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PROBLEM OF DETERMINING CONVOLUTION KERNEL FOR
HYPERBOLIC INTEGRO-DIFFERENTIAL EQUATION IN
BOUNDED DOMAIN

J.Sh. SAFAROV, D.K. DURDIEV, A.A. RAHMONOV

Abstract. We consider the inverse problem on determining the kernel of an integral term in
an integro—differential equation. The problem of determining the memory kernel in the wave
process is reduced to a nonlinear Volterra integral equation of the first kind of convolution
type, then over determination condition it brings to the Volterra integral equation of the
second kind. The method of contraction maps proves the unique solvability of the problem
in the space of continuous functions with weight norms, and an estimate of the conditional
stability of the solution is obtained.
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1. INTRODUCTION AND STATEMENT OF PROBLEM

Inverse problems for integro—differential equations arise in many areas of applied research,
such as electrodynamics, acoustics, quantum scattering theory, geophysics, astronomy, etc. The
presence of an integral term in the equation is due to the need to take into consideration
the dependence of the instantaneous values of the characteristics of the described object on
their respective previous values, that is, the impact of the prehistory on the current state of
the system. Mathematically, convolution type integrals are added to the right-hand sides of the
corresponding equations, which describe the delay phenomenon. The theory of inverse problems
for integro—differential equations of hyperbolic type is a rapidly developing and relatively new
area of modern mathematical physics. Methods for solving inverse problems for second order
partial differential equations of various types can be found in [12], [25], [26] and there is an
extensive bibliography in these publications.

The first results in the theory of inverse problems for integro—differential equations date
back to the 90s of the last century and are presented in the studies by Italian mathematicians
A. Lorenzi, E. Sinestrari, and E. Paparoni [18], [20], [16]. At present, one-dimensional and
multidimensional inverse problems are the objects of study of many scientists to determine
the kernel of the integral term of integro—differential equations. In [21], [22], one-dimensional
inverse problems of finding a kernel with distributed sources of perturbations were studied; [23],
[29], [31], [30], [27], [3], [24] are devoted to the study of inverse problems of integro—differential
equations with a delta function on the right hand side or on the boundary condition. In these
articles, the basic method for proving the existence and uniqueness theorems for the solution to
the inverse problem is the contracting mapping principle. Stability estimates were also obtained.
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In [4], [11], [2], for multidimensional inverse problems of finding the kernel in second-order
hyperbolic integro—differential equations, theorems of unique local solvability were proved in
the class of analytic functions in space variables and continuous - in time variables. The studies
in [15], [5], [10], [28], [9], 8], [7] are devoted to the global unique solvability of two-dimensional
inverse problems when the kernel of the integral term weakly depends on the space variable.
The papers [17], [6], [1] deal with numerical methods for solving inverse problems of determining
the kernel in hyperbolic integro—differential equations. In [14], inverse problems of determining
memory kernels in a heat flow were studied for various types of observations.

In this paper, we study the inverse problem, which consists in finding a solution and a one—
dimensional convolution kernel of the integral term in a non—homogeneous integro—differential
equation with a wave operator in the main part, from the conditions that make up the direct
problem and some additional condition. As the condition, we consider the trace of the solution
of the forward problem at a fixed point in the plane for the entire time interval.

Consider the following integro—differential equation:

¢
wy — Lw = /k(t —0)Lw(x,0) do, (x,t) € Q, (1.1)
0
with the initial conditions

wli=o = p(z), Wili=o = (), x €, (1.2)
and boundary conditions
w(z,t) =0, (x,t)€0Q. (1.3)
where .
-3 G-l g (o)
is the uniformly elliptic operator, n > 1, and the coefficients satisfy the conditions
a;j(x) = a;i(x), c(x) =20, x €.

By Q := Q x (0,7T], @ € R" is a bounded domain with smooth boundary 92, and 0Q :=
00 x [0,T], ¢(x) and ¢(x) are given functions. The direct problem is to find the function
u(z,t) by (1.1), (1.2), (1.3) with known k(¢).

Definition 1.1. A classical solution of the initial and boundary value problem (1.1), (1.2),
(1.3) is a function u(x,t), which is twice continuously differentiable in the closed cylinder @
and satisfies all the conditions problem (1.1), (1.2), (1.3) in the usual sense.

The inverse problem consists in determining the unknown coefficient k(¢), t > 0, from the
available additional data on the solution to the direct problem at some point xq € 2,

t

(w(w,t) + /k(t —Q)w(zx,0) d9>

0

T=x0

where hy(t) is the given function. For simplicity, we assume that
k(0) = £'(0) = 0. (1.5)
Definition 1.2. The solution to the inverse problem (1.1), (1.2), (1.3), (1.4) is u(z,t) and

k(t) from classes C’z(Q) N ot (@) and C|0,T], respectively, which satisfying relations (1.1),

First, we study the direct problem.
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2. DIRECT PROBLEM

We introduce a new function u(z,t) by the relation

t
k(0)t

u(z,t) == | w(x,t) +/k(t—9)w(m,9) o | e "z .
0
It can readily be verified [15] that the function w(z,t) is expressed via u(z,t) by the formula

t
k(0)0

w(z,t) = e@u(x, t) + /r(t —0)e 2 u(x,0)do,

0

r(t / (t—10 t>0.
0

It follow from formula (1.5) that r(0)
equations (1.1), (1.2), (1.3) become

t

where

r’(0) = 0. For the new functions u(zx,t) and r(t)

uy — Lu + /R(t — OQ)u(z,0)dd =0, (2.1)
0
r(0) Yo
U fi=0=p(x), u |t=0=n(T) — T@(x) =:9Y(z), z€Q (2.2)
u=0, (x,t) € 0Q). (2.3)
The additional condition (1.4) reads as
w(zo, t) = ha(t)e 2" =: h(t). (2.4)
We begin our study of the forward problem by considering the following spectral problem

Lv+ \v =0, x € (), (2.5)

vy, = 0. (2.6)

It is known [13] that spectral problem (2.5), (2.6) in Ly(€2) has a complete set of orthonormal
eigenfunctions v,,(z), m > 1, and the corresponding eigenvalues \,, are positive and form a
countable set.

The solution to problem (2.1), (2.2), (2.3) is sought in the form of a Fourier series

)= An(t)om(), (2.7)

where v,,,(z) are the eigenfunctions of problem (2.5), (2.6) and A,,(t) are Fourier coefficients
defined by the formula

Apn(t) = / (@, )om (x) da. (2.8)
0
Substituting (2.7) into equations (1.1), (1.2), we get the problem for the Fourier coefficients

An(t)
Al (1) + N2 AL () + /k:(t —0)A,,(0)do = 0, (2.9)
An(0) = p(x),  AnL(0) =t (2.10)
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where ¢, ¥, are the Fourier coefficients of function ¢(z), ¥ ()

= putn(@),  P@) = (@)

Second order integro—differential equation (2.9) is equivalent to
t

A,(t) = /\i /sin A (t — $)G(s) ds + (Cyy cos Ayt + Dy sin At ) (2.11)
0

where
t

G(t) = /k(t— 0)A,.(6) d,
0
and C,, and D,, are arbitrary constants. Hence, using initial conditions (1.2), we obtain

An(0) = Cy AL (0) = A Dy (2.12)
It follows from formulas (2.10) and (2.12) that

1

In terms of these notation, we rewrite equation (2.11) as

s

m. 1 :
Ap(t) = @mcos Ayt + f— sin At + [ sin Am(t — ) / k(s —0)A,,(0)dbds. (2.13)
m m 0

Thus, we obtained an integral equation of Volterra type of the second kind for the function
A (t). The theory of integral equations states this equation is uniquely solvable and the solution
can be obtained by the method of successive approximations.

Now we are going to prove two lemmas, which will be employed in the proof of our main
result.

Lemma 2.1. Let A,,(t), AL (), A% (t) be the solutions of Equation (2.13) with the functions
k(t), k'(t), k*(t). The estimates hold

1 lIk|T?
[An ()] < | |oml +A—!¢m\ e P, (2.14)
" 1 9 T &) T2
A (O] < { loml +A—|¢m\ A KT L+ S Je 20 ), (2.15)
1 (Hk2l\+l\k T2 T2
4800 = 4201 < 5 (lonl + o loul ) HE D0 -2 (210)
where
I = mmass k()]

Proof. Formula (2.12) yields
¢
1 1
©Om COS At + )\—@/Jm sin A\t + I /sin Am(t — )G () ds

0
t s

sin At — 5) / k(s — 0) A, (0) dods

0

[ Am (t)] =

1 1
< m N | ¥Fm N
[l + 5wl + -
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t
1 1
< onl + ] + 3] [ (¢ = 0)|4(6)] do.
0

By Gronwall integral inequality we arrive at (2.14). Differentiating equation (2.13) twice with
respect to ¢ and using estimate (2.14), we obtain (2.15).

For the solutions Al (t), A2, (t) to equation (2.13) corresponding to functions k'(t), k*(t) we
have

o

AL (1) — A2 (1) ﬁ/sm/\ t—a)/(kl( JAL (0 — 1) — R (1) A2 (o — 7)) drda
g)\i/ | sin A, ]/ | ()| | A (= 7) = AF (o = 7))|
+ |AZ (o = 7)| |k (7 —k2(7)|> drda (2.17)
)\i/ | sin A, (t — ) ]/|A2 )| |k (r) = K*(7)] drda

¢
—l—)\i/|sin)\m(t—a)|/|k1(7)| |A71n(a—7')—A72n(oz—7')| drdao,

where we have used the obvious inequality

lores — orerl < low — erlles] + lonllor — @21 (2.18)

Now we estimate the right side of inequality (2.18). To estimate the first term, we use formula
(2.14)

i/|Sin)\m(t—oz)|/‘Afn(oz—T)| }kl(T)—k:Q(T)‘deoz

T? 1 IEs
(loml + 5linl ) 5510 -2, (219

where

1K' — k2| = max [k (t) — K*(1)].

o<t<T

To estimate the second term in (2.17), we change the order of integration

—/\sm)\ t—a\/’kl )| A (a — A2 (v —7)| dr dav
t
S%/lA}n(T)—ATQn(T)‘/‘kl(Oz—T)}dOédT (2.20)
mO T

:$/|A}n(7) — A2()| ka(t — 7) dr,
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:/tykl(a)wa.

Substituting (2.19) and (2.20) into (2.17), we obtain
A (t) — A7, ()]

where

1 T2
<o | (tonl+ st ) 55 0 = 2+ / A7) = A5 ()

Applying the Gronwall lemma to this inequality, we obtain (2.16). The proof is complete. [
The main result of this section is the following theorem.
Theorem 2.1. Let k(t) € C[0,T] and
1) a;; € CLEIP@Q)n (), e(z) € ClEIH @) n o), 0 <y < 14
2) g e HEI(Q), v e HITI2(0);
3) o, Lo, ..., LT lp e HY(Q), o, Ly, ..., LIy € HI(Q).

Then there is a unique classical solution to problem (1.1), (1.2), (1.3), where H™(QY) is the
Sobolev space.

Proof. Differentiating formally the series (2.7) with respect to z and ¢, we obtain

g (2, 1) ZA” (2.21)

Z A (t) Loy, (z Z A A (x). (2.22)

Let us prove the convergence of series (2.7), (2.21), (2.22).
It follows from (2.7) that

u(z, 1) = Z [ Am (D)o (2)]-

Using estimate (2.14), we obtain

> 1 Ik11e?
O1< X lom@) (loml + -l ) 55
m=1 m

(2.23)
L [¢m]
Se Z|¢m||vm |+Z | U (
In the same way for series (2.21) and (2.22) we get
(@, )| Z A\ m|PmUm ()] + Z A |V v (2))]
m= (2.24)

m=1

ke B (i (1 + %Am) (omvm(@)] + Z (— 4 )\wmvm( );)

and
L1kl

|Lu(z,t)] < e (Z/\2 || [0 ()| + Z)\m|¢mvm($)|). (2.25)



160 J.Sh. SAFAROV, D.K. DURDIEV, A.A. RAHMONOV

Under Conditions 1)-3), the convergence of the series in the right hand sides of inequalities
(2.23), (2.24), (2.25) is implied by Theorem 8, see [13]. Then series (2.7), (2.21) and (2.22)
converge uniformly and absolutely in Q. Thus, the function u(z,t) defined by series (2.7) solves
problem (1.1), (1.2), (1.3) in Q.

We proceed to proving the uniqueness of this solution. For ¢(x) = 0, ¢(x) = 0 we obtain
©m = 0 and 1, = 0. Then formula (2.13) implies that A,, = 0 since A4,, is a solution to the
homogeneous equation

t t—7

An(t) = ﬁ/Am(T)dT / sin A, (t — 7 — 8)k(s) ds.

0
Substituting A, = 0 into equation (2.8), we obtain

/u(x, t)om(x)dx = 0.

Q
Since the system vy, is complete in space Ly(Q2), we have u(z,t) = 0 almost everywhere in 2
for each t € [0,T]. Since the function u is smooth, we conclude that u(z,t) = 0 in Q). The proof
is complete. O

3. SOLVABILITY OF INVERSE PROBLEM

In what follows we rewrite formula (2.13) as
Am(t) - (RmAm)(t) = (I)m(t)a (31)

where
1
D, (t) = om cos Ayt + )\—wm sin A\, t,
t

(R A () = Ai / ron(t — 0) Ay (6)dD,

m
0

t

rm(t) = /sin Am(t — $)k(s)ds.
0
If we use formula (2.7), then the additional condition (2.4) becomes
> " A (t)vm(zo) = h(t).
m=1
Substituting (3.1) into the above formula, we obtain the Volterra integral equation
t

/ k(s)M(k)(t — s)ds = f(t), (3.2)

where
t

L (20) / A, (0) sin A (£ — 0)d6,
(t)

)

— m

m=1 0
m

M(k)(t) =
f(t)=nh(t) — Z D, (1)U (20)-

=1
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We rewrite equation (3.2) as

t

h(t) = / k(s)M(E)(t — s)ds + F(#),

where

F(t) = Z D, () Uy ().

This implies

1(0) =~ pmtm(z0) = ¢(x0).

161

(3.3)

(3.4)

To obtain the Volterra integral equation of the second kind for the function k(t), we differ-

entiate equation (3.3) three times

t

B (t) = / k(s)M'(K)(t — s)ds + F'(t),

0

where t
MED) =3 o) / A, (8) cos A (1 — 0)d6
Hence, - O
H0) = 3 bl = o)
W) = j B(s)M" (k) (¢ — s)ds + F"(1),
where 0

t

M"(k)(t) = vm(z0)Am(t) = > At (z0) / A (0) sin A (t — 0)d0

m=1 = 0

00 t
= h(t) =) Amtm (o) / A (0) sin Ay, (t — 0)d0.
m=1 0
It follow from (3.4) that
h'(0) = Lep(xo).
Furthermore,
t

B = k() S v (0) o + / K(s) MY (B)(t — s)ds + F"(0)

m=1 0

where
t

M) (8) = B (8) = 5 Ao (o) / A (60) cos A (£ — 0)d6.

0

(3.5)

(3.6)

(3.7)
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Then we obtain the integral equation for the function k(t)

k(t) = ﬁ (h’”(t) — F"(t) — /k(s)M”’(k)(t — s)ds>, te0,7]. (3.8)

Theorem 3.1. Let h(t) € C3[0,T1], |h(0)| > 0 and
D) ¢le) € HEQ), u(@) € (@),
N4 N42
9) o, Lo, ..., L3 lp e HY(Q), v, Ly, ..., LIy € HI(Q),
and in addition, conditions (3.4), (3.5), (3.6) be satisfied. Then there is a unique solution to
the inverse problem (1.1), (1.2), (1.3), (1.4) satisfying equation (3.8).
Proof. We rewrite the equation (3.8) as
k — Bk,

where the operator B reads as
t
1
Bk =ky— — [ M"(k)(t — 7)k(T)d
o= g | M=k
0

mm—ﬁwww—wmy

It is easy to see the assumptions of the theorem implies that the function F"(t) is continuous.
Similarly, the kernel M"'(k) is a continuous function.

By C, we denote the Banach space of continuous functions generated by the family of weight
norms

k|, = k(t)e ! > 0.
Il %%H() , o

It is obvious that for o = 0 this space coincides with the space of continuous functions with
the usual norm. This norm is denoted by ||k||. Because of the inequality
ekl < [Ikll < &,

the norms ||k||, and || k|| are equivalent for each fixed 7" € (0, 00). The number ¢ will be chosen
later. Let
By (ko [[Foll) := {k € Co = [[k = Kolls < [lkol[}
be the ball of radius ||ko|| centered at the point &y of some weighted space C,(c > 0). It is easy
to see that for P,(ko, ||ko||) the estimate holds
1Ello < Nlkollo + 1ol < 2{[koll

Let k(t) € B,(ko, ||kol|). Let us show that, under an appropriate choice of ¢ > 0, operator
B transforms a ball into a ball, that is, B € P,(ko, | ko||). In order to do this, we verify the
assumptions of Banach fixed point theorem [19]. We have

Bk — kol|, = Bk — kg)e
| ol tfeffg% I¢ 0)e "

t

1
_ MM . —oT ,—0o(t—T)
trgf(%}}(] _h(O)/ (k)(t —T)k(T)e e dr
0
2T , 12\ | Ko |
W)+ T MMM)@M+—W® ~ )l
<o (1 Z : z

ol
0

g
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Under Conditions 1)-2), the convergence of the series

> |k||T
S Antim(0) (\som\ L |wmr) o4
m=1

is implied by [13, Thm. 8]. Choosing
o } Qp

we see that B maps the ball P,(ko, ||ko||) into the ball P, (ko, ||kol|)-
We have

| Bk — Bkzﬂo—max\(Bkl Bk*)e |
€[0,T]

méi%{] ﬁ/ (Mm(kl)(t—T)kl(T)

0

= M (k) (t = T)R(r) ) e e ) dr

t
1
< Wt —
mex oy | ‘( (t=7)
0

t

— / io: A2 U (10) AL (o0 — 7) cos A\ (t — @) da) k' (T)

= 0<h’(t 7) (3.9)
/leA Um (0) A2, (o — 7) cOS Ay, (t—a)da)

. kQ(T)e—UTe—U(t—T)

1 1t — AR () — K2(5)|e—o7 0 (t=7)
5 [ (1= e - o)

0

dr

t

5 Mt cos e~ A = )

0 m=1

— A2 (o — 7)K*(7)] ’e_”e_"(t_T)da> dr.

The first term in the right hand side of (3.9) is estimated as

1 / / 1 2 —o7 —o(t—T WIT ||k — &
mg:}c]m/(‘h(t—r)ﬂk (r) — K(r)|ee >)d7<|||h<g|)|.“ - I a0
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To estimate the second term, we use (2.18)

max ﬁ /t /t (g:l A2 () | €08 At = ) [ Al (@ = )k (7)

— A2 (o — 7)K*(7)] ‘e"”e"’(t’ﬂ da) dr

<t1£(§1}T<] 70) |0/0/<Z)\2 Ui (20) | cos A (t — )| (311)
. <]A}n(a—7> ~ A2 (0 1)| [ ()

+ ‘Afn(a — T)} ‘]{71(7') — k2(7)| )e‘”e”(tT)da) dr

eir? ||k — 2|

f\ 1( 1
2 / = -
< i 22 Al (T 1) (1l ot 5

Here we have used estimates (2.14) and (2.16). Substituting (3.10) and (3.11) in (3.9), we
obtain

|Bk' — BK*|, = max |(Bk' — Bk*)e™""|
OT]

T JIk1 (6)] o
\h( )‘(Hh/H—TZ)\2 U :Eo)<T2||k:0||eO —i—l)

k' — K
)H || :%Hkl_k2’|
o o

- (r@mr L \wm\T)

The Conditions 1)-2) imply the convergence of the series

kT2

f\ 1(0)] df
ZA o xo>(T2||ko||e 1) (|som| L |wm|T) =

by [13, Thm. 8]. The obtained estimates yield that if the number o is chosen by condition
o > max{ap, a1 }, then the operator B is contracting on P,(ko, ||ko||). Then, according to the
Banach principle, equation (3.3) also has a unique solution in P, (ko, ||ko||) for each fixed T' > 0
[19]. O

4. ESTIMATE OF CONDITIONAL STABILITY

Let K(k°) be the set of functions k() € C[0,T] the inequality ||k(t )||COT] kY satisfying
for t € [0, 7] with a fixed positive constant k°. This constant was defined in (4.2).

Theorem 4.1. Let the conditions of Theorem 3.1 be satisfied and let ki and ko be two solu-
tions to the inverse problem (1.1), (1.2), (1.3), (1.4) corresponding to two data sets {o*, ', h'}
and {©* * h?}. Then the stability estimate

1_ g2 < 3 b .
”k‘ k HC[O,T] S C(HSDHH[%]-M(Q) + “wHH[%]+3(Q))7 (4 1)

holds, where C' = C(k°, T) is some positive constant.
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Proof. Since the conditions of Theorem 3.1 are satisfied, the solution to equation (3.7) belongs
to the set P, (ko, ||ko||) and

k(t)] < 2||kof = k. 4.2

max [k(t)] < 2]kl (4.2)

Let ¢/, j = 1,2, be a vector of solutions to (4.2) with the data sets {¢’(z),¢7(z), (1)},

j = 1,2, respectively, that is, they solve the equations ¢/ = A¢’, j = 1,2. The known functions

Y (z), 7 = 1,2, are involved in the terms of these integral equations in the appropriate way

via the functions M7 (k(t)), 7 = 1,2. In what follows, we denote the difference of two functions,

the notation of which differ only by the superscript, by the same letter with the accent ; for
example, U = u' — u? h = h' — h? etc. By (3.8) we obtain the equation for the function k(t)

t

k() = ﬁ(ﬁ’”(t)—ﬁ”’(t)— / <k1(s)]\N/[”’(k)(t— s) + B (s)M2" (k)(t — 3)) ds], te 0,7,

0

M"[E](t) = B(t) = Y A2 v (o) / A (6) cos A (t — 0) db.

0

We note that the functions involved in this equation can be estimated by apriori information
about the problem data. Using this apriori information and applying the Grénwall inequality,
we obtain the estimate (4.1). The proof is complete. O

REFERENCES

1. Z.R. Bozorov. Numerical determining a memory function of a horizontally—stratified elastic
medium with aftereffect // Eurasian J. Math. Comp. Appl. 8:2, 4-16 (2020).
https://doi.org/10.32523/2306-6172-2020-8-2-28-40

2. C. Cavaterra, D. Guidetti. Identification of a convolution kernel in a control problem for the heat
equation with a boundary memory term // Ann. Mat. Pura Appl. (4) 193:3, 779-816 (2014).
https://doi.org/10.1007/s10231-012-0301-y

3. D.K. Durdiev, Zh.Sh. Safarov. Inverse problem of determining the one-dimensional kernel of the
viscoelasticity equation in a bounded domain // Math. Notes 97:6, 855-867 (2015).
https://doi.org/10.1134/S0001434615050223

4. D.K. Durdiev, Z.D. Totieva. The problem of determining the one-dimensional matriz kernel of
the system of viscoelasticity equations Math. Methods Appl. Sci. 41:17, 8019-8032 (2018).
https://doi.org/10.1002/mma.5267

5. D.K. Durdiev, A.A. Rahmonov. The problem of determining the 2D-kernel in a system of integro—
differential equations of a viscoelastic porous medium // J. Appl. Ind. Math. 23:2, 63-80 (2020).
https://doi.org/10.33048 /SIBJIM.2020.23.205

6. U.D. Durdiev. Numerical method for determining the dependence of the dielectric permittivity on
the frequency in the equation of electrodynamics with memory // Sib. Elektron. Mat. Izv. 17:1,
179-189 (2020). https://doi.org/10.33048 /semi.2020.17.013

7. D.K. Durdiev, Zh.D. Totieva. About global solvability of a multidimensional inverse problem for
an equation with memory // Sib. Math. J. 62:2, 269-285 (2021).
https://doi.org/10.1134/S0037446621020038

8. D.K. Durdiev, J.Sh. Safarov. The problem of determining the memory of an environment with
weak horizontal heterogeneity // Vestn. Udmurt. Univ., Mat. Mekh. Komp’yut. Nauki 32:3, 383
402 (2022). https://doi.org/10.35634 /vm220303

9. D.K. Durdiev, J.Sh. Safarov. 2D kernel identification problem in viscoelasticity equation with a
weakly horizontal homogeneity // J. Appl. Ind. Math. 25:1, 14-38 (2022).
https://doi.org/10.33048 /SIBJIM.2022.25.102


https://doi.org/10.32523/2306-6172-2020-8-2-28-40
https://doi.org/10.1007/s10231-012-0301-y
https://doi.org/10.1134/S0001434615050223
https://doi.org/10.1002/mma.5267
https://doi.org/10.33048/SIBJIM.2020.23.205
https://doi.org/10.33048/semi.2020.17.013
https://doi.org/10.1134/S0037446621020038
https://doi.org/10.35634/vm220303
https://doi.org/10.33048/SIBJIM.2022.25.102

166

10

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.
27.
28.
29.

30.

31.

J.Sh. SAFAROV, D.K. DURDIEV, A.A. RAHMONOV

D.K. Durdiev, Zh.D. Totieva. Determination of non-stationary potential analytical with respect
to spatial variables // J. Sib. Fed. Univ., Math. Phys. 15:5, 565-576 (2022).
http://mathnet.ru/eng/jsful023

D. Guidetti. Reconstruction of a convolution kernel in a parabolic problem with a memory term
in the boundary conditions // Bruno Pini Mathematical Analysis Seminar. 4:1, 47-55 (2013).
https://doi.org/10.6092 /issn.2240-2829 /4154

A.H. Hasanov, V.G. Romanov. Introduction to Inverse Problems for Differential Equations.
Springer, Cham (2017).

V.A. Il'in. The solvability of mized problems for hyperbolic and parabolic equations // Russ. Math.
Surv. 15:2, 85-142 (1960). https://doi.org/10.1070/rm1960v015n02ABEH004217

J. Janno, L. Von Wolfersdorf. Inverse problems for identification of memory kernels in heat flow
// J. Inverse Ill-Posed Probl. 4:1, 39-66 (1996). https://doi.org/10.1515/jiip.1996.4.1.39

J. Janno, L. Von Wolfersdorf. Inverse problems for identification of memory kernels in viscoelas-
ticity // Math. Methods Appl. Sci. 20:4, 291-314 (1997).
https://doi.org/10.1002/(SICI)1099-1476(19970310)20:4%3C291::AID-MMA860%3E3.0.CO;2-
W

S.I. Kabanikhiin. Inverse and Ill-posed Problems. de Gruyter, Berlin (2012).

A L. Karchevsky, A.G. Fatianov. Numerical solution of the inverse problem for a system of elas-
ticity with the aftereffect for a vertically inhomogeneous medium // Numer. Analysis Appl. 4:3,
259-268 (2001). https://www.mathnet.ru/eng/sjvm399

A. Kirsch. An Introduction to the Mathematical Theory of Inverse Problems. Springer, Cham
(2021).

A.N. Kolmogorov, 5.V. Fomin. Introductory real analysis. Prentice-Hall, Inc., Englewood Cliffs,
N. J. (1970).

D. Lesnic. Inverse Problems with Applications in Science and Engineering. CRC Press Boca
Raton, FL (2022).

A. Lorenzi, E. Sinestrari. Stability results for a partial integrodifferential inverse problem //
Pitman Res. Notes Math. Ser. 190, 271-294 (1989).

A. Lorenzi, E. Paparoni. Direct and inverse problems in the theory of materials with memory //
Rend. Semin. Mat. Univ. Padova 87, 105-138 (1992). https://eudml.org/doc/108245

A. Lorenzi. An identification problem related to a nonlinear hyperbolic integro—differential equa-
tion // Nonlinear Anal., Theory Methods Appl. 22:1, 21-44 (1994).
https://doi.org/10.1016/0362-546X(94)90003-5

A.A. Rahmonov, U.D. Durdiev, Z.R. Bozorov. Problem of determining the speed of sound
and the memory of an anisotropic medium // Theor. Math. Phys. 207:1, 112-132 (2021).
https://doi.org/10.1134/S0040577921040085

V.G. Romanov. Inverse Problems of Mathematical Physics. VNU Science Press, Utrecht (1987).
V.G. Romanov. Stability in Inverse Problems. Nauchnyi mir, Moscow (2005).

V.G. Romanov. On the determination of the coefficients in the viscoelasticity equations // Sib.
Math. J. 55:3, 503-510 (2014). https://doi.org/10.1134/50037446614030124

J.Sh. Safarov. Two—dimensional inverse problem for an integro—differential equation of hyperbolic
type // J. Sib. Fed. Univ., Math. Phys. 15:5, 6561-662 (2022). http://mathnet.ru/eng/jsful033
7.S. Safarov, D.K. Durdiev. Inverse problem for an integro—differential equation of acoustics //
Differ. Equ. 54:1, 134-142 (2018). https://doi.org/10.1134/50012266118010111

J.Sh. Safarov. Global solvability of the one-dimensional inverse problem for the integro—
differential equation of acoustics // J. Sib. Fed. Univ., Math. Phys. 11:6, 753-763 (2018).
http://www.mathnet.ru/eng/jsfu724

J.S. Safarov. Inverse problem for a non-homogeneous integro—differential equation of the hyper-
bolic type // Vestn. St. Petersbg. Univ., Math. 11:1, 97-104 (2024).
https://doi.org/10.1134/S1063454124010114


http://mathnet.ru/eng/jsfu1023
https://doi.org/10.6092/issn.2240-2829/4154
https://doi.org/10.1070/rm1960v015n02ABEH004217
https://doi.org/10.1515/jiip.1996.4.1.39
https://doi.org/10.1002/(SICI)1099-1476(19970310)20:4%3C291::AID-MMA860%3E3.0.CO;2-W 
https://doi.org/10.1002/(SICI)1099-1476(19970310)20:4%3C291::AID-MMA860%3E3.0.CO;2-W 
https://www.mathnet.ru/eng/sjvm399
https://eudml.org/doc/108245
https://doi.org/10.1016/0362-546X(94)90003-5
https://doi.org/10.1134/S0040577921040085
https://doi.org/10.1134/S0037446614030124
http://mathnet.ru/eng/jsfu1033
https://doi.org/10.1134/S0012266118010111
http://www.mathnet.ru/eng/jsfu724
https://doi.org/10.1134/S1063454124010114

PROBLEM OF DETERMINING CONVOLUTION KERNEL. ..

Jurabek Shakarovich Safarov,

Tashkent University of Information Technologies,
Amir Timur str. 108,

100202, Tashkent, Uzbekistan

E-mail: j.safarov65@mail.ru

Durdimurod Kalandarovich Durdiev,
V.I.Romanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences,
University str. 4b,

100174, Tashkent, Uzbekistan

Bukhara State University,

M.Ikbol str. 11,

705018, Bukhara, Uzbekistan

E-mail: d.durdiev@mathinst.uz

Askar Ahmadovich Rahmonov,
V.I.Romanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences,
University str. 4b,

100174, Tashkent, Uzbekistan

Bukhara State University,
M. Ikbol str. 11,

705018, Bukhara, Uzbekistan
E-mail: a.raxmonov@mathinst.uz, araxmonov@mail.ru

167



