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CONVOLUTION EQUATION IN SPACE OF FAST DECAYING
FUNCTIONS ON UNBOUNDED CONVEX SET IN R"

I.LKh. MUSIN, Z.Yu. FAZULLIN, R.S. YULMUKHAMETOV

Abstract. In the work we study the solvability of the convolution equation (in particular,
of differential-difference equation) in the Schwartz space on an unbounded convex set in
R™.
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1. INTRODUCTION

1.1. On problem. Let C be an open convex acute cone in R with the vertex at the origin
[1, Ch. 1, Sect. 4], b be a convex continuous positively homogeneous on degree 1 function on
C, the latter is the closure of C. The pair (b, C') defines a closed unbounded convex set

Ub,C) ={£eR": —(&y) < bly), Vy € C},

containing no entire straight lines. We note that the interior of U(b,C)) is non—empty and
coincides with the set

V(b,C) ={§ € R": —(§,y) < b(y), Vy € C},
while the closure of V(b,C) is U(b,C). For the sake of brevity we shall sometime denote the
set U(b,C) by U, and the set V(b,C) by V.
The most known example of the set U(b,C) is obtained once we choose the function b as
b(y) = 7||y|| with r > 0 for y € C. In this case [1, Ch. 1, Sect. 4, Lm. 3]

U(b,C) = C* + B,,

where
C*={{eR": (y) =20,VyeC}

is the dual cone, B, is the closed ball of radius r centered at the zero. This example admits a
generalization: if K is a convex compact set in R",

b(y) = sup(—(y,t)) for yeC,
tekC

then
Uo,C)=C"+K.
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For an arbitrary set M C R"™ we define the function Hj; in R"” by the formula
Hy(z) = sup(—(z,§)), = eR"
ceM

We let b(y) = b(y) for y € C, b(y) = +oo for y ¢ C. Then
domb = {y € R" : b(y) < o0} = C
is a closed set in R™, b is continuous on C and hence, the function b is closed [5, Ch. 2, Sect.
7]. Moreover, according to [5, Cor. 13.2.1],
b= Hy.

Let D C R™ be a bounded convex domain, K be the closure of the domain D in R". We
form the set

G=U+K,

then G is an unbounded convex closed set. For each y € R™ we have

He(y) = sup  (—{&+&,y)) = sup(—(&1,y)) + max(—{5, y)) = b(y) + Hr(y)-

&1eUtek &1evu
Hence,
He(y) =b(y) + Hi(y), y€C.
Thus, the function H is continuous on C. We note that

For Q = U or Q = G by S(Q2) we denote the Schwartz space of functions f in the class C*
on ) such that for each p € Z

[l =" sup  [(Df)(@)[(1+[=]))" < o0

z€int Q,|a|<p

Here || - || is the Euclidean norm in R™. The topology in S(€2) is defined by the family of norms

1f 1l (€ Zy).
Let 4 be a linear continuous functional on the space C*°(K) of infinitely differentiable on K
functions f with the topology defined by the system of norms

1fllm = max |(DYf)(z)|, meZ,.

zeK,|al<m

Then for some p € IN and ¢, > 0

(i DI < eull fllp, e CF(E). (1.1)

We note that for an arbitrary function f € S(U+K) and each o € U the function f,(t) = f(t+x)
is well-defined for t € K and belongs to the class C*°(K). At the same time the linear operator
T,: feSU+ K)— f, acts continuously from S(U + K) into C*°(K), see Lemma 3.1.

We define the convolution u * f of a functional y and a function f € S(U + K) by the rule

(o f)(x) = (e, f(x+ 1)), zel.

We note that since for each x € U the function f, belongs to the class C*°(K), the function
p* f is well-defined on U. Moreover, pux f € C*°(U), see Lemma 3.2, and for each 3 € Z7

(D (u* f))(x) = (u* D?f)(z), x€U. (1.2)
We note that the operator M, : f € S(U+ K) — px* f acts from S(U + K) into S(U). Indeed,
using (1.1) and (1.2), for all x € U, m € Z, and § € Z7 with || < m we have

1+ )™ (DT f) (@) < ¢ sup  (L+ a])" (D f)(@ + ).

teK,|a|<p
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This implies that for some A = A(m, K) >0
(1 + [l (D (M. f)(2)] < Ac,, sup (14 [[E[)™ (D" NE] < Acullflmspc-

[vI<m+p

Thus, for each m € Z.,

My fllmu < Acull fllmipe, e SU+K).

This inequality means that M, (f) € S(U) and the linear operator M, acts continuously from
S(U + K) into S(U).

There arises a natural problem to find the conditions p, which ensure the surjectivity of
the operator M, : S(U + K) — S(U). In this note we provide a sufficient condition for the
surjectivity. Moreover, the problem on solvability of a linear partial differential equation with
constant coefficients in S(U) is also of interest.

1.2. Notation and definitions. For

a=(u,...,a,) €2, u=(ug,...,u,) € R"(C")
we let

ful =\l + -+ luals ol =+

al =aq! -, ut =uyt-un,

Do olel

B Quft -+ - Quon’
For u = (uy,...,up), v = (vy,...,v,) € R"(C") we let
(U, v) == U1 + * -+ + UpUy.
H(T¢) is the space of holomorphic functions in the tubular domain T = R"™ 4 iC.
Ac(y) is the distance from a point y € C to the boundary of the cone C.
For z = (z1,...,2,) € C" and r > 0 we let
A(z,r) ={w=(wy,...,w,) €C" 1 Jwj — 2| <r, j=1,....,n}.

[z, &] is the segment, which connects the points x,& € R™.
For an arbitrary locally convex space X by X’ we denote the space of linear continuous
functionals on X, and X* stands for the strongly dual space.

2. ON DUAL SPACE FOR S(U)

It is known [1], [11] that for each z € R" + iC' the function f.(£) = ¢“* belongs to S(U).
This is why for an arbitrary functional @ € S’(U) the function
B(2) = (@,7)

is well-defined in T = R" + 4C'. It is holomorphic in T [1], [11]. The function & is called the
Fourier — Laplace transform of the functional ®.
We define the space V,(T¢) as follows. For each m € IN we define the normed spaces

) i )
ot = {f < AT Mol = 380 TR (4 gy < Oo} |

where z =z + 1y, x € R", y € C. Let

Vo(Te) = U Vim(Tc).

m=0
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The set V,(T¢) equipped with the usual summation and multiplication by complex number is a

linear space. We also equip V;,(7¢) with the topology of inductive limit of the spaces V., (T¢).

Vio(Te) is the space (LN*) |6] or, following a more modern terminology, the space DF'S |3].
The following Paley — Wiener — Schwartz theorem holds for the space S(U).

Theorem 2.1. The Fourier — Laplace transform F : S*(U) — V,(T¢) introduced by the
rule F(T) =T is an isomorphism.

Theorem 2.1 was established in work [1] following the lines from [I]. For b(y) = al|y|| (a = 0)
Theorem 2.1 was established by Vladimirov [, Ch. 2, Sect. 12].

Remark 2.1. For each ¢ > 0 we define a function b. on C by the rule

b=(y) = bly) + €lly||
and the space Vi (Tc) as the inductive limit of the normed spaces

) AN ()]
V(Te) = {f < HUTe) NeelF) = S0 T ok OO} |

where k € Zy, z = x +1iy, x € R", y € C. Let Hy(Tx) be the projective limit of the spaces
Vi (T¢). 1t is known [10, Thm. D] that the spaces V,(Te) and Hy(T¢) coincide.

3. AUXILIARY STATEMENTS

Lemma 3.1. Let x € U.Then the linear operator T, : f € S(G) — f. acts from S(G) into
C>(K) and is continuous.

Proof. Let f € S(U + K). Then for each m € Z

/1],
(DN < ———m lal<m, {€G. (3.1)
(1+ [lglp)m
Therefore,
[pyiye
T, m = Imax DYz +1t)| < : < "G
TPl = o (D7) +0] < e <
Thus, the linear operator T}, is continuous. The proof is complete. O

Lemma 3.2. Let f € S(U+ K). Then pux f € C(U).

Proof. First we are going to show that the function u * f is continuous on V. Let xg be an
arbitrary point V. Then

(u* () = (ux f)(xo) = (i, f(x +t) = flzo +1)), z€V.
Since for some m € N and ¢, > 0
[, )| < cullgllm, g € CF(K), (3.2)
we have
|(* (@) = (p* f)(wo)| = [, fo — fao)| < Cqua: — faollm
= ¢umax |(D(fo(t) = fay (1))

lal<m

<20 max  max (D) (E)]]|w — ol
la|<m BEZT :|B]=1

Using the inequality (3.2), we get
(e f)() = (o f)(@o)| < 2¢]l|lz = @olll| fllmr1c-
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Thus, p * f is continuous at the point xg € V. And since xq is an arbitrary point in V', we
conclude that p * f is continuous in V.
Let us show that px f € C*°(V') and that for each o € Z}

(D*(p* f)) (@) = (u* D*f)(x), xeV.
We take an arbitrary point zy in V. Let a € Z. For each h € R" such that z9 +h € V we
have

(D*(x ) (o +h) = (D(ux f)wo) = Y (s D fu )

Bezn:(Bl=1
:<M7Dafﬂco+h> - <M7 Dafw0> - Z <M7Da+ﬁfdfo>hﬁ
BEZT :|B|=1
:<M7 DafacoJrh _ Dafwo o Z DaJrBf;pohB)-
BeZn:(B|=1
We note that for each t € K and each v € 77" with |y| <m
(D fopen) (0) = (D" fa)(8) = Y (DO L) ()R
ez :|B|=1
=D f)(t+ao+h) = (D)t +ao) — Y (D)t + w)h”.
BezZr:|8|=1

This implies
(DY)t + 2+ h) = (D f)(E+x0) = Y (D F)(t + o)W
Bezn:|8l=1
(., max  |[(DMHELE)IR]
<2 Z E€[t+xo,t4+zo+h]

|
BeZn | B|=2 p!
< max () S 2
= ¢€lt+zq,t+zg+h], ﬁl

BEZT :|B|=2 BEZ :|B|=2
2

< = aty+p 2
< S o max (D HED
BeZi:|,8|:2 BELT 1| B]=2

Hence, taking into consideration the inequality (3.2), we obtain

DOV )+ a0+ ) — (D) +a0)— S (D) (1 + o))

BEZY :|B|=1
2||me+|0c|+2,G
<y ey
ﬁEZi:\m:Z
Now by means of the inequality (4.1) we get
a a a 20 fllm+jal+2,6
(1t D fagin = Doy = > DL < Y THhHZ'
BEZn:|B=1 BEZT:|B|=2 '

This means that the function D*(u * f) is differentiable at the point z in V. A since zg is an
arbitrary point in V', we conclude that p* f is differentiable in V. We have also shown that for
each § € Z7 with || =1

DD+ f)(z) = (. (D" f)(z +1)), weV.
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Let us show that for each multi-index o € Z7, the partial derivative D*(u * f) is continued
to a continuous in U function. For all

r=(x1,...,2,), E=(&,...,&) €V, teK
and each vy € Z7 with |y| < m we have

(DNt +2) = (DTHE+OI< | max (D H@)DIE - )
Bezrif—1 neft+z,t+£]
|z =&l

< n“f”m—Ha\—H,G
Then
(D (o f)) (@) = (D (p* ))E) = (p, (D*f) (@ + 1) = (D) (§ +1)).
Using the inequality (4.1) and the above inequality, we find
(D% (e ) (@) = (D (e F)E] < umax | (D f)(E+z) — (D) + )
< || fllmijalrr,elle =&l

By this estimate and the Cauchy criterion we conclude that for each point ( on the boundary
OV there exists a finite limit

lim (D (x f))(E)-

E—(EEV
We define the function F,, on U as follows
Fa@@) = (D°(us ))@),  w€V;  Fule)= lim (Df)), xedV.

E—ax,leV

By the latter estimate we easily conclude that the function F, is continuous on U. Moreover,
it is uniformly continuous on U. Thus, for each a € Z7; the partial derivative D*(p* f) admits
a unique continuation from V' to a continuous on U function. For the function F, we keep the
notation D(u * f). The proof is complete. O

4. MAIN RESULTS

Theorem 4.1. Let p be a linear continuous functional on the space C*°(K). Assume that
its Fourter — Laplace transform, the function

i(z) = (n,e'?), zecr,

1s such that there exist positive numbers A, L, N > 1 such that for each point z € C" and each
e € (0,1) there exists a number a. > 1 not exceeding ELN such that

i (Im2)=Aln(1+]2]) G max | (w)].

Then the operator T, : S(U + K) — S(U) s surjective.

Before proving Theorem 4.1, we establish the following two statements.

Lemma 4.1. Let I' be an open convex cone in R™ with the vertex at the origin. Let h be a
convex continuous positively homogeneous of degree 1 function on I'. Then for each ¢ > 0 there
exists a constant A. > 0 such that for all y1,ys € I' obeying ||y — y1|| < 1 we have

|h(y2) — h(y1)| < ellyall + ellyall + A

Lemma 3.1 was proved in [10, Lm. 9|.



66 I.Kh. MUSIN, Z.Yu. FAZULLIN, R.S. YULMUKHAMETOV

Lemma 4.2. Let &, &y, & = % be holomorphic functions in the ball B(0, R). Let
|®;(w)| < B, |Po(w)| < A for we B(0,R).

Then 2||wl| RA||w|
[B(w)] < BATIT|@,(0) 71, w e B0, R).

Lemma 3.2 was established in [9].

Proof of Theorem J.1. Let
Ny ={z€Tc: jp(z) =0}.
For z € C™ by f, we denote the function

f(6) =€ zeU.

For z € T¢\ N;, we consider the equation Lf = f,. It has the solution ( ik

of the system {f.}.cz.\n, this implies that the range of the operator L is dense in S(U). Let
us show that the range of the operator L is closed in S(U).

By the Dieudonné — Schwartz theorem [2| the closedness of the range of operator L is
equivalent to the closedness in S*(G) of the range of adjoint operator L*. We define the
operator L* on V,(T¢) by the rule

L*(F) = F(L*(FY(F))), FeVy(Te).

By Theorem A, the linear operator L* acts from V,(T¢) into Vi, (Tc); the space Vi, (T¢) is
defined by the same rule as the space; and the action of this operator is continuous. For an
arbitrary function F' € V,(T¢) and each z € T we have

L*(F)(z) = (L(FHF), ) = (FHE)), L(f2) = (FHE)), il=) )
= () (FH(F)), f.) = ((2) F(2).

It follows from the results of [6] that the range im L* of the operator L* is closed in Vi, (T¢) if
and only if the set im L* N Vie.m(Te) is closed in Vi, o, (T¢) for each m € Z,. So, let m € Z,.
and the function F belong to the closure of the set im L* N Vi, m(Te) in Vigm(Te). Then
there exists a sequence (F})>, of the functions Fj, € im L* N Vi, m(T¢), which converges to F
in Vi, m(Tc). In particular, the sequence (Fj)22, of the functions F, converges to F' uniformly
on compact sets in To. Hence, since the functions F) read

Fi(2) = i(2)vr(z), where oy € Vi(Tc), 2 €Tc,

the function Fl2)
z

w(2> - /l(Z) )

is holomorphic in T¢. Let us estimate the growth of function 1. Let

z € Tp,

z=x+1y € Te, where ze€R", y=Imz.
Let § € (0,1) be arbitrary. We define

€ = min <i EAC( ))

By the condition for i there exists a point
ZeTo:|z—7 <

such that
ehK(Imz) Aln(1+|z[) ~ |M< )’
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where @, = a_. Since F' € Vi, (1), for some Ap > 0

ﬂ

_£_
n

In|F(w)| < Ap +mIn(l + |[w]]) + mIn (1 + ) + He(Imw), we Te.

1
Ac(Imw)
Since in view of Lemma 4.1) for each § > 0 we can find a constant Cs > 0 such that

sup  Hg(Imz") < Hg(Im 2) + 6| Im z| + Cs,
z'"eB(z'2¢)

we obtain

sup  In|F(2")] < Ap +mIn(2 + ||2])) + mn (1 +
2""e€B(z,2¢)

Ac(y)> +He(y) +0lyl + Cs. - (4.1)

Since for some ¢, > 0 and p € Z,
|1(2)] < el + [|z]) ettt
for some b, x > 0 independent of ¢ we have

sup |a(z")] < by +pn(2 + ||z|]) + Hx (Im 2). (4.2)
2MEB(2 2¢)
We let
Q) (w) = F(2' +w), Qo(w) = (2" +w), where |w| < 2e.
We use Lemma 4.2 with R = 2¢ and w = 2z — 2. We get
F(z)

M EG)

<Ap-+min (2+])2]]) +min (1+ ) + Haly)

4
Ac(y)

(b +pIn(2 + |[2]) + Hi (y))

2|z = ||
R— |z =2

R+ |z -2
R—z—~

+ 5|y| + Cs +
(Hr(y) — Aln(1 + ||z|]) — Ina.)

<Ap+mn(2+ ||z]|) + mIn(1 +

4
Ac(y)) +0(y) + Hi (y) + 6yl + Cs

L 2=
R—Tz =7

R R+|z=7|
L S = b | o |}
TP TR e ey P

[l

In(2 —H
(b P10+ 20D) + gD )

(Aln(1 + ||2]|) + Ina.)

<Ap+mn(2+ |2]) + mln (1+ )+ b(y) + 3lyl + Cs

4

Acly)
+2(byx +pIn(2 +|2]])) + 3(AIn(1 + ||2]|) + Ina.).

Thus,

F(z)

fi(z)

Therefore, for each § > 0,

F(z) 1 )3N T )+l

(2 Ac(y) ’

where C = 26N+3m+2p+34 3 Ar+2b.x  In view of Remark 2.1 we have 1) € V;(T¢). Since

F(z) =¢(2)g(z), z€Tp, then F eimlL*

Thus, the set im L* N Vi, m(Te) is closed in Vi, . (Te) for each m € Z,. Therefore, the range
im L* of the operator L* is closed in Vi (Tc). But then the range of the operator L is closed

1 >3N+meb(y)+ély|_

Ac(y)

< L36AF+2bM,K43N+m605(2+ HzH)m+2p+3A(1+

< 0605(1—|— HZH)m+2p+3A<1 +
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in S(U). And since the range of operator L is dense in S(U), we find im L = S(U). This
completes the proof. O

As an application of Theorem 4.1 we consider the existence of solutions to a differential-
difference equation in S(U); we define this equation as follows. We fix m € IN. For
a=(o,...,0p) €Z with |a|=a;+ - F+a,<m welet a,€C", h,eR"
Let K be a convex hull of the points h,, and the interior of K is non—empty. We observe that
Hi(y) = max(—(y,ha)) VyeR"

al<m
For z = (z1,...,%,) € C" and r > 0 we let
T(z,r)=Aw=(wy,...,w,) €C":|w; —zj| =r,j=1,...,n},
For a function g holomorphic A(z,r) we define
1

9 = G [ laCIlaz.

z€T(z,r)

The following result is known |7, Prop. 3|.
Theorem 4.2. Let

P(z) = Zpk(z>e<ak,z>7
k=1

where Py is an analytic polynomial in C" for each k and oy € C. Let

hp(z) = mnge(ak, z), ze€C"
Then for each € > 0 there exists a constant C(e, P) > 0 such that for an arbitrary function f
analytic in the polydisk A(z,€) we have

f(2)[e"® < C(e, P)[f(2) P(2)]e. (4.3)

Remark 4.1. The analysis of the proof of Theorem /.2 shows that for some L > 0 and
N € N independent of € and z the inequality holds

L
C(&,P) g E_N’

Remark 4.2. Under the assumptions of Theorem thB it follows from (4.2) that for each
analytic in the polydisk A(z,€) function f we have

[f(2)]e""®) < Cle, P) max |f(w)P(w)|. (4.4)

wEA(z,€)

e €(0,1).

We note that the linear continuous functional F' on the space C*°(K) introduced by the rule
F(fy= Y  aa(Df)(ha),
a€Z:lal<m
defines a differential-difference operator L on S(G):
(LAH) = Y aaDf)@+hs), z€U.
Q€ZT :|al<m

It is obvious that Lf € S(U) for each f € S(G) and the operator L is linear and continuous.
Moreover,

F=P, hp(z)=Hg(Imz) for zeC"
By (4.3), F satisfies the assumptions of Theorem 4.1. Thus, by Theorem 4.1 we have the
following corollary.
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Corollary 4.1. The operator L acts surjectively from S(G) into S(U).

Theorem 4.3. Let

P(z) = Z Ao 2"

la|<N

be a polynomial of degree N,

P(D)= ) a.D"

|| <N
be the differential operator of finite order associated with the polynomial P. Then the operator
P(D) is surjective in the space S(U).

Theorem 4.3 can be proved by the same scheme as Theorem 4.1. Here the following lemma
known as the Malgrange — Ehrenpreis lemma plays an important role, see, for instance, [3].

Lemma 4.3. Let p be a polynomial of degree m. Then there exists a number ¢ > 0 such that
for allr >0, z € C" and each function f € H(B(z,r)) such that

M Z,T
o) € HBE)

the inequality holds
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