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STABILITY DEGREE OF MAXIMAL TERM
OF DIRICHLET SERIES

N.N. AITKUZHINA, R.A. GAISIN

Abstract. We study the stability of a maximal term of a Dirichlet series with positive
exponents, the sum of which is an entire function. For a class of entire Dirichlet series defined
by a certain convex growth majorant, we prove a theorem on the quantitative estimate of the
equivalence degree (outside of some exceptional c4-set) of the logarithms of maximal terms
in the original series and the modified Dirichlet series. A similar problem for entire Dirichlet
series of an arbitrary rapid growth, but with no quantitative estimate of the stability degree
for the maximal term, was first studied by A.M. Gaisin in the late 1990s and early 2000s.
He then obtained a stability criterion, which was the equivalence of the logarithms of the
maximal terms of the original and modified series on the asymptotic set. This result, as well
as the corresponding stability statements for Dirichlet series converging only in a certain
half—plane obtained by A.M. Gaisin and T.I. Belous, found useful applications in the theory
of asymptotic properties of Dirichlet series, specifically in proving Pélya type identities. The
formulation of the stability problem considered in this paper is relevant for its applications
to the minimum modulus problem, as well as to other related problems in analysis and
complex dynamics.
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1. INTRODUCTION

The study of the stability of maximal term of a Dirichlet series with positive exponents, the
sum of which is an entire function, is relevant in connection with theorems on the asymptotics of
entire Dirichlet series on various continua extending to infinity (e.g., on curves, strips), in which
a key role is played by Leontiev formulas for the coefficients calculated in terms of a biorthogonal
system of functions (see [1]). The functions of this system contain a factor depending on the
reciprocal of the derivative of the characteristic function, which is an even Weierstrass product,
the zero set of which coincides with the sequence of exponents of the Dirichlet series (see [1]).

The stability of maximal term of Dirichlet series

F(s) = ZaneA"S, s =0 +1it, (1.1)

n=1
with positive exponents, which converges absolutely in the entire plane, was first studied in
[1]. This concept proved to be very useful in studying the asymptotic behavior of the sum
of a Dirichlet series on curves extending to infinity, namely, in proving the well-known Pélya
conjecture. Similar studies were later made for Dirichlet series of a given growth, in particular,
of finite Ritt order (see [2], [3], [6]). A key role in such problems is played by lemmas of the
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Borel — Nevanlinna type. Note that in such problems ), are necessarily zeros of some entire
function of exponential type. However, the study of the stability of maximal term is also of an
independent interest. Under this approach, the exponents of series admit an optimal choice |5].

In [2], [6], Dirichlet series in the classes D(®) and D(®), defined by some convex majorant ®,
were studied. Criteria for the stability of maximal term of Dirichlet series (1.1) were obtained
in terms of the function ¢ inverse to ®. The essence of the main results in [2], [(] are theorems
on relations of type

Inp(o) = (1+o0(1))Inp* (o), (1.2)

which hold as ¢ — oo outside some exceptional sets £ C R, = [0,00) of zero lower density.
Here p(o) is the maximal term of series (1.1), and p*(o) is the maximal term of the Dirichlet
series with the same exponents but with the modified coefficients of form a,b,, n = 1,2,....
However, in these papers the behavior of the infinitesimal quantity o(1) in identity (1.2) was
not discussed at all; this identity means the stability of (o). The aim of this paper is to obtain
an estimate of form
In p* (o) const

In p(o)
in the class DP(®), which a certain analogue of D(®) depending on the parameter p > 0. The
estimate should hold as o — oo outside some ¢, —set Egﬁ,y C Ry,

P 0<p<pB,

o’

dens E”

aﬁv<Q<1’

where a, 3, v are given parameters, ¢ = g(a) = O(a) asa — 0, 8 € (0,1), v € (0,1), B+ < 1,
O<a<<ay<l.

2. NECESSARY INFORMATION AND MAIN RESULT

Let A ={A\.}, 0 < A\, 1 00, be a sequence, which obeys the condition

1
lim —— = 0. (2.1)

n—oo N\,

We denote by D(A) the class of all functions F' that can be represented by Dirichlet series
F(s) = Z ane™, s =0 +it, (2.2)

in the entire plane.

It follows from condition (2.1) that if series (2.2) converges in the entire plane, then it
converges absolutely, and its sum F' is an entire function |[1]. By L we denote the class of all
continuous and infinitely increasing positive functions on R,. Let ® be a convex function in L,

D,,(®) ={F € D(A) :InMp(c) < ®(mo)}, m > 1,
where Mp(o) = sup |F (o +it)|. We let

[t|<oo

oo

D(®) = | ] Du(®).

Together with series (2.2) we introduce the series

o0

F(s) = Z apbpe™, (2.3)

n=1
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where the sequence b = {b,} of complex numbers b,, (b, # 0 for n > N) satisfies the condition

— [ [ba|
Let E C [0,00) be a Lebesgue measurable set. The upper DE and lower dE densities of the
set E are the quantities
- — E EnN|o
DE = dens F = lim mes(F N [O’U])7 dE = dens F = lim mes( [ ’U]).

T—00 o T—00 g

In what follows we suppose that all exceptional sets £ C [0, 00), outside of which asymptotic
estimates will be obtained, are unions of segments of the form [a,, a, ], where (see [1])

O<ay<d <ar<a,<...<a, <a, <....
1 2 n

Let 0 < ¢ < 1. The set E C Ry is called the Cy—set if DE < ¢, and the c,—set if dE < q.
Let
1
dy — inf 20 )

zze Inux

I

and ¢ be the inverse function to ® such that

A (2.5)

z—oo ()
It follows from (2.5) that for some ¢ > 1

p(2) < ep(z?) < ... < p(a).
Inlnz

In2
We introduce the classes of functions

We let n =

, where [a] is the integer part of a. Then Inp(x) = O(Inlnz), x — oo.

Cw(z) 1 / w(t)
W(p)=weL:d,>0, lim =0, lim — dt =0 »,
e e " SR ew ) e

1 [t
W(p) =welLidy>0 Iim—— [20

dt =0
T—00 QO({E) / t2

We say that a sequence {b,} (b, # 0 as n > N) is W(¢)—normal if there exists a function
0 € L such that

1 ot
lim —/th 0, (2.6)
1
and
1
1Il|b—| \Q(An>, n}N
Let n(t) = >_ 1 be the counting function of sequence A, and n,;(t) be the smallest concave

An<t
majorant of Inn(t). By condition (2.1) it is well defined and n;(t) = o(t) for t — oc.
By u(o) and p; (o) we denote the maximal terms of series (2.2) and (2.3), respectively, i.e.

u(o) = max {lan] e*}, py (o) = max {lan| [bn] €7} .

In [2]| the following theorem was proved.
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Theorem 2.1. Let {b,} be a sequence of complex numbers (b, # 0,n = N) satisfying condi-
tion (2.4), and let ® be a convex function in the class L. Assume that the function o, inverse
to @, satisfies condition (2.5), and that the majorant ni(t) satisfies integral condition (2.6) of
W (p)-normality *.

If there exists a function w € W (p) such that

bl S w(An),  n=N, (2.7)
then each function F' € D(®) satisfies the asymptotic identity
In (o) = (14 0(1)) In (o), (2.8)

as o — o0 outside some set E C [0,00) of zero lower density. For W (p)-normal sequence
{bn} condition (2.7) is necessary for (2.8).

We note that a similar result for Dirichlet series of arbitrary growth was proved in [1]. Let
p be some positive number,
x

S 1
WP(p)=<weL:d,>0, d(w)= lim w(z) < oo, lim /w()dt<oo

S % @ ) e

In the same way we define the class W?(ip) by replacing lim by lim and the notion of W ()~
normal sequence. It is obvious that if w € W?(y), then d,(w) < oo.
Our main result is as follows; an exact formulation is provided in Theorem 3.2. Let ® be an
increasing convex on R, function, p > 0,
pr(®) = | {F € D(A) : In Mp(o) < cp(maé)}.

=1
We establish for given 5, v € (0,1), v =1—  —~ > 0 such that for n > N
[ I [bn ] < (>\ ), we W™ (yp)

(¢ is the inverse function for @, ¢(z?) = O(p(x)), © — o) for each function F' € DP(®P) as
o — oo outside some ¢, —set the estimate

2

= gvtu

In 3 (o)
In p(o)
holds, where p is arbitrary number (0, 3), which can be arbitrarily close to .

-

3. PROOF OF MAIN RESULTS
The proof of Theorem 3.2 is based on the following Borel — Nevanlinna type theorem.
Theorem 3.1. Let ® € L and the function ¢ inverse to ® satisfy condition (2.5). Let u(o)
be a non—decreasing positive continuous on [rg,o0) function and
lim u(o) = oo, mﬂ<oo p > 0.
o—00 o—00 I q)(av)

Let € (0,1), y€(0,1),v=1——7, v e (0,1). Suppose that w € WP (p) and {x,} be a
sequence chosen so that

T = fim /w()dt<oo (3.1)
n t2

Without loss of generality, we can assume that d,,, > 0, i.e. n;(¢) belongs to class W () (see [2]).
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If 7, is such that v(1,) = x,, n = 1, where v = v(0) is a solution to equation
w(v) = e, (3.2)
then as 0 — 0o outside some c,—set Ezﬁv C [0, 00),

— E
= mes(E N[0, 7,])
Tn—>00 Tn

<qg<l,

the estimate

u(o+ o) a2

v(o) aoB
holds, where 0 < a < g < 1.

Proof. Let w = w(x) be a function in the class W”(p), o € (0, 1), while the parameters 8 and
~ are chosen in the formulation of theorem and fixed.
We are going to show that outside some set F C [0,00), E = E”

afy
q < 1 the estimate
1
U (O—+07M> < U(O) 4+ —
v(o) aoB

holds. Indeed, let Ef 5 C [0,00) be a set, on which

b)Y
u<0+a o(0) )2 ( >+aaﬁ’ (3.3)
where 5 € (0,1), v € (0,1),v=1——7~,v € (0,1).

Let E(o) = E.;, N[o,00). If E(0) = for some o, then the proof is complete. Otherwise,

of lower density dE}; <

by o, we denote the smallest number such that o; > 0, 0, € EZ/BV, and o7 is the smallest o, for
which
1
u(o) =u(or) + —5.
oy
Then by (3.3) we have
v(o1)

Let 09 = inf{o : 0 € E(0})}, and o}, be the smallest of o, for which

1
uw(o) = u(oq) + E.

It is clear that

v(o2)

Proceeding in the same way, we find sequences {0, }, {0/,}, such that

1
, u(og) —u(oy) = —3.
oy

n 1
0<o o, < ag%, u(on) ~ (1) > —5—. (3.4)

-1

This construction shows that
o
Et, | Jlow. 0.
n=1

We denote v, = v(0,), §, = w(vn)7 n > 1. Let {z,}, 0 < z, T oo, be the sequence in

Un
condition (3.1).
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Let {7;} be a sequence, where 7; is a solution to the equation v(7) = z;, j > 1. It is clear
that 0 < 7; 1 oo, and for each j > 0 there exists £ > 1 such that o,_; < 7; < 0}. Therefore,

we have
k-1 k-2

mes(Ef 5 N[0, 75]) < Z o0 < 010k 1 + 7] Z O (3.5)
n=1 n=1
If 2v, < v,41, then
Un+1 dt Un+1 (t)
w
20, < w(vy,) / 2 <2 / m dt. (3.6)

If 20, > v,41, in view of equation (3.2), (3.4) and the monotonicity of function w = w(t), we
have

Un+1
n t
5, < a0 (o ) — u(on)) < 2007 / # dlnw(t)
Up
o (3.7)
oy [ Pl) _wt) )
" Uni1 Uy, t2
Since it is obvious that
Un+1
d
[
t
we find
Un+1 Un+1
/ w(t) dt < W(vnt1)  w(vn) L9 / w(t) gt
12 Upi1 Up, 12
By (3.6), (3.7) we hence conclude that
Un+1
n n t
5, < 2max (1, aof) | Llnt) _ W) / “’9 dt | . (3.8)
Unt1 Up, t
Thus, if 0,1 < 7; < 0y, then by (3.5), (3.8) we have
mes (EZB N0,75])  we) 20 [ wlvp vkilw(t)
- < 0 +— —+2/ Sodt |, v=1—y—=3. (3.9)
j 7 Tog—r TS Vg_1 t

v1

By the assumptions of the theorem, there exists ¢ > 0 such that u(c) < ¢ln (I)(U%). Then, in
view of the inequality d,, > 0 and equation (3.2), we obtain that for some m € IN

1

(v(0))m < w(v(o)) < ¥(07),

ie.
v(o) < (o).

Taking into consideration property (2.5) of the function ¢, we hence obtain that

: v =1uv(0), o= 1. (3.10)
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Therefore, in view of (3.10), by (3.9) with j > jo, 0x—1 < 7; < 0y, we have

— mes (Ef N[0,7]) —(1-7) w(vp—1)

lim <¢ lim

Tj—00 Tj k—o0 90(V+5)p(vk 1>Uk 1
v;
_ 2 t
+ 2ac;” lim w(vy) + /w(Q) dt (3.11)
k—oo \ Vg_10PY (vg—1) P (vy) t
V1
<t T — ) va, () + 2T,

k—o0 ¢(V+B) ('Uk—l)vk—l

where v; = v(7;), p >0, v=1—v—p5,v € (0,1), 0 < a < 1. Since w € W"(y), we have
dpy(w) < 00, T\ (w) < 0o, and the first term on the right hand side of the second inequality in
(3.11) is zero. Since x; = v(7;) = vj, by (3.11) we finally obtain

— mes (EZ;/B7 [0,75])

< Y )<
TJll_l’)I(l)Q - < 2ac Y (dy(w) +27,,) <g <1
for 0 < a < ag. The proof is complete. O

Let ® be a convex function in L, p > 0,

{FeD : In Mp(0) < @(mml))}, m>1,
= O Dy (®)

If estimate In Mp (o) < Cb(map) holds only for some sequence {z,}, 0 < z,, T oo, then instead
of DP (®) we arrive at the definition of the class D? (®). Then

P(D) = G DP
m=1

We are in position to formulate our main theorem.

Theorem 3.2. Let {b,} be a sequence of complex numbers (b, # 0, n > IN) satisfying
condition (2.4), ® be a convex function in the class L, and let parameters o, (3, v be such that

€ (0,1), p € (0,1), v € (0,1), v € (0,1), where v = 1 —  — . Suppose that condition
(2.5) holds for the function ¢, which is inverse to ®, and the function n,(t) belongs to the class
W ().

If there exists a function w € WP () such that

I [bo|| < w(hy), n3= N, (3.12)

then for each function F' € DP(®) with 0 — oo outside some exceptional c,—set Egﬁv C Ry,
q = q(a) = O(a) with o — 0 the estimate

2
0‘7”“1

_ Inp(o)
‘1 In (o)

holds. Here p is arbitrary number (0, 3), which can be arbitrarily close to 5.

In what follows, without loss of generality, we can assume that n;(t) < w(t), t > 0. Otherwise,
we consider the function w(t) +mn;(t), which obviously belongs to W () since n;(t) € W»" (),
w(t) € W™ (p).
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Proof. Sufficiency. Let condition (2.7) hold, where w € WP (p), and v = v(0) is a solution of
the equation

ww)=o0""npulo), O0<y<l,  pe(0,8), ~y+B<L

The function In p(o) is convex, therefore the function ¢~ #In u(o) increases unboundedly as
o T oo. We let

v
R, = Z |a;| Y7, h = ?;a—w(v)’ v="uv(0).

v
Aj>v
According to the assumptions of theorem,
Inn =1Inn(A\,) < (), n = 0.
Since the function n,(t) is concave, we also have the inequality
mi) <P Az
v
Therefore,
—Anh w(v)
R, < pu(o +h) Z e < o+ h)e exp(rgamﬁ(t)), h =307 —~=, v =1v(0),
An>v
where
=1
W(t) = 2ny(t) — ht, co = ol
n=1

Hence, in view of the above estimates, as ¢ — o0,

max(1(t)) < QMt —h(t) < =307w(v)(1+0(1)) < —207w(v), v=1uv(0).

t>v (%
Thus,
R, < cou(o + h) exp[—20"w(v)], v=uv(0), o = 0. (3.13)
We let I (o)
o Inp(e
ule)=ln—=22 ne(0,6),  y+E<L

Since pu(o) < Mp(o) and F' € DP(P), there exists k > 1 such that the estimate
u(o) <In @(ka%), o> o0y, (3.14)
holds. It is clear v = v(0) is a solution of the equation
w(v) = "),

Then in view of (3.14) we have

wv(o)) = ") < d(kov), k> 1.
This yields

p(w(v(0) < kov.

Hence,
1 C1

S Tolw@)”

In view of Condltlon (2.5) and the inequality /z < w(x) for x > xy, we find
(

o> o0y, ¢ = kP, v =1uv(0). (3.15)

o(x) < cap(w(x)), T = g, 0 < ey <o0. (3.16)
Finally, by (3.15), (3.16) we obtain the estimate

v=uv(0), o = 09, 0 < ¢y < o0. (3.17)
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Since w € W (y), we obtain

—  w(x)
d, =1 < 00, 3.18
P (w) zggo $90py($) o0 ( )
and for the sequence {z,} we also have
. , 1 fu@)
T, (w) = xilinoo () / v dt < 0. (3.19)
1

It is obvious that under the replacement of the condition u(o) < c@(a%) by u(o) < q)(ka%),
k > 1, the statement of Theorem 3.1 remains true provided all other assumptions remain same.
This is why, applying Theorem 3.1 for the functions u, w and taking into consideration (3.12)—
(3.19) as well as the fact that 7; is a root of the equation v(7) = z;, j > 1, outside some set
E, C[0,00), By = E¥ (o, 8,7), 0 < o < g < 1,

E mes(Elﬁ[O,Tj]) <q1 < %7 (320)

by (3.13) we obtain

h -
uw(o+h) <u(o) + 5

that is,

1
Inlnp(oc+h)—(y+p)In(c +h) <lnlnp(o) — (y+ p)Ino + et

This implies that as ¢ — oo, outside F; we have
1 h
Inl h) < 1Inl — In(1+—
aluulo + 1) < ntudo) 4+ G+ (147

< Inlny(o) (14 3(y + B)ady(w)) .

n 1
aoB
Since 0 < p < f3, taking into consideration the elementary inequality e < 1+ 2¢, € € (0,1n2),
the identity w(v) = o077 #In u(o), by (3.13) we obtain
R, < o' ao? exp (= 207w(v)) = cop(0)' 2D = o()u(o), v=10(0), o

>
where a = 14-3(y+f)ady, (w), 0 < pp < . Thus, for o > 04 and o ¢ E; we obtain A\, o) < v(0),
where v = v(0) is the central index of series (2.2). In view of (2.7), for 0 — oo outside E; we
then have

g3,

oY TH

o) = lav| €7 = Jayby| 7[by| ™" < p(0)e ™) < pii(0)e™ = pi(o)u(o)” ",
0<vy<l1l, O<u<pB, ~v+pB<1.

This means that for o0 — oo outside E; = EY(«, 3,7) we have

(1 - mlﬂ) In (o) < In g (). (3.21)

Since |b,| < e?P) n > N, we find

115(0) = |anbn| €M7 < p(o)e® ™), k>N, (3.22)

where k = k(o) is the central index of series (2.3).
Let p = p(o) be a solution of the equation w(p) = o~ #In u; (o), and

Ry = lawba 7. p=p(0).

An>p
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We let

In p(o)
ovte

u*(o) =1n

Applying Theorem 3.1, by the same arguing as in derivation of the estimate for R, we obtain'

o)

* * 1-2(1 1))+ * 1
R, < colpy(0)] WO = o(1) 3 (0), Co = Z ol
n=1

as 0 — oo outside some set Fy C [0,00), Fy = E¥(a, 8,7), 0 < a < ag < 1,

— mes(F2 N[0,¢4]) 1
1 "L g < = 3.23
i : @ <3 (3.23)

Here t; is a solution to the equation p(o) = x;, and {z;} is the sequence involved in condition
(3.19). It follows that Ay < p(0) if 0 > 09, 0 ¢ E,. Hence, by (3.22) we obtain that as
o — oo outside the set Ey

1 (o) < p(0)e ™) = p(o)us (o) 77, v e (0,1), pe(0,5).

that is,

(1 - Uiy) In 2 (o) < In (o). (3.24)

Let us verify that dF < 1, where £ = F; U E5. This fact does not implied immediately
by (3.20) and (3.23). This is why we consider the sequence {77}, where {77} = min(7;, ;).
Since x; = p(t;) = v(7;), and F} € DP(®), then, as in (3.17), we obtain that ¢”(p(c)) < ¢y0,
0 < ¢4 < 00, and therefore,

1 . A S
X777 p J=1
7 (e())”

Hence, if E = E; U Es,, then by estimates of type (3.11) for each of the sets E; and Ey as
7/ — 00 we obtain

— mes(EN[0,77])

— A
lim < lim ——— (mes(E£; N |0, 7;]) + mes(FEy, N[0, ¢,
TF—00 7']’." T;—00 ((p(;pj))p( (B j]) (B2 ]]))
B . B .
A Tm mes(E; N[0, 75]) AT mes(E, N [0,1]) <t =<l
7j =00 ©P(v;) tj—00 ©P(p))

where v; = v(75), p; = p(t;).
Thus, by (3.21), (3.24) we finally obtain that as ¢ — oo outside E, F = EP(a,f3,7),
dE < q < 1,

In* py (o) 2
1-— < , 0,1), 0,8), 0,1), < 1, 3.25
1o < R e, ne 0B B0, 1+ (3.25)
if 0 < o < min(ay, ap). The proof is complete. ]

Open question: whether condition (3.12) is necessary for the validity of estimate (3.25) for
each function F' € DP(P)?

Since F € DP(®), it is obvious that Fj' € DP(®), where Fy is the sum of series (2.3).
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