology of circumnference S(0,1). If the set J(D)\ J(D) =
0J(D) \ J(D) is non—empty, then it consists either of one or two points. If D is a bounded
domain, then J(D) = (. In the case of unbounded domain the following situations are possible:

1) J(D) = 5(0,1), that is, D = C,

2) D is the half-plane {z € C: Re(ze ) < a} and J(D) = S(0,1) \ {e**},

3) D is the strip {z € C: b < Re(ze™?) < a} and J(D) = S(0,1) \ {e"?,e"**7},

4) in other cases J(D) is an arc of the unit circumference, which is supported by an angle of

opening at least 7.
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We call unbounded convex domains described in cases 1)-4) the domains of I-IV type, respec-
tively.

Let H(D) be the space of functions analytic in the domain D with the topology of uniform
convergence on compact sets K C D. By the symbol W (A, D) we denote the closure of linear
hull of system £(A) in the space H(D). If the system £(A) is incomplete in the space H(D),
then W (A, D) is a non-trivial (that is, W(A, D) # {0}, H(D)) closed subspace in H(D). It
follows from the definition that it is invariant with respect to the differentiation operator. At
the same time, the system £(A) is the set of eigenfunctions and generalized eigenfunctions of
differentiation operator in W (A, D), and A is its spectrum.

Let W C H(D) be a non-trivial closed subspace invariant with respect to the differentiation
operator, and A = {\,nx} be its multiple spectrum. This is at most countable set with the
only accumulation point oo |20, Ch. II, Sect. 7]. The family £(A) set of eigenfunctions and
generalized eigenfunctions of differentiation operator in W. We say that the subspace W admits
the spectral synthesis if it coincides with W (A, D). We mention the spectral synthesis problem
was completely solved in works [3] and [1]. If D is an unbounded convex domain, then the
identity W = W (A, D) always holds, that is, W admits the spectral synthesis |1, Thm. 8.2]|.

In the case, when the spectrum of subspace W is finite, it coincides with the space of solutions
a homogeneous linear differential equation of finite order with constant coefficients. As a more
general example of invariant subspace, the set of solutions to convolution equation u(g(z+w)) =
0 (or systems of such equations) can serve, where p is a linear continuous functional on the space
H(D). Particular cases of convolution equation are linear differential equations, difference,
differential-difference equations with constant coefficients of finite and infinite orders as well as
some types of integral equations.

The main problem in the theory of invariant subspaces if the fundamental principle problem,
that is, the problem on representation of an arbitrary function in W be means of a series in
the elements of system £(A). We say that the fundamental principle holds in a space W with
the spectrum {\y, n;} if for each function g € W the representation holds

oco,np—1

g(z) = Z dpn2" e, ze D, (1.1)

k=1,n=0

and the series converges uniformly on compact sets in the domain D. The notion of fundamental
principle appeared in relation with its particular case of invariant subspace, which is the set
of solutions to linear homogeneous differential equation with constant coefficients. It is known
that each solution of such an equation is a linear combination of elementary solutions, which
are the exponential monomials z"e**, the exponents of which are zeroes, possibly multiple, of a
characteristic polynomial. The presence of such representation is called the Euler fundamental
principle.

It is natural to consider the fundamental principle problem only for invariant subspaces,
which admit the spectral synthesis, that is, for subspaces of form W (A, D).

By means of the Laplace transform the fundamental principle problem is reduced to the
dual problem on multiple interpolation in the space of entire functions of exponential type.
The studies of both problems, made independently, have a rich history. Its main milestones
are presented in works [I| and [5]. In the case of a bounded convex domain the problem of
fundamentlal principle was completely solved in [5]-[7], [10]. For invariant subspaces admitting
the spectral synthesis, a simple geometric criterion of fundamental principle was obtained [10,
Thm. 3.2|, which was formulated only in terms of condensation index Sy (which will be defined
later), the maximal angular density of sequence A and the length of boundary of domain D.

The situation with unbounded convex domains is much worse. In [5] the criterion of funda-
mental principle was obtained for arbitrary convex domains. However, it has two disadvantages.
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There are some restrictions for the multiplicities n; of points A\x. Moreover, it contains the fol-
lowing condition, which is equivalent to presence of fundamental principle. Namely, one requires
the existence of family of entire functions vanishing at the points A, with the multiplicities at
least ny, the growth of which is close to the regular one and is related with D. The question
on conditions for A and D, under which such a family exists, remains open. The problem on
construction of such a family is rather complicated. Concerning unbounded domains, mostly
only three particular cases were studied, namely, the domains of type I-III.

A complete solution of fundamental principle problem for nontrivial invariant subspaces of
entire functions was given in [9]. It was proved that the presence of fundamental principle in
each such subspace is equivalent to the finiteness of the condensation index Sy.

Invariant subspaces in the half—plane were studied in the case of a simple positive spectrum
possessing a density. In [8] this problem was solved completely for an arbitrary convex domain
D. The solution was found in terms of simple geometric characteristics of the sequence A and
domain D. It contains a principally new point. It turned out that in the case of the right half-
plane, the validity of fundamental principle does not require the measurability of sequence A
and even the finiteness of its maximal density despite the support function of the half—plane is
bounded in the positive direction. The necessary and sufficient condition of this situation is the
vanishing of characteristics Sy. In [11] this result is extended for case of invariant subspaces with
an almost real spectrum A (that is, Z(A) = {1}). Here significant difficulties were overcome,
which were related with the multiplicities n; of spectral points A;. We note that the results of
[11] can be easily extended to the case of invariant subspaces with the spectrum A, for which
=(A) is a single—point set.

In [12] by means of decomposition of invariant subspaces into the sum of two invariant
subspaces and on the base of results in [9] and [I1], a criterion of fundamental principle was
obtained for invariants subspaces in the half—plane with an arbitrary spectrum. It is formulated
only in terms of condensation index Sj. The same concerns the results of [13]. In this paper
a criterion of fundamental principle was given for invariant subspaces in an arbitrary convex
domain under the condition =Z(A) C J(D).

In [23] the results of [13] were extended to the case, when Z(A) is located in the closure J(D)
of set J(D). We observe that this case differs principally from the case Z(A) C J(D). There
was obtained a simple geometric criterion of fundamental principle, which relies only on the
notion of condensation index Sy. This criterion is based on the results in [9], [11] and [12].

If D is a convex domain of I-I1T type, then for each invariant subspace the inclusion Z(A) C
J(D) holds. Thus, the fundamental principle problem for unbounded convex domains of I-111
types was solved completely.

In the case of domains of IV type there is a result in work [5], which was mentioned above.
Moreover, in this case simple geometric conditions necessary for fundamental principle were
obtained. In [11] a restriction for the multiplicities ny of points \; was established. In [15]
necessary conditions were formulated in terms of the length of boundary of D and of maximal
density of sequence A.

This work completes a long series of studies made in |[5]-[16], [23]. Here we obtain a complete
solution of fundamental principle problem for arbitrary invariant subspaces, which admit the
spectral synthesis, in arbitrary convex domains in the complex plane. The criterion is formu-
lated only in terms of the condensation index Sy, the maximal angular density of sequence A
and the length of boundary of D. We also obtain the solvability criterion for the corresponding
interpolation problem in the space of entire functions of exponential type.

The work consists of five sections. In the second section we provide some results from [5]-[16],
[23], which are needed to prove the main result in the last section. The third section has an
auxiliary nature. Here we construct special entire functions of exponential type, which vanish
on a prescribed sequence A and has a growth close to the regular one. On this base, in the
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fourth section we study the problem on decomposition of the invariant subspace into the sum
of invariant subspaces. We prove that under some conditions, each function in the invariant
subspace in an arbitrary unbounded domain of IV type can be represented as a sum of functions
from three invariant subspaces. Their spectra correspond to the bounded and unbounded parts
of convex domain and to the boundary between these parts.

In the last section we prove a criterion of fundamental principle and a solvability criterion
for the interpolation problem.

2. PRELIMINARIES

We first of all provide the results from [1], in which the nature of convergence of series of
form (1.1) is described. Let A = {\;, ni} and

m(A) = lim —, o(A) = lim —=,
( ) k—o0 |>\k| ( ) j—00 |§]’
where {{;} is the sequence of point \j, arranged in the ascending order of their absolute values,
and each )\, appears exactly ny times,

— N.

m(A, 1) = sup lim v

Jj—roo )\k'j
where the supremum is taken over all subsequences {\y, } such that Ay, /| A, | — p. If 1 ¢ Z(A),
we then let m(A, p) = 0.

Let D C C be a convex domain. Let us describe the space of sequences of coefficients

{dkjn}ﬁ?”‘ﬁ_:lo, for which series (1.1) converges in the domain D. By K(D) = {K,}72, we denote
a sequence of convex compact sets in the domain D, which strictly exhausts it, that is,

K,CintK,,, p>1,  D=[]JK,
p=1

Here the symbol “int” stands for the interior of a set. By the mentioned inclusion and the
definition of support function for each p > 1 there exists v, > 0 such that

Hy,(p) +vp < Hg,, (), ¢ € 0,27, Vp > Upil. (2.1)
We let
Qp(A) = {d = {din} : [|dll, = b |dinlp" exp(reHi, (—pr)) < oo}, A = e,

QD A) = (] Qp(A).
p=1
In the space Q(D, A) we define the metrics

< Jld=bll,
d.b) = ) L L
Pl =D 2

s=1

With this metrics, Q(D, A) becomes a Fréchet space.
In [I4, Thm. 2.1, Lm. 2.6], the following results were proved.

Theorem 2.1. Let D be a convex domain and A = {\g,nx}. Suppose that o(A) = 0,

m(A) < oo and m(A, ) =0 for p € Z(A)\ J(D). Then the following statements are equivalent:

1) Series (1.1) converges at each point in the domain D.

2) The inclusion d = {dy,} € Q(D, ) holds.
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Lemma 2.1. Let D be a convex domain, A = {\g,nx} and o(A) = 0. Then for each p > 1
there exist C,, > 0 and an index m(p) such that

oco,mp—1
Z || sup [2"e**| < Cl|d||mp),s d={dp,} € Q(D, ). (2.2)
k=1,n=0 z€Kp

Now we reproduce the result from [16], which establishes the duality of the fundamental
principle problem and the interpolation problem in a space of entire functions of exponential
type.

Let IE be the operator, which maps each element d = {dy .} € Q(D, A) into the sum of series
(1.1), which converges uniformly on compact sets in the domain D.

We also introduce the spaces of complex sequences

Rs(A) = {b = {brn} : [Ib]° = Sup |brn|s™" exp(—riH ik, (—pr)) < oo}, s2>1.
Let R(D,A) be the inductive limit of Banach spaces R4(A). Then the equality of sets holds
R(D,A) = | Ri(A).
s=1

We consider the multiple interpolation problem
F™ () = bgms n=0,n,— 1, k> 1. (2.3)

~

Let 1z stand for the Laplace transform of a linear continuous functional y € H*(D) : u(\) =
p(e*?). The function [ is an entire and has an exponential type, that is, for some A, B > 0 the
inequality holds

()] < AP e . (2.4)
It is known [21, Ch. III, Sect. 12, Thm. 12.3] that the Laplace transform makes an algebraic
and topological isomorphism between the spaces H*(D) and Pp, where Pp is the inductive
limit of Banach spaces

Py = {f € H(C) : ||flls = sup [f(re")|exp (—rHk,(—¢)) < OO}-

retveC
On the space Pp we define a linear operator X, which maps each function f into the sequence
b={bent = {f(n)()‘k)}-
Let D be a convex domain, A = {\g, n}, the system E(A) be incomplete in H(D) and
I(A, D) be the kernel of operator

S : Pp — R(D,A).

This is a closed subspace in Pp. It follow from the Hahn — Banach theorem that this subspace
is non-trivial if and only if the system £(A) is incomplete in H(D). The subspace I(A, D) C Pp
consists exactly of functions, which vanish (at least) at the points A, with the multiplicity at
least ny.

By the symbol F(A) we denote the set of all entire functions of exponential type f such that f
vanishes (at least) at the points A\, with the multiplicity at least ng. Then I(A, D) = PpNEF(A).

The quotient space Pp/I(A, D), as well as Pp, is the union of increasing sequence of Banach
spaces Ps. The element [f] € Pp/I(A, D) belongs to P;p if and only if each representative
g € Pp of the equivalent class [f] belongs to Ps. At the same time, the norm ||[f]|s is equal to
the infimum of norms ||g||s over all representative g € P; in the class [f]. In the standard way
the operator Y generates the operator

Yo PD/I(A, D) — R(D,A)
It is injective. The following statement holds [16, Thm. 4.2].
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Theorem 2.2. Let D be a conver domain, A = {\, ni}, and the system E(A) be incomplete
in H(D). The following statements are equivalent

1) the fundamental principle holds in the space W (A, D);

2) the operator I : Q(D,N) — W (A, D) is an isomorphism;

3) the operator ¥o : Pp/I(A, D) — R(D, ) is an isomorphism;

4) interpolation problem (2.3) is solvable in the space Pp for each right hand side b = {by,} €
R(D,A).

Now we are going to formulate the results, which provide the complete solution of funda-
mental principle problem for bounded domains, as well as for domains of type I-III.

By the symbols B(z,r) and S(z,r) we denote respectively the open circle and the circum-
ference of radius 7 > 0 centered at the point z € C. Let A = {\, nx}, and n(r, A) denote the
number of points \; counting their multiplicities ny in the circle B(0,r). We let

ﬁ(A) _ m n(T’, A), ﬁO(Ayé) _ m n(r, A) — n((l B 5)T7 A)

r—oo T =00 or

) ﬁO(A) = @ﬁO(Aaé)

The quantities 7(A) and 7g(A) are called respectively the upper and maximal density of se-
quence A. We say that A has the density n1(A) if there exists the limit

n(A) = lim M

r—00 r

As it is easy to see, in this case the identity 7(A) = p(A) holds. We let
m Z — )\k "tk
qx'(2,0) = H —35‘)\ | , m > 1.
AREB(m 0| Aml) km F

The absolute value of function ¢}'(z,0) can be interpreted as a measure of accumulation of
points A\ € B(A\p, 0| Am|) at z. We observe that

lgh'(z,0)] < 1, z € B(Am, 0| Am]), m > 1.
In the case, when the circle B(\,,,d|\,|) contains no points g, we let ¢i'(z,d) = 1. Following

[5], we introduce the quantity

i T R Qs )]
MR T el

We also let

Sa(pw) = inf lim lim n gy (A, )|

where the infimum is take over all subsequences {Ay;)} of the sequence {\;} such that
Meh/ 1My = py 5 — oo If p ¢ E(A), we then let Sy(p) = 0. We observe that Sy < 0
and Sx(p) <0, p € Z(A).

Let D be a convex domain. For each ¢ € [0,27) such that Hp(p) < +00, the intersection
T(p) = 0D N L(p, D) of the boundary of domain D with the support straight line

L(¢, D) = {z : Re(ze ") = Hp(y)}
is either the point zp(p), or a segment, or the empty set. The set ®(D) of direction ¢, for
which T'(y) is a segment or the empty set, is at most countable.
Let the set S(0,1)\ J(D) be non-empty. Then two cases are possible.
1. D is a bounded domain and int(S(0,1) \ J(D)) = S(0,1).
2. D is an unbounded domain of IV type and there exist 11,19 such that 0 < ¥y — ¢y < 7
and

int(S(0,1) \ J(D)) = {e" 1 ¢ € (¢1,42) }.
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In the latter case we write D € D(1)y1,15).

Let 0 < w9 — 1 < m, 1,2 & (D). If D € D(¢1,15), we additionally suppose that
U < 1 < o < 9. By the symbol Tp(p1,¢s) we denote the length of arc on the boundary
of domain D, which connects the points zp(p1) and zp(p2), while the passage from zp(p;) to
2p(p9) along this arc is made in the positive direction.

By the symbol A(pq, ¢2) we denote the sequence consisting of all pairs Ay, nj such that A
is located in the angle

L(p1,02) = {te™ : p € (¢1,¢2),t > 0}.
In [10, Thm. 3.2], the following result was proved.

Theorem 2.3. Let A = { g, ni}, D be a bounded convex domain and E(A) be incomplete in
H(D). Then the following statements are equivalent:

1) the fundamental principle holds in the space W (A, D);
2) Sy = 0 and there exists v > 0 such that for all v1,p2 ¢ P(D) with the condition 0 <
Y2 — 1 < 7y the inequality holds
Tp(p1,¢2)

_ _ _ < 2L
no(A( P2, 801))\ o

Remark 2.1. Suppose that Assertion 2) of Theorem 2.3 holds for some v > 0. Then the
definition of maximal density and the additivity of arc length imply that it holds for each v €
(0, m].

Let ¢ € R, a < 400, and
(a,p) = {z € C: Re(ze ™) < a}.

The set T1(a, ¢) is the half-plane when a € R. If @ = 400, then TI(a, ¢) = C.

Let D be an unbounded convex domain and D # Il(a, ¢), ¢ € R, a < +o0o0. Then 0J(D) =
{e*1 €2} is a two—point set.

The next result was obtained in [23, Thm. 3.2].

Theorem 2.4. Let A = { )\, ni}, D be a convex set, and the system E(A) be incomplete in
H(D). The following statements are equivalent.

1) Each function g € W(A, D) is represented by series (1.1), which converges uniformly on
compact sets in the domain Dy = II(Hp(p1), 1) NII(Hp(p2), p2).

2) Z(A) C J(D), J(D) C {e"*,e"2}, Sy > —o0 and Sy(p) =0, p € dJ(D)\ J(D).
Remark 2.2. FEach unbounded convex domain of type I-III is represented as I(ay,p1) N

(as, p2). Thus, in Theorem 2.4, the fundamental principle problem is completely solved for
domains of type I-111.

We shall also need some necessary and sufficient conditions of fundamental principle obtained
in the above cited works. The following two results were proved in [I1, Lm. 3.4, Thm. 4.1].
We call the sequence A = {\, ny} almost real if Re A\, > 0 and Im \y/ Re Ay — 0 as k — oc.

Lemma 2.2. Let D be a conver domain such that 1 ¢ J(D), A = {\g,ni} be an almost real
sequence, and E(N) be incomplete in H(D). Suppose that the fundamental principle holds in
W(A, D). Then Sy = 0.

Theorem 2.5. Let D be a conver domain such that 1 € S(0,1)\ J(D), A = {\¢,ng} be an
almost real sequence and E(A) be incomplete in H(D). Suppose that the fundamental principle
holds in W (A, D). Then m(A) = 0.

In [15, Thm. 3.1] a necessary condition for the fundamental principle was provided. Let us
formulate it.
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Theorem 2.6. Let D be a conver domain, A = {\, ni}, and the system E(A) be incomplete
in H(D). Suppose that the fundamental principle holds in W (A, D). Then for all o1, 2 ¢ ®(D)

such that 0 < g — @1 < and {€"? : v € [p1, 2]} C S(0,1)\ J(D) the estimate holds

T ,
Mo (A(—p2, —¢1)) < w-

We formulate one more result [12, Thm. 4.3], which can be easily transformed into the
necessary condition for the fundamental principle.

Theorem 2.7. Let A = {\p,ni}, Sa = —oo. Then there exist numbers {dy,} and indices
ks, 1 = k1 < ko < ..., such that the series

k=ksp1—1np—1
(3 S o5
k=k

=k =0

D

1

o0
S=

converges uniformly on compact sets in the plane, while series (1.1) diverges at each point in
the plane.

We shall also need one sufficient condition for the fundamental principle. It is a direct
corollary of Theorem 3.6 and Proposition 2.10 in [12].

Theorem 2.8. Let A = {\;,ni}, D be a conver domain, K(D) = {K,}, and the system
E(N) be incomplete in H(D). Suppose that Z(A) C S(0,1)\ J(D), Sy =0 and for allp > 1,
5 € (0,1) there exist f € I(A,D) and R > 0 such that

i € U B(z,0r), z=re", Ak > R.

In|£(2)|2rHi, (~¢)

Then m(A) = 0 and each function g € W (A, D) is represented by series (1.1), which converges
at each point in the domain D.

3. CONSTRUCTION OF SPECIAL ENTIRE FUNCTION

Let f be an entire function of exponential type. The indicator of f is the function

hf(%@) _ m ln|f<tew)‘

t—o00 t ’

@ € [0, 2m7].

It is convex and positively homogeneous of order one since it coincides with the support function
of some convex set L C C, which is called the indicator diagram of f. By the symbol ~(¢, f)
we denote the function associated with f in the Borel sense [20, Ch. I, Sect. 5|. The adjoint
diagram K of function f is the convex hull of the set of special points (¢, f). Thus, (¢, f) is
analytic outside the compact set K. By the Pélya theorem [20, Ch. I, Sect. 5, Thm. 5.4],

hi(p) = Ho(p) = Hx(—¢), ¢ €[0,27]. (3.1)

Therefore, K is the compact set, which is the complex conjugation of the compact set L.

Let A = {\,ni}, D be a convex domain, and the system £(A) be incomplete in H(D). Then
the sequence A is a part of zero set of each entire function of exponential type in the space
I(A, D) # (. This is why [18, Ch. I, Sect. 1, Thm. 1.1.5] the upper density 7(A) is finite.

The linear density of the set E = UB(z;, p;) is the quantity

—_— ]_
pp = lim - > b

|Z¢|<T
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Lemma 3.1. Let f be an entire function of exponential type. For each § € (0,1) there exists
a set E =UB(z;, pi) and a number C > 0 such that pp < 0 and

In[f(§)| > -ClEl, §€C\E. (3.2)
Proof. We represent the function f as

f(z) = az" f1(2),
where f1(0) = 1. Since f; is of an exponential type, there exist B > 0, R > 1 such that
In|fi(2)| < Blz|,  z€C\B(0,R).

Hence, for each p € (0,1) the theorem on lower bound for the absolute value of an analytic
function [17, Ch. I, Thm. 11| implies the inequality

| fi(\)] > —2H(u)BR,  H(p) =3 +1n23, Ri=2Ri>1
1

It holds in the circle B(0, R;), but outside the union V; of finitely many exceptional circles with
the sum of radii less than 4uR;. We have

In ’fl()\)’ 2 _46H<M)B|)\‘7 A € B(O7Rl) \ (B(Oa lel) U ‘/l,())? l 2 17

where V] ¢ is the union of all circles in the set V}, which intersect the annulus B(0, R;)\B(0, R;—1).
We let

C = 4€H(IU)B + 1, E = UB(zi,pi) = O Ro (UVIO) RO,O = R

Exceeding Ry if it is needed, by the latter inequality we obtain (3.2). Let us estimate from
above the linear density of set F.

Let p € (0,1/16) and B(z;, p;) € Vs, s = [+ 1. Then by construction p; < 4uR,. Since
B(z;, pi) intersects the annulus B(0, R) \ B(0, Rs_1), we have |z;| > Rs_1 — 4uRs. Therefore,

R,
L >R,

’Zi| 2 Rs—l - SMR -

Thus, if |z;| < Ry, then
I+1

Zmpz U‘/SO

Let 6 € (0,1), u=06/32 and Rj_1 <71 < Ry. Then

I+1 I+1 5 L
EY e =Y b < 5y
\zl|<r B s=1
The proof is complete. O

The proof of the next statement is based on the proof of Lemma 4.3 in [7].

Lemma 3.2. Let 0 < ¢y — ¢y < m, D € D(¢1,19), K(D) = {K,}, A = {\p,ni} and the
system E(A) be incomplete H(D). Suppose that for all p1,ps ¢ ®(D) such that ¥, < @1 <
Yo < o the inequality holds

Mo (A(—p2, —¢1)) < W~ (3.3)

Then for all p > 1, 6 € (0,1) there exists g > 0 such that oy, as, 1 < oy < g < 1y, there
exist a set B = UB(zZ,pl) wu‘h a linear density pg < 0 and a function fo € I(A(—aq, —ay), D),
which obey the conditions

hfo(@) < HD(_QD) — €o, pE [07 27T]7 (34)
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In | fo(re™)| > rHp, (—¢), re’ € I'(—ay, —a1) \ E. (3.5)

Proof. We consider the function

ho =TI (1—%) e

A €N (—az2,—a1)

We seek the required function fj as the product fy = foop. In order to do this, we first need
to construct a special subharmonic function, and then to approximate by the logarithm of the
absolute value of an analytic function, which will play the role of .

We define the needed subharmonic function by the identity

() = Bl (V)] + (1= AN,  AeC,  Be (1),
where w; = f;/foo, 7=1,2, fi € I(A, D), fo € F(A(—a2, —aq)). We proceed to finding f;.

Since £(A) is incomplete in H (D), we have I(A, D) # 0. Let f; € I(A, D). The sequence A
is a part of zero set of entire function f; of exponential type.

This is why [18, Ch. T, Thms. 2.2, 3.1, 3.3] fa is an entire function of at most first order
(and possibly, of infinite type at order one), which vanishes only at the points A, with the
multiplicities ny, k > 1. Then by the corollary of Theorem 12 in [17, Ch. I], the entire function
w1 = f1/ foo has the growth of first order.

Now we define fg. Let Q10,20 g q)(D)7 ¢1 <o <o < << ¢27 and K be a convex
hull of arc y(ay o, 2) on the boundary 0D, which connects the points zp(aq ) and zp(asyp);
the passage along v(aq o, o) from zp(aq) to zp(asp) is made in the positive direction. The
boundary 0K consists of the arc (o o, a2) and the interval (zp(aap), zp(@1,)). It is easy to
see that the relations hold

Hi(p) < Hp(p), ¢ €]0,2n], (3.6)
Hp(p), P € |,y
Hk(p) = (R) iy [0, 020 i (3.7)
max e(zp(ajo)e™), ¢ € lago, 0+ 27).
Since the sequence Ay = A(—ago, —19) consists of the pairs Ay, ny such that A\, €

I'(—ag0, —a1), and the boundary of the domain Dy = int K contains the arc y(oq o, aayp),
inequality (3.3) implies

T, (1, 2)
2m ’
Then by Theorem 2.1 in [10] (here we take into consideration that the definition of the support
function in [10] differs from the definition of support function in this work) there exists the
completion Ag of sequence Ay, which a properly distributed set [17, Ch. II, Sect. 1|, and at
the same time the identity holds
_ TD()((pl? 902)

n(Noo(—p2, —1)) = — 5 1,2 ¢ P(Dy), 0<@y—p1 <m, (3.8)

where n(Ago(p, 1)) is the angular density of sequence Ag:

n(Aoo(p, ) = lim n(r, Ao, ¥)).

r—00 r

Mo(Ao(—p2, —¢1)) < o1, 02 & ®(Do), 0<py—p <.

By (3.8) the canonical function f0 of sequence Ay has an exponential type and a completely
regular growth and for some a € C the adjoint diagram of function fy(2) = fo0(2)e®* coincides
with K = Dy [17, Ch. II, Sect. 1, Eq. (2.07)]). As above, the function wy = f5/f50 has the
growth order one. By Theorem 5 in |22], there exists an entire function ¢z, C'(8) > 0 and
Ez C C such that

[ psN)] =M < C(B)Im[A[,  AeC\ Ep. (3.9)
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And Ej can be covered by circles B(z/(8), pi(B)), | = 1, where |z(8)| — oo, | = oo and

> o) = r(B) < oe.

We let fz = pgfoo. We are going to show that as fy € I(A(—aq, —ay), D) we can take fj
with an appropriate parameter 3.
We first observe that by construction fz € F(A(—a2, —aq)), € (0,1). Let 8 € (0,1) and

vg(A) = BIn|fi(A)| + (1 = B)In|f2(N)].
Since the indicator is uniformly continuous on the segment [0,27] [17, Ch. I, Thm. 28| for
7 > 0 there exist , R > 0 such that

vg(te'?)
t
By (3.9)
[In | fa(A)| —vs(A)] = [In]ps(N)] = vs(V)| < C(B)In|A], A€ C\ Ep. (3.11)

Since () < oo, using (3.10), (3.11) and applying the maximum principle for subharmonic
function, it is easy to obtain the estimate

In |f6£tew)| < Bh (o) + (L= Bhp(p) +21,  pel0,2n], = Ry,

for some number R; > R. By the arbitrariness of 7 > 0 we hence get

hyo(0) < Bhy(0) + (1= B)hp(p), ¢ €027, (3.12)
Since f; € Pp, there exists a > 0 such that

hfl(gp) < HD(_SO) —a p e [O,Q’/T].

By construction, K is the adjoint diagram of function fo. This is why, in accordance with (3.1),

< Bhy (0) + (1 — B)hy,(0) + T, peld—a,0+al, t=R, 0€c]0,2n]. (3.10)

hp(p) = Hi(=¢), ¢ €0,27]. (3.13)
In view of the previous inequality, (3.12) and (3.6) we hence find
hys(9) < B(Hp(=¢) —a) + (1 = B)Hp(—¢) = Hp(—¢p) — Ba,  p€[0,2n].  (3.14)

This means that fz € Pp. Thus, fz € I(A(—az, —aq), D), 5 € (0,1).

It remains to choose a number 5 € (0, 1), for which relations (3.4) are (3.5) are satisfied. We
first observe that by (3.14) the function f, = fs and ¢y = [a satisfies inequality (3.4) for all
p € (0,1) and ag,as, 1 < ag < az < ¥y. In order to obtain (3.5), we need to estimate from
below the functions |fi| and |fs].

We fix p > 1 and § € (0,1). By Lemma 3.1, there exists a set F; and a number C' > 0 such
that pp, < 0 and

In[fi(§ = -Cl§l, € C\EL. (3.15)

Now we estimate | fo|. Since fo has a completely regular growth, in view of (3.13), the identity
holds |17, Ch. II, Thm. 2, Ch. III, Thm. 4]

a(r)

In | fo(re™)| = rHg(—) + a(r), re¥ e C\ Ey, ——~ =0, r— o0, (3.16)

where Ey = UB(w;, 1) is a set of zero linear density.
Let v, > 0 be the number in inequality (2.1). We choose 8 € (0,1) such that

1% 1%
<2 < 2P '
CB < 1 5;3357@ Hg, . (¢) < 1 (3.17)

We note that the choice of number 5 depends only on the index p and §.
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According to (3.16) and (3.17), there exists Ry > 0 such that
Vpr

In|fo(re’)| = rHg,,, (—p) — e re"? € I'(—ag, —aq) \ (Ey U B(0, Ry)). (3.18)
At the same time we can suppose that
C(B)Inr < %, r > Ro. (3.19)

Let us show that for the chosen 3 the function f, = fz possesses all needed properties. As
it has been mentioned above, fy satisfies (3.4) with g = Sa (g¢ depends only on p and ¢). We
let E = E;UE, UEyUB(0, Ro). By (3.11), (3.15), (3.18), (3.19) and (2.1) we have

nfo(2)] = BIn|fi(2)[ + (1 = f) n[fa(2)] = C(B) Inr

v,T v,T
= (1 - ﬁ) (THKP+1<_(IO> - %) - CBT - % = —Upr + THKP+1(_(10) Z THKp<_90>’

where z = re’? € I'(—ay, —ay) \ E. Since pg, = 0 and pg, = 0, we obtain py < 0. The proof is
complete. [

Let 7 € (0,1) and
T(r)={tA: A€ B(1,7),t € R}, Ty () ={th: A€ B(e*,7),t > 0}.

The next statement was proved in |11, Thm. 2.2|. We formulate it in a simpler form and for
sequence of more particular form than in [11].

Lemma 3.3. Let A° = {\;,n..} be a sequence such that A, > 0, k > 1, and n(A) < +oc.
Then for all e > 0, 7 € (0,1) there ezist v € (0,1), f € F(A°) and R > 0 such that

I |£(n)] — D22

N

A, Ae(C\(I(r)uU B(0, R))),

7| sin |
hile) < ———

Remark 3.1. The function f € TF(A%) in Theorem 2.2 in |11]| is constructed as follows.
First one constructe the sequence A*° = {\;0,n,0} of positive numbers, which completes the
sequence A°. Then the function f is defined as the product

00 /\2 15,0
/= ]1_[ (1 - |/\j,o|2> ' 3:20)

Thus, the zero set of function f does not contain the zero, is real and symmetric with respect
to the origin.

+e, @ € [0, 2m].

Let d > 0. Following |2| we say that the sequence {¢} is asymptotically d—close to {§} if
-
im
=00 ‘fll
We also sat that the set of circles UB; is centered with the sequence {} if each point  to at
least one of circles B; and each circle B; contains at least one point &;.

Lemma 3.4. Let 0 < ¢y — ¢y <7, D € D(¢1,4n), K(D) = {K,}, A = { g, ni}, the system
E(A) be incomplete in H(D), and Z(A) C S(0,1) \intJ (D). Suppose that for all p1,ps ¢ (D)
such that 1 < o1 < vy < 1y inequality (3.3) holds. Then for all s > 1, 6 € (0,1) and
01,05, 1 < 01 < Oy < 1o, there exists a set Ey with a linear densily pg, < 0 and a function
f € I(A, D) such that

In|f(re)| > rHk,(—¢), re”? € T(=by,—01) \ Ey. (3.21)

<d.
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Proof. We fix s > 1, § € (0,1) and 6,05, 11 < 01 < b5 < 1py. We choose 7 € (0, %) such that
le (T) N F(‘gl, 92) = @, th (T) N F(‘gl, 92) = @ (322)
By Lemma 3.2 for p = s+ 1 and ¢ we find ¢y > 0. Let

. €0 Vs
0<e<min{, 2},
e <miny T, &
where vg > 0 is the number from inequality (2.1)
Let AV = {\;j,n;}, j = 1,2, be the sequence, which consists of the points [Ar]e™™7, A\, # 0.
At the same time, n;; coincides with the sum n, of all points A, such that |\,| = |\ ;|. By
Lemma 3.3 for ¢ and 7 there exist v; € (0,1), f; € F(A?) and R; > 0 such that

In | (e %) A| — @\ <eAl. Ae(@\(T(r) UB(.R,)). (3.23)

f%@0<ﬂ$mj+%”+a pelo2r], j=1.2 (3.24)
J

At the same time, according to Remark 3.1 to Lemma 3.3 the zero set of function f; is symmetric
with respect to the origin and it is located on the straight line {te~"7 t € R}.

Let A} = {\jo0,m150} be the multiple zero set of function f;. Since f; € F(AY), for each
A # 0 the point |[\y]e™™ is a term of A} with the multiplicity not less than the sum of
multiplicities n,, of all points \,, such that |A\,,| = |\x|. By symmetric property of sequence
A}, the point —|\|e~™ is also the its term with the same multiplicity as [\g|e .

We construct the function f;o by means of function f; using only the shifts of some of its
zeroes. Let d € (0,1) and ¢ > 0 be such that

1 —e"| =d. (3.25)

We first define the sequence A& +» the points of which are located in the angle

Ty = D(—; =, 5 + ¥).
Let Ao be located on the ray
{te="7.t > 0}.

If |\ 0| # |Ax| for each A, € T';, then the pair A; j o, 7y 0 is treated as an element of the sequence
A67+. Otherwise, the pair A\, ny is treated as an element of the sequence A67+ for all A, € T
such that |\ jo| = |A\x|. At the same time, if the sum ng of multiplicities n; of all these points
A € I'j is strictly less than ny o, then we also treat the pair A, jo, 1,0 — no as an element of
the sequence A%Hr.

Thus, we have constructed the sequence Aé,Jr. Using this sequence, as in (3.20), we construct
the entire function f;o. Its zero set is the union A67+ U Ag’_ (A%}_ is symmetric to A%’Jr with
respect to the origin) and is located in the union of angles I';U(—I";) = I';UeT';. In particular,
fio € F(A(=t); — b, = + ).

By construction and (3.25), it is easy to establish a one—to—one correspondence between the
points of sequences A} and Ag# U A%,— (counting the multiplicities) so that these sequences
become d-asymptotically close one to the other.

The sequence Aé is the zero set of the entire function f; of exponential type, and it does not
contain the zero, see the remark to Lemma 3.3. This is why Ag has a finite upper density, and
the following quantity is also finite

C =sup nir, &) A(]]).
r

r
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Then by Theorem B in [2] (in view of symmetricity of the zeroes of function f; and f;o with
respect to the origin) for each d € (0, 3) there exists C; > 0 (which depends only on C) and

a set F;(d) = UB(Ym.j,Gm,) such that F;(d) is centered with A U Aéﬂr U Aé,_, has the linear
density pg, ) < v/d and
[ f;(N)] = |foMWII < VAL, XeC\E(d), =12 (3.26)

By (3.24) and the properties of indicator [17, Ch. I, Sect. 18, Thm. 28], there exist p € (0, 7)
and rg > 0 such that the inequality holds

In|f;(tN)| < 2¢ft], X € B(e™,2u), it =1, j=1,2. (3.27)
We choose d € (0, 3) so that

oWd<s Vi< % (3.28)
Since pg; @) < V/d, for some number r; > rq the inequality holds
Soami<E rem =12 (3.29)

Let 7 > ry and B(Ym,j, ¢m,;) intersect B(0,7). If |y, ;| = r, then according to (3.29) ¢ ; <
% This is why (1 — £)|yn.;| < . We hence have |y, ;| < 2. Thus, by (3.29), the sum of
radii of all circles B(ym,j, ¢m,j), which intersect B(0,7), does not exceed £-.

Let A € Ej(d) \ B(0,r;) and the circle B(Ym.j, ¢m.j) contain A\. Then B(yy, ;, ¢m ;) intersect
B(0,|A]). This is why g, ; < %. Since E;(d) is centered with the set A U A%Hr U A{i_, this
set contains a point \g such that

A A A
p AL _ N

A= Dol < = gl + limg = ol < B0+ B =

Therefore,
Dol _ 41l
1-5S73
Since all points in the set A? U Ag# UA%V_ are located in the union of angles I'; U (—1I';), in view
of the above inequality and (3.25), (3.28) we obtain

Al <

, . 4
|)\ _ |)\O|e—z7/)j| < |)\ _ )\O| + |)\0 _ I)\0|6—z¢j| < :u‘)" + :U’)‘U’ < :U’)‘U’ + N‘)‘O‘ _ 5:“‘)‘0‘.
2 6 6 6 6
Thus, the inclusions hold
5 5
Ej(d)\ B(0,r) C T_y, <FM) UTry, (%) C Ty, (7) UTy_y, (7). (3.30)
In view of (3.23), (3.26) and (3.28) this yields
7| Im(Ae™s
In|f;o(N)| = w — 2e|), A C\ (P_y, (1) Ulr_y, (1) U B(0,13)), (3.31)
J

where j = 1,2 and ro = max{ry, Ry, Ry}. Moreover, by (3.26) and (3.28)
In|fioMN)] <In|f;(N)]+elAl,  AeC\E;)d), =12 (3.32)
Let A € E;(d) \ B(0,2r1). By (3.30) there exists ¢t € R such that A € B<te‘i¢j, 5“7‘”) Then

ot ot t
o< <+ B oy, gy 2 1
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Therefore, |t| > 1. As it has been shown above, the sum of diameters of circles B(Ym.j, ¢m.;)-
which intersect the circle B(te=™i, 2ult|), does not exceed

ol 2ule)
4

Therefore, there exists g € <‘%,2u> such that the circumference S(te=s, pglt|) is disjoint
with E;(d). Then by (3.32) and (3.27)

In|fi0(€)] < 2e[t| +elé] < 2elt] +elt|(1+ po) < deft], €€ S(te™, polt]).
By the maximum principle we hence obtain

In|fjo(N)] < 4elt] < 8|, A€ E;(d)\ B(0,2r).

Then in view of (3.32) and (3.24) we have
7| sin(y + )]

o) < - +8, pel02n], j=12 (3.33)
J
We consider the function
g(\) = flvo()\)flo()\)e“l’\ea”\, a; = _—mewl, a9 = Z—ﬂ'e’%.
N 4!

By (3.33) for each ¢ € [0,27] we have
m|sin(p + )| | 7lsin(p +¢o)| | wsin(p+y)  msin(p + ¢)

hy(p) < + 16¢.
i Y2 ! Y2
Therefore,
he(p) < 16e, @ € [—1hg, —th1]. (3.31)
In the same way, using (3.31), we find
In[g(A\)] = —4e[Al, A€ D (=g, —h1) \ (T, (T) UT _y, (1) U B(0,73)) . (3.35)
We choose aq, as
¢1<O&1<01<02<O&2<@Z)Q, Oél<’¢1+1/), 042>77/12—’¢. (336)

By Lemma 3.2 there exist a set E with the linear density pp < ¢ and a function fy €
I(A(—a2,—aq), D) obeying conditions (3.4) and (3.5).

Since D € D(¢1,1,) and E(A) C S(0,1) \ int J(D), by two last inequalities in (3.36) outside
the angle I'(—ag, —a1) UT; UTy there exist just finitely many number of points ;. Suppose
these are the points A\, k = 1, ky. We let

ko

F) = 9N feMGM), GO =TT =)™

k=1

By construction, f € IF(A). Since hg = 0, by (3.34), (3.4), the choice of number £ > 0 and the
definition of set J(D) we have

hi(p) < he() + hyo () < Hp(=9) —e, ¢ €0,2n].
This means that f € Pp. Hence, f € I(A, D). We choose Ry > 75 such that
In|G(\)| = —¢| A, A e C\ B(0,Ry),

and we let Ey = E'U B(0, Ry). Then pg, < J, and by (3.35), (3.22), (3.5), the choice of the
number £ > 0 and (2.1) we obtain (3.24). The proof is complete. O
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4. DECOMPOSITION OF INVARIANT SUBSPACE

In order to represent the functions from the invariant subspace as the sum of functions from
other invariant subspaces, we need the Leontiev interpolating function.

Let f be an entire function of exponential type, (¢, f) be the function associated with f in
the Borel sense, K be the adjoint diagram of function f and 0 € K. We suppose that D is
the convex domain, g € H(D), and o € C is such that the translation K + o is located in the
domain D. The interpolating function for the function g is [19, Ch. I, Sect. 2]

t

we(A, 0,9) = e“”‘% /’y(t, f) /g(t + o —n)eMdn | dt, (4.1)
Q 0
where € is the contour (simple closed continuous rectifiable curve), which envelopes the compact
set K and is located in the domain D — o.
Let us omit the restriction 0 € K. We choose an arbitrary point w € K and let

fuw(z) = f(z)e ™=,

Then [20, Ch. I, Thm. 5.3] the identity holds (¢, f,) = v(t + w, f). The adjoint diagram of
function f,(z) coincides with the compact set K, = K —w, which contains the origin. Then the
formula (4.1) defines the function wy, (), 0, ¢g) for all o € C such that the compact set K, + o
lies in the domain D. If K C D, then for each w € K the compact set K,, + w lies in the
domain D. This is why in this case for each w € K the function wy, (X, w, g) is well-defined.

We mention some properties of the function wy, (X, 0, g). It follows from (4.1) that it is entire
and linear in the third variable. LetK(¢) = K + B(0,¢) be the e-extension of th compact set
K, w(e) =0(K(¢)) — w and w,(e) =w(e) + o C D. Since

H,o)(¢) = Hi () + € — Re(we™?),
by (4.1) we have

1 —0 z
o (0 0,9) < 5™ sup [0 s [g(2) / (. )t
™ z€w(e) 2€ws (e
TE
< g2 exp (i (=) ~ Re(o) sup [9(2) [ bt Dl
Z2€EWs 6) R ()
= A(f.2)exp (rHig(—p) o7 — Re((w+0)N) swp lg(z)], A =re®,
2€Ws (€)

where A(f,e) = (2m)"'7.(f)d., d. is the diameter of domain K(¢) and 7.(f) be the latter
integral. In view of identity (4.1), for all A € C we hence find
wr, (A 0, 9)] < A(f, €) exp((hs(p) + €)r = Re((w + 0)A)) Sup l9(2)]. (4.2)
FASIORACS

In the case 0 = w we have w,(e) = (K (¢)).

Now we mention the main property of interpolating function. Let A = {\;,n;} be the
multiple zero set of function f and

P Ng— 1

2 2 a, nzn )\kz

k=1 n=0
Then the identity hold [19, Ch. I, Sect. 2, Thm. 1.2.4]

nE—1

1 Wy (>‘7 o, 1 ) A A
5 / w(}\) e 50 (pnZ € o c

(4.3)

I
\‘H
=



50 A.S. KRIVOSHEEV, O.A. KRIVOSHEEVA

where S(\g, by) is the circumference, which contains no points A, s # k. It is easy to note that
identity (4.3) is true also for each function f € F(A).
The next statements are particular cases of Theorems 2.1.1 and 2.1.2 from [19)].

Lemma 4.1. Let A = {\y,nr}, D be a convex domain and the system E(A) be incomplete
in the space H(D). We suppose that

123 nk—l
_ n /\kz
g( ) ;}EEOP ( ) PM(Z) - ; z% Aknu? € (44)

and the convergence is uniform on compact sets in the domain D. Then there exist the limits

app = 1im agyp ., n=0,n— 1, k=>1.
J1—00

Lemma 4.2. Let A = {\;,nr}, D be a convex domain and the system E(A) be incomplete
in the space H(D). Suppose that (/.4) is true and

1% nk—l
9(=) = lm Quz)  Qulz) =20 D braue™,
k=1 n=0

and the convergence is uniform on compact sets in the domain D. Then

lim ayy,, = hm bknu, n=0n — 1, k>1.
J4—00

And vice versa, if the sequences {Pu} and {Q,} converge uniformly on compact sets in the
domain D and the last identities are true, then these sequences converge to the same function.

Let A = { g, i}, Ay = {&, mp} and Ay = {g;,[;}. We write A = Ay U Ay, if for each £ > 1
there exists p > 1 such that A\, = &, and nj, = m,, or there exists j > 1 such that A\, = ¢; and
ny = l;. By means of interpolating function in [12, Thm. 3.4)| the following result was proved.

Theorem 4.1. Let A = {\,n}, D be a convex domain and the system E(A) is incomplete
in the space H(D). Then there exist sequences Ay and Ay such that A = Ay U Ag, Z(Ay) C
S(0,1)\int J(D) and for each function g € W (A, D) the representation g = g1+ go holds, where
g1 € W(A1,C) and go € W(Ay, D). In particular, Ay =0 and g = 0 as Z(A) Nint J(D) = 0,
while Ay =0 and g, = 0 as Z(A) Nint J(D).

Lemma 4.3. Let 0 < 1y — 1 < m, D € D(¢1,1), A = {\g,ni}, the system E(A) be
incomplete in the space H(D). Suppose that Sx(u) = 0, p € S(0,1) \ J(D), and for all
01,00 & P(D) such that V1 < @1 < o < o inequality (3.3) holds. Then for all 0y,0s,
P < 01 < Oy < 1y, the fundamental principal holds in the space W (A(—0y,—61), D) and
m(A(—Hg, —91>> = 0.

P’f’OOf. Let ¢1 < 01 < 92 < 7702 and A() = A(-Qg,-gl). Then E(Ag) C S(O,].) \ J( )
follows from the assumptions that Sy, = 0. Let (D) = {K,}. Wefixp > 1,6 € (0,1) and

1
0o € (0, 166) By Lemma 3.4 there exist a set Ey U B(z;, p;) with a linear density pg, < 09 and

a function f € I(Ag, D) such that
In|f(re)| > rHy,(—p), re'? € I'(—0q, —01) \ Ep.
We choose R > 0 such that

Zpi<2507’, r > R.
\z¢|<r
As in Lemma 3.4 we show that the sum of radii of all circles B(z;, p;), which intersect B(0,r),

is strictly less than 85??7“
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Let A\ € I'(—6,,—6;) \ B(0,R). Then the sum of diameters of all circles B(z;, p;), which
intersect, B(\g, 80| Ax|), is strictly less than 89| Ax|. Therefore, there exists u € (0,8) such that
the circumference S(\g, udg|\x|) has no common points with the set Ey, that is,

In|f(2)] > rHg, (—¢), z=re? € T'(—0, —01) N S(A, udo|Ae).

Let z € I'(—6, —01) N S( Ak, ol Ag|). Then Ay € B(z,2udor) C B(z,dr).
Thus, all assumptions of Theorem 2.8 are satisfied for the sequence Ag. This is, in accordance
with this theorem, m(Ag) = 0, and each function g € W(Ag, D) is represented by the series

g(z) = Z Ay 2" e z e D. (4.5)
A, N €N
Since the system E(A) is incomplete in H(D), we have m(Ag) < m(A) < oo. This yields
that o(Ag) = 0. Then by Theorem 2.1 the inclusion d = {dy,} € Q(D, Ay) holds. This is by
Lemma 2.1 for each p > 1 there exist C;, > 0 and an index m(p) such that

Z \dy, | sUp 2" | < Cl|d||mp)s d={dy,} € Q(D,A).

A N €M 2€Kp

In particular, this means that series (4.5) converges uniformly on compact sets in the domain
D for each function g € W(Ag, D), that is, the fundamental principle in the space W (Aq, D).
The proof is complete. O

Theorem 4.2. Let 0 < ¢y — 1 < 7, D € D(¢1,19), N = { Mg, ni}, the system E(A)
be incomplete in the space H(D). Suppose that Sy(u) = 0, p € S(0,1)\ J(D), and for all
01,02 & P(D) such that 1 < 1 < o < 9 inequality (3.3) holds. Then for each function
g € W(A, D) the representation g = g1 + g2 + g3 holds, where g € W(A1,C), g2 € W(Ay, D)
and g3 € W (A3, D). At the same time, A = Ay UA U A3, 2(A2) C 0J(D) and gs is represented
by series (1.1), which converges uniformly on compact sets in the domain D.

In particular, Ay = 0 and g1 = 0, when Z(A) Nint J(D) = 0, Ay = 0 and go = 0 as

E(A) Cint J(D), A3 =0 and g3 =0 as Z(A) C J(D).
Proof. By Theorem 4.1 there exist sequences A; and A such that A = Aj U Agp, =(Aay) C
S(0,1) \ int J(D) and for each function g € W (A, D) the representation g = g1 + g2 holds,
where g1 € W(A;,C) and g2 € W (Ao, D). If Z(Ayg) € 0J(D), then the proof is complete.
Otherwise we should represent g, as the sum gy + g3. In order to do this, we need to represent
Asp as the union Agy U Ag;, where Aoy satisfies the condition Z(Ag;) C 0J(D), and the
sequence Az, is partitioned into special finite groups.

Let 92,0 c W(Azo, D) Then

u nep—1
G20(2) = lim P,(z), P,(z) = Z Z A 2" €M7,
preo k=1 n=0

and the convergence is uniform on copact sets in the domain D. If the pair A\, ny is an element
of the sequence Ay, then ay, , = 0. We also let aj,,, =0, k> p.
We choose sequences {6}, {62,} such that
1/11 <"'<61,l< <81,1 <9271 <"'<62,l<--- <¢2,
o0

(1, ) = | (014, 02,)-

=1

(4.6)

Since K(D) = { K, };2, exhausts the domain D, there exists a subsequence of natural numbers
{p(D)}, which obeys the conditions

p(l) = 1+1, Hg,, (p) +— = Hp(p), ¢ € [01141, 02111, [ =1, (4.7)
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where v; is the number in (2.1). We choose the numbers ¢; € (0, %) such that

F91’1(185l) U F(@Ll, 9275) U F9211(1851) C F(917l+1> 9271+1), 51 > 6[—1—17 l > 1. (48)

By Lemma 3.4 for each [ > 1 there exists a set £, = UB(z;;,7;,;) with a linear density pg, < ¢
and a function f; € I(Ag, D) such that

In | fi(re’?)| > rHy, ) (—¢), re'¥ e ['(—=6411, —0141) \ Ei. (4.9)
Since f; € I(Aa, D), there exists ; > 0 such that
hfl((P) +e < HD(—QD), p e [O, 27T], [ >1. (4.10)

Let T; be the adjoint diagram of function f;. It follows from (4.10) and (3.1) that 7; C D.
Moreover, the closure of domain 7;y = 1; + B(0, ;) also lies in the domain D. If T} = K, then
the boundary 07;, coincides with the set w,(g;) from inequality (4.2). By (4.10) there exists
R; > 0 such that

A(fl; 5l) eXp((hfz<90) + 5Z)T) < eXp(HD(—QO)T), = Rl’ ! Z 17 (4'11)

where A(f;,e;) is the number, which is determined in the same way as in (4.2). Since P,
converges uniformly on each compact set in the domain D, we can suppose that

14 Y
conl). e 0ol <o (1),
max [gpo(a) S exp (1) max [Pu(z) < exp (r )
T > Rl; 1% 2 17 l > ]-
We note that here the first inequality is implied by the other one. We can suppose that
1 60
- Tl ?17 r 2 Rl, 2Rl < Rl+17 [ 2 1, (413)
|25, |<r
n(r+1,A) < (R(A) + 1)r, r> Ry, (4.14)
m(@(A) + 1)r* < exp (7‘%) : r = R, [>1. (4.15)

10
Let r > R; and B(z;;,7;;) intersect B(0,r). Then, as in Lemma 3.4, we have |z;;| < 77“ This

is why by (4.13) the sum of radii of all circles B(z;;,7;,), which intersect B(0,r), do not exceed
4(5[7“
3 _

We construct the domains € ,,,, m = 1,m(l), [ > 1, by induction. We note that for some
indices [ the sets € ,,, m = 1, m(l), can be absent. In this case it is convenient to suppose that
m(l) =0 and U, = 0. We let

Iy =T(—6;,—01;) N B(0, Ri12) \ B(0, Rj41).

Let [ = 1. If the set I'; does not contain the points A, then the set €y ,,, m = 1,m(1), is
absent. Otherwise let A\y1,1) € I'y be one of points A;, such that

|)\k(1,1)| = mln{|/\k| : /\k (= Fl}

1
Since 94; < o it follows from the said above that the sum of diameters of all circles B(z;1,7,1)
and B(z;2,7j2), which intersect the circle B(Ay,1),901|Ak1,1)]), does not exceed
41|\ 405|\
5 1Ak 3 L9 2| Ae(n | 3
3 2 3 2
Therefore, the exists ;1,1 € (0,9) such that

S(Ak(1,1), ,u1,151|/\1<;(1,1)|) NE; =10, S(/\k:(l,l)7 ,u1,151|/\k;(1,1)|) NE, = 0.

< 851‘)%(1,1)’.



CRITERION OF FUNDAMENTAL PRINCIPLE 53

We let &1 = B(Mea1y; 1,101 Aki,y]).  Suppose that we have constructed the domains
Qayeoy Qe If the set Ty \ U™S'Q,  contains no points Ay, we then let m(1) = m — 1.
Otherwise we define €y ,,. Let Ag1m) € T'y \ ug’;—le s be one of points \; such that
’)\k(l,m)‘ = m1n{|)\k] A €1 \ U Ql s}
As above, we find p; ,,, € (0,9) by the conditions
S(Me(tmys H1,m01 [ Akmy|) N Ey = 0, S (A1) 1,101 Aean|) N Ey = 0.
We let

m—1

Q1. = BAs1my 11.m01 Meamy ) \ [ Qs

s=1

Suppose that we have constructed the domains €2 ,,, m = 1,m(i), i = 1,0 — 1. If the set I}
contains no points A, then the set € ,,, m = 1,m(l), is absent. Otherwise, as above, we
construct the domains € ,,, m = 1,m(l) as

m(l—1)
Y1 = B(Aeys taa0r A |) \ U Was |,

(4.16)

m(l—1)

Qm = B(Akm)» im0 Ae@my]) \ U Oy U Qs | m = 2,m(l),

where p., € (0,9), m =1, m(l), satisfies the conditions
S(Nettm)s PamOt Memy ) NV Ep = 0, S(Nettmys im0t Memy|) OV Eigr = 0. (4.17)

Thus, the domains € ,,,, m = 1,m(l), [ > 1, are well-defined. Let A3 consist of all pairs A,
ny, such that
()70

A € Q= U U U,

=1 m=1
and Ao be the sequence, which completes Az; to Asg (A2 = Agy U Asy). By construction,
each point

A € U (D(=02,, —017) \ B(0, Ri41))

belongs to the set 2. Therefore, by the identity in (4.6) we have
Z(Ag,1) € OJ(D).

By construction, in view of (4.8), we also have

Rl+1 |/\k lm)| RH_Q, [ 2 1, m(l) 7é 0, (418)
‘)\k(hm) — Z‘ < 95l’)\k(l,m)’7 z € Ql,m; m = 1,m(l), [ > 1, m(l) 75 O, (419)
th C F(91’1+1,927l+1), m = l,m(l), [ > 1, m(l) 7& 0. (420)

Since 0; € (O, 30>,
B(Xis,j)» 1s,j01| Ars,j)|) are disjoint for all s <1 —1 and [ > 3. Therefore, the domains €2 ,,, and
Q,; are disjoint for all s <! —1 and [ > 3. By construction the domains € ,,,, m = 1, m(l),
Y14, 7 =1,m(l — 1), are pairwise disjoint. Thus, the domains €;,,, m = 1,m(l), [ > 1, are
pairwise disjoint.

by the second relation in (4.6) the circles B(Agm)s fim 01| Aemy|) and
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By construction, 0€;,, consists of arcs of some circumference in the set
S (Nk(m)s 1m0t Meim))) m=1,m—1,
S()\k(lfl,m)a Ml—1,m5l—1|>\k(171,m)|)7 m = m
At the same time, all centers of circumferences are different and
Me—1m)| <o < M- rma- ] < Pwapl <0 < Awamy |-
Thus, the number of circumferences, whose arcs form the boundary 0€2;,,, does not exceed

n(|Ak@m)| + 1, A). Therefore, in view of inclusion §; € (O, 3—10> we obtain

bim < 70k + LA el m=1Lm@), =1,  m(l)#0, (4.21)
where b, is the length of boundary 0 ,,,. By (4.17), (4.20) and (4.9) we have
In|fi(re')] = rHg,, (=¢),  re'* € 0,
m = 1,m(l), [ >1, m(l) # 0.

Let w € T; and f1.,(2) = fi(z)e **. By formula (4.1) we define the interpolating function
Wy, (A w, P,) for all > 1. It follows (4.3) from that

(4.22)

\%

ng—1
1 wr (A w, Py) d \
— P o D7) gy — 2N, €T,  kx=1, I>1,
o | 2 ahnp N w €Dy k>

where S(Ag, by) is the circumference, which contains no points A, s # k,
211 fl,w( )
S({S,cs)
where & is the zero of function f;,, different from all A, and S(&, ¢s) is the circumference,
which contains no zeroes of the function f;,, except for the point &;.
We fix [ > 1, m(l) # 0, w € T;. By the residue theorem we obtain

eMd\ =0,

ng—1
1 wfl, <)\ w, P )\z — n_ Az —
2—7_”_ flw—w d\ = Z Zaknuz ek _plmu( ) m—l,m(l) (423)
8Ql,m ’ /\keﬂl m n=0
Since 0; € <O, 30>, in accordance with (4.18) and (4.19) we have 0§, N B(0, R;) = (. This is

why by (4.2), (4.11) and (4.22) we obtain

bi.m i exp(rHp(—¢) — Re((2w — 2)A)) max |P(2)],
27 A€ m exp(rHr,, (—¢) — Re(wA)) 2€0T o

where A = re. In view of (4.7), (4.20), (4.14), (4.15), (4.21) and (4.12) we hence have

P2 < b e (exp (G = Rel(w = 2)3)) ) max |B ()]

< max (exp (%r — Re((w — z)A))) exp (§|>\k(l7m)|) ) (4.24)

A€ m

PLmu(2)] < 5=

m=1m(l), pn=>1.

We choose w € T such that
Re(w\) = rHp(—¢).
By (3.1) and (4.22) this implies

Re(w)) = rHg,, (=), A Ere? € Qm, m = 1,m(l), m(l) # 0. (4.25)
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Let 0 > 1. In view of (2.1) and the first inequality in (4.7) we have

Re(zA) = Re(zre™) < rHyg, (—p) < rHi,, (—p) = Vo, z € Ky, >0 (4.26)
Thus, by (4.24)—(4.26), (4.19) and (2.1) we get
v v
PLous(2)] < ma (exp(r = o)) exp (G Al
< max (exp(=r = vr)) exp (5 i)
x )\g{%gi(m exp 4 T —VsT) ) €xXp 3 k(l,m) (427)
Vs U, v
< Vo _ Vo) |y m>: (——“)\ m)
exp (( T ) Aram!) = exp (=== Axm)|
ze K,, m = 1,m(l), [ > o, m(l) # 0, =1,
Y
pns(2)] < mas (exp (Fr = (Hr, (~0) = Hi (=) 7))
v
L exp <§l’)‘k(l,m)’) < C(o), (4.28)
z € K,, m = 1,m(l), l=1,0-1, m(l) # 0, =1
We represent the polynomials P, as
P,(z) = P,1(2) + Pu2(2), w=1,
o nkfl
Pﬂyl(z) = Z Z ak,n,,u,lzne)\kzv Akn,p,l = 07 k> M,
k=1 n=0
Akn,p,l = Qkn,u, n= Oank’ - 17 )‘k € Qa Akl = 07 n = Oa ng — 17 )\k ¢ Q.
Since the domains (), ,,, are pairwise disjoint, the identity holds
oo m(l)#0 ng—1 oo m(l)#0
P,u,,l(z> = Z Z Z ak,n,u,lznekkz = Z Z pl,m,,u(z)u M > 1.
=1 m=1 X\;€Qy, n=0 =1 m=1
By (4.27) and (4.28) we obtain
o—1 m(l)#0 oo m(l)#0 y
P () <Y cwy+§:§:en%—§MWm@, e K,, =l
=1 m=1 =0 m=1

Since 7(A) < 400, the last series converges. Thus, the sequence of functions {|P,.|} is
uniformly bounded on each compact set K,. Since the sequence {K,} exhausts the domain D,
by the Montel theorem there exists a subsequence { P, 1}52,, which converges uniformly on
each compact set in the domain D. Let

g31(z) = jli_)rgo P,jpa(z), zeD. (4.29)

Since {P,} converges uniformly on compact sets in the domain D, the sequence P2 =
P,y — Py, also converges on compact sets in the domain D to some function go;. It is
obvious that g2 = go1 + ¢31 and go1 € W(Ag1, D), gs1 € W(As 1, D).

Let [ > 1, m(l) # 0, m = 1,m(l), w € T;. Using the residues, we obtain

1 W w (A, w, g20)

pl,m(z) = % fl,w<)\>
O m

eMd\

(4.30)

ng,0—1 gs—1

= E E ak’moz"ek’“z—i— E g bmz”egsz,

A€Qm n=0 &s€Qy,m n=0
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where ny o > ny, is the multiplicity of zero A, of the function f;,, and & is the zero of function
fr.w of multiplicity g5, which differs from all A\;. By Lemma 4.1 the limits

app = lim app, = hm 0 Qg1 n=0n, —1, e € Q, (4.31)
JL—00
are well-defined. Hence, in view of (4.29), (4.2), (4.23) and (4.30), we see that
1 wfl (>‘7 w, gz O) by
m(2) = — i e d\
Pnl(2) = 5 fiwl) C
O
1 . W (/\vva(J ) A
=—1 a ed\
27i jroc Fraw(N) (4.32)
O
np—1
. n )\ z
= }Lrgopl,m,u( Z Z Qg p2 €°* z € C.
ALEQY m N= 0

This means that
k0 = Qs n=0,n, — 1, agno =0, n = ng, Ak € Q, bsn, = 0.
Using (4.30), (4.24)—(4.26), (4.19) and (2.1), as in (4.27), (4.28), for o > 1 we obtain
P <o (). zeKe  m=Tm), Iz0,  m(l)#£0, (433)
Ip1m(2)] < Co(o), z € Ky, m = 1,m(l), l=1,0-1, m(l) # 0. (4.34)
By (4.32) this implies that the series

Z Z Z Z“k Z"GWZZZ; Prm(2) (4.35)

=1 m=1 X\;€Qy, n=0

converges uniformly on each compact set in the domain D. Then according to (4.29), (4.31)
and Lemma 4.2 it converges to the function gs ;.

We represent gs 1 as the sum gs 2+ g3. In order to represent As; as the union Ay o UA3, where
Ay satisfies the condition Z(Ag5) C 0J(D), and g5 is represented as

Z agn2"e™* 2z €D, (4.36)
A, N EA3

and the series converges uniformly on compact sets in the domain D.

For each [ > 2 by the symbol €2; we denote the union of all domais €25 ,,,, each of which contains
at least one point A\, € I'(—62;-1, —01,-1). By (4.8) and (4.1) the inclusion €, C I'(—62;, —01,),
[ > 2, hold. By construction, each point

AL € O (D(=02-1, —01,-1) \ B(0, Ry))

belongs to the set €2;. We consider the functions

ng—1
gsi(2) = D> > Y agaz"eM = ) pam(z), 122 (4.37)
Qe CU A€ n=0 QemCYy

According to (4.33) and (4.34) we have

> @+ Y pen) < YD o)+ Y exp (—Fhwm ), 2 € Koy 021

Qs Bz Qs,my Qs,my Qs,n’u
1<s<o 1 s=o 1<s<o—1 s=o
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Since T(A) < +oo, the latter series converges. Thus, the series (4.37) converges uniformly on
compact sets in the domain D. Therefore, g3; € W(A(—6y,, —61,), D), | > 2.
By Lemma 4.3 for each [ > 2 the fundamental principle holds in the space
W(A(_HZJ, —(91,1), D) and m(A(—Hgyl, —(9171)) = 0. This is Why
oco,ng—1
g3.1(z) = Z dip 2" €M, z€ D, [ > 2,
k=1,n=0
and the series converges uniformly on compact sets in the domain D. We note that dj,; = 0,
if A\p ¢ @, and by Lemma 4.2
At = A, Ak € C, [ >2. (4.38)

Since T(A) < 400, we have o(A(—60s;, —61,)) < 0(A) = 0. Then by Theorem 2.1 the inclusion
dy ={dkn1} € Q(D,A), I > 2, holds. Therefore,

sup |din[p" exp(reHr, (—r)) < Cpy, p =1, [ >2.

k.n
By (2.1) we then get

|k 1" exp(riHi, (—¢x)) < |dipa|(L+1)" exp(ri(Hr,, (—or) — 1))
< Cryrgexp(—rgyy), n=0mn-—1, kE>1, [ > 2.
For each [ > 2 we choose I?j ¢ > I; such that
_ 1
|dk,n7l|ln exp(rkHKl(—gpk)) < 1, n = 0, n — 1, |)\k| 2 gRl’O' (439)

We can suppose that R < ... < Rjo < .... For each [ > 2 by the symbol ), we denote

the union of all domains Q ,,, C €2, each contains at least one point A\, € I'(—02;-1, —61,-1) N
B(0, Ri410) \ B(0, R;p). We note that according to the construction of set €2, each point
A € T(—=024-1, —601,-1) N B(0, Riz10) \ B(0, Ry ) belongs to the set €.

Let Q,,, C Q. Since & € <0, %), by (4.19) we have Q,,, N B(0, Ryo/3) = 0. This is why
by (4.39) we get,
’dkm’l“n eXp(rkHKl(—gok)) < 1, n = O, n — 1, )\k I~ QZ,O; l > 2. (440)

We let .
Qo = Qo
=2

Let A3 be the sequence of all pairs A, n; such that Ay € €y and Asy be the sequence
completing Az to Az, that is, As; = Ay o UA3. We observe that Ay consists of all pairs A, ny
such that A\, € Q\ Qy. By construction, Z(As2) C 0J(D). We consider the series

Z akmz”e)"fz. (4.41)
A €Q0
By (4.38) and (4.40) we have
laknoll™ exp(riHg, (—pr)) < 1, n=0,n-1, Me € U, > 2.
By (2.1) this implies
sSup |ag,n [p" exp(reHg, ) (—er) < 1, e € Qo, l>p, p>1.

kn
Thus, {ar,} € Q(D,A;). Since o(A3) < o(A) = 0, by Lemma 2.1 series (4.41) converges
uniformly on compact sets in the domain D. Let g3 be the sum of series (4.41). Then the
function g3 € W(As, D) is represented by series (1.1), which converges uniformly on compact
sets in the domain D.
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We consider the series

ne—1
n_Apz
E g g ap 2" e = E Ds.m(2).
Qs,n’LCQO AkGQSA,m n=0 Qs,'mCQO

It follows from (4.33) and (4.34) that the latter series converges uniformly on compact sets in
the domain D. By Lemma 4.2 its sum coincides with the sum of series (4.41), that is, it is
equal to g3s. We let gao = ¢g31 — ¢g3. Then

$2(2)= D pem(2) = Y Pem(2) = D peml(2):

Qs,mCQ Qs,mCQO Qs,mCQ\QO
Therefore, gog € W (Ag2, D). Welet Ay = Ay UAss and go = go1 + g20. Then =Z(Ay) C 9J(D)
and gy € W(Ag, D). The proof is complete. O

5. CRITERION OF FUNDAMENTAL PRINCIPLE AND INTERPOLATING PROBLEM

Theorem 5.1. Let D be a conver domain, A = { g, n} and the system E(A) be incomplete
in the space H(D). The following statements are equivalent.

1) The fundamental principle holds in the space W (A, D).

2) m(A,p) =0, u € Z(A)\ J(D) and each function g € W(A, D) is represented by series
(1.1), which converges at each point in the domain D.

3) Each function g € W (A, D) is represented by series (1.1). At the same time, d = {dy,,} €
Q(D,A), and for each p > 1 there exist C, > 0 and an index m(p) such that (2.2) holds.

4) The operator . : Q(D,N) — W (A, D) is an isomorphism.

5) The operator ¥o: Pp/I(A, D) — R(D,A) is an isomorphism.

6) Interpolating problem (3.2) is solvable in the space Pp for each right hand side b = {by,,} €
R(D,A).

7) Sy > —o0, Sa(p) =0, p € Z(A)\ J(D) and all @1, ¢ (D) such that for all 0 <
0o — 1 < m and {€% : ¢ € [p1, 9]} € S(0,1)\ J(D) the inequality holds

To(p1, p2)

Mo(A(—p2, —1)) < — (5.1)

Proof. Let Assertion 1) hold. Then each function g € W(A, D) is represented by series (1.1),
which converges at each point in the domain D. Suppose that m(A,p) > 0 for some p €
E(A)\ J(D). Then there exists a subsequence {\;)} such that

o = Mg e =1, lim 0
o= A e =0 T2 L R
We let A1 = {)\k(j),nk(j)}, AO = {/\j,o,nk(j)} and DO = {Zﬁ VAR D} Then JIS E(A1> \ J(D)
and Ag is an almost real sequence. Then by assumption the system £(A;) C E(A) is incomplete
in the space H (D). This is why the system £(Ag) is incomplete in the space H(Dy). According
to Assertion 1), the fundamental principle holds in the space W (Ay, D) C W(A, D). Then,
as it is easy to see, the fundamental principle also holds in the space W (A, Dy). Since p €
=(A1) \ J(D), we have ug = 1 € Z(Ag) \ J(Dy). Thus, all assumptions of Theorem 2.5 are
satisfied, and hence, m(A¢) = 0. This contradicts (5.2).
We have shown that m(A, pu) =0, p € Z(A) \ J(D). This is why Assertion 2) is true.
Suppose that Assertion 2) holds. Then the system £(A) is incomplete in the space H(D) and
n(A) < oo. This implies that m(A) < n(A) < co and o(A) = 0. Then in view of Theorem 2.1
each function g € W(A, D) is represented by series (1.1), and d = {dx .} € Q(D, A). Therefore,
according to Lemma 2.1, for each p > 1 there exist C,, > 0 and an index m(p) such that (2.2)

holds. This means that Assertion 3) is true.

> 0. (5.2)
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Let Assertion 3) holds. Then each function g € W(A, D) is represented by series (1.1) and
inequality (2.2) holds. It implies that series (1.1) converges uniformly on compact sets in the
domain D. In other words, Assertion 1) holds.

Assertions 1), 4), 5) and 6) are equivalent by Theorem 2.2. It remains to prove the equivalence
of Assertions 1) and 7).

Let Assertion 1) holds. Then by Theorem 2.6 inequality (5.1) holds.

Suppose that Sy = —oo. Then by Theorem 2.7 there exist numbers {dy ,} and indices ks,
1=k <ky < ... such that

a) series (2.5) converges uniformly on compact sets in the plane,
b) series (1.1) converges at each point in the plane.

It follows from Item a) that the sum g of series (2.5) belongs to W (A, D). In view of Lemma 4.2,
it follows from Item b) that g is not represented by series (1.1). This contradicts Assertion 1).
Thus, Sy > —oc.

Suppose that Sy(u) # 0 for some € Z(A) \ J(D). Then there exists a subsequence { Ay}
such that

In [gx? (A, 0)]
Ao = \rrs ReXjo >0 = 1, lim i =
4,0 k()M €20 ’ J agr(l)jir?o RV

£0.  (5.3)

As above, the fundamental principle holds in the space W(Ag, D). Then by Lemma 2.2 the
identity Sy, = 0 holds. This contradicts (5.3). Thus, Sx(p) = 0, p € Z(A) \ J(D), and
Assertion 7) holds.

Finally, let Assertion 7) holds. We consider separately different classes of convex domains.
Let D be a bounded domain. Then by Theorem 2.3 the fundamental principle holds in the
space W (A, D).

Let D be an unbounded convex domain of type I-III. Then for each invariant subspace
W (A, D) the inclusion Z(A) C J(D) = S(0,1) holds. Hence, by Theorem 2.3 the fundamental
principle holds in the space W (A, D).

Now let 0 < 99 — ¢y < m and D € D(1)1,1). Then by Theorem 4.2 for each function
g € W(A, D) the representation g = g; + g» + g3 holds, where g, € W(Ay, C), g € W(Ay, D)
and g3 € W(A3, D). At the same time, A = A; UAy U A3, Z(A2) C 0J(D) and

oco,np—1

g3(2) = > ding?"e™, 2 €D dpns =0, Ak, & As,

k=1,n=0

and the series converges uniformly on compact sets in the domain D. In particular, A; = () and
g1=0,as Z(A)Nint J(D) =0, Ay =0 and g = 0, as Z(A) C int J(D), A3 = 0 and g3 = 0 as
=(A) C J(D).

We note that by (5.1) we have identity m(A, u) =0, p € Z(A) \ J(D). Moreover, as above,
m(A) < n(A) < oo and o(A) = 0. Then by Theorem 2.1 we have d3 = {drn3} € Q(D, ).

If g1 # 0, then by Theorem 2.4

oco,ng—1

.gl(Z) = Z dk,n,lzne)\kz7 Z € Ca dk,n,l = 07 )\kank §é A1>

k=1,n=0

and the series converges uniformly on each compact set in the plane. Theorem 2.1 ensures the
inclusion dy = {dxn1} € Q(C,A) C Q(D, A). If go # 0, then by Theorem 2.4

oco,ni—1

92(2) = Z dkm,QZne/\kzv zZ € DO D) D7 dk,n,Q - Oa >\k7nk‘ ¢ A2a

k=1,n=0
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and the series converges uniformly on compact sets in the domain Dy. By Theorem 2.1 we have

dy

= {din2} € Q(Do,A) C Q(D,A).
We let

dk,n = dk,n,l + dk,n,2 + dk,n,3-

Then d = {di,} € Q(D,A). Therefore, in view of Lemma 2.1

oo,ng—1

9(2) = g1(2) + g2(2) + g3(2) = Z Ay 32" €M z €D,
k=1,n=0

and the series converges uniformly on compact sets in the domain D. Thus, Assertion 1) holds.
The proof is complete. O
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