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ON DEGENERATE ELLIPTIC OPERATORS OF
NON-DIVERGENT FORM IN BOUNDED DOMAIN

S.A. ISKHOKOV

Abstract. In this work we prove several inequalities, which provide a lower bound for
the norm of an elliptic operator in non—divergent form in a bounded domain with power
degeneration along the entire boundary. Earlier similar operators were studied in the case
when they were initially defined in divergent form or reduced to such a form. In contrast,
the coefficients of the operators we study are generally non-differentiable and cannot be
reduced to divergent form. Only in the final section of the paper, in order to study the
solvability of the corresponding differential equations, the differentiability is assumed for
the coefficients of operator, and the corresponding adjoint operator is studied.

We first study degenerate elliptic operators of general form and prove an inequality for
them in which the sum of norm of the action of operator and the norm of the function itself
with some power weight in the space Lo is bounded from below by the norm of function itself
in a weighted Sobolev type space. We then consider the case, in which the elliptic operators
are weakly positive. For such operators, we prove an inequality in which the real part of the
scalar product of the action of operator and the function itself is bounded from below. In
the final section we assume that weakly positive elliptic operators have strong degeneration
along the entire boundary of the domain. For such operators involving a parameter A, we
first prove an inequality in which the norm of the action of operator is bounded from below
by the norm of function itself in the underlying functional space. This inequality is then
proved for the adjoint operator, and as a consequence, a result on the unique solvability of
the corresponding differential equation is established.

The technique developed in this paper is based on the extension of some known results
for elliptic operators with constant coefficients to the case of operators with degeneracy
using auxiliary integral inequalities.
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1. INTRODUCTION

In this paper we study elliptic non—divergence operators with power degeneracy along the
entire boundary of a bounded domain. We first prove several inequalities, which provide a
lower bound for the norm of studied operator. While deriving these inequalities, we make no
assumptions about the differentiability of the coefficients of operator. Only in the final section
of the paper, in the case of strongly degenerate weakly positive operators, the differentiability
of the coefficients of operator is assumed, and the corresponding adjoint operator is studied, in
order to study the solvability of the corresponding differential equations.

It should be noted that at present, a well-developed approach for studying such operators is
available in the case when the operator has a divergent form, or is reduced to such a form.
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In this case, the theory of sesquilinear forms in a Hilbert space and various generalizations
of the Lax — Milgram theorem (see, for example, Theorem of |11, Thm. 2.0.1]) work well. The
results of theory of weighted spaces of differentiable functions of several real variables are applied
(embedding theorems, direct and inverse trace theorems, etc.). These studies were initiated by
Kudryavtsev [8] and then they were continued by many Soviet and foreign mathematicians, see
[2], [5], [6], [10], [11] and the references therein. Note that all these works are related to the
case of elliptic operators of divergence type.

Our goal in this paper is to study degenerate elliptic operators of non—divergent form, the
coefficients of which are non—differentiable and therefore cannot be reduced to the divergent
form. We develop a special technique, which allows us to generalize some known results for
regular (i.e., non—degenerate) elliptic operators of non—divergent form to the case of degenerate
elliptic operators of this form.

We note that regular elliptic differential operators of non—divergence type were well studied
in [3], [9, Ch. 2], [I4, Ch. 5], [16].

2. FORMULATION OF RESULTS

Let © be a bounded domain in n—dimensional Euclidean space R™ with a closed (n — 1)-
dimensional boundary 092. We denote by p(z) the regularized distance from a point = € Q to
092, that is, a function of class C*°(€)) with the following properties

1
—dist{z, 00} < p(x) < »dist{z, 00}, x €, (2.1)
P
‘p(k)(x)} < sept M (), x €€, k| < 2r. (2.2)

Let r be a natural number and «,  be real numbers. We introduce the following functional
spaces Lo.z(2), W3 (Q) respectively with the following finite norms

lu; Lap (D] = {/pw(x)W(x)IQdﬁf} 7

Q
1
2

u; L%TQ(Q)”2+/|U(ZL’)|2dl’} , (2.3)
Q

s WL )] = { |

where

u; L%TQ(Q)” :{ Z /an(x)|u(k7)(;p)|2dx} .

|k|:21” )
We note that Loo(€2) = Lo(2). The closure of class C5°(Q2) by the norm (2.3) is denoted by
We formulate the main results.

Theorem 2.1. Let the coefficients by(x) of operator
Liul(z) = > p#(@)b(x)u®(x), ue C(Q), (2.4)
|E|<2r
be bounded and satisfy the following conditions:
1) ellipticity condition:

Mg el <

> bk(x)§k| (r€QEER); (2.5)

|k|=2r
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II) for each sufficiently small positive number v there exists a natural number m(v) > 0 such
that
bk (y) = br(2)| < v, |k| = 2r, (2:6)

for each y € Q2 and each

n 1
z€ Jim(y) = {z eR": |z—y| < mQ%p(y)} , m € NN, m = m(v), (2.7)

where > is a constant from condition (2.1);
III) the numbers o = gy, o, 0 < a; < 2r — 1, are such that

ajza—2r+7 forall 0<7<2r—1 (2.8)

Then there exist positive numbers ¢, K such that

2@ < [ LRGP+ K 05 Ly @) 29

c|

for all v e C§°(Q).
Degenerate differential operator (2.4) is called weakly positive if the condition holds
Re Y bu(z)¢¥ 20, (€R", zeq. (2.10)
|k|=2r
Theorem 2.2. Let the operator
Lofu(x) = Y p*(@)be(x)u® (z), ue CF(Q), (2.11)
|k|=2r

be weakly positive and its coefficients by(x) satisfy the assumptions of Theorem 2.1. Then for
all v € C§°(Q2) the inequality holds

Re [ Lo o)) 020 > - < |os L3, )] s L))

J (2.12)

— 0 |[v; Loa—ar ()] Vs La(Q)]] = Ki(2,6) [0 Laa—ar ()],

where e, § are sufficiently small positive numbers and K1 (g,0) is some positive number depending
only on €, 6.

Theorem 2.3. Let o — 2r > 0 (the case of strong degeneration) and all coefficients by(x)
of operator (2.4) satisfy the assumptions of Theorems 2.1 and 2.2. Then there exist numbers
»g >0, A\g = 0 such that for X = \g the inequality holds

L0+ X0 La(@)| > 50 o3 WEL () (213)
for all v e C3°(Q).
For operator (2.4) we introduce the formally adjoint operator L'[v] by the identity
/ a IRy (k) 00
Lil@) = Y (o @h@e(@) . v e CRQ).
|k|<2r

Theorem 2.4. Let all coefficients bi(x) of operator (2.4) satisfy the assumptions of Theo-
rem 2.5 and lel

IV) the coefficients b(x), |k| < 2r, have all derivatives up to |k|th order, which satisfy the
condition
@) < Cp @), wen <k, (2.14)

where Cp 1s some positive number.
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Then there exist numbers »y > 0, A\g = 0 such that for X > Ay the inequality
1L [o] + s La(@)]] > 54 s WEL(9) (2.15)

holds for all v € C§°(§2).
Under the assumptions of Theorem 2.4 the following inequalities hold as well

I Lu); Lo ()| < Mo ||us Won ()], 1L [ul; La(Q)]] < Mo ||us Wan, ()]

for all v € C§°(§2). This is why, by continuity, we can define the operators L, IL* on the domains
D(L) = W37, (), D(L*) = W37, (), respectively, such that

L{u] = L[ul, L*[u] = L'[u] for all u e C;°(92).

Corollary 2.1. Let the assumptions of Theorem 2./ be satisfied. Then for each f € Ly(Q2)
the equation

Liu] + A u=f

has a unique solution in the space W;Z(Q), and the inequality

holds, where g is the same number as in Theorem 2.4.

. 1
w; Wi ()] < P 15 La(Q)]

3. AUXILIARY LEMMAS

In this section we prove some auxiliary lemmas, which will be used in the proofs of main
theorems in other sections.

We denote by B,,(0) the open ball in the space R" of radius %, m = 1,2,..., centered at
the origin.

Lemma 3.1. For each natural number m there exists a function ., with the properties
1. om(z) € Cgf(]R”);

om(x) =1 1if x € By1(0);

om(z) =0 if [z > %,’

0< om(x) <1 foralzeR™;

) ‘gogf) (:1:)‘ < Cs2m(m + D)]¥ where Cs is some positive number independent of k.

ANl

Proof. To construct a function with required properties, we employ the averaging technique,
see, for instance, [12]. Let w(z) be a some averaging kernel, that is, some non—negative function
w(z) € Cg°(R™) such that

suppw(z) C By = {z € R" : || < 1}, /w(x)dw =1

R”

Let u € L,(€2), 1 < p < co. We continue it by zero outsied €. The mean function for u(z) is
the function wuy,(x) defined by the identity

i) = g [0 (S0 ) uwan =g [ (F5Y) utway

R" I (z)

where Ij,(x) is an open ball of radius h in R™ centered at the point z.
Let  be some positive number. We denote by I,(0) an open ball of radius v in R" centered
at the origin, and by 6,(z) we denote the characteristic function of ball 7,(0). Let h be a
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sufficiently small positive number. We construct the averaging for the function 6, (x) with the

averaging radius h
1 T —
Upq(2) = o / w (Ty> 6, (y)dy.

In(z)
We define the function ¢,,(z) by the identity ¢,,(z) = v, (x), where
2m +1 1
Y= h= e,
2m(m + 1) 2m(m + 1)
that is,
pnle) =2+ ) [ w@mlm ) ) Xl
2m(m+1)|z—y|<1
. _ . . 2m +1
where y,,(y) is the characteristic function of the ball of radius —————— centered at the
2m(m + 1)
origin. It is easy to make sure that this function possesses all properties given in Lemma 3.1.
The proof is complete. O
Lemma 3.2. Let m be a natural number and x2,m(x,y) be a characteristic function of ball
1
Jom(y) = eR": v —y| < ——— . 3.1
2.m(Y) {:L" |z =yl o 1)%p(y)} (3.1)
Then
! < p (@)Wt 1+1n/ (z,y)dy < ! (3.2)
—_— x)x"w — m (T, —_— .

where w, is the area of unit sphere in R™.

Proof. Let x,y € Q. Using the identity
1

d
p(x) = ply) = / Pl Ttz —y))dt, (3:3)
0
by the inequality (see (2.2)) |Vp(x)| < s we have

o(x) = p(y)| < slx —yl.
If (see (2.7)) x € J1m(y), then

o) — pl)| < 30 (0).

This is why
1 1
(1= o5 ) o) < plo) < (145 ) o) Tor 5 €92 € i) (34)
Let )
_ no.o.. PLY
Gom(x) = {y eER": |z —y| < o P 1)%} :
Then
[entendy= [ 1y =1Gan(o) (5)
Q Ga,m(z)
Since Jo,(y) C J1m(y), by using (3.4) for all y € Ga,,,(2), we find
Yy mp(x
I — gl < r(y) p(x)

m(m + 1) < x(m+1)(m? —1)
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mp(x)
x(m+1)(m? —1)

(S i)

ot (14 1) [Ganll < (7 )

By (3.5) this implies the right inequality in (3.2).
We consider the set

. This is why

Hence, the set G, () is contained in the ball of radius R =

|Gam(2)|

N

that is,

Qunle) = {y e RV oy < 2L}

»x
m
(m+1)(m2+1)

Y € Qam(z) we have

. By (3.3) in view of the inequality |Vp(x)| < s (see (2.2)) for all

where ¢, =

p(z) = p(Y)| < |z —y| < emp(z).
Therefore,
(1 —em)p() < ply) < (L +em)p(z), Y€ Qom().
Using this inequality for y € Qa,,(x), we have

1

|z =yl < emp()se <emse (1= em) ™ p(y)-

Since £,,(1 — €,,) " < [m(m + 1)]7!, this implies that
PLY
[z =yl < )
m(m + 1)
that is, y € Ga(z). This is why |Q2.,(7)] < |Gam(z)|. Then by the identity

we have .
m

Wn (%(m—l— 1)(m2 + 1)) p"(x) < [Gom(2)],

that is,
< ! )” <w, " (1 + i>n,0”(x) |Gom ()]

m? + 1 " m ’
Hence, taking into consideration identity (3.5), we obtain the left inequality in (3.2). The proof
is complete. O

Similarly to Lemma 3.2, we prove the next statement.

Lemma 3.3. Let m be a natural number and x1m(x,y) be a characteristic function of ball
Jim(y). Then
1

1
—Fm <p " et m(T,y)dy < —5——7-
e <@ [ ey e
Q

Lemma 3.4. Let m be a natural number and x"™(z,y) be a characteristic function of set

JM (y) = {Z cR": mp@) <le—yl < mi%p(y)}- (3.6)
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Then
gilm
1( ) npn(z)’

(m) dy < ——"
Q

where

m? —m\"
= w1 - .
o1(m) = wy { <m2—|—1)]
Proof. We first mention that o1(m) > 0 for m > 2 and

mh_r}r;o o1(m) = 0.

For the convenience of reading we introduce the notation

F.(2) :/X(m)(z,y) dy. (3.10)
Q

For all y € Q and all z € J;,,(y), by using inequality (3.4), we have

p(y) < (1 - L)_ p(2), (1 + L>_ p(2) < p(y) (z€Jim(y)yeQ). (3.11)

m2

L )<y < —
—— Z—
m(m+1)%py\ Y

p(y)-

m2x
Now, using inequalities (3.11), we replace p(y) by p(z). As the result we get

m 1

<z —yl < ————p(2).
T ) < =il < S yele)
By these inequalities it follows from (3.10) that

Fon(2) < / dy = F°(2). (3.12)

<|Z*y|<mp(z)

(770 ()
The right hand side of this inequality is equal to the volume of spherical layer with radii

p(z).

m 1
s 0" T e

r =

This is why it is equal to
P2 =000 =11 = n (50l ) = (o))
-t [ (1) |

By (3.12), (3.13), identity (3.10) implies estimate (3.7). The proof is complete.

Lemma 3.5. For each real number 6 and all y € Q, z € Jy m(y) the inequality holds

(L)ep%) <Ay) < (m—Q)epe(Z)-

m? + sgn 6 m? —sgnb
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Proof. Using inequality (3.4), we find

m? m?
< < 1
o 1P) < ply) < —5—p(2) (3.15)
for all y € Q, z € Ji,,,(y). This implies that
m?—1\ 1 m?+1\
(") <rw s (M) e (3.16)

Now, taking the powers § > 0 of inequalities (3.15), (3.16), we obtain

( m )9p9<z><p9<y><( " )Gp%z),

m2+1 m2 —1

() re<rws () e

These two inequalities imply inequality (3.14). The proof is complete. O]

Lemma 3.6. Let m be a natural number and y € ). Then for each real number 8 and each
2 € Jom(y) the inequality holds

W)~ P < 3 Nilm, ) (2), (3.17)
where

1\ 201+
Ni(m,0) = nld| (1 + ﬁ) .

Proof. Since (see (2.2)) |Vp(z)| < s, x € Q, by using the identity
1 d
P =) = | ="y +t(z—y)}dt,
0

we obtain

0<t<1

10°(y) — 17 (2)| < nseld)] /p"‘l(y +t(z — y))dt < nxlf]|z — y| max p" " (y + t(z — y)). (3.18)

We then note that z € Jy,,(y) and this is why for { =y +t(z —y), 0 <t < 1, we have

=yl =tz —y| < |z -yl m(m + 1)

By these inequality it follows from (3.15) that
1\ 1\
(1+05) s <o<(1-02) 0O

Then by this inequality we find

) 0—1 ) ) 1 0—1 -
(1 — 5 sen(0 - 1)) P Hy) <p7HE) < (1 + —5 sgn(0 - 1)> P (y).
By (3.18) this implies

0—1
0 = P < aldlos (14 se - 1) )
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Then by applying inequality (3.14), we arrive at the inequality

1 1 -1 1 —0
0 0 0
10’ (y) = p’(2)] < n|(9|m2 (1 + — sgn (0 — 1)) (1 - sgnQ) p(2).

After simple transformation this implies inequality (3.17). The proof is complete. O]

Lemma 3.7. For each real 3 and each m > 2 the inequality holds

%an)l\f;h,ﬁ(@)”?g/;ﬁ“@)( / ]f(z)]2dz>dy
@ J2,m(y) (3.19)

1
< M (B) I3 Las(Q)]I*,

where
M1 (B) = waze 2718137 Myo(B) = wyae 2112m, (3.20)

Proof. Using inequality (3.14) and Lemma 3.2, we obtain

/p%‘”(y)< / |f(Z)|2d2>dy= /pw‘”(y)</><2,m(z,y) If(Z)Ide> dy
Q

J2,'m (y) Q Q

> () () [ ( / xQ,m<z,y>dy> P 321

m? 2 m—1 " 9
son( i) (o) [P0l
Q

We then note that

m? 26 m—1 " 1
|l —5———— —_— | =2 —M
w <m2 + Sgnﬁ) (%m(m2 + 1)) m2n n(p)

for m > 2 and each real 5. This is why relations (3.21) imply the left inequality in (3.19).
We proceed to proving the right inequality in (3.19). As above, by using inequality (3.14)
and Lemma 3.2, we obtain

/ pm-wy)( / If(2)|2d2)dy<%Mm(ﬁ,m)llv;h,ﬁ(ﬂ)H?, (3.22)

Q J2,m(y)

i3 o2 (1)

> \'m? —sgn m? — 1

where

By direct calculation we can make sure that Mio(8,m) < Mis(5) for m > 2 and each real 5.
This is why inequality (3.22) implies the right inequality in (3.19). The proof is complete. [

Lemma 3.8. The inequality

/ p%—"@)( / |f<z>|2dz)dy<%Mxm,mnm,ﬁ(mu? (3.23)
Q Jm) (y)

holds, where
My(m, B) = 2"4Plg (m), (3.24)
where the quantity o1(m) is determined by identity (3.8).
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Proof. Using inequality (3.14) and Lemma 3.4, we obtain

/ pw"(w( / If(Z)!2d2> ay= [ pw"(y)( [ |f(2)|2d2> dy

@ T (y) Q Q

1 m2+1\" m2 26
< m2n <m2_1> (mQ—sgnb’) 01(m>/ ( )’f( )’ dz.
Q
Hence, for m > 2 we get

/pzﬁ_n(w( / ,f<z>,2dz>dy<%2n4mal<m> GRS

s I ()
Introducing notation (3.24), we obtain inequality (3.23). The proof is complete. ]
We note that My(m, 3) > 0 for m > 2 and
lim My(m,5) =0 (3.25)
m—0o0

by identity (3.9).
Lemma 3.9. The inequality

/ pw“(w( / |f<z>|2dz)dy<#Mg,(ﬁ)uf;mmw (3.26)

Q Jl,m(y)
holds, where
Ms(B) = w2 "4lP12m, (3.27)

Proof. Using inequality (3.14) and Lemma 3.3, we obtain

/pw”(y)< / \f(Z)\QdZ)dy

J1,m(y)

m? - m? 25 n(
< v
m2+1 m? — sgn 3
1 /m?+1\" 2
Swypre " d
Wn m2m (m2—1> (mQ—sgnﬁ) /p ’ =
Q

This implies inequality (3.26) once we observe that

m2+1\" m? 26
< o d - < 4161,
(m2—1> = an (mQ—sgnﬁ) =

The proof is complete. O

le Z,Y) dy) f(2)]? dz

Lemma 3.10. Let a real-valued function ®(z) belongs to the space L1(S2). Then for natural
m = 3 the inequality

/ ( / P_n(z)fb(z)dz) dy <> "w (mrj_ 1)n (2 1_ g Q/<I>(z)alz

Q J2,m(y)
1 1
o, — d (2)d
T {<m2—1>n <m2+1>"1/ (2)dz
0

(3.28)
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[@(2)] = ®(2)
5 .

Proof. We introduce the auxiliary function

holds, where ®~(z) =

2(2)| + 0(2)
2

We note that the functions ®*(z), ®(z) are non-negative and ®(z) = ®*(z) — &~ (z). Taking
this into consideration and applying Lemma 3.2, we obtain

/ ( / p"(z)¢+(z)dz> dy = / ( / Xz’m(zjy)pn@)@(z)d% dy

Q J2,m(y) Q Q

= / ( / X2,m(zay)dy> p ()07 () dz

Q Q

1 n
< e "wy m /<I>+(Z) dz,
(m2—=1)" \m+1
Q

/( / Pn(z)Q(z)dz> dy—/ (/Xz,m(z,y)pn(Z)CD(z)dz> dy,

JQ,m(y) Q

Q/ /sz(z,y)dy p"(2)®7(2)dz = » "wy o i I (mﬂl 1)n/<1>‘(z) dz.

Q Q

Ot (z) =

By the identity ®(z) = ®*(z) — &~ (2) these inequalities imply

/ ( / P_”(z)é(z)dz) dy <> "wy (mTZ 1)n o 1_ 7 /(I)+(Z>dz

Q J2-,m(y)
_ m \" 1 _
— x "w, O (2)dz.
m+1/) (m?>+1)?
Q

Substituting here ®*(z) = ®(z) + ®~(z), we obtain inequality ((3.28)). The proof is complete.
[

Lemma 3.11 (|15, Sect. 4.4, Thm. 7|). Let G be a bounded domain in R™ obeying the cone
condition, an integer j such that 0 < j < 2r and let uy > 0. Then for each f € W3 (GQ) and
each p € (0, po| the inequality holds

where the number K; > 0 is independent of f and p.

IO <ullfs 135G + K= |1 L@, (3.29)

Lemma 3.12 ([0, Lm. 2.2]). Let po > 0 and an integer j such that 0 < j < 2r. Then for
each p € (0, o] and all v € C§°(Q) the inequality

[v3 Loz (D] < 12

holds, where the number Ky > 0 is independent of v and p.

v L3, ()| + Ko™ 75 ||v; Lya—ar (Q)] (3.30)
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4. PROOF OF THEOREM 1

We first prove Theorem 2.1 in the case, when operator (2.4) has zero lower order coefficients,
that is, we consider operator (2.11).

Let y be an arbitrary fixed point in the domain Q. Freezing the coefficients of operator (2.11)
at the point y, we consider the operator

Loy[u(z)] = Y by ),  uwe CPRM). (4.1)

|k|=27

Since this operator an elliptic one with constant coefficients (see (2.5)), there exists a number
¢1 > 0 (see, for instance, [1]) such that

allusWE )] < Loy o)l e C(g), (42)

if diam g is small enough. We then suppose that the number m, is large enough so that for
g = By, (0) inequality (4.2) holds. Since B,,(0) C B, (0) for m > my, inequality (4.2) holds
with ¢ = B,,,(0) for all m > m,.

We consider an arbitrary function u(z) € C*(B,,(0)). Since ¢,, € C5°(B,,(0)), we obtain
U () = pm(z)u(z) € C§°(Br(0)). Using now inequality (4.2) for the function v,,(z), by the
identity vy, (z) = u(z), © € Bp,11(0), we have

Z / ‘u(k)(a:)fdaﬂ— / |u(x)|2dx<05{ / |L0,yvm(x)]2daj} (4.3)

kI=2rp,. " (0) Bum+1(0) Bum (0)

Using the Leibnitz rule of differentiating a product of functions, we represent the expression
Lo yvm(z) as

Loylvm(@) = L [um](2) + LP [vm] (), (4.4)
where
L on)(@) = > be(y)om(@)u® (z), (4.5)
|k|=2r
LOWl@) = 33 Cuubily)u® (@)l (), (4.6)
|k|=2r 0£v<k

Cy., are some constants numbers. We note that in identity (4.6) the multi-indices k, v satisfies
the condition 0 < |k —v| < 2r — 1.
Since @, (z) =1 for all = € B,,,+1(0), we obtain

/ LD o)) da = / | Loy[ul (2)[" dz + / (@) Loyu)(x) [P dz,  (47)

B (0) B+1(0) B(M)(0)
where
1 1
B™(0) = B,,,(0) \ Bps1(0) = R': —— < |z|< =}, 4.8
©) = B0\ B (0) = {z e B <ol <] (1.8)

It follows from the boundedness of coefficients by (z) and (4.1) that

/ om(@) Loy W)@ dz < Cs 3 / ) @) d. (4.9)

B™(0) kI=2r g m) (o)

Applying inequalities (4.7), (1.9), we find

/!L [Um]( ‘dx / ]Lo,y[u](:v)|2dx+06z / ‘u(k)(m)fdx. (4.10)

B (0) Bim11(0) ‘k‘ZQTB(m) (0)
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Using identity (4.6), by the boundedness of coefficients by (x) and inequality 5 in Lemma 3.1,
we obtain

el < S5 [ @l | w)

B (0) |k|=2r OyéuékBm(O)

X X e P [ ol

= <
|k|=2r 0£v<k B (0)

(4.11)

Now, to estimate the integrals in the right hand side, we apply Lemma 3.11. Using inequality
(3.29) in this lemma for G = B,,(0), 0 # |v| < 2r, j = |k — v|, |k| = 2r, we obtain

lb—v]
/ it @) e <y / V(@) d + cop” 7 / u(@)Pdz.  (112)
B1n(0) 1=2rp,. B (0)
By this inequality, it follows from (4.11) that

/ ’L?(f) [Um](x)|2 dr <Cg Z Z [2m(m + 1)]2|”| / ‘u(k”_”) (513)‘2 dx

+ C[2m(m + 1)]* / lu(x)|? dz

Bm(0)

<p|Co Z Z [2m(m + 1)]2V] HU, L?(Bm(()))\f

|k|=2r 1<|k—v|<2r—1

Cho Z Z [2m(m + 1)]2|”|,u_#ku—v\

|k|=2r 1<|k—v|<2r—1

+ Cs[2m(m + D) | u; Lo(Bn(0))]*

Since m > mg and p is a sufficiently small positive number, supposing that m > 3 and
0<p< %, we hence get

/ LO [, )(@)| do < pudy(m) [|u; L2 (B (O))||* + Ko (m, ) [lus La(Br ()2, (4.13)
Bm (0)
where §;(m) = C13m®, Ki(m, p) = Cpym® ==,

Then we choose a number pu € (0, %) so that, starting from some number m*, the inequality
por(m) < % holds for all m > m*. Then it follows from (4.13) that

/ \Lg)[vm](x)fdx < %|

w; LI (B (0)||” + Ka(m) ||u; Lo(Byn (0))], (4.14)

where

KQ(TTL) = Cl5m16T2+27'_1. (415)
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Now, applying obtained inequalities (4.10), (4.14), by (4.3), (4.4) we find

> / [u® ()| da + / Ju(e)[? dx < Cy / | Lo [u] ()2 dz

k=27, (0) Bun+1(0) Bin1(0)
2
|k|= QTB(m) \l\ QT'B

+ Ks(m) / lu(z)|* da.
B (0)

We consider the mapping z — x defined by means of the identity
x = (2 —y)msep(y), (4.17)

where ¢ is the constant in condition (2.1), and y is an arbitrary fixed point in the domain €.
It maps the sets (see (2.7), (3.1), (3.6)) Jim(y), Jom(y), J™ (y) into the sets B,,(0), B,11(0),
B™)(0), respectively.

We choose an arbitrary function v in the class C§°(£2). It is easy to verify that J; ,,,(y) C € for

all y € Q, m > 2. This is why the function v,(z) = v (M + y) is defined for all z € B,,(0)
mae

and belongs to the class C*(B,,(0)).
We note that if u(x) = v,(z), then

u® (@) = (mse)™™ pM ()3 (). (4.18)
Using this identity, by (4.1) we have
Loy[u(x)] = (m3) ™ p* (y) D be(y)ol? (x) = (mse) ™" p¥ (y) Loy [0y(2)], (4.19)

|k|=2r

Taking into consideration identities (4.18), (4.19) and applying inequality (4.16) for the
function u(z) = v,(x), we obtain an inequality, which after the multiplication by p**(y) becomes

—4ar ' (0 2 104 -
(o)™ pir2a(y) 3 602 [P dx + o (y) / 3, (@) de
kl=2rp, .\ (0) B t1(0)

<Cs(ms) o) [ Loy B o

Bin+1(0)

+ Cio (mae) ™ "2 (y) Y / PO@ [ dr (50

|k|:2TB(m) (0)

b ) S [ P dr
|k|= QTBm(O)

T Ky(m)? () / 3, ()] de.
B (0)

We make the change of variable in the integrals of this inequality z = y + 2 (y) At the same
time we employ the identities
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v (zp(y) _
t(a) =0 (22 +y) = o),
zp(y
9(a) = o (% v y) = o),
zp(y)
Loy [0y(2)] = D b))l () = > br(y)o® (W +y>
|k|=2r |k|=2r
=D bily = Loy [(2)]
|k|=2r
The integrals become
~ 2 m\" 2
vy ()] dr = | — / v(2)|7dz, 4.21
[ m@ra=(25) [ e (421)
B (0) J1m(y)
(k) 2d _<y)n / (k) 2d 4.99
vy ()| de = v\ (z 2, )
/\y<>| ) [ ) (12)
m+1 J2,m(y)
/ | (k) ( ‘dx—(ﬁ) / |U(k)(z)‘2dz, (4.23)
B (0) J1,m (y)
5% maic "
[ Bt = (25) [ i (424
p(y)
Bm1(0) J2,m(y)
5™ (% d _<%)n / (k) d 4.95
v X r = v z Z. .
| @la=(25) [ o) (4.25)
B (0) I ()

We replace the integrals in (4.20) by (4.21)—(4.25):

dr drt2a mae a( mae\"
ey o) (5) 3 / 0 a0 (25) [ ks
KI=217, J2,m ()

< (Ww ) (22) [ Ly b as

+ Cho (me) ™ p" 24 (y) (%)” > / }U(k)(zﬂzdz

‘k|:27" J(m) ()

+ % (m%)—zlr p4r+2a (m%) Z / ‘U(k ‘ dz

|k|= 27‘J1

+ i) (22) [ ek

p(y)
Jl,m(y)

Therefore,

(m%)—4r+n p4r+2a—n(y) Z / {U(k)<z)‘2d2—|— (m%)n p2a—n(y) / |U(2)|2 d

‘k‘ZQTJQ,m(y) Jom (4)
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<Cs (me) ™ g2 ) / Loy [o(2)]? d

JQ,m(y)
+ ClO (m%)74r+n p4’r‘+2a—n(y) Z ’U(k)(z)|2dz
RI=27 7m) ()
1 —4r-n T a—n 2
+ — (mae) TP y) Y [0 (2)| dz
\k\:Q'rJLm(y)
FRm)e () o) [ o)
Jl,m(y)

dr—n 4y

We multiply this inequality by (mxc) p~*"(y) and integrate the result in y € Q

> / p2a‘"(?1)< / Iv(k)(Z)!2d2>dy

|kl=2r Q J2,m(y)

+ (mae) / pzo‘““"‘”(y)( / |U(Z)|2d2> dy

Q2 J2,m (y)

<C5/pzo‘_”(y)< / ILo,y[U(Z)]IQdZ>dy

Q J2,m(y)

+ Cho Z /Pmn(y)( / |v(k)(z)‘2dz>dy

H=2ra T ()

o L

‘k‘=2T‘Q J1,m (y)

(4.26)

+ Ka(m) (m)" / pza‘”‘"(y)( / Iv(2)|2d2> dy.

Q Jl,m (y)

We proceed to estimating the integrals in inequality (4.26). First, by using Lemma 3.7, we
estimate from below the integrals in the left hand side of inequality (4.26)

n 2 1 .
D /pza (y)( / [0 ®)(2)] dz)dy>WMH(Q)‘U;L;&(Q)HZ, (4.27)
|k|:2rQ J2,m(y)
1
/ pza‘“""(y)( / |v<z>|2dz)dy> M= 20) [ @, (428)

Q J2,m (y)

where

M () = Wy "2 lelg My (o —2r) = Wy 2 lem2rign
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Then we apply Lemma 3.8 to estimate from above the second integral in the right hand side of
inequality (4.26), and as the result we get
2

Z/ amn( ( / }v(k)(z)‘zdz)dyg%MZ(mva)HngTa(Q)‘

=2 g T ()

2
9

(4.29)

where My(m, «) is determined by identity (3.24) and satisfies (3.25).
Now, using Lemma 3.9, we estimate from above the last integrals in the right hand side of
inequality (4.26). As the result we obtain the inequalities

Z/pga_n(y)( / |vt® |dz>dy #Mg )Hv;L%Ta(Q)Hz’ (4.30)

|k|=2TQ Jl,m(y)
a—4r—"n 1
[rmwl [ e >\sz) < Mo =2 o Laa n @, (431
Q J1,m(y)
where
Ms(a) = wy2 4lolom Ms(ar — 21) = wy e "4l 2rlgn, (4.32)

By the above inequalities (4.27)—(4.31) and (4.26) we find
(a) |

1
()| + (ma0)" —— My (o = 20) |v; Loa-ar ()]

1
éC;,ES,)n(U) + ClowMg(m, Oé) ||U, L%TQ(Q)HQ
1 1
mm?n

I (m)(mse) My — 21) s Lo ()

() Hv'Lgra(Q)W

where
Lint) = [ ph-"w)( [ iz [v(zm?dz) dy. (433)
Q J2,m(y)
Multiplying both sides of this inequality by m?"® and collecting the like terms, we obtain
Ms(m, o) ||v; Ly, (9 H — Mg(m, @) ||v; Loa—sn ()||> < Csm?™ Ly (v), (4.34)
where
1
Ms(m, a) = My (a) — CroMa(m, o) — EML%(O‘% (4.35)
Mg(m, o) = Ky(m)(ms)* Ms(a — 2r) — (mse)* My (a0 — 2r). (4.36)

We are going to estimate from above the functional £, ,,(v). According to Lemma 3.6, the
inequality holds

27 (y) — pP T (2)] < S Na(@)p* (), 2 € Jam(y), (4.37)

where
No(a) = n(2|a 4 n)24lel+2n+1, (4.38)

2
dz) dy.

We introduce the notation

Lo (v /(/xzmzy2a”
Q

>

|k|=2r
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We note that (see (41.33))

Lim(v) = /pm ”(y)</><zm 2,y)

Q

)| 3 b

|k|=2r

In view of this identity, we apply inequality (4.37) and we get

2
)dy.
2

L1n(0) = Laml0)] < [ ( [t ) = )] | T ) dz>dy

Q Q |k|=2r
2

1
< ﬁ]\fg(a)/ (/sz(z y)p* Z be(y ) (2) dz) dy.

Q \Q |k|=2r

Since the coefficients by(x) are bounded, this implies

|L1m(v) = Lo (v)] < 03—N2 Z / (/XQm 2,9)p* "(2) |U(k)(z)‘2dz> dy, (4.39)

|k|=2r ¢

where Cj is some constant. Now, using Lemma 3.2, we estimate the integral in the right hand
side of inequality (4.39)

/ </ X*m(“)ﬂm"<Z>\v"“’<z>l2d2> dy
:/p2an (/szZydy>dz

0 (4.40)
< ;%_”w —_— "/ |U )‘de
Szt m—|—1 P
Q
< L “w,2" [ p*(2) ‘U(k)(z)|2dz
= m2n% n p :
Q
By (4.39) this implies
1 2
[L1m(0) = Lom(0)] < 55 Na(a) [|v; LEL (D]
where N3(a) = C3Na(a)w, ™2™, By identity (4.38) the inequality
N3(a) = C3n(2|al + n)24‘0‘|+2”+1wn%_”2” < C5(2]a] + n)24|a|+3”+1
holds. This is why
1 - 2
[Lim(v) = Lom(0)] € —55 Na(a) [Jo; L Q)] (4.41)

where Ny(a) = C3(2|a| 4+ n)24l+3n+1,
We introduce the notation
2

L3 m(v) :/ (/sz(z y)p* " Z bi(z dz) dy. (4.42)

Q \Q |k|=2r
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We note that
|Lom(v)— Lym(v)]

<Gy / < / Xom (2, 9) P2 (2) [br(y) — bi(2)] [o®(2)|” dz) g (44

Q

where C} is some positive constant. Now, by Condition II) of Theorem 2.1 (see (2.6), (2.7))
and above proven inequality (4.39), it follows from (4.43) that

|£2,m( ) ﬁgm < vl Z /(/XQm z y an—"(Z) ‘U(k)(2)|2dz)dy

‘k}‘ 27"Q
I/—C4% " 2" Z/ 2 (2) [P ()| dz.

Thus, we have proved that

1
|£27m<v) - £3,m(v)’ < Vsz HU, L%TO{(Q){ 27 m e IN7 m 2 my, (444)

where N5 = Cyr "w,2".
Applying Lemma 3.2, we estimate functional (4.42)

L3m(v) =/</X2m(z y)p~"(2) | Lolv(= )H2d2>dy

=/ (/xxm(z,y)dy>p"(Z)ILo[v(Z)]I2dz

1wy m?2 \" 2 L wn g, 2
< e (m2_1) /|L0[v(z)]| dz < — =02 /ILo[v(z)H dz.
Q Q

/ | Lo[v(2)][" dz, (4.45)

Therefore,

‘C3m \

where Ng = w,, 5~ "2". Employing above proven 1nequahtles (4.41), (4.44), (4.45), we estimate
functional (4.33)

Lym(0) S|L1m(v) = Lom (V)] + [Lom(v) = Lo m(v)] + Lsm(v)

1 ; ) ; s 1
g Nalm, ) s 12, (90) o3 L@ + N [ 1Lolo(2)
Q
By this inequality it follows from (4.34) that
Ms(m, a) ||v; L3, ()||* = Mo(m, @) [[v5 Ly.aar (> < Csm? L1,n(v)
<Cs ( ~Ny(a )+VN5) [o; 227, ()| +C5N6/|L0 2)])? dz,
where
1
M5(m, Oé) = Mll(Oé) — CloMg(m, C() — EMg(Oé), (446)

Mg(m, o) = Ky(m)(ms)* Ms(a — 2r) — (mse)* My (a0 — 2r). (4.47)
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Thus, we have proved the inequality

Co(m. a,v) [|v; L3, (Q)[|* = Ca(m, a) [[v; Ly,a—ar ()
< |L0[v(z)]|2 dz, m>=m(v), (4.48)
/
where
Co(m, a, l/) = 051]\76 |:M5,a<m) — 05 <%N4(Oé) + VN5>:| s (449)
Ci(m, a) = % (4.50)

By (3.20) and (3.24) it follows from (4.46) that for some sufficiently large m, for all m > m,
the inequality Ms(m,a) > M”( > 0 holds. By (4.49) this implies that for sufficiently large

me > m; and some sufﬁmently large 11 > 0 for all m > my and all v € (0,14) the inequality
holds

1
Co(m7 l/) > ZMn(Oé) > 0. (451)
On the other hand, by (4.15) it follows from (4.47) that

Mg(m, a) = Ko(m)(ms)* Ms(a — 2r) — (ms)* My (a0 — 2r) > %Mg(a —2r)

for all m > mg, where mg3 is some number greater than my. This is why by (4.50) we have

M6<TTL, Oé) 1
— > —M;3(a— 2
oNg =~ 2 Ble =
Taking into consideration inequalities (4.51), (4.52) and choosing the number m large enough
and the number v small enough, by (4.48) we obtain the inequality

Ci(m, o) = >0 (m>=mg). (4.52)

c||v; L3, () /|L0 NP dz 4+ K ||v; Lyaar(Q)|]> for all v e C2(Q). (4.53)

Thus, the proof of Theorem 2.1 for operator (2.11) is complete.
We proceed to the proof of Theorem 2.1 in the case of operators with non—zero lower order
coeflicients. We represent operator (2.4) in the form

Liu(z)] = Lo[u(x)] + Li[u(z)], (4.54)
where Lg[u(z)] is defined by identity (2.11) and

Lifu(z)] = Y poH(2)by(z)u® (z). (4.55)

|k|<2r—1
Since the coefficients by (x) are bounded and o; > a — 2r + j for all j < 2r — 1, we have
(/ | L [v(x)]? dﬂ?) =Ll L@l < >0 [lpbeo™; La(Q)|
|k|=5<2r—1

4.56

2r—1 ' ( )

<mzw%jumzw%mmu
=0

Applying inequality (3.30) in Lemma 3.12, we hence obtain

1

(/\Ll I’ dx) < pllo; L3 ()l + C(w) v Laa—ar (D), v € C57(Q), (4.57)
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where p is a sufficiently small positive number. Using inequalities (4.53), (4.57), we find

(/IL I? dw) = [[L[v]; Lo()]| = [ Lo[v]; La(Q)[| — | La[v]; L2(Q)]]
> (¢ = ) ||lvs L3 ( Q)| = C 1) |vs Lo ()] -

We fix an appropriate value of the parameter y in this inequality and get inequality (2.9). The
proof of Theorem 2.1 is complete.

5. PROOF OF THEOREM 2.2

We consider operator (2.11), which satisfies the assumptions of Theorem 2.2. Let y be an
arbitrary fixed point in the domain . We consider operator (4.1) with coefficients frozen at
the point y. Since the coefficients of such an operator are constant, by condition (2.10) (see,
for instance, [1]), we have

Re(Loy[u], u)o = Re/L07y[u(x)] ~u(x)dr =20, wu(x) € Cg°(R™). (5.1)
Rn

We consider an arbitrary function u(z) € C*(B,,(0)). Since v, (z) = pn(v)u(z) €
C° (B, (0)), by using (5.1) for the function v,,(x), we get

Re(Loy[vm], vm)o = Y Re [ bp(y)old) (@)vm(x)dz > 0. (5.2)
|k|=2r  Rn

We represent the expression Lo vy, () in form (4.4) and we obtain the identity

(Loy[vm]s vm)o = (LY [om]s vm)o + (L [vm], vm)o, (5.3)
where L(Z)[ mls L [vm] are determined by identities (4.5), (4.6), respectively.

Since ¢, € C’OO(Bm(O)) and ¢,,(z) =1 for all x € B,,,1(0), we have

Plenonds = [ L@@ = [ Lod@itds

B (0) Bm+1(0)

+ [ G,

B(M)(0)

(5.4)

where B(™(0) is defined by identity (4.8). In view of the boundedness of coefficients by (x) we

obtain
M u® (x ? T ' w(x) | dz
<0<E /)| ()‘d></ |()|d> (5.5)

IkI=2rg(m) (9 B(m)(0)
L L2 (B"(0)) || || La(B™(0))]] -

NI

/ 2, () Loy [u(2)u(z)dz

B('m) (0)

=M, ||u




22 S.A. ISKHOKOV

We then observe that there exists some natural number m* such that for all m > m™* inequality
(4.14) holds. Using this inequality, we obtain

/L;m[vm(x)]—vm(x < L2 [l La(Bua0)) | l1ss La( Ba(0))|

- (0) 1 (5.6)
gE Hu, LY (B H [|1; Lo (B (0))]]

+ Ka(m) [|u; L2( m ()| [ La(Br(0))]] -

Using above obtained relations (5.2)—(5.6), we find
0 < Re(Loy[vm], vm)o = Re(LP [v], v )o + Re(LEP [00], vn )o

—Re [ Loyfule)u@)ds

Bm+1(0)
+ Re @2 () Lo y[u(z)]u (x)dw + Re(L?(f) [Vm], m )o
B(m)(0)
L (5.7)
< Re / Lo y[u(z)|u(z)dx
Bm+1(0)

+ Mo |Ju; L3 (B™(0))

(B™(0))]
0))|| 13 La (B (0)) |
+ Ko (m) [[u; Lo (B (0)) |

As in the proof of Theorem 2.1, we consider the mapping z — z, defined by means of the
identity x = (z —y)msep(y), where y is an arbitrary fixed point in the domain Q (see (4.17)). It
maps the sets (see (2.7), (3.1), (3.6)) Jim(y), J2.m(y), J™ (y) respectively into the sets B,,(0),
Byn11(0), B™(0).

We choose an arbitrary function v in the class C§°(€2). The function v,(z) = v <%(Ay) + y)

is defined for all points z € B,,(0), and the function u(z) = v,(x) satisfies identities (4.18),
(4.19). In view of these identities and by (5.7), for the function u(x) = v,(z) we obtain an
inequality, which after the multiplication by p®(y) becomes

Re(mae) "2 p*+(y) / Lo, [v,(2)] - vy(x)dz

Bm+1(0)
3 3
—2r 2r+a ~ 2 ~
> — Mo(m%) 2 p2 + (y>< Z / ‘Uzsk)(q;” dl’) < / |Uy(x)|2dl’>
IKI=2r g(m) (o) ! B(m)(0) ) (5.8)
1 —2r 2r+a ~(k) 2d ’ ) 2 2
= (ma) " (y) > 03 (z)|” dx vy (2)]” d
kl=2rp, (0) B (0)

- Ka(m)"(w) [ (@) do

B (0)
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Then in the integrals of this inequality we change the variables z = y + zp(y)(ms»)~! and

observe that the integrals are transformed in accordance with (4.21) — (4.25). Now, using these
identities, by (5.8) we obtain an inequality, which is after multiplication by (ms)” " p~2"(y),
becomes

o (y) Re / Loy [(2)] - 2(2)dz

JQ,m(y)
. 5 2 . 2
>—Mo<p2a WY [ o) dz) <p w [ |v<z>|2dz)
‘k‘ZQ’"J(m)(y) Jm) (y)
5 2 . 2
——(2‘” > / ()| dz) (/) (v) / \U(Z)\2d2>
|k“ QTJ Jl,m(y)

~ Ky(m)p e (y) / jo(2)Pdz.

Jl,m(y)

Now we integrate this inequality in y € {2 and we estimate the right hand side by means of the

Cauchy — Bunyakovsky inequality
3
dy > —</U(y)dy) : </V(y)dy>
Q

oy

and as the result we arrive at the inequality

N

IO\H
\_/
~—

N

T (y)

( / p‘”(y)< [ e dz>dy)2

N 7w ) (5.9)
_ i(lczwg/pzan(y) (JML) v | dz) dy>2
: (/p”(y)< / \U(Z)\2d2>dy)2

Q J1,m(y)
— K>(m) / p‘z”a‘"(y)( / \U(Z)sz) dy.

Q J1,m (y)

We proceed to estimating the integrals in this inequality. We observe that for the first integral
in the right hand side of (5.9) the inequality (4.29) holds. Similarly to this inequality, by means
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of Lemma 3.8 we prove that

1
/ p—”<y>( / |v<z>|2dz) dy < o Mam, 0) o5 La(@) (5.10)
where My(m,0) = 2"01(m).

To estimate the remaining integrals in the right hand side of (5.9) we apply Lemma 3.9. As
the result we obtain the inequalities

5 [omw( [ ere)us e lzol. e
kl=2r ¢ J1,m (y)
/ p"<y>< / |v<z>|2dz)dy<#M?,(owv;mmu% 5.12)
Q J1,m(y)

—2r+a—mn 2 1 . 2
[ <y>< [ e dz)dy<W%(a—m||f,L2,a_2r<sz>||, (5.3
Q J1,m (y)

where the constants Ms(a), M3(0), M3(a—2r) are defined by (4.32). Applying now inequalities
(4.39), (5.10)—(5.13), by (5.9) we obtain

Re / pa‘"(y)< / Loy [v(2)] -WdZ> dy

Q J2,7n(y)
1

m2n

2_

Mo/ Ma(m, @) Ma(m, 0) ||v; L3, () || [lvs L2 ()

L v Ms(ar) M;(0) |

1
m m2n

v; Ly Q) llv; La(Q)l

1
= g fa(m)Ms(a = 2r) || f; Lya-2 ()]
Introducing the notation
1
Mﬁ(m, Oé) = Mg\/MQ(m, Oé)Mg(m, 0) + EV Mg(a)Mg(O), (514)
M7 (m, o) = Ky(m)Ms(o — 2r), (5.15)

we arrive at the inequality

e [ pa—%y)( | 1oy ﬂd) dy
Q J2,m (y)
> — #M(;(m, a) ‘

1
= M, ) [ L (D)

(5.16)

v; L3, ()] [lo; Lo (Q)

It follows from (3.24), (4.32), (5.14) that

1
Mg(m, o) = MO\/2”4\a|al(m)2"crl(m) + —Vwyzemdlel 2y, 390
m
1 1 (5.17)
= My2"21% 5y (m) + —w, 27219127 = 210 | Mooy (m) + —wp2e "] |
m m
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Since (see (3.9)) lim oy(m) = 0, this implies that

m—0o0

lim Mg(m, «) = 0. (5.18)

m—o0

Using the identity

Re / ( / p"(2)Lo [v(Z)]-@dZ>dy=Re / p‘“‘"(@/)( / Loy [U(Z)]-@d2>dy

2 N o T2 ()
+m/</;wwmmwiwwyy
Q J2,m (y)
— Re / p“‘”(?J)( / Loy [v(2)] - v( )d2> dy,
Q J2,m ()
we obtain
Re/( / p "(2)Lo [v(z)]@dz)dy
Q J2,m ()
5.19
> 12 ) |05 L37, ()] lv; La ()] (>19)
— Mz, 0) [0 Laa-an (@) = M),
where

M lv] =

/( / p"(2)Lo [v(2)] @dz) dy—/p“‘"(y)( / Loy [v(2)] @dz) dy.

Q J2,m (y) Q J2.m (y)

We introduce the following auxiliary functionals

M [v] = / ( / p"(2) Lo [v(z)}-@dz)dy
Q J2,m (y)
(5.20)
—/( / wwwwww@yﬂﬁw>w
Q J2,m (y)
M) = ( p‘“"(z)Loy[v(Z)]'@dz> dy
g e (5.21)
- / p‘“‘”(?J)( / Loy [v(Zﬂ-@dZ)dy,
Q J2,m (y)
and observe that
Mpv] < MO+ M), v e CP(RM). (5.22)

Using Condition II) of Theorem 2.1 and applying Lemma 3.2, for functional (5.20) we get

Z/ ( / (bk(Z)—bk(y))dy>v(’“)(2)@dz

(1)
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7 wn ||U L3 ()| - [Jv; L2 ()] -

Thus, we have proved the inequality

M,

M(l)[v] < VW ‘ V;

L) - llo; eI, My = 5 "w,. (5.23)

We proceed to estimating functional (5.21). Taking into consideration the boundedness of
coefficients by (z) and applying Lemmas 3.2, 3.6, we obtain

M2l =| | ( [ @ =) Loy o) ﬂd) dy
Q J2,m (y)
Xom (2, 9) [p27"(2) = p* ()] br(y \dy) [0 (2)][o(2)|d=
’€|Z2T‘Q/ </
1
< —5Ni(m, a —n)My > ( X2m(2,Y) dy) P (2) |0 ®) (2)[|v(2)| dz
|k|= ZTQ/ /
1 m
< —Ni(m, a0 —n) My "wy, T z)|[v(2)| d=
m (m+ 1) (m |kz; /
< #Nl(m, a—n)Myx"w, Hv; Lgra(Q)H vy La(Q)]] -
Since

2|a]+2n+1
Mifm,a =) < nflal +1) (14 ) < n(la] + myderns
m

it follows from the above obtained inequality that

1
2n+2

o) [Jo; Ly Q)| - lvs La(Q)]] (5.24)

where
M (a) = Mose "wpn(|a] + n)dle it (5.25)
By inequalities (5.23) and (5.24), in view of (5.22) we obtain

Mu[v] < M)+ MP[o]

M 1

SV 0 L3 @] 10 La()| + 55 Ma(e) o L3 ()] - [lo: La(€)]
1 1

< o (v "on+ M ()| o LEL ()] - o L)l v € CF(R).
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Applying this inequality, by (5.19) we find

Re / ( / p"(2) Lo [v(2)] -@dz) dy

Q J2,m(y)
1

> — 3 Mg(m, a) [[o; L3, ()| [0; La(D)] (5.26)
1

- WM7(m, ) ||v; L2,a72r<Q)H2

vs Ly Q) - o ()]

2n

ot + s

Applying Lemma 3.10, for the function ®(z) = Re Ly [v(2)] - v(z) we obtain

ke [ ( JACIATE) ﬂd) dy

5\
< Mw, (mﬁl)n( 1_1> Re/LO 0(2)] - 0(2)d=
+%_n°"”{(m21—1)n }/|L0 )] |lo(2)|dz.
Since
Q/ G et < 3 [ / (] [o()ldz < Mo s L3 (@) s La(@)]]

this implies that

R/(

/ p~"(2) Lo [v(2)] 'WZ)CZZ> dy

J2,m (y)
m \" 1 S
<o "wy, (m n 1) (= 1) Re/Lo [v(2)] - v(2)dz
Q
o | e = | My [ L () o3 La()]
(m2—=1)"  (m2+1)" 'R ’

Applying this inequality and using (5.26), after simple transformations we obtain

Re/Lo [v(2)] - v(2)dz > — Mg (m, o) [|o; Lo ()] |lv; L2(Q)]]

Q
, (5.27)
— Mg(m, o, v) [|v; La,a—2, ()| [|v; L2(Q)]]

— Miy(m, a) |v; Lo.a—ar ()

where

m—+1

M* . -1
s(m,a) =x"w, (m

) (m? — 1)”%M6(m, ), (5.28)
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\" 1
Mg (m, o, v) =»"w,* (E) (m? —1)"

n m m2n

1 w m2n m2n
oMy — M - —
i+ i)+ 2 (G ) )

* n, — m+ 1 " n 1
Mis(m,a) = s (ML) G = 1 ),

We estimate Mg (m,a), Mg(m,a,v), M{,(m,«) from above. By (5.28) we have

. n o1 (mA1\" n 1
Mi(m,0) = (ML) 1) M)

m?—1

< owp tn ( > Mg(m, a) < s"w;, 12" Mg(m, ).

m2
Thus, we have proved that
Mg (m, o) < Mg(m, ), Mg(m, a) = »"w, 12" Mg(m, a).
We note that (see (5.18)) Mg(m,a) — 0+ as m — +oo and this is why
lim Mg(m,a)=0+.

m——+00

Using (5.29), we find
1\" (m?—1\"
M) =t (L) (72

m m2

1 W, m2n m2n
. M — M —_ —
) + 2 (G e 1))

1 w m? " m? "
n, —lon * n
<ow,, 2 {VMl—i—ﬁMﬂa)—i—%((mQ_l) _(m2—|—1) )]

Therefore,
Mg (m,o,v) < My(m, a,v),

where

1 w m2 n mg n
_..n, —lon * n _—
My(m,a,v) = »"w, 2 {VM1+WM7(CV)+E(<m2_1) _(m2+1) >]

We observe that

lim lim My(m,a,v) =0.
m—+oo v—+0

We proceed to estimating M/, (m, «). It follows from (5.30) that

m?—1

Miy(m, a) < »"w, 12" < ) My(m, ) < 3"w; 12" My (m, ).

m2
Using this inequality and (4.15), (4.32), (5.15), we obtain
M;o(m, ) < Myo(m, a),

where
Mlo(m, Oé) = %”w;12nM7(m, Oz) = %"w;12”015m16T2+27”_1M3(a - 27“)

Therefore, lim Mjo(m,a) = +oo.
m—-+00

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)
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In view of (5.31), (5.33), (5.36), it follows from (5.27) that

Re/LO v(2)dz = — Mg(m, @) ||v; L3, (Q) || [|v; L2(Q) |
Q

5.38
Mo, ) 05 Lo an ()] 103 La(0) (5:38)

- Mlo(m7 &) HU; LQ,a—ZT(Q)HQ )

where the numbers Mg(m, «), Mg(m,c,v), Mig(m,a) are determined by identities (5.31),
(5.34), (5.37), respectively.

Identities (5.32), (5.35) allow us to make the coefficients Mg(m, ), Mo(m, o, v) arbitrarily
small. This is why, choosing appropriate values of parameters m and v, by (5.38) we obtain
inequality (2.12) of Theorem 2.2. The proof of Theorem 2.2 is complete.

6. KELLIPTIC OPERATORS WITH STRONG DEGENERATION

In this section we provide the proofs of Theorems 2.3, 2.4. We first prove Theorem 2.3 for
operators only with higher order coefficients, that is, we consider operator (2.11).

We suppose that the coefficients of this operator satisfy the assumptions of Theorem 2.3.
Since in this case the assumptions of Theorems 2.1 and 2.2 are satisfied, in accordance with
these theorems inequalities (2.9), (2.12) hold.

Under the assumptions of Theorem 2.3 operator (2.11) has a strong degeneration, that is,
the inequality a — 2r > 0 holds. Therefore, p®~2"(z) < const, z € €0, and this is why

||v; L27a_27«(9)||2 = / (pa_Qr(x)|v(x)|)2 dx < const ||v; L2(Q)H2. (6.1)
Q
In view of this inequality by (2.9) (2.12) we have
e|jos L3, (Q)|]” < | Lolv(2)]; La(Q) 7 + K [|v; Lo(Q), (6.2)
Re (Lolv],v), = —¢ HU;LETa )| llvs La(Q)]] = 6 [Jo; Lo(Q)|* = K (e, 6) [|vs La(Q)1?,

for all v € C§°(2). By the last inequality for § = ¢ we obtain
Re (Lo[v],v) > —e [[v; LYW ()| Ilv; Lo(Q) | = Ku(e) [lvs Lo(D)], (6.3)

where Ki(e) = Kq(e,¢) +¢.
In what follows we suppose that A is a non—negative parameter. Using the inequality 2A-B <
A2+ B2 A>0,B>0,for A= |jv; L¥,(Q)]|, B = AJv; La()]| we have

2\ [|vs L2 ()| ]v; La ()] < [|os L2 ()||* + A2 [|vs La(€2)]*.
By this inequality it follows from (6.3) that
2\ Re (Lo[v], v)y = —¢ |[v; LZ (Q)||* = (A2 + 20K1(e)) [[o; Lo ()| (6.4)
Since A > 0, we find
| Lo[v] + Av; Lo(Q)|)* = (Lo[v] + M, Lo[v] + \v),
= [|Zo[v); La(Q)[* + A% [[; Lo(Q)|* + 2A Re (Lo[v], v), -
Using inequalities (6.2), (6.4), we get
1Zo[v] + Av; La()1” = || Lo[v]; La() | + X [Jv; La()* + 2ARe (Lo[v], v),
> (c—e) [Jo; LE Q)" + M2 = K — eA? = 20K, (e)] [[v; La(Q)])*.
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Fixing some value of the parameter £ > 0, we hence get
| Zo[v] + Av; La(@)[* > ex [Jv; 3] + A s La(Q)]?,

where ¢; = c—e > 0,A(\) = (1—¢)A\? — K — 2\K (¢). Therefore, there exists a number Ay > 0
such that for A > )y the inequality holds

| Lo[v] + /\U;LQ(Q)H2 > ’ v,WQQZ(Q)‘ , veCF).

This is the main inequality in Theorem 2.3 for operator (2.11), and hence, the proof of Theo-
rem 2.3 for operator (2.11) is complete.

We proceed to proving Theorem 2.3 in the general case. We consider operator (2.4), which
has non-zero lower order coefficients.

In what follows we shall employ the inequality

2

1
2A-B< -A*+qB* A>0, B>0, ¢>0. (6.5)
q

We introduce the notation o = g, and represent operator (2.4) as (see (4.54)) Llu](x) =
Lolu)(z) + Ly[u)(x), where the operators Ly, L, are defined by identities (2.11), (4.55), re-
spectively. Since all coefficients by(x) of operator (2.4) are bounded and the numbers a, o,
J < 2r — 1, satisfy the condition o; > a — 2r + j, by inequality (3.30) of Lemma 3.12, for
operator (4.55) we find

1

</|L1[v(m)]|2d:c> < ¥ Hp”‘jbkv(’“);LQ(Q)Hngi U;Lgﬁ%(sz)H

a k|=j<2r—1 §=0

2r—1

<M > w5 Ld oy s (D] < pellos L3, ()] + Ka(w)]|v; Laa—ar (Q)]],
§=0

where p is a sufficiently small positive number. By (6.1) this implies
1L [o]; Lo()] < g f|vs L (Q)|| + Ko (u) [l La()l . v € C5E(Q). (6.6)
In what follows instead of the expression p-const, Ks(u)-const we shall again write p, Ko(u),
respectively. Using (6.5), (6.6), we find
2\ [Re (La[v], v)| <2A/ [ Lafo(2)]] [o(2)|dz < 2X ([ Ly [o]; La(Q)] - [|v; Lo (Q)]

Q
2

A
< I Lo()|1” + | L1 [v]); La()* < e ||v; L2, () || (6.7)

)\2
+ qKo () [|v; Lo (Q)|* + " Jv; Lo (Q)]%.

Taking into consideration the identity L = Ly + L; and applying inequalities (6.4), (6.7), we
find

2ARe (Lv],v), = 2ARe (Lo[v],v), + 2ARe (L1 [v], v),
L@ = (ol + 2+ 3 s LI

v; L3, (Q)]] < [|o; W3r,(Q) ||, this yields

>—(e+ar’)|

Since ‘
)\2
2ARe (L[v],v), = — (e + qu®) ||v; VVQQZ(Q)H2 — (qu(,u)2 + o + 5)\2) |v; Lo(Q)])* (6.8)

for all v € C§°(2). Here ¢, p are arbitrarily small positive numbers.
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In the case of strong degeneration inequality (2 9) of Theorem 2.1 implies
s [ WEL@Q)||” < IE[]); La(Q)I + Ko [lv; L) (6.9)
We note that A > 0 and hence
Lo+ v La(Q) 2 = | Lo La() I + A2 Ju; Lo(@)]” + 27 Re (L, 0), .
By inequalities (6.8), (6.9) this implies
v + Av; La(Q)|* > (501 — & — qp%)

) , A\ ) ) ) (6.10)
(=N = T g = K3 s L@

Without loss of generality we can suppose that the number s in inequality (6.9) is such that
0 <25 < 1. Then for e = &, u = /%, ¢ = 3, by inequality (6.10) we find

» A2
Lo+ s @)1 > 5 Jos W@ + (5 - M. ) s L@,

2’7" (Q)”Q

2

where M, = 3K (u)? + K2 > 0. Thus, we have proved, that under the above assumptions there
exist positive numbers s, g such that for A > \g inequality (2.13) of Theorem 2.3 holds. This
completes the proof of Theorem 2.3.

Now we proceed to considering adjoint operators, namely, we are going to prove Theorem 2.4.
It is convenient to represent operator (2.4) as

Z L[ (6.11)
Z o (@) (2), u e CFEQ).

|k|=37
We consider the operator Lo, [u]. The adjoint operator is defined by the identity
/Egr[u](x)v(x)dx = /u(x)ﬁz,[v](x)da: (6.12)

Q Q
Integrating by parts, we find the expressions for the adjoint operator

(k) —\&) o,
Ly, o)) = Y (pa(x)bk(a:)v(:v)> - Y G (pa(z)bk,+k,, (g;)) V5 (z)  (6.13)
|k|=2r |k'+k"|=2r
for all v € C§°(2). Denoting the multi-index &’ by [, and k” by k, we obtain

L5, [0](x) = Y Gorp(a)o™ (), (6.14)

Ik <2r

where

R N
Qo () = Z Cik (Pa(if)bl+k(93)> k< 2r

|l|=2r—]k|

We then have

Ap(r) = > e (p“<x)bz+k(x))(l): Yo S e ( )(l)<bl+k(:c)>(l”). (6.15)

|i|=2r—|k]| || =2r—|k| 1=U/+1"

We note that the function p(z) possesses the property

(@) < o (@) (6.16)
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and the coefficients of operator (6.11) satisfies condition (2.14). This is why

|a’27'k Z Z Clkcl’l”CMl” ‘H< ) ‘l”‘(x)

|z| o —|k| L=l +1""

- Z Z Clkcl/l”CM[//pai‘ll‘fulq(l.)

|l|=2r—|k| 1=l +1"
Z Clpaf‘”(x) < Mkpa72r+|k|(x)'
ll|=2r—|k|

This inequality allows us to represent operator (6.14) as
L5 [0)(x) = D p* (@) ag p (@)™ (), (6.17)
|k|<2r

where all coefficients as,. () are bounded and are defined by the identity

aQr,k(x)
pe—2r k()

For |k| = 2r it follows from (6.15) that @y, x(x) = p®(x)bk(z). By (6.18) this implies ag, x(x) =
be(z), |k| = 2r. By this identity assumptions I) — III) of Theorem 2.1 (see (2.5)—(2.7)) are
satisfied for the coefficients ag, (), |k| = 2r, of operator L3,

Similarly to the case £3. one can study the operators £;[u], j < 2r — 1, and prove that these
operators admit the representation

= > @) g (@), (6:19)

|k|<j

agr k() = (6.18)

where all coefficients a;(z) are bounded.
Now using (6.11), (6.17), (6.19), we represent the adjoint operator L*[v] as

T) = Zﬁ}f[v] (z) = Z Z p M (@) agp (2)0™ (2), (6.20)

J=0 |k|<j

where all coefficients a;;(x) are bounded and higher order coeflicients aq, (), |k| = 2r, satisty
assumptions I) — IT) of Theorem 2.1 and the weak positivity condition in Theorem 2.2. This is
can apply Theorem 2.3 to operator (6.20) if a; —j + |k| > ag, —2r+ |k| forall 0 < j < 2r—1
and for all |k| < j. We note that this condition is equivalent to the condition a; > ag, +j —2r,
which holds under the assumptions of Theorem 2.1, see condition (2.8).

Thus, we have show that operator (6.20) satisfies all assumption of Theorem 2.3. Applying
this theorem, we obtain inequality (2.15) for adjoint operator. The proof of Theorem 2.4 is
complete.

Concerning the proof of Corollary 2.1, we note that by means of inequality (2.13) (see The-
orem 2.3) we can prove that under the assumptions of Theorem 2.4 the domain of operator
L + A/ is closed, while inequality (2.15) (see Theorem 2.4) implies that the kernel of adjoint
operator I* + AI is empty, that is, R(IL + AI) = R(IL + AI) and N(IL* + AI) = (). This is why
it follows from identity Lo(Q2) = R(L + AI) @ N(L* + AI) that R(L + A\I) = Lo(€2).
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