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PROBLEM OF DETERMINING CONVOLUTION KERNEL
FOR HYPERBOLIC INTEGRO-DIFFERENTIAL EQUATION
IN BOUNDED DOMAIN

J.Sh. SAFAROV, D.K. DURDIEV, A.A. RAHMONOV

Abstract. We consider the inverse problem on determining the kernel of an integral
term in an integro—differential equation. The problem of determining the memory kernel
in the wave process is reduced to a nonlinear Volterra integral equation of the first kind
of convolution type, then over determination condition it brings to the Volterra integral
equation of the second kind. The method of contraction maps proves the unique solvability
of the problem in the space of continuous functions with weight norms, and an estimate of
the conditional stability of the solution is obtained.
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1. INTRODUCTION AND STATEMENT OF PROBLEM

Inverse problems for integro—differential equations arise in many areas of applied research,
such as electrodynamics, acoustics, quantum scattering theory, geophysics, astronomy, etc. The
presence of an integral term in the equation is due to the need to take into consideration the
dependence of the instantaneous values of the characteristics of the described object on their
respective previous values, that is, the impact of the prehistory on the current state of the
system. Mathematically, convolution type integrals are added to the right—hand sides of the
corresponding equations, which describe the delay phenomenon. The theory of inverse problems
for integro—differential equations of hyperbolic type is a rapidly developing and relatively new
area of modern mathematical physics. Methods for solving inverse problems for second order
partial differential equations of various types can be found in [12], [25], [20] and there is an
extensive bibliography in these publications.

The first results in the theory of inverse problems for integro—differential equations date
back to the 90s of the last century and are presented in the studies by Italian mathematicians
A. Lorenzi, E. Sinestrari, and E. Paparoni [18], [20], [L6]. At present, one-dimensional and
multidimensional inverse problems are the objects of study of many scientists to determine
the kernel of the integral term of integro-differential equations. In [21], [22], one-dimensional
inverse problems of finding a kernel with distributed sources of perturbations were studied; [23],
[29], [31], [30], [27], [3], [24] are devoted to the study of inverse problems of integro—differential
equations with a delta function on the right hand side or on the boundary condition. In these
articles, the basic method for proving the existence and uniqueness theorems for the solution
to the inverse problem is the contracting mapping principle. Stability estimates were also
obtained.
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In [4], [11], [2], for multidimensional inverse problems of finding the kernel in second-order
hyperbolic integro—differential equations, theorems of unique local solvability were proved in
the class of analytic functions in space variables and continuous - in time variables. The studies
in [15], [5], [10], [28], [9], [8], [7] are devoted to the global unique solvability of two-dimensional
inverse problems when the kernel of the integral term weakly depends on the space variable.
The papers [17], [0], [1] deal with numerical methods for solving inverse problems of determining
the kernel in hyperbolic integro—differential equations. In [11], inverse problems of determining
memory kernels in a heat flow were studied for various types of observations.

In this paper, we study the inverse problem, which consists in finding a solution and a one—
dimensional convolution kernel of the integral term in a non—homogeneous integro—differential
equation with a wave operator in the main part, from the conditions that make up the direct
problem and some additional condition. As the condition, we consider the trace of the solution
of the forward problem at a fixed point in the plane for the entire time interval.

Consider the following integro—differential equation:

wy — Lw = /k‘(t —0)Lw(x,0) db, (x,t) € Q, (1.1)

with the initial conditions

wli=o = p(z), Wi |i=o = (), x € Q, (1.2)
and boundary conditions
w(x,t) =0, (x,t)€0Q. (1.3)
where .
-3 G-l g oo
is the uniformly elliptic operator, n > 1, and the coefficients satisfy the conditions
a;;(z) = aji(x), c(x) =20, r €.

By Q := Q x (0,7T], Q C R" is a bounded domain with smooth boundary 92, and 0Q :=
00 x [0,T], ¢(x) and ¢ (x) are given functions. The direct problem is to find the function
u(z,t) by (1.1), (1.2), (1.3) with known k(t).

Definition 1.1. A classical solution of the initial and boundary value problem (1.1), (1.2),
(1.3) is a function u(x,t), which is twice continuously differentiable in the closed cylinder @
and satisfies all the conditions problem (1.1), (1.2), (1.3) in the usual sense.

The inverse problem consists in determining the unknown coefficient k(t), ¢ > 0, from the
available additional data on the solution to the direct problem at some point zy € €2,

t

(w(:v,t) + /k(t —Q)w(zx,0) d@)

0

= h(t), 0<t<T, (1.4)

T=x0

where hy(t) is the given function. For simplicity, we assume that
k(0) = £'(0) = 0. (1.5)
Definition 1.2. The solution to the inverse problem (1.1), (1.2), (1.3), (1.4) is u(x,t) and
k(t) from classes C? (Q) N ot (Q) and C[0,T], respectively, which satisfying relations (1.1),
(1.2), (1.3), (1.4).

First, we study the direct problem.
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2. DIRECT PROBLEM

We introduce a new function u(z,t) by the relation

t
k(0)t

w(z,t) == | w(x,t) +/k(t—€)w(x,9) df e 2.

It can readily be verified [15] that the function w(x,t) is expressed via u(z,t) by the formula
t

w(z,t) = e@u(x, t) + /r(t — Q)qu(l‘, 0) do,

0

r(t / (t—10 t>0.
0

It follow from formula (1.5) that 7(0)
equations (1.1), (1.2), (1.3) become

where

r(0) = 0. For the new functions u(x,t) and r(t)

uy — Lu + /R(t — 0)u(z,0)dd = 0, (2.1)
r(0) Yo
uli=o= (@), u 0= n(2) = —Fp(z) = 9(2), €l (2.2)
u=0, (x,t) € 0Q). (2.3)
The additional condition (1.4) reads as
w(zo,t) = ha(t)e 2" =: h(t). (2.4)
We begin our study of the forward problem by considering the following spectral problem

Lv+ \v =0, x € (), (2.5)

vy, = 0. (2.6)

It is known [13] that spectral problem (2.5), (2.6) in Ly(€2) has a complete set of orthonormal
eigenfunctions v,,(z), m > 1, and the corresponding eigenvalues \,, are positive and form a
countable set.

The solution to problem (2.1), (2.2), (2.3) is sought in the form of a Fourier series

)= An(t)om(), (2.7)

where v,,,(z) are the eigenfunctions of problem (2.5), (2.6) and A,,(t) are Fourier coefficients
defined by the formula

A (t) = / (@, om(z) de. (2.8)
0
Substituting (2.7) into equations (1.1), (1.2), we get the problem for the Fourier coefficients

An(t)
Al (1) + N2 AL () + /k:(t —0)A,,(0)do = 0, (2.9)
Ap(0) = @(z),  AL(0) = tn. (2.10)
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where ¢, ¥, are the Fourier coefficients of function p(z), ¥ (x)

90(5”) = Z Spmvm(x)a @Z)(l‘) = Z 7vbmvm(x)

Second order integro—differential equation (2.9) is equivalent to
t

1
Apn(t) = = /sin A (t — 5)G(s) ds + (Cyy cos Ayt + Dy sin At ) (2.11)
0

where
¢

Gol(t) = /k(t— 0) A (0) do),

0
and C,, and D,, are arbitrary constants. Hence, using initial conditions (1.2), we obtain

40(0) = Co AL (0) = AuDy (2.12)
It follows from formulas (2.10) and (2.12) that

1
Cm = ©m, Dm = )\_wm

In terms of these notation, we rewrite equation (2.11) as

S

t
1
A (t) = pm cos A\t + f—m sin A\t + oW /sin Am(t —8) / k(s —0)A,,(0) dbds. (2.13)

Thus, we obtained an integral equation of Volterra type of the second kind for the function
A, (t). The theory of integral equations states this equation is uniquely solvable and the solution
can be obtained by the method of successive approximations.

Now we are going to prove two lemmas, which will be employed in the proof of our main
result.

Lemma 2.1. Let A,,(t), AL (t), A2, (t) be the solutions of Equation (2.13) with the functions
k(t), k'(t), k*(t). The estimates hold

1 lik|T?
[An ()] < | |oml +7!wm| e P, (2.14)
" 1 9 T & T2
451 < (Lemd+ 5ol ) (X2 IRIT (14 500 )55 ), (215)
1 1 (k2| +] kL T2 T2
48,00 = 4201 < 5 (lonl + o loul ) W HE D0 -1 2a0)
where
I = mmass k()]

Proof. Formula (2.12) yields
1 1 /
©Om COS At + )\—@/Jm sin A\t + I /sin Am(t — )G () ds

m
0

t s

< Il + 5l + 1 /sin)\m(t— s)/k(s—H)Am(Q) d0ds

[ Am (t)] =
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t
1 1
< onl + ] + 3] [ (¢ = 0)|4(6)] do.
0

By Gronwall integral inequality we arrive at (2.14). Differentiating equation (2.13) twice with
respect to ¢ and using estimate (2.14), we obtain (2.15).

For the solutions Al (t), A% (t) to equation (2.13) corresponding to functions k*(t), k%(t) we
have

«

AL (1) — A2 (1) ﬁ/sm/\ t—a)/(kl( JAL (0 — 1) — R (r) A (o — 7)) drda
<>\i/ | sin A, ]/ ()| |An (= 7) = A7 (a = 7))|
+ |AZ (o — 7)| |k (7 —k:2(7')|> drda (2.17)
)\i/ | sin A, (t — ) ]/|A2 )| |k (7) = K*(7)] drda

¢
+)\i/|sin)\m(t—a)|/|k;l(7')| |A71n(04—7')—A72n(04—7')| drda,

where we have used the obvious inequality

lores — oreal < low — erlles] + lonllor — @21 (2.18)

Now we estimate the right side of inequality (2.18). To estimate the first term, we use formula
(2.14)

$/|Sin/\m(t—a)|/‘/lfn(oz—7')| |k1(7)—k:2(7'){d7'doz

T? 1 IEs
(1oml + 5linl ) 5510 -2, (219

where

Ik — k2| = max [k (t) — K*(1)].

ot<T

To estimate the second term in (2.17), we change the order of integration

—/\sm)\ t—a\/’kl )| A (a — A2 (v —7)| dr dav
¢
é%/|A71n(7')—Ai(T)‘/‘k‘l(a—T)}dadT (2.20)
mO T

:$/|A}n(7) — A2()| ka(t — 7) dr,
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:/t]kzl(a)|doc.

Substituting (2.19) and (2.20) into (2.17), we obtain
A (t) — A7, ()]

1 T2
<o | (toml+ s tonl) 55 0t = 2+ / A7) = A7) | )

\/\m

where

Applying the Gronwall lemma to this inequality, we obtain (2.16). The proof is complete. [
The main result of this section is the following theorem.
Theorem 2.1. Let k(t) € C[0,T] and
1) a; € CLEIP@Q)n (), e(z) € ClEIH @) n o), 0 <y < 14
2) e HEI(Q), v e HIZ2(0);
3) o, Lo, ..., LT o e HY(Q), ¥, Ly, ... v € HHQ).

Then there is a unique classical solution to problem (1.1), (1.2), (1.3), where H™(2) is the
Sobolev space.

N+2]

Proof. Differentiating formally the series (2.7) with respect to z and ¢, we obtain

ug(x, t) ZA" (2.21)

Z A (t) Ly (2 Z A2 A (). (2.22)

Let us prove the convergence of series (2.7), (2.21), (2.22).
It follows from (2.7) that

Z\A t)[om ()]

u(z, t)] =

Using estimate (2.14), we obtain

01 <3 o) (|som| L |¢m|) s
m=1

(2.23)
Lt [9m]
Serr Z’(PmHUm H‘Z ‘ U (
In the same way for series (2.21) and (2.22) we get
|utt Z, t Z A |90mvm )l + Z )‘mwjmvm(x”
mt (2.24)

m=1

N ”knteugﬂf (i (1 + %Am) | ()| + Z (— + >|1/vam( )|)

and
k)12

|Lu(z,t)] < e (Z/\2 || [0 ()| + mewmvm(xn). (2.25)
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Under Conditions 1)-3), the convergence of the series in the right hand sides of inequalities
(2.23), (2.24), (2.25) is implied by Theorem 8, see [13]. Then series (2.7), (2.21) and (2.22)
converge uniformly and absolutely in Q. Thus, the function u(z,t) defined by series (2.7) solves
problem (1.1), (1.2), (1.3) in Q.

We proceed to proving the uniqueness of this solution. For ¢(z) = 0, ¢(z) = 0 we obtain
©m = 0 and 1, = 0. Then formula (2.13) implies that A,, = 0 since A4,, is a solution to the
homogeneous equation

t t—7

An(t) = ﬁ/Am(T)dT / sin A, (t — 7 — 8)k(s) ds.

0
Substituting A,, = 0 into equation (2.8), we obtain

/u(x, t) o (x)dx = 0.

Q
Since the system v, is complete in space Ly(€2), we have u(z,t) = 0 almost everywhere in €2 for
each t € [0, T]. Since the function u is smooth, we conclude that u(x,t) = 0 in ). The proof is
complete. [

3. SOLVABILITY OF INVERSE PROBLEM

In what follows we rewrite formula (2.13) as

where

1
D, (t) = pm cos A\t + )\—zﬁm sin A\, t,

t

(R Ay (1) = Ai / ron(t — 0) A, (6)d0,

m
0

rm(t) = /sin Am(t — s)k(s)ds.
0
If we use formula (2.7), then the additional condition (2.4) becomes

> A (t)om(xo) = h(t).
m=1
Substituting (3.1) into the above formula, we obtain the Volterra integral equation
t

/ k(s)M(E)(t — s)ds = £(£), (3.2)
where

=1
g )\— /Am ) sin Ay, (t — 0)d0,
m=1""T 0

[eS)
E (I)m Um CUO

m=1
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We rewrite equation (3.2) as
h(t) = /k(s)]\/[(k)(t —s)ds + F(t), (3.3)
where

o)
E (I)m Um xO

m=1

This implies
=Y emvm(z0) = ¢(w0). (3.4)
m=1

To obtain the Volterra integral equation of the second kind for the function k(t), we differ-
entiate equation (3.3) three times

t

R(t) = / k(s)M'(k)(t — s)ds + F'(t),

0

where
va xg / (0) cos A, (t — 0)d0.
Hence,
Z wmvm x(] («TO) (35)
B(t) = / k(s) M (k)(¢ — 8)ds + F"(£),
where

M"(k)(t) = Z U (20) A Z AmUm (Zo /Am )sin A\, (t — 0)do

m=1 0

00 t
> Amtm(z0) / A (0)sin Ay, (t — 0)d0.
m=1 0
It follow from (3.4) that
h'(0) = Lg(wo). (3.6)
Furthermore,
t

W0 = K(0) S tlao)on + [ KM (R)(E = $)ds + F(0),

m=1 0

where
¢

M (k) Z)\ oo / (0) cos At — 0)db. (3.7)

0
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Then we obtain the integral equation for the function k(t)

k(t) = ﬁ (h’”(t) — F"(t) — /k(s)M”’(k)(t — s)ds), te0,7]. (3.8)

Theorem 3.1. Let h(t) € C3[0,T1], |h(0)| > 0 and
1) (@) € HEQ), o) e AP,
N4 N42
9) o, Lo, ..., LI lp e HY(Q), v, Ly, ..., LIy € H(Q),
and in addition, conditions (3.4), (3.5), (3.6) be satisfied. Then there is a unique solution to
the inverse problem (1.1), (1.2), (1.3), (1.4) satisfying equation (3.8).
Proof. We rewrite the equation (3.8) as
k — Bk,

where the operator B reads as

1 / "
Bk = ko — W/M (k)(t — 7)k(T)dT,

kolt) = ﬁ (h"(t) — F" (1))

It is easy to see the assumptions of the theorem implies that the function F"(t) is continuous.
Similarly, the kernel M"'(k) is a continuous function.

By C, we denote the Banach space of continuous functions generated by the family of weight
norms

— —ot > .
k]l = Hﬁ?%(]“f() , 0>0

It is obvious that for ¢ = 0 this space coincides with the space of continuous functions with
the usual norm. This norm is denoted by ||k||. Because of the inequality

ekl < Iklle < lIEI,

the norms ||k||, and || k|| are equivalent for each fixed T" € (0, 00). The number o will be chosen
later. Let
By (ko, [[koll) = {k € Co + |k = kollo < [[koll}

be the ball of radius ||ko|| centered at the point k¢ of some weighted space C, (o > 0). It is easy
to see that for P, (ko, ||ko||) the estimate holds

1Bl < 1Kollo + kol < 2][kol|-

Let k(t) € B,(ko, ||kol|). Let us show that, under an appropriate choice of ¢ > 0, operator
B transforms a ball into a ball, that is, B € P,(ko, | ko||). In order to do this, we verify the
assumptions of Banach fixed point theorem [19]. We have

Bk — kol|l, = Bk — ko)e !
I ol tfefﬁ?] I¢ 0)e "

t

1
_ M/// . —o71 ,—o(t—T)
tgf(%)T(] _h(O)/ (k)(t —T)k(T)e e dr
0
2T uknT || kol

_HkoHa
0

g
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Under Conditions 1)-2), the convergence of the series

> |k||T
S Antim(0) (|som\ L w) o4
m=1

is implied by [13, Thm. 8]. Choosing
o } Qp

we see that B maps the ball P,(kq, ||ko||) into the ball P, (ko, ||kol|)-
We have

| Bk — Bkzﬂo—max\(Bkl Bk*)e |
€[0,T]

ménT{] ﬁ/ (Mm(]{il)(t—T)kl(T)

0

= M (k) (t = T)R(7) )& e ) dr

t
1
< Wt —
mex oy | ‘( t=7)
0

t

— / io: A2 U (10) AL (o0 — 7) cos A (t — @) da) kN (T)

= 0<h’(t 7) (3.9)
/leA Um (0) A2, (o — 7) cOS Ay (t—a)da)

. kQ(T)e—UTe—O'(t—T)

1 1t — AL — K2(5)|e—o7 0 (t=7)
5 [ (1= e - 2o

0

dr

t

[ 3 Mt |coshale ) A = )

0 m=1
— A2 (o — 7)K*(7)] ’e‘”e_"(t_T)da> dr.

The first term in the right hand side of (3.9) is estimated as

1 —— [T ||k — &2
o h/ t— k,l . k2 ot —o(t—T) d < . ) 1
elo.1) [h(0)] / (‘ (t = )[R (7) = K (7)]e™7e ) TS R(0)] - (3.10)
0
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To estimate the second term, we use (2.18)

max ﬁ /t /t <m§; A2 () | €08 At = ) [ Al (@ = )k (7)

— A2 (o — 7)k*(7)] ‘e"”e"’(t”) da) dr

<t1€1%(?>T<] 7o) |0/0/ <Z)\ U (20) | cos A (t — )| a.11)
. <]A}n(a )= Ao — )| K ()
+ ‘Afn(a — T)} ‘kl(T) — k2(7)| )e”e”(tT)da) dr

Jlka 1 eI || kY — K2 |
< i 22 At (Tl 1) (1l sl  $5 L

Here we have used estimates (2.14) and (2.16). Substituting (3.10) and (3.11) in (3.9), we
obtain

|Bk' — BE*|, = max |(Bk' — Bk*)e™""|
OT]

T , < [1k1 (6)] o
<W (Hh |+T Z A2 U (o) <T2||k70||€° + 1)

k' — k2
)” “ :%Hkl_kQH
o o

- (rgomr L \wm\T)

The Conditions 1)-2) imply the convergence of the series

kT2

f\ 1(0)] df
ZA o xo>(T2||ko||e 1) (|som| L |wm|T) =

by [13, Thm. 8]. The obtained estimates yield that if the number o is chosen by condition
o > max{ap, a1}, then the operator B is contracting on P, (ky, ||ko||). Then, according to the
Banach principle, equation (3.3) also has a unique solution in P, (ky, ||ko||) for each fixed T > 0
[19]. O

4. ESTIMATE OF CONDITIONAL STABILITY

Let K (k°) be the set of functions k(t) € C[0,T] the inequality ||k(t)||cp,r < k° satisfying
for t € [0, 7] with a fixed positive constant k°. This constant was defined in (4.2).

Theorem 4.1. Let the conditions of Theorem 3.1 be satisfied and let ki and ko be two solu-
tions to the inverse problem (1.1), (1.2), (1.3), (1.4) corresponding to two data sets {¢*, ', h'}
and {¢?*, ¢, h?}. Then the stability estimate

1_ g2 < 3 b .
”]{7 k HC[O,T] S C(HSDHH[%]-M(Q) + “wHH[%]+3(9)>’ (4 1)

holds, where C' = C(k°,T) is some positive constant.
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Proof. Since the conditions of Theorem 3.1 are satisfied, the solution to equation (3.7) belongs
to the set P, (ko, ||ko||) and
max |k(t)] < 2||ko|| := E°. (4.2)

t€[0,T]

Let ¢7, j = 1,2, be a vector of solutions to (4.2) with the data sets {¢’(x), v’ (x), (1)},
j = 1,2, respectively, that is, they solve the equations ¢’ = A¢’, j = 1,2. The known functions
P (x), 7 = 1,2, are involved in the terms of these integral equations in the appropriate way
via the functions M7(k(t)), 7 = 1,2. In what follows, we denote the difference of two functions,
the notation of which differ only by the superscript, by the same letter with the accent ; for
example, u = u' —u? h = h' — h? etc. By (3.8) we obtain the equation for the function k(t)

~ 1

k(t) ><E'"(t)—ﬁ'"(t)— / (kl(s)ﬁ"'(k)(t—s)+E(S)M2”’(k)(t—s)) ds], t [0, 7],

~ h(0)
0
where

M"[K](t) = B (¢t ZA Um (0 /A ) cos A (t — 6) d6.

We note that the functions involved in this equatlon can be estimated by apriori information
about the problem data. Using this apriori information and applying the Gronwall inequality,
we obtain the estimate (4.1). The proof is complete. O
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