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Abstract. In this article we demonstrate new integral inequalities of the Hermite —
Hadamard type for differentiable functions, which are (h, m)-convex of the second type.
We show that many known results are particular cases of ours.
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1. INTRODUCTION

Convex functions play a key role in mathematics and are used in many disciplines, from the
optimization to the function theory. They form the foundation of various theoretical devel-
opments including integral inequalities such as the Hermite — Hadamard — Fejer inequality.
Paper [29] briefly overviews convex functions and presents new results related to generalized
integral operators in these areas.

Definition 1. A function F : [u1, p2] — R, is considered convex if the condition
Flex+(1—e€)y)<eF (x)+(1—¢€)F (y)
holds for all z,y € (u1, po) and € € [0, 1].

It is worth emphasizing the importance of the Hermite — Hadamard inequality in many areas
covering both theoretical and applied sciences. The multitude of studies conducted in recent
few tens years related to this inequality serves as a testament to its widespread usefulness.

This inequality gives an estimate of the average value of a convex function of a real variable
[ defined on the interval [u, io]. In the literature it is given as follows:

r (M) < ! /“2 F () + F (p2)

X F€d€< .
2 M2 — H1 ©

2

Bessenyei and Péles in [1] investigated the classical Hermite — Hadamard inequality in
the context of generalized higher—order convex functions. In [3], Alomari et al. provided some
inequalities of Hadamard type for quasi—convex functions. In their study, Xi et al. [10] obtained
Hermite — Hadamard inequalities for certain classes of convex functions using classical Euler
poly—gamma, beta and gamma functions.

Klaricic et al. in [24] established numerous Hadamard type inequalities for differentiable
m-convex and («,m)-convex functions. In [5] the authors obtained new generalizations of
Hadamard — type inequalities through fractional integral operators for functions whose abso-
lute values of second derivatives are convex and take values at intermediate points. Shuang
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and Qi in [38] established new integral inequalities of the Hermite — Hadamard type for ex-
tended s-convex functions. In [11], Butt et al. introduced the concept of polynomial-harmonic
exponential convex functions and thereby obtained new integral inequalities. Wu et al. [12]
introduced novel Hermite — Hadamard type inequalities incorporating k-Riemann — Liouville
fractional integrals. New versions of the Hermite — Hadamard inequalities for convex map-
pings using generalized fractional operators were obtained by Hyder et al. in [15]. Applications
of the Hadamard integral inequality for fractional Hadamard integrals using GA-convexity are
discussed by Latif in [20].

In [37], Set et al. obtained new inequalities of Hermite — Hadamard type by utilizing
Atangana — Baleanu integral operators. Butt et al. in [12] utilized the Hermite — Hadamard
inequality in the formulation of the symmetric quantum generalization. In [25], Korus at
al. they obtained several extensions of the Hermite — Hadamard inequality using equations
involving weighted integral operators containing fractional operators. In [0], Bayraktar and
Népoles established numerous inequalities for (h, m)-convex maps related to weighted integrals.
Jarad et al. in [19] defined the weighted fractional operators on some spaces. In [13], Butt at
al. introduced trapezoid inequalities for an F-convex function utilizing Katugampola fractional
integral operators.

In [8], the concepts of first and second type modified (h, m)-convex function in the interval
I = [0, +00) were given; the classes N,f}n (I) and N ,ffn (I) were respectively defined.

Definition 2. Let h:[0,1] — (0,1] and F : I — I. If the inequality
F (e +m(l = us) < h(F () +m(1 = h*()F (p2)
holds for all € € [0,1], where s € [—1,1], m € [0,1] and py, pe € I, then F € N,j}ﬂ (I).
Definition 3. Let h: [0,1] — (0,1] and F : I — I. If the inequality
F(epn +m(1 = €)ua) <h*(e)F (1) +m(l = h(e))°F (p2)
holds for all € € [0, 1], where s € [—1,1], m € [0,1] and py, po € I, then F € Nifn (I).

Remark 1. In [0], [3], several special cases of the generalized class (h, m)-convezity related
to known classes of convex functions in the literature were presented. For example, here are
some of them:

1. (e,1,1), then F is a classical convex function on [0,+00)([10]).

2. (e,m, 1), then F is a m-convex function on [0,+00)([39]).

3. (¢,1,—1) then F is a Godunova — Levin convex function on [0, +00).

4. (e,m,s) and s € (0,1], then F is a (s,m)-convex function on [0, +0o0) ([11]).

The theory of fractional calculus plays an important role in solving mathematical g problems
which model various complex systems and process a fractal structure (in living and non-living
systems), [28], [33], [22]. We introduce the definition of the Riemann — Liouville fractional
integral, where the parameters satisfy 0 < p; < e < gy < 00.

Definition 4. Let F € Luy, po]. Then the Riemann — Liouville fractional integrals of order
a € C, R(a) > 0 are defined by (right and left respectively):

Lk (1) = ﬁ / 9 (Qde, x> m

m

Do (@) = s [ (= @ des 7 <

I'la
To study complex systems, it is necessary to create non-local compatible models for data of

various types; in such cases, generalized fractional integral operators are an important tool for

analyzing these systems. A number of recent works defined new generalized fractional integrals
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with various kernels, see, for instance, [15], [I], [106]. Following these works, we introduce the
weighted integral operators, on which our work will rely, as discussed in [6].

Definition 5. Let a function w : [0,1] — I has a piecewise continuous derivative w' on I
and let F € L{uy, po]. The weighted fractional integrals, denoted by (right and left respectively),
are defined as follows:

) = [ (S rede g = [T (L) Feae

Mo — 1 1 M2 —

Remark 2. To gain a better grasp of the extent covered by Definition 5, let us explore certain
scenarios of the kernel function w':

1. Asw(e) to 1, we get the Riemann definite integral.

2. Asw'(e) = %, we have the Riemann — Liouville integral operators.
3. With the correct choice of the kernel w!, we can obtain generalized integral operators
from [35], in addition, integral operators from [18], [21] and right fractional integrals of a

function F with respect to another function h on an interval (see [2]). From this definition
one can also obtain fractional k-Riemann — Liouville integrals, see [27], by choosing the
appropriate kernel w!.

The structure of the article is as follows. In Section 1, we obtain a version of the Hermite —
Hadamard inequality for the generalized integral operator defined above, see Definition 5. In
Section 2, using the proven identities in terms of modified (h, m)-convex functions, we obtain
several new generalized weighted integral inequalities for the integral operators described in
Definition 5. It is shown that special cases of these results are inequalities of the Trapezoid
and Midpoint Hermite — Hadamard type. Finally, Section 3 provides conclusions and future
research prospects.

Certainly, there exist other well-known integral operators, both fractional and non—fractional,
which can be derived as specific instances of the aforementioned ones. However, we leave
the exploration of these to interested readers. This paper explores various forms of the Her-
mite — Hadamard inequality within the context of (h, m)-convex modified functions, utilizing
generalized operators described in Definition 5.

2. ANALOGUE OF HERMITE — HADAMARD INEQUALITY

At the outset, we establish an integral inequality analogous to the Hermite-Hadamard in-
equality for the weighted generalized integral operator formulated above; this is established in
the following theorem.

Theorem 2.1. Let F : [u1, po] — R be a positive function and F € L{py,po]. If F is a
convex function on [pu, 2], then the generalized integral operators (1.1) satisfies the inequalities

M2 + [ k+1 w .
F( 2 ! 1) (w(1) —w(0)) < 57— ( W+F(u2)+JW_F(M1))

(NZ - ﬂl) rtl (2_1)
< F(Nl) —; F(N2) (w(l) o w(O)),

where w € C[0, 1] with piecewise continuous derivative on I and k € IN.

Proof. By using the convexity property of function F, we have

1—e€ K+ € 1—c¢ K+e€
<
F(H+1u1+/€+1m) < f«;+1F(M1)+/@+1F(M)
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K+ € 1—c¢ K+e€ 1—c¢
< .
F(Ii+1u1+ﬁ+1l~b2) K+1F(M1)+ﬁ+1F(M2)

By summing these inequalities we obtain

1—¢ K+ € K+ € 1—c¢
<
F<K+1u P )+F(K+1M1+H+1M2) F(p1) + F (p2)

We multiply the resulting inequality by w’(e) and integrating with respect to € over [0, 1], we

obtain
1 1—e¢ K+e K+e 1—¢
/ d
/0w<€)(F(/€—|—1M1+H+1M2)+F(H+1M1+/€+l )) €
1
<)+ (a) [ e
0

In the resulting integrals we make a change of variables
1—e€ n K+ €
K41 = k41

M2 = %,

and we get

1 _ BitRp2
1—c¢ K+ € Kk+1 #2 Z
"(e)F + de = N —tL d
/0 we) (m + 1T + 1N2> ‘ fo — 1 [t1+~u2 v ( S (2) dz

k41 15 Z—%@
= /L w/<m F(Z)dz

M2 — 1 Lﬁ“? Jip) por]
k+1
e — Mi:ﬂ”“F (12)
In the same way for the second integral we have
K+ € 1—ce€
M1+ M2 = 2,

K+1 K+1

1 potpy K 11 K+
K+ e 1—¢ K+ 1 i Hts _
w'(e)F ( + ) de = / w | L ) F(2)dz
/0 (€) o 1,“1 - 1#2 1o — ), #iJr;fl (2)

HotpiK
| pe pmktpe z
= w | ) (2)dz
piktp2
M1

and

H2 — [ bl H1
k41
= JM2+H1H r (:U’l>
H2 — f1 w41

Thus, we have obtained an analogue of the trapezoidal Hadamard inequality for our operator:
k41 k41

F () 1 (po)
w . " < ]_ —
2 (p2 — 1) %*F (1) + Mo — M JM:Q F ) 2 (w(1) = w(0))

or

e+l w F(N1)+F(u2)w W
2 (s — 1) < e B (12) +JW_F(M1>> < : (w(1) —w(0)).  (2:2)

To obtain the Midpoint Hadamard inequality, we use the Jensen inequality

. (v ; u) L W) ; F(u)
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for the convex functions

K+ € 1—c¢ K+ € 1—c¢
F( p1+ M2) < F () + F(12)

Kk—+1 K+1 kK+1 k+1
1—c¢ K+ € 1—c¢ K+ €
< .
F(/{+1M1+n+1u2) < /@+1F(M1)+n+1F(M)

We sum these inequalities and dividing by 2 and we get

PGt ine) +F Gaim + gime) 1 () +F (p2)
2 D 2 '
Since
r(H T\ _ r wEn t aTiie gt e
2 2
K+e€ 1—¢ 1—¢ K+e€
PGt agiee) A F Gaim k) FGn) + F ()
X 2 ~ 2 9
we have

Lo + i K+ € 1—e€ 1—e€ K+ €
2 —— | < .
F( 5 )\F<I€+1N1+I{+1M2)+F(K+1M1+Iﬁl—i—].uQ
Let us multiply the resulting inequality by w/(€) and perform procedures similar to the previous
step, as a result we have

Mo+ K+ 1 w w
a5 1) — S p1trpg Hotpik . 2.
P () 1) = 00) € 5 (i )+ e P ) (23)
The inequalities (2.2) and (2.3) imply (2.1). The proof is complete. O

3. REsuLTs

The next lemma plays an important role in obtaining our results.

Lemma 3.1. Let F be a real function defined on some interval [y, po] C R and differentiable
on (1, 2). If F € Lpy, po] and w(e) is a differentiable function on [uy, ps|, then

1 1
€ l—€e+k 1—=z Z+K
1-— de = dz.
/Ow( e)F<,€+1/L1+ 1+n M2) € /Ow(Z>F<u11+/£+M21+H> z
Proof. 1t is sufficient to use the change of variables z = 1 — € in the integral of the left side,
from which the integral of the right side is easily obtained. O]

Lemma 3.2. Let 0 < m < 1; F : [ug,pe] = R, F € CWuy,p) and 0 < py < x < po. If
F € Ljuy, po] and w' > 0, then, for k € IN,

Kk+1

v\ @)+ F () = w(0) { £ M:H;m +F ”Z“ix
(e e 1 (55) o (257))
() e () e (557))

1
1—e¢ K+ € €+ K 1—e¢
/ /
[ + —F + de.
/Ow(e)( (N1/€—|—1 /{+1x) (M1I€—|—1 /i—l—lx)) ‘
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Proof. Using the well-known property of the integral, we can write

! 1—e¢ K+ € K+ € 1—e¢
!/ /
F fu1 + —F + d
/Ow(e)( (/<L+1 ! m+1x) (H—l—l'ul /<a—|—1x)) ‘

! 1—c¢ K+e€ 1 K+e€ 1—c¢
- ' de — ' d
/o w(e)F <ﬁ+1,u1—|— /<o—|—1x> € /0 w(e)F </<¢+1M1+ /<;—|—1x) €

=1 — I,

By employing integration by parts and performing a variable substitution, we obtain

1
1—c¢ K+ €
I = ! d
! /Ow(e)’f (m+1“1+n+1x) ‘

K+ (w(l)F<x>_w(0)F (u1+m>)

R k+1

k+1 1 1—e€ K+e€
— d
$—M1/Ow(€)F<H+1M1+I€+1x) €

:;_*:1 (w<1>F<a:> —w(O)F (“ﬂﬁf)) - (ff :) b <%)

Similarly, we have

1 K+ € 1—c¢
I, = ! d
2 /0 w(eF </£+1u1+ /<;—|—1x) ¢

k+1 KU1+ x k+1 2 Kl + T
- 1 _ w el S
atl (w< () w(O)F( s ))+(x_m) JMF( "

Taking the differencel; — I3, we obtain the desired result. This completes the proof. O

Remark 3. With w(e) =€, k =1 and x = ua, the above result cover Lemma 2.1 in [3].

Remark 4. Putting

Elle)

(T —m)* a ly
’LU(E) ka(a) €r, 251 1, x ,U27 2 )

k=0,

we cover Lemma 2 in [32].

Remark 5. Tuoking into account the Lemma 5.1, we can reformulate Lemma 5.2 in such a
way that if we put © = pg, k = 0 and w(e) = €*, we obtain the Lemma 2 of [31], under above
assumptions if w(e) =€ we obtain the Lemma 2.1 of [11].

Hermite — Hadamard inequalities can be represented in weighted integral forms as follows.

Theorem 3.1. Let a function F : [uy, po] — R and F € CY(uy, o). If F' € L{py, po] and
|F'| € N,ffn (1, 2], then the following inequality for the weighted integral holds:

L (w04 £ ) =) (£ (B8 o (H2D)))
- L () = (5550))|
oo () )
b () (e

(3.1)
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where w and K are defined above in Theorem 2.1.

Proof. Employing the definition of (h,m)-convexity of f, we have

1—¢ K+ € 1—c¢ 1—¢ y
' <Ir s ‘ ‘ o
a (;<;+1““L /{+1x)‘ ) ( +1)+mF< > (1 h(m+1)) ’

s (32)
, [ K+e€ 1—e€ , s Kte ) (T ‘ K+e€
—_— < — 1—nh .
r (f{—irlulJr /{—irlx)‘ )l A (K+1)+m r (m> k+1
By Lemma 3.2 we find
k+1 1+ Kx Kty +
1 —w(0 S
() (@4 ) = wl0) (1 (M) (250)))
K41\ M1+ KX Kl + @
- oy b _ 3.3
(x—m) (Jmf( ) S O e (3:3)

<

1 1
1—e€ K+ € K+e€ 1—e€
! d ! de| .
/0 wle)F (K+1M1+m+lx> “q+ /0 w(e)r (K+1M1+/€+1m> ‘
Taking into account inequalities (3.2), we obtain

L (w) @)+ £ ) =) (£ (A5 o (£222)))
L I
o [ (Gl (O] w0 (10 (555))
vt o (8 0 (22

From this last inequality, after a simple algebraic work, the desired result is obtained. The
proof is complete. O

Corollary 1. Forx = ps,k =1,m =1, s = 1,h(e) = € and w(e) = €* by (3.1) we get the
Trapezoid inequality

L (s (o) (22

2 p2 —pa \ T 2
N e S Y Sl Y
=g a+1 '

Proof. Indeed, for the left hand side of (3.1) with x = 1 we get

L () )+ ) o) (7 () 4 p (2222
-(5) (e () + o (57))

F(p2) + F (p1) ( 2 )2( (M2+M1) (Mz-Hh))
=2 - JoF + TS
‘ P2 = th f2 — [ e 2 et 2

and for the right side hand we get

e [ (e () oo (5))

(3.4)
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ol G o (-0 () (a2
!Fu1|/ (_6 I;E)denLlF u2|/ ( _€+1—1+6)de

2 2
_ P () + P (u2) |
a+1

We multiply both sides by #2#1 and obtain (3.4). The proof is complete

m
Remark 6. For a =1, by Corollary 1 we obtain a well-known in the literature upper bound
estimate of Hadamard—type, which is called the Trapezoid inequality

F<N2)+F(M1) . 1 /N2 F(E)d

2

<,u2—,u1
M2 — 1

(IF () + 1F (u2)]) -

Remark 7. Taking into account the Lemma 5.1, for m-convex functions, that is, h(e)
s =1 and w(e) = €, the above result implies the case g = 1 of Theorem 2.1 in [2]
assumptions for m = 1 we obtain Theorem 2.2 in |

].
Theorem 3.2. Let F : [ui,pe] — R and F € CYWuy, o). If F' € L (1, p2) and | F'|*
€ N,ffn[,ul, pe], then for g > 1 the inequality holds

= E’
. Under above

k+1 M1+ KT K+
1 _ ATt
() (@) £ ) = wl0) (1 (BT (250)))
K1\ w M1+ KX w Ky + @
(x - M) (Jz_F ( LR e (T (3.5)
1
! b 1 1
< ([ weara)” (@i + @),
0
where w and Kk are defined above in Theorem 2.1
! 1—e€ °
_ / q s —
Qi = |F'(m)| /Oh <H+1>de+m‘F )| / ( h(Hl)) de
1 s
+ € K+e€
= |F/Gu)l" [ 0 (5 ) detm] (= )| —h de.
Proof. By using the well-known Holder integral inequality, in view of | F'|? € N oL, po], for
the right hand side of (3.3) we get

! 1—ce€ K+e€
/
r + de| +
/Ow(e) (/1 i x) €

kK+1

[ wtar (St ) a
<(/01<w<e>>”de);(/; F'(iliﬁ“:ﬁx)q“); 1

([fwora) ([ (e i) )
<([ wora)

(o [ Gez)acemle GO [ (- (Gt)) )

k—+1
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e (irgr [ (S aeemle (2)] [ (1_;1(:1;))216);).

Taking into account inequalities (3.2), we get (3.5). The proof is complet. O

Corollary 2. Forx = s, k =0, m =1, s =1, h(e) = € and w(e) = €, by (3.5) for all
a > 0 we get

Flpg) +F () Tlat+1) (

Jo F (p )+J1+F(uz))‘

2 2(p2 — )™ 17 36)
< 20m—p) <|F’(u1)\q+ I <uz>rQ>3 |
(ap+1)» 2
Proof. By (3.5) we have
F(p) + F () _ ( 1 )2 w Ju
Mo — Ha Mo — Ha (JI_F( 0+ wrh ('UZ))
1 % 1 1
< Pd a 7).
([ word) (@« @)
Here
1 , 1
| woyae= ——.
/ q ' s 1 a ! l1—e ’
Qu=IF )l [ (KH) dermle (D) (1—h(/{+1)) e
1 1
= |F/(M1)|q/0 (1—¢)de+ |F' (,u2)|q/0 ede
_ P )"+ F ()
2 )
voova [t (Fte ¢ 1 k+e)\’
= |F'()] /0 h (li—l— )de—i—m’F ( > /0 <1—h(ﬁ+1)) de
_ P )"+ 1F ()
= 5 ‘
For the weighted fractional integrals we obtain
w _ he N _ % €— ot
JMJFF(,uz)—/M1 w <M2—M1)F<€>d€_a/m <,u2—,u1) F (€)de
['(a+1) g a1 ['(a+1)
= - de = ——=J :
(2 — 1) ' T() /m (€= m)" Fle)de (p2 — )" ek (12)
I'(a+1)
JY_F = ——=J0 F :
2 (:U’l) (M2 o ) e (:ul)
Thus, we get

Flp2) +F ()  Tla+1)
o — fi1 (2 — )™ (st (2) o+ Ty )
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<2 (api 1>é (IF’(ul)!q : I %)\q);

Multiplying the last inequality by #5#, we get (3.6). O

Corollary 3. Forx = s, k=0, m =1, s = 1,h(e) = € and w(e) = (1 —€)*, by (3.5) for
all a > 0 we get the Midpoint inequality

IMNa+1) N o _ Mo + fa
2 (p2 — )" (i F ) + i (12) = ( 2 > ‘ (3.7)
< 2a=m) (G417 ) |
(ap+1)7 2

Proof. By (3.5) we have
p2tpn
M2 — M1 M2 — H

Here,

1

< ([ weara) (@it +@a).

) (L2 F () + J% L F (p2))

1 » B 1
| weyde= ——.

S Lo ()l GO (-0 (i55))
= \F’(ul)lq/ol (L—€)de+|F’ (m)\q/; ede

) ()
2 )

/ ! s KT € NERYE ' ke ’
Q2:|F(H1)|q/0 h <,€+1)de+m‘F (E)) /0 (1_h(/€+1)> .
) I )l
2 )

For Ji I (u2) and JY, _F (p1) we obtain

H2 €— I e A [ a—1
JY F(u :/ w’( 1)F€de:a/ ( 1) F(€)de
e ( 2) w1 M2 — 1 ( ) 1 M2 — 1 ( )
o /+ (= )™ F (e = — 251 e ()
= — € — [ €)ae = —————— H2)
(g2 — )" T(@) Jo (2 — )~ "
['(a+1)
S (1) = ———=Jp F (1) -
%] ([112 . [1'1) 1% p2
Thus, we get
I'a+1) N o 2 M2 + (1
(MQ - Ml)aH (JM1+F (Iu?) - JM_F (m» - M2 — ,UlF ( 2

<9 (ﬁ)i (|F’(M1)|q ; I (u2)|q)é'

Multiplying the last inequality by #25#%, we get (3.7). O]
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Corollary 4. Forx = g, k =1, m =1, s = 1,h(e) = € and w(e) = €* by (3.5) for all
a > 0 we get

‘F(m) +F () 227 (e +a1) (J o <M2 +M1) s (M2 +M1)>’

2 (b2 — p11) 2

<tz <ap1+ 1>i ((wmq+43|F'<u2>|q>3+(3|F'<u1>|q+\F'< ) )

Proof. By (3.5) we have

+ 2\’ + +
QF(/@) F (i) _ ( ) (J;“_F (Mz Ml) FIELE <M2 Nl))
H2 — H1 M2 — H1 2 2

< ([ wora)’ (@t + @),

(3.8)

Here
! 1
P
| woyae= ——.
! 1—¢ zye [ 1—e\\’
o / q S / - _
-wfum|zgh(ﬁ+1)&+mﬂf(m>‘l O h(ﬁ+1)>de
/ q 1 / q rl
:—|F<M1)‘ / (1—e)de+’F (112) / (1+¢€)de
2 0 2 0
_ P )"+ 31F (p2) [
4 )
q, = B )l I )
2 = 1 .
Since

e €~
o F (p / w’( >F6d6,
F () = 5 P (€)

Mo Fpy

U2 + [q 2 € — Uy
J1+F( 9 ):a/u (#2-1—#1_ )

for Ji  F (“2;’“) we get

u2+u1

Oé + 1 -1
= (uz;m - /,“ (€ — 1) F(e)de
_ 27 (a + 1) r(H + i
(qu i )a 1 M1+ 2 '

Doing the same thing, we obtain

w o + 27 ' +1) o +
%TF( 2 )Z a7 )
(Mz - Ml)

Thus, we have

F () + F (1) 2a+1F<O‘ +1) o + fi1 o fo + fiq
’2 a+1 Ju1+F _'_J,usz T

H2 _“11 (2 — p) |
. (ﬁ)p <<|F’(M1)|q+43|F’ (/~62)|q) N <3|F’ (u1)|q4+ |F’(u2)|‘1)q>.

Qe
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Multiplying the last inequality by #2#*, we obtain (3.8). The proof is complete. O

Remark 8. The above result implies Corollary 2.10 for m =1 in [17] and Corollary 2.7(i)

Corollary 5. Forx = s, k =1, m =1, s = 1,h(e) =€ and w(e) = (1 —€)* by (3.5) for
all o > 0 we get

297D+ 1) f2 + i1 o i + fi1 B2 + + i
(2 — pa)” (J h ( 2 s

<“2}ﬂ(wiif<(VHMszfwm>é+(mfwm?4ﬁwmva> (39

Proof. By (3.5) we have

O () (e () e (M)
<Qﬁmmwﬁx@n +(@)7),
[ wori= [a-gma=

=\F’(u1)|q/01hs(i+1) de+m |’ (= ))q/ol (1—h(i;i)>sde

— |F/(51)|q /01 (1—€)d€—|— |F (N2)|q/0 (1+6)d6

9
IF ) 31 )
q/l on ()Y e
0 k+1

4 )
1
. / q S K;_'_E / £
17 [ 1 (5o (2)
, "1+4e , L
)l [ e 1 )l [ S e
0 0
Bl I ()l

4

Here

For the weight fraction integral we obtain

r2tiHy a—1
M2 + 1 2 €— [
J1+F< 5 ):—a/ﬂ1 (1——%_N1> F (e)de

HotHy

_204—1a 3 + a—1
_ - / (/’LQ : M1 _ E) F(E)de
(/@ Nl) B

2 Ma+1 +
_ (04 )J1+F (NQ N1>,
(2 — p1)” 2

w po + fia 27 M+ 1) , pa +
Sun—F (T) = (T )
(12 — p11)
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Thus, we have

20T (o + 1) fi2 + o pe+pa\\ 4 ()
a+1 JMH-F + JMz—F
(2 — ) 2 2 H2 — H1

<(o% 1)3’ ((\F'ml)mfw <u2>|q)3 (e <u2>\‘1)3) |

Multiplying the last inequality by #27, we obtain (3.9). The proof is complete. O

Remark 9. By (5.9) for « = 1 we obtain Corollary 2.10 for m = 1 in [17] and Corollary
3.9 in [9], as well as the case x = py; and y = py of Theorem 3.11 in [30], and Theorem 6 in

[30]-

Theorem 3.3. Let f : [p1, 2] — R and F € CH(py, po). If F € L(py,po) and |F'|? €
szi[,ul, pe], then for all ¢ > 1 the inequality holds

S (o @)+ ) - o) (1 (A58 1 (50
N (::j_/jl)Q (Ji”f (ﬂi@:?gj) + ik (Kfjflx)) ’ (3.10)

<(/01w(e)de> q((Pl) (P2)%>

where w and k are defined above in Theorem 2.1,
1 1—c¢ e [ L—e\\
B , q s 1 _

Pr= il [ wion (35 ) desmlr (2)]' [Tt (120 (155)) o

1 ! ’
+€ e q /f_’_E
P, — / q s (R "= 1- '
=10l [t (g ) el () [t (1-n (55))

Proof. By using the well-known Power mean integral inequality and since | F’|? € Ny 52 i, el

for the right hand side in (3.3) we get

o (i s i) | o (5 i)
([ o)~ ([l (im0 )

(o) (ol s 5 )

1

<(f 1w<e>de> E ( (1r it [ wlen’ (i55)
et G e (0 (55)) ) |
(i (2o o6 () ))

Taking into account the inequalities (3.2), we get (3.10). The proof is complete. O
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Corollary 6. Forx = g, k =1, m =1, s = 1,h(e) = € and w(e) = €*, by (5.10) for all
a > 0 we get

Fuo)+F () 2¢7'T(a+1) ( <,u2 + Ml) (M2 + N1)> ‘
— — (J* . F +J F | ——
2 (2 — 1) pt 2 He 2

i ( ! );<(P11)}1+(P12);)

Sd(a+1) \a+2

(3.11)

where

()" + Qa+3) [F' (ua)[*
5 :

P = Py =

(2a+3) [F" ()" + [F ()"
2

Proof. By (3.10) we have

9 2
‘QF(M)‘FF(M)_( ) <J;”_F<M2+Ml>+J1+F (M2+M1)>‘
p2 — 1 M2 — 2 2

<(Aﬂma¢) éUan+a5ﬁ)

Here,

! 1
/ w(e)de = I

e [P (54 a2 [ -0(155))

_ |F(p)]? /1 (1_6)Eade+wq/l (14 ¢€)e*de

2
PG a3l 1 )" Qo 3) I )l
2(@+1)(a+2) (a+ 1) (a+2) 5
1
DI
P, — (2a +3) |F" (pa)|* + [F'(u2)|? _ 1 P
2 2(a+1)(a+2) (@+1)(at2) 12-

For the weight fractional integrals we obtain

+ ‘LQ;LHI
M2 T H €—
‘]1+’L—( 9 ):a/ (u2+#1_ )
©1
o O{ ‘I— 1 -1
o (#2+#1 . Oé /H 6 - Ml F(e)de

2% 1F(Oz—l— )J F( 2+M1>
(M2 1) e 2 ’

w pa + 27 +1) po + fia
J’”‘F( 2 ) - e N
(Mz - ,Ul)
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Thus,

201 1
‘QF(/@) + F () . (a —Z+1) (J,Z—F (MQ +M1) + L (Mz —l—/h))‘
o (- m) 2 2

S (a i 1)12 ((a n 1)1(a n 2)) |(PutPr)

1 1
— P1+Ps).
arl (a+2) ( 1+P12)

Multiplying the last inequality by #*7%*, we obtain (3.11). The proof is complete.

Q=

]

Remark 10. The above result for « = 1 and ¢ = 1 implies Corollary 3 in [20]and Theo-
rem 2.2 in [11].

Corollary 7. Forx =py, k=1, m=1,s=1, h(e) =€ and w(e) = (1 —¢€)* by (3.10) for
all o > 0 we get

207 T+, P2 + i o p2 + p P2 + pa
7ETEW{%ﬁFCﬁ7—'%%f 5 -l

S 4M(2oz_+ﬂll) (a —1k Q)q <(P21)% + (P2)

(3.12)

Q=

).

p,, — QA DI )l + (o +3) |F' (1) p. @3 ()" + (a+ D |F ()|
2 ’ 22 .

Proof. By (3.10) we have

4 M2+/~01) < 2 )2( (M2+M1> <M2+N1))'
— F — JiF +JY F
‘ fi2 — fi1 ( 2 [z — fi1 2 pt 2

where

Here,
e [ (55) o (B w0 (5] o
=) [t (15 e e o [Cwto (1-n (A5 ) ae

0

_ |F/(51)| /0 (1_€)a+1d€+w/o (1—¢)*(1+¢€)de

and since

! ! a+3
1—e)(1 de = *(2 —€)de =
/0( €)* (1+€)de /Oe( €) de CESICEDE
for P; we have

_ ) [ () (e +3) 1

1

Ps.
2@+2) 2@+ (@+2) (a+)(a+2) ™
Doing the same thing for Pa from (3.10), we obtain

_ (a3 F ()" + (a+ D IF (p2)* 1
P2 = = P22.
2(a+2)(a+3) (a+1)(a+2)
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Thus, we get

o () e (g () ()|
< (ail)l_" ((a+ 1)1(a+2))q (Pt + (P)?)
N omlLl (aig)q <(P2l) + (P22) )

Multiplying the last inequality by #2#%, we obtain (3.12). O

S

Corollary 8. Forz = ps, k =0, m =1, s = 1,h(e) = € and w(e) = €* by (3.10) for all
a >0 we get

F(p2) + F (1) _ Ple+1) o,
‘ 2 2 (NQ - ,ul) (JMiF ( ) R 1+F (ILLQ)) ‘ (3.13)
M2 — 1 1
(a1 (Pa)f + (P,
where

[F' ()| 4 (o4 1) [F ()] Pu — (o + 1) [F' ()| + |F (p2)|”
a—+2 ’ 52 a—+2 )

Proof. By (3.10) we have

F(@)+ 7 () < 1
W

Ps =

Ho — U1

Here

ot f o (sl G [0 (-8 (52))

1
0 0

)l + e+ D ()l 1
a+1)(a+2) a+1
K+
+

(
P2=|F'(u1)|q/01w(e)hs(ﬁ ;)de—l—m’F’ (%)]q/olw(e) <l—h(:1—i)>sde

_ (<a+ 1) [F ()| + |F (u2>|‘1)é 1

(a+1)(a+2) Ca+1
H2tH

H2 € — i 3 € — ji a-1
JY L F :/ w'< )Fede:a/ ( ) I (€)de
o (k2) f1 M2 — 1 (€ 1 M2 — f1 ©

Brotpy
2

P327

- Hat) e— )" EdEZMJ 2
(g2 — )" () /m (€= )" Fle) (2 — p1)” b (12)
i F (1) = MJE;_F(MQ.

(2 — p1)®
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Thus,

F (@) + F () ( 1 )2 ( 1 ) 1 1
————— = ——— ) (JF (m)+ T F <(—— (Pf PP )
po — Ha po — fi1 ( () + Ty F (n2))| < arl (P31)e + (P3y)
Multiplying the last inequality by #25#%, we obtain (3.13). The proof is complete. O

Remark 11. The above result for o = 1 implies the case w(e) = (1 — €)* in Theorem 1 in
[7] and Theorem 2.2 in [23].

Corollary 9. Forx =g, k=0, m=1,s=1, h(e) = € and w(e) = (1 —¢€)" by (3.10) for
all o > 0 we get

I'(a+1)

S U )+ r ) =1 (252 )

(3.14)

< M;_T_T ((P41) (P42)%)

where
_ (a+ D F ()" + [F ()| _F )l + (a4 D) [F (p)[*
Py = ; Pp= :
o+ 2 a+2
Proof. By (3.10) we have

_ 1 F(“2+#1>+< 1 )Q(JwF( )‘I‘J F(MQ))
Mo — 1 2 po — o pt

Here,
1
1
d = —
/w(e)e a+1

ij)q/;w(e)h (255 ) et I G /01w<e> (1—h(i;j))sde

— () / (1= " de+ |1 ()] / €(1— ) de

_F ()l [ )l” 1 (a+ DIF () + [F (m2)]*
a+2 (a+1)(a+2) a+1 a+2
1

P417

Ca+1
LN ()" +a+ DIF ()" _ 1 4
a+1 oa+2 at+1

wa €— ug-gm €~ p a—1
Jp L F (p :/ w'( 1)Fede:a/ ( 1) F(€)de
o (k2) fi1 M2 — 1 (€ 1 M2 — fa ©

_ I'(a+1) ~ Tla+1)
(2 — 1) T() (p2 — 1)~

T F )= O e ),
(M2 — M1 )

J/.L1+F (MQ)
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Thus,

2F (5) T(‘”)la)+1 Ui () + 54 F (1))

H2 — fa (2 — 1 a+1

Multiplying the last inequality by #25#%, we obtain (3.14). The proof is complete.

4. (CONCLUSIONS

< (L> ((Pu)é + (Pa)s

).

In this paper we establish, various extensions and generalizations of the classical Hermite —
Hadamard type inequality in the context of weight integral operators. Throughout our work,
we have observed that various results presented in the literature are special cases of our findings,
demonstrating the breadth of their applicability. However, we did not want to conclude the
study without mentioning two additional aspects of the breadth of our results. Referring to the
used integral operator, we note that the weight function may encompass many known cases.

For example, by Theorem 3.1, we can obtain the following result for the Bullen type inequal-

ity.

Corollary 10. Under the conditions of Theorem 5.1, for x = ps, kK =1, m =1, s = 1,

h(e€) =€ and w(e) = € — 5 for convex functions the inequality holds

= [F' ()] + [F' (p2)]

2
<

‘1 (F(M2)+F(M1) Y F (M)) L /WF(e)de 5 8

2 2 2 e — "

Our results can yield other inequalities for various classes of convex functions.
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