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CONVOLUTION EQUATION IN SPACE OF FAST DECAYING

FUNCTIONS ON UNBOUNDED CONVEX SET IN R𝑛

I.Kh. MUSIN, Z.Yu. FAZULLIN, R.S. YULMUKHAMETOV

Abstract. In the work we study the solvability of the convolution equation (in particular,
of differential–difference equation) in the Schwartz space on an unbounded convex set in
R𝑛.
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1. Introduction

1.1. On problem. Let 𝐶 be an open convex acute cone in R𝑛 with the vertex at the origin
[1, Ch. 1, Sect. 4], 𝑏 be a convex continuous positively homogeneous on degree 1 function on
𝐶, the latter is the closure of 𝐶. The pair (𝑏, 𝐶) defines a closed unbounded convex set

𝑈(𝑏, 𝐶) = {𝜉 ∈ R𝑛 : −⟨𝜉, 𝑦⟩ ⩽ 𝑏(𝑦), ∀𝑦 ∈ 𝐶},

containing no entire straight lines. We note that the interior of 𝑈(𝑏, 𝐶) is non–empty and
coincides with the set

𝑉 (𝑏, 𝐶) = {𝜉 ∈ R𝑛 : −⟨𝜉, 𝑦⟩ < 𝑏(𝑦), ∀𝑦 ∈ 𝐶},

while the closure of 𝑉 (𝑏, 𝐶) is 𝑈(𝑏, 𝐶). For the sake of brevity we shall sometime denote the
set 𝑈(𝑏, 𝐶) by 𝑈 , and the set 𝑉 (𝑏, 𝐶) by 𝑉 .
The most known example of the set 𝑈(𝑏, 𝐶) is obtained once we choose the function 𝑏 as

𝑏(𝑦) = 𝑟‖𝑦‖ with 𝑟 ⩾ 0 for 𝑦 ∈ 𝐶. In this case [1, Ch. 1, Sect. 4, Lm. 3]

𝑈(𝑏, 𝐶) = 𝐶* +𝐵𝑟,

where

𝐶* = {𝜉 ∈ R𝑛 : ⟨𝜉, 𝑦⟩ ⩾ 0, ∀𝑦 ∈ 𝐶}
is the dual cone, 𝐵𝑟 is the closed ball of radius 𝑟 centered at the zero. This example admits a
generalization: if 𝒦 is a convex compact set in R𝑛,

𝑏(𝑦) = sup
𝑡∈𝒦

(−⟨𝑦, 𝑡⟩) for 𝑦 ∈ 𝐶,

then

𝑈(𝑏, 𝐶) = 𝐶* +𝒦.
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For an arbitrary set 𝑀 ⊂ R𝑛 we define the function 𝐻𝑀 in R𝑛 by the formula

𝐻𝑀(𝑥) = sup
𝜉∈𝑀

(−⟨𝑥, 𝜉⟩), 𝑥 ∈ R𝑛.

We let 𝑏̃(𝑦) = 𝑏(𝑦) for 𝑦 ∈ 𝐶, 𝑏̃(𝑦) = +∞ for 𝑦 /∈ 𝐶. Then

dom 𝑏̃ = {𝑦 ∈ R𝑛 : 𝑏̃(𝑦) <∞} = 𝐶

is a closed set in R𝑛, 𝑏̃ is continuous on 𝐶 and hence, the function 𝑏̃ is closed [5, Ch. 2, Sect.
7]. Moreover, according to [5, Cor. 13.2.1],

𝑏̃ = 𝐻𝑈 .

Let 𝐷 ⊂ R𝑛 be a bounded convex domain, 𝐾 be the closure of the domain 𝐷 in R𝑛. We
form the set

𝐺 = 𝑈 +𝐾;

then 𝐺 is an unbounded convex closed set. For each 𝑦 ∈ R𝑛 we have

𝐻𝐺(𝑦) = sup
𝜉1∈𝑈,𝜉2∈𝐾

(−⟨𝜉1 + 𝜉2, 𝑦⟩) = sup
𝜉1∈𝑈

(−⟨𝜉1, 𝑦⟩) + max
𝜉2∈𝐾

(−⟨𝜉2, 𝑦⟩) = 𝑏̃(𝑦) +𝐻𝐾(𝑦).

Hence,

𝐻𝐺(𝑦) = 𝑏(𝑦) +𝐻𝐾(𝑦), 𝑦 ∈ 𝐶.

Thus, the function 𝐻𝐺 is continuous on 𝐶. We note that

𝐺 = {𝜉 ∈ R𝑛 : −⟨𝜉, 𝑦⟩ ⩽ 𝐻𝐺(𝑦), ∀𝑦 ∈ 𝐶}.
For Ω = 𝑈 or Ω = 𝐺 by 𝑆(Ω) we denote the Schwartz space of functions 𝑓 in the class 𝐶∞

on Ω such that for each 𝑝 ∈ Z+

‖𝑓‖𝑝,Ω = sup
𝑥∈int Ω,|𝛼|⩽𝑝

|(𝐷𝛼𝑓)(𝑥)|(1 + ‖𝑥‖)𝑝 <∞.

Here ‖ · ‖ is the Euclidean norm in R𝑛. The topology in 𝑆(Ω) is defined by the family of norms
‖𝑓‖𝑝,Ω (𝑝 ∈ Z+).
Let 𝜇 be a linear continuous functional on the space 𝐶∞(𝐾) of infinitely differentiable on 𝐾

functions 𝑓 with the topology defined by the system of norms

‖𝑓‖𝑚 = max
𝑥∈𝐾,|𝛼|⩽𝑚

|(𝐷𝛼𝑓)(𝑥)|, 𝑚 ∈ Z+.

Then for some 𝑝 ∈ N and 𝑐𝜇 > 0

|⟨𝜇, 𝑓⟩| ⩽ 𝑐𝜇‖𝑓‖𝑝, 𝑓 ∈ 𝐶∞(𝐾). (1.1)

We note that for an arbitrary function 𝑓 ∈ 𝑆(𝑈+𝐾) and each 𝑥 ∈ 𝑈 the function 𝑓𝑥(𝑡) = 𝑓(𝑡+𝑥)
is well–defined for 𝑡 ∈ 𝐾 and belongs to the class 𝐶∞(𝐾). At the same time the linear operator
𝑇𝑥 : 𝑓 ∈ 𝑆(𝑈 +𝐾) → 𝑓𝑥 acts continuously from 𝑆(𝑈 +𝐾) into 𝐶∞(𝐾), see Lemma 3.1.
We define the convolution 𝜇 * 𝑓 of a functional 𝜇 and a function 𝑓 ∈ 𝑆(𝑈 +𝐾) by the rule

(𝜇 * 𝑓)(𝑥) = ⟨𝜇𝑡, 𝑓(𝑥+ 𝑡)⟩, 𝑥 ∈ 𝑈.

We note that since for each 𝑥 ∈ 𝑈 the function 𝑓𝑥 belongs to the class 𝐶∞(𝐾), the function
𝜇 * 𝑓 is well–defined on 𝑈 . Moreover, 𝜇 * 𝑓 ∈ 𝐶∞(𝑈), see Lemma 3.2, and for each 𝛽 ∈ Z𝑛

+

(𝐷𝛽(𝜇 * 𝑓))(𝑥) = (𝜇 *𝐷𝛽𝑓)(𝑥), 𝑥 ∈ 𝑈. (1.2)

We note that the operator 𝑀𝜇 : 𝑓 ∈ 𝑆(𝑈 +𝐾) → 𝜇 * 𝑓 acts from 𝑆(𝑈 +𝐾) into 𝑆(𝑈). Indeed,
using (1.1) and (1.2), for all 𝑥 ∈ 𝑈 , 𝑚 ∈ Z+ and 𝛽 ∈ Z𝑛

+ with |𝛽| ⩽ 𝑚 we have

(1 + ‖𝑥‖)𝑚|(𝐷𝛽(𝑇𝜇𝑓)(𝑥)| ⩽ 𝑐𝜇 sup
𝑡∈𝐾,|𝛼|⩽𝑝

(1 + ‖𝑥‖)𝑚|(𝐷𝛼+𝛽𝑓)(𝑥+ 𝑡)|.
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This implies that for some 𝐴 = 𝐴(𝑚,𝐾) > 0

(1 + ‖𝑥‖)𝑚|(𝐷𝛽(𝑀𝜇𝑓)(𝑥)| ⩽ 𝐴𝑐𝜇 sup
𝜉∈𝐺,

|𝛾|⩽𝑚+𝑝

(1 + ‖𝜉‖)𝑚|(𝐷𝛾𝑓)(𝜉)| ⩽ 𝐴𝑐𝜇‖𝑓‖𝑚+𝑝,𝐺.

Thus, for each 𝑚 ∈ Z+,

‖𝑀𝜇𝑓‖𝑚,𝑈 ⩽ 𝐴𝑐𝜇‖𝑓‖𝑚+𝑝,𝐺, 𝑓 ∈ 𝑆(𝑈 +𝐾).

This inequality means that 𝑀𝜇(𝑓) ∈ 𝑆(𝑈) and the linear operator 𝑀𝜇 acts continuously from
𝑆(𝑈 +𝐾) into 𝑆(𝑈).
There arises a natural problem to find the conditions 𝜇, which ensure the surjectivity of

the operator 𝑀𝜇 : 𝑆(𝑈 + 𝐾) → 𝑆(𝑈). In this note we provide a sufficient condition for the
surjectivity. Moreover, the problem on solvability of a linear partial differential equation with
constant coefficients in 𝑆(𝑈) is also of interest.

1.2. Notation and definitions. For

𝛼 = (𝛼1, . . . , 𝛼𝑛) ∈ Z𝑛
+, 𝑢 = (𝑢1, . . . , 𝑢𝑛) ∈ R𝑛(C𝑛)

we let

‖𝑢‖ =

√︁
|𝑢1|2 + · · ·+ |𝑢𝑛|2, |𝛼| = 𝛼1 + . . .+ 𝛼𝑛,

𝛼! = 𝛼1! · · ·𝛼𝑛!, 𝑢𝛼 = 𝑢𝛼1
1 · · ·𝑢𝛼𝑛

𝑛 ,

𝐷𝛼 =
𝜕|𝛼|

𝜕𝑢𝛼1
1 · · · 𝜕𝑢𝛼𝑛

𝑛

.

For 𝑢 = (𝑢1, . . . , 𝑢𝑛), 𝑣 = (𝑣1, . . . , 𝑣𝑛) ∈ R𝑛(C𝑛) we let

⟨𝑢, 𝑣⟩ := 𝑢1𝑣1 + · · ·+ 𝑢𝑛𝑣𝑛.

𝐻(𝑇𝐶) is the space of holomorphic functions in the tubular domain 𝑇𝐶 = R𝑛 + 𝑖𝐶.
∆𝐶(𝑦) is the distance from a point 𝑦 ∈ 𝐶 to the boundary of the cone 𝐶.
For 𝑧 = (𝑧1, . . . , 𝑧𝑛) ∈ C𝑛 and 𝑟 > 0 we let

∆(𝑧, 𝑟) = {𝑤 = (𝑤1, . . . , 𝑤𝑛) ∈ C𝑛 : |𝑤𝑗 − 𝑧𝑗| ⩽ 𝑟, 𝑗 = 1, . . . , 𝑛}.
[𝑥, 𝜉] is the segment, which connects the points 𝑥, 𝜉 ∈ R𝑛.
For an arbitrary locally convex space 𝑋 by 𝑋 ′ we denote the space of linear continuous

functionals on 𝑋, and 𝑋* stands for the strongly dual space.

2. On dual space for 𝑆(𝑈)

It is known [1], [11] that for each 𝑧 ∈ R𝑛 + 𝑖𝐶 the function 𝑓𝑧(𝜉) = 𝑒𝑖⟨𝜉,𝑧⟩ belongs to 𝑆(𝑈).
This is why for an arbitrary functional 𝛷 ∈ 𝑆 ′(𝑈) the function

𝛷̂(𝑧) = (𝛷, 𝑒𝑖⟨𝜉,𝑧⟩)

is well–defined in 𝑇𝐶 = R𝑛 + 𝑖𝐶. It is holomorphic in 𝑇𝐶 [1], [11]. The function 𝛷̂ is called the
Fourier — Laplace transform of the functional 𝛷.
We define the space 𝑉𝑏(𝑇𝐶) as follows. For each 𝑚 ∈ N we define the normed spaces

𝑉𝑏,𝑚(𝑇𝐶) =

{︃
𝑓 ∈ 𝐻(𝑇𝐶) : 𝑁𝑚(𝑓) = sup

𝑧∈𝑇𝐶

|𝑓(𝑧)|
(1 + ‖𝑧‖)𝑚(1 + 1

Δ𝐶(𝑦)
)𝑚𝑒𝑏(𝑦)

<∞

}︃
,

where 𝑧 = 𝑥+ 𝑖𝑦, 𝑥 ∈ R𝑛, 𝑦 ∈ 𝐶. Let

𝑉𝑏(𝑇𝐶) =
∞⋃︁

𝑚=0

𝑉𝑏,𝑚(𝑇𝐶).
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The set 𝑉𝑏(𝑇𝐶) equipped with the usual summation and multiplication by complex number is a
linear space. We also equip 𝑉𝑏(𝑇𝐶) with the topology of inductive limit of the spaces 𝑉𝑏,𝑚(𝑇𝐶).
𝑉𝑏(𝑇𝐶) is the space (𝐿𝑁*) [6] or, following a more modern terminology, the space 𝐷𝐹𝑆 [3].
The following Paley — Wiener — Schwartz theorem holds for the space 𝑆(𝑈).

Theorem 2.1. The Fourier — Laplace transform ℱ : 𝑆*(𝑈) → 𝑉𝑏(𝑇𝐶) introduced by the

rule ℱ(𝑇 ) = 𝑇 is an isomorphism.

Theorem 2.1 was established in work [4] following the lines from [1]. For 𝑏(𝑦) = 𝑎‖𝑦‖ (𝑎 ⩾ 0)
Theorem 2.1 was established by Vladimirov [1, Ch. 2, Sect. 12].

Remark 2.1. For each 𝜀 > 0 we define a function 𝑏𝜀 on 𝐶 by the rule

𝑏𝜀(𝑦) = 𝑏(𝑦) + 𝜀‖𝑦‖
and the space 𝑉𝑏𝜀(𝑇𝐶) as the inductive limit of the normed spaces

𝑉𝑏𝜀,𝑘(𝑇𝐶) =

{︃
𝑓 ∈ 𝐻(𝑇𝐶) : 𝑁𝑘,𝜀(𝑓) = sup

𝑧∈𝑇𝐶

|𝑓(𝑧)|𝑒−𝑏𝜀(𝑦)

(1 + ‖𝑧‖)𝑘(1 + 1
Δ𝐶(𝑦)

)𝑘
<∞

}︃
,

where 𝑘 ∈ Z+, 𝑧 = 𝑥 + 𝑖𝑦, 𝑥 ∈ R𝑛, 𝑦 ∈ 𝐶. Let 𝐻𝑏(𝑇𝐶) be the projective limit of the spaces

𝑉𝑏𝜀(𝑇𝐶). It is known [10, Thm. D] that the spaces 𝑉𝑏(𝑇𝐶) and 𝐻𝑏(𝑇𝐶) coincide.

3. Auxiliary statements

Lemma 3.1. Let 𝑥 ∈ 𝑈 .Then the linear operator 𝑇𝑥 : 𝑓 ∈ 𝑆(𝐺) → 𝑓𝑥 acts from 𝑆(𝐺) into

𝐶∞(𝐾) and is continuous.

Proof. Let 𝑓 ∈ 𝑆(𝑈 +𝐾). Then for each 𝑚 ∈ Z+

|(𝐷𝛼𝑓)(𝜉)| ⩽
‖𝑓‖𝑚,𝐺

(1 + ‖𝜉‖)𝑚
, |𝛼| ⩽ 𝑚, 𝜉 ∈ 𝐺. (3.1)

Therefore,

‖𝑇𝑥(𝑓)‖𝑚 = max
𝑡∈𝐾,|𝛼|⩽𝑚

|(𝐷𝛼𝑓)(𝑥+ 𝑡)| ⩽
‖𝑓‖𝑚,𝐺

(1 + ‖𝑡+ 𝑥‖)𝑚
⩽ ‖𝑓‖𝑚,𝐺.

Thus, the linear operator 𝑇𝑥 is continuous. The proof is complete.

Lemma 3.2. Let 𝑓 ∈ 𝑆(𝑈 +𝐾). Then 𝜇 * 𝑓 ∈ 𝐶∞(𝑈).

Proof. First we are going to show that the function 𝜇 * 𝑓 is continuous on 𝑉 . Let 𝑥0 be an
arbitrary point 𝑉 . Then

(𝜇 * 𝑓)(𝑥)− (𝜇 * 𝑓)(𝑥0) = ⟨𝜇𝑡, 𝑓(𝑥+ 𝑡)− 𝑓(𝑥0 + 𝑡)⟩, 𝑥 ∈ 𝑉.

Since for some 𝑚 ∈ N and 𝑐𝜇 > 0

|⟨𝜇, 𝑔⟩| ⩽ 𝑐𝜇‖𝑔‖𝑚, 𝑔 ∈ 𝐶∞(𝐾), (3.2)

we have

|(𝜇 * 𝑓)(𝑥)− (𝜇 * 𝑓)(𝑥0)| = |⟨𝜇, 𝑓𝑥 − 𝑓𝑥0⟩| ⩽ 𝑐𝜇‖𝑓𝑥 − 𝑓𝑥0‖𝑚
= 𝑐𝜇 max

𝑡∈𝐾,
|𝛼|⩽𝑚

|(𝐷𝛼(𝑓𝑥(𝑡)− 𝑓𝑥0(𝑡))|

⩽ 2𝑐𝜇 max
𝑡∈𝐾,
|𝛼|⩽𝑚

max
𝜉∈[𝑡+𝑥0,𝑡+𝑥],

𝛽∈Z𝑛+:|𝛽|=1

|(𝐷𝛼+𝛽𝑓)(𝜉)|‖𝑥− 𝑥0‖.

Using the inequality (3.2), we get

|(𝜇 * 𝑓)(𝑥)− (𝜇 * 𝑓)(𝑥0)| ⩽ 2𝑐𝜇|‖𝑥− 𝑥0‖‖𝑓‖𝑚+1,𝐺.
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Thus, 𝜇 * 𝑓 is continuous at the point 𝑥0 ∈ 𝑉 . And since 𝑥0 is an arbitrary point in 𝑉 , we
conclude that 𝜇 * 𝑓 is continuous in 𝑉 .
Let us show that 𝜇 * 𝑓 ∈ 𝐶∞(𝑉 ) and that for each 𝛼 ∈ Z𝑛

+

(𝐷𝛼(𝜇 * 𝑓))(𝑥) = (𝜇 *𝐷𝛼𝑓)(𝑥), 𝑥 ∈ 𝑉.

We take an arbitrary point 𝑥0 in 𝑉 . Let 𝛼 ∈ Z𝑛
+. For each ℎ ∈ R𝑛 such that 𝑥0 + ℎ ∈ 𝑉 we

have

(𝐷𝛼(𝜇 * 𝑓))(𝑥0 + ℎ)− (𝐷𝛼(𝜇 * 𝑓))(𝑥0)−
∑︁

𝛽∈Z𝑛
+:|𝛽|=1

⟨𝜇,𝐷𝛼+𝛽𝑓𝑥0⟩ℎ𝛽

=⟨𝜇,𝐷𝛼𝑓𝑥0+ℎ⟩ − ⟨𝜇,𝐷𝛼𝑓𝑥0⟩ −
∑︁

𝛽∈Z𝑛
+:|𝛽|=1

⟨𝜇,𝐷𝛼+𝛽𝑓𝑥0⟩ℎ𝛽

=⟨𝜇,𝐷𝛼𝑓𝑥0+ℎ −𝐷𝛼𝑓𝑥0 −
∑︁

𝛽∈Z𝑛
+:|𝛽|=1

𝐷𝛼+𝛽𝑓𝑥0ℎ
𝛽⟩.

We note that for each 𝑡 ∈ 𝐾 and each 𝛾 ∈ Z𝑛
+ with |𝛾| ⩽ 𝑚

(𝐷𝛼+𝛾𝑓𝑥0+ℎ)(𝑡)− (𝐷𝛼+𝛾𝑓𝑥0)(𝑡)−
∑︁

𝛽∈Z𝑛
+:|𝛽|=1

(𝐷𝛼+𝛾+𝛽𝑓𝑥0)(𝑡)ℎ
𝛽

=(𝐷𝛼+𝛾𝑓)(𝑡+ 𝑥0 + ℎ)− (𝐷𝛼+𝛾𝑓)(𝑡+ 𝑥0)−
∑︁

𝛽∈Z𝑛
+:|𝛽|=1

(𝐷𝛼+𝛾+𝛽𝑓)(𝑡+ 𝑥0)ℎ
𝛽.

This implies

|(𝐷𝛼+𝛾𝑓)(𝑡+ 𝑥0 + ℎ)− (𝐷𝛼+𝛾𝑓)(𝑡+ 𝑥0)−
∑︁

𝛽∈Z𝑛
+:|𝛽|=1

(𝐷𝛼+𝛾+𝛽𝑓)(𝑡+ 𝑥0)ℎ
𝛽|

⩽2
∑︁

𝛽∈Z𝑛
+:|𝛽|=2

( max
𝜉∈[𝑡+𝑥0,𝑡+𝑥0+ℎ]

|(𝐷𝛼+𝛾+𝛽𝑓)(𝜉)|)|ℎ𝛽|

𝛽!

⩽2( max
𝜉∈[𝑡+𝑥0,𝑡+𝑥0+ℎ],

𝛽∈Z𝑛+:|𝛽|=2

|(𝐷𝛼+𝛾+𝛽𝑓)(𝜉)|)
∑︁

𝛽∈Z𝑛
+:|𝛽|=2

|ℎ𝛽|
𝛽!

⩽
∑︁

𝛽∈Z𝑛
+:|𝛽|=2

2

𝛽!
max

𝜉∈[𝑥+𝑦,𝑥+𝑦+ℎ],
𝛽∈Z𝑛+:|𝛽|=2

(|(𝐷𝛼+𝛾+𝛽𝑓)(𝜉)|)‖ℎ‖2.

Hence, taking into consideration the inequality (3.2), we obtain

|(𝐷𝛼+𝛾𝑓)(𝑡+ 𝑥0 + ℎ)− (𝐷𝛼+𝛾𝑓)(𝑡+ 𝑥0)−
∑︁

𝛽∈Z𝑛
+:|𝛽|=1

(𝐷𝛼+𝛾+𝛽𝑓)(𝑡+ 𝑥0)ℎ
𝛽|

⩽
∑︁

𝛽∈Z𝑛
+:|𝛽|=2

2‖𝑓‖𝑚+|𝛼|+2,𝐺

𝛽!
‖ℎ‖2.

Now by means of the inequality (4.1) we get

|⟨𝜇,𝐷𝛼𝑓𝑥0+ℎ −𝐷𝛼𝑓𝑥0 −
∑︁

𝛽∈Z𝑛
+:|𝛽|=1

𝐷𝛼+𝛽𝑓𝑥0ℎ
𝛽⟩| ⩽ 𝑐𝜇

∑︁
𝛽∈Z𝑛

+:|𝛽|=2

2‖𝑓‖𝑚+|𝛼|+2,𝐺

𝛽!
‖ℎ‖2.

This means that the function 𝐷𝛼(𝜇 * 𝑓) is differentiable at the point 𝑥0 in 𝑉 . A since 𝑥0 is an
arbitrary point in 𝑉 , we conclude that 𝜇 * 𝑓 is differentiable in 𝑉 . We have also shown that for
each 𝛽 ∈ Z𝑛

+ with |𝛽| = 1

𝐷𝛽(𝐷𝛼𝜇 * 𝑓)(𝑥) = ⟨𝜇, (𝐷𝛼+𝛽𝑓)(𝑥+ 𝑡)⟩, 𝑥 ∈ 𝑉.
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Let us show that for each multi–index 𝛼 ∈ Z𝑛
+ the partial derivative 𝐷𝛼(𝜇 * 𝑓) is continued

to a continuous in 𝑈 function. For all

𝑥 = (𝑥1, . . . , 𝑥𝑛), 𝜉 = (𝜉1, . . . , 𝜉𝑛) ∈ 𝑉, 𝑡 ∈ 𝐾

and each 𝛾 ∈ Z𝑛
+ with |𝛾| ⩽ 𝑚 we have

|(𝐷𝛼+𝛾𝑓)(𝑡+ 𝑥)− (𝐷𝛼+𝛾𝑓)(𝑡+ 𝜉)| ⩽
∑︁

𝛽∈Z𝑛
+:|𝛽|=1

max
𝜂∈[𝑡+𝑥,𝑡+𝜉]

|(𝐷𝛼+𝛾+𝛽𝑓)(𝜂)|)|(𝑥− 𝜉)𝛽|

⩽ 𝑛‖𝑓‖𝑚+|𝛼|+1,𝐺‖𝑥− 𝜉‖.

Then

(𝐷𝛼(𝜇 * 𝑓))(𝑥)− (𝐷𝛼(𝜇 * 𝑓))(𝜉) = ⟨𝜇, (𝐷𝛼𝑓)(𝑥+ 𝑡)− (𝐷𝛼𝑓)(𝜉 + 𝑡)⟩.
Using the inequality (4.1) and the above inequality, we find

|(𝐷𝛼(𝜇 * 𝑓))(𝑥)− (𝐷𝛼(𝜇 * 𝑓))(𝜉)| ⩽ 𝑐𝜇max
𝑡∈𝐾

|(𝐷𝛼+𝛾𝑓)(𝑡+ 𝑥)− (𝐷𝛼+𝛾𝑓)(𝑡+ 𝜉)|

⩽ 𝑐𝜇𝑛‖𝑓‖𝑚+|𝛼|+1,𝐺‖𝑥− 𝜉‖.

By this estimate and the Cauchy criterion we conclude that for each point 𝜁 on the boundary
𝜕𝑉 there exists a finite limit

lim
𝜉→𝜁,𝜉∈𝑉

(𝐷𝛼(𝜇 * 𝑓))(𝜉).

We define the function 𝐹𝛼 on 𝑈 as follows

𝐹𝛼(𝑥) = (𝐷𝛼(𝜇 * 𝑓))(𝑥), 𝑥 ∈ 𝑉 ; 𝐹𝛼(𝑥) = lim
𝜉→𝑥,𝜉∈𝑉

(𝐷𝛼𝑓)(𝜉), 𝑥 ∈ 𝜕𝑉.

By the latter estimate we easily conclude that the function 𝐹𝛼 is continuous on 𝑈 . Moreover,
it is uniformly continuous on 𝑈 . Thus, for each 𝛼 ∈ Z𝑛

+ the partial derivative 𝐷𝛼(𝜇 * 𝑓) admits
a unique continuation from 𝑉 to a continuous on 𝑈 function. For the function 𝐹𝛼 we keep the
notation 𝐷𝛼(𝜇 * 𝑓). The proof is complete.

4. Main results

Theorem 4.1. Let 𝜇 be a linear continuous functional on the space 𝐶∞(𝐾). Assume that

its Fourier — Laplace transform, the function

𝜇̂(𝑧) = (𝜇, 𝑒𝑖⟨𝜉,𝑧⟩), 𝑧 ∈ C𝑛,

is such that there exist positive numbers 𝐴,𝐿,𝑁 > 1 such that for each point 𝑧 ∈ C𝑛 and each

𝜀 ∈ (0, 1) there exists a number 𝑎𝜀 ⩾ 1 not exceeding 𝐿
𝜀𝑁

such that

𝑒𝐻𝐾(𝐼𝑚𝑧)−𝐴 ln(1+‖𝑧‖) ⩽ 𝑎𝜀 max
𝑤∈Δ(𝑧,𝜀)

|𝜇̂(𝑤)|.

Then the operator 𝑇𝜇 : 𝑆(𝑈 +𝐾) → 𝑆(𝑈) is surjective.

Before proving Theorem 4.1, we establish the following two statements.

Lemma 4.1. Let 𝛤 be an open convex cone in R𝑛 with the vertex at the origin. Let ℎ be a

convex continuous positively homogeneous of degree 1 function on 𝛤 . Then for each 𝜀 > 0 there

exists a constant 𝐴𝜀 > 0 such that for all 𝑦1, 𝑦2 ∈ 𝛤 obeying ‖𝑦2 − 𝑦1‖ ⩽ 1 we have

|ℎ(𝑦2)− ℎ(𝑦1)| ⩽ 𝜀‖𝑦1‖+ 𝜀‖𝑦2‖+ 𝐴𝜀.

Lemma 3.1 was proved in [10, Lm. 9].
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Lemma 4.2. Let Φ1, Φ2, Φ = Φ1

Φ2
be holomorphic functions in the ball 𝐵(0, 𝑅). Let

|Φ1(𝑤)| ⩽ 𝐵, |Φ2(𝑤)| ⩽ 𝐴 for 𝑤 ∈ 𝐵(0, 𝑅).

Then

|Φ(𝑤)| ⩽ 𝐵𝐴
2‖𝑤‖

𝑅−‖𝑤‖ |Φ2(0)|−
𝑅+‖𝑤‖
𝑅−‖𝑤‖ , 𝑤 ∈ 𝐵(0, 𝑅).

Lemma 3.2 was established in [9].

Proof of Theorem 4.1. Let

𝑁𝜇̂ = {𝑧 ∈ 𝑇𝐶 : 𝜇̂(𝑧) = 0}.
For 𝑧 ∈ C𝑛 by 𝑓𝑧 we denote the function

𝑓𝑧(𝜉) = 𝑒𝑖⟨𝜉,𝑧⟩, 𝑥 ∈ 𝑈.

For 𝑧 ∈ 𝑇𝐶 ∖𝑁𝜇̂ we consider the equation 𝐿𝑓 = 𝑓𝑧. It has the solution
𝑓𝑧
𝜇̂(𝑧)

. By the completeness

of the system {𝑓𝑧}𝑧∈𝑇𝐶∖𝑁𝜇̂
this implies that the range of the operator 𝐿 is dense in 𝑆(𝑈). Let

us show that the range of the operator 𝐿 is closed in 𝑆(𝑈).
By the Dieudonné — Schwartz theorem [2] the closedness of the range of operator 𝐿 is

equivalent to the closedness in 𝑆*(𝐺) of the range of adjoint operator 𝐿*. We define the

operator 𝐿̂* on 𝑉𝑏(𝑇𝐶) by the rule

𝐿̂*(𝐹 ) = ℱ(𝐿*(ℱ−1(𝐹 ))), 𝐹 ∈ 𝑉𝑏(𝑇𝐶).

By Theorem A, the linear operator 𝐿̂* acts from 𝑉𝑏(𝑇𝐶) into 𝑉𝐻𝐺
(𝑇𝐶); the space 𝑉𝐻𝐺

(𝑇𝐶) is
defined by the same rule as the space; and the action of this operator is continuous. For an
arbitrary function 𝐹 ∈ 𝑉𝑏(𝑇𝐶) and each 𝑧 ∈ 𝑇𝐶 we have

𝐿̂*(𝐹 )(𝑧) = (𝐿*(ℱ−1(𝐹 )), 𝑓𝑧) = (ℱ−1(𝐹 )), 𝐿(𝑓𝑧)) = (ℱ−1(𝐹 )), 𝜇̂(𝑧)𝑓𝑧)

= 𝜇̂(𝑧)(ℱ−1(𝐹 )), 𝑓𝑧) = 𝜇̂(𝑧)𝐹 (𝑧).

It follows from the results of [6] that the range im 𝐿̂* of the operator 𝐿̂* is closed in 𝑉𝐻𝐺
(𝑇𝐶) if

and only if the set im 𝐿̂* ∩ 𝑉𝐻𝐺,𝑚(𝑇𝐶) is closed in 𝑉𝐻𝐺,𝑚(𝑇𝐶) for each 𝑚 ∈ Z+. So, let 𝑚 ∈ Z+

and the function 𝐹 belong to the closure of the set im 𝐿̂* ∩ 𝑉𝐻𝐺,𝑚(𝑇𝐶) in 𝑉𝐻𝐺,𝑚(𝑇𝐶). Then

there exists a sequence (𝐹𝑘)
∞
𝑘=1 of the functions 𝐹𝑘 ∈ im 𝐿̂* ∩ 𝑉𝐻𝐺,𝑚(𝑇𝐶), which converges to 𝐹

in 𝑉𝐻𝐺,𝑚(𝑇𝐶). In particular, the sequence (𝐹𝑘)
∞
𝑘=1 of the functions 𝐹𝑘 converges to 𝐹 uniformly

on compact sets in 𝑇𝐶 . Hence, since the functions 𝐹𝑘 read

𝐹𝑘(𝑧) = 𝜇̂(𝑧)𝜓𝑘(𝑧), where 𝜓𝑘 ∈ 𝑉𝑏(𝑇𝐶), 𝑧 ∈ 𝑇𝐶 ,

the function

𝜓(𝑧) =
𝐹 (𝑧)

𝜇̂(𝑧)
, 𝑧 ∈ 𝑇𝐶 ,

is holomorphic in 𝑇𝐶 . Let us estimate the growth of function 𝜓. Let

𝑧 = 𝑥+ 𝑖𝑦 ∈ 𝑇𝐶 , where 𝑥 ∈ R𝑛, 𝑦 = Im 𝑧.

Let 𝛿 ∈ (0, 1) be arbitrary. We define

𝜀 = min
(︁1
4
,
1

4
∆𝐶(𝑦)

)︁
.

By the condition for 𝜇̂ there exists a point

𝑧′ ∈ 𝑇𝐶 : ‖𝑧 − 𝑧′‖ ⩽ 𝜀

such that

𝑒ℎ𝐾(Im 𝑧)−𝐴 ln(1+‖𝑧‖) ⩽ 𝑎̃𝜀|𝜇̂(𝑧′)|,
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where 𝑎̃𝜀 = 𝑎 𝜀√
𝑛
. Since 𝐹 ∈ 𝑉𝐻𝐺,𝑚(𝑇𝐶), for some 𝐴𝐹 > 0

ln |𝐹 (𝑤)| ⩽ 𝐴𝐹 +𝑚 ln(1 + ‖𝑤‖) +𝑚 ln
(︁
1 +

1

∆𝐶(Im𝑤)

)︁
+𝐻𝐺(Im𝑤), 𝑤 ∈ 𝑇𝐶 .

Since in view of Lemma 4.1) for each 𝛿 > 0 we can find a constant 𝐶𝛿 > 0 such that

sup
𝑧′′∈𝐵(𝑧′,2𝜀)

𝐻𝐺(Im 𝑧′′) ⩽ 𝐻𝐺(Im 𝑧) + 𝛿| Im 𝑧|+ 𝐶𝛿,

we obtain

sup
𝑧′′∈𝐵(𝑧′,2𝜀)

ln |𝐹 (𝑧′′)| ⩽ 𝐴𝐹 +𝑚 ln(2 + ‖𝑧‖) +𝑚 ln
(︁
1 +

4

∆𝐶(𝑦)

)︁
+𝐻𝐺(𝑦) + 𝛿|𝑦|+ 𝐶𝛿. (4.1)

Since for some 𝑐𝜇 > 0 and 𝑝 ∈ Z+

|𝜇̂(𝑧)| ⩽ 𝑐𝜇(1 + ‖𝑧‖)𝑝𝑒𝐻𝐾(Im 𝑧),

for some 𝑏𝜇,𝐾 > 0 independent of 𝜀 we have

sup
𝑧′′∈𝐵(𝑧′,2𝜀)

|𝜇̂(𝑧′′)| ⩽ 𝑏𝜇,𝐾 + 𝑝 ln(2 + ‖𝑧‖) +𝐻𝐾(Im 𝑧). (4.2)

We let
Φ1(𝑤) = 𝐹 (𝑧′ + 𝑤), Φ2(𝑤) = 𝜇̂(𝑧′ + 𝑤), where ‖𝑤‖ < 2𝜀.

We use Lemma 4.2 with 𝑅 = 2𝜀 and 𝑤 = 𝑧 − 𝑧′. We get

ln

⃒⃒⃒⃒
𝐹 (𝑧)

𝜇̂(𝑧)

⃒⃒⃒⃒
⩽𝐴𝐹 +𝑚 ln

(︁
2 + ‖𝑧‖

)︁
+𝑚 ln

(︁
1 +

4

∆𝐶(𝑦)

)︁
+𝐻𝐺(𝑦)

+ 𝛿|𝑦|+ 𝐶𝛿 +
2‖𝑧 − 𝑧′‖

𝑅− ‖𝑧 − 𝑧′‖
(𝑏𝜇,𝐾 + 𝑝 ln(2 + ‖𝑧‖) +𝐻𝐾(𝑦))

− 𝑅 + ‖𝑧 − 𝑧′‖
𝑅− ‖𝑧 − 𝑧′‖

(𝐻𝐾(𝑦)− 𝐴 ln(1 + ‖𝑧‖)− ln 𝑎̃𝜀)

⩽𝐴𝐹 +𝑚 ln(2 + ‖𝑧‖) +𝑚 ln(1 +
4

∆𝐶(𝑦)
) + 𝑏(𝑦) +𝐻𝐾(𝑦) + 𝛿‖𝑦‖+ 𝐶𝛿

+
2‖𝑧 − 𝑧′‖

𝑅− ‖𝑧 − 𝑧′‖
(𝑏𝜇,𝐾 + 𝑝 ln(2 + ‖𝑧‖)) + ‖𝑧 − 𝑧′‖

𝑅− ‖𝑧 − 𝑧′‖
𝐻𝐾(𝑦)

− 𝑅

𝑅− ‖𝑧 − 𝑧′‖
𝐻𝐾(𝑦) +

𝑅 + ‖𝑧 − 𝑧′‖
𝑅− ‖𝑧 − 𝑧′‖

(𝐴 ln(1 + ‖𝑧‖) + ln 𝑎̃𝜀)

⩽𝐴𝐹 +𝑚 ln(2 + ‖𝑧‖) +𝑚 ln
(︁
1 +

4

∆𝐶(𝑦)

)︁
+ 𝑏(𝑦) + 𝛿|𝑦|+ 𝐶𝛿

+ 2(𝑏𝜇,𝐾 + 𝑝 ln(2 + ‖𝑧‖)) + 3(𝐴 ln(1 + ‖𝑧‖) + ln 𝑎̃𝜀).

Thus, ⃒⃒⃒⃒
𝐹 (𝑧)

𝜇̂(𝑧)

⃒⃒⃒⃒
⩽ 𝐿3𝑒𝐴𝐹+2𝑏𝜇,𝐾43𝑁+𝑚𝑒𝐶𝛿(2 + ‖𝑧‖)𝑚+2𝑝+3𝐴

(︁
1 +

1

∆𝐶(𝑦)

)︁3𝑁+𝑚

𝑒𝑏(𝑦)+𝛿|𝑦|.

Therefore, for each 𝛿 > 0,⃒⃒⃒⃒
𝐹 (𝑧)

𝜇̂(𝑧)

⃒⃒⃒⃒
⩽ 𝐶𝑒𝐶𝛿(1 + ‖𝑧‖)𝑚+2𝑝+3𝐴

(︁
1 +

1

∆𝐶(𝑦)

)︁3𝑁+𝑚

𝑒𝑏(𝑦)+𝛿|𝑦|,

where 𝐶 = 26𝑁+3𝑚+2𝑝+3𝐴𝐿3𝑒𝐴𝐹+2𝑏𝜇,𝐾 . In view of Remark 2.1 we have 𝜓 ∈ 𝑉𝑏(𝑇𝐶). Since

𝐹 (𝑧) = 𝜓(𝑧)𝑔(𝑧), 𝑧 ∈ 𝑇𝐶 , then 𝐹 ∈ im 𝐿̂*.

Thus, the set im 𝐿̂* ∩ 𝑉𝐻𝐺,𝑚(𝑇𝐶) is closed in 𝑉𝐻𝐺,𝑚(𝑇𝐶) for each 𝑚 ∈ Z+. Therefore, the range

im 𝐿̂* of the operator 𝐿̂* is closed in 𝑉𝐻𝐺
(𝑇𝐶). But then the range of the operator 𝐿 is closed
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in 𝑆(𝑈). And since the range of operator 𝐿 is dense in 𝑆(𝑈), we find im𝐿 = 𝑆(𝑈). This
completes the proof.

As an application of Theorem 4.1 we consider the existence of solutions to a differential–
difference equation in 𝑆(𝑈); we define this equation as follows. We fix 𝑚 ∈ N. For

𝛼 = (𝛼1, . . . , 𝛼𝑛) ∈ Z𝑛
+ with |𝛼| = 𝛼1 + · · ·+ 𝛼𝑛 ⩽ 𝑚 we let 𝑎𝛼 ∈ C𝑛, ℎ𝛼 ∈ R𝑛.

Let 𝐾 be a convex hull of the points ℎ𝛼, and the interior of 𝐾 is non–empty. We observe that

𝐻𝐾(𝑦) = max
|𝛼|⩽𝑚

(−⟨𝑦, ℎ𝛼⟩) ∀𝑦 ∈ R𝑛.

For 𝑧 = (𝑧1, . . . , 𝑧𝑛) ∈ C𝑛 and 𝑟 > 0 we let

𝑇 (𝑧, 𝑟) = {𝑤 = (𝑤1, . . . , 𝑤𝑛) ∈ C𝑛 : |𝑤𝑗 − 𝑧𝑗| = 𝑟, 𝑗 = 1, . . . , 𝑛},
For a function 𝑔 holomorphic ∆(𝑧, 𝑟) we define

[𝑔(𝑧)]𝑟 =
1

(2𝜋𝑟)𝑛

∫︁
𝑧∈𝑇 (𝑧,𝑟)

|𝑔(𝑧)||𝑑 𝑧|.

The following result is known [7, Prop. 3].

Theorem 4.2. Let

𝑃 (𝑧) =
𝑚∑︁
𝑘=1

𝑃𝑘(𝑧)𝑒
⟨𝛼𝑘,𝑧⟩,

where 𝑃𝑘 is an analytic polynomial in C𝑛 for each 𝑘 and 𝛼𝑘 ∈ C. Let
ℎ𝑃 (𝑧) = max

𝑘
Re⟨𝛼𝑘, 𝑧⟩, 𝑧 ∈ C𝑛.

Then for each 𝜀 > 0 there exists a constant 𝐶(𝜀, 𝑃 ) > 0 such that for an arbitrary function 𝑓
analytic in the polydisk ∆(𝑧, 𝜀) we have

|𝑓(𝑧)|𝑒ℎ𝑃 (𝑧) ⩽ 𝐶(𝜀, 𝑃 )[𝑓(𝑧)𝑃 (𝑧)]𝜀. (4.3)

Remark 4.1. The analysis of the proof of Theorem 4.2 shows that for some 𝐿 > 0 and

𝑁 ∈ N independent of 𝜀 and 𝑧 the inequality holds

𝐶(𝜀, 𝑃 ) ⩽
𝐿

𝜀𝑁
, 𝜀 ∈ (0, 1).

Remark 4.2. Under the assumptions of Theorem thB it follows from (4.2) that for each

analytic in the polydisk ∆(𝑧, 𝜀) function 𝑓 we have

|𝑓(𝑧)|𝑒ℎ𝑃 (𝑧) ⩽ 𝐶(𝜀, 𝑃 ) max
𝑤∈Δ(𝑧,𝜀)

|𝑓(𝑤)𝑃 (𝑤)|. (4.4)

We note that the linear continuous functional 𝐹 on the space 𝐶∞(𝐾) introduced by the rule

𝐹 (𝑓) =
∑︁

𝛼∈Z𝑛
+:|𝛼|⩽𝑚

𝑎𝛼(𝐷
𝛼𝑓)(ℎ𝛼),

defines a differential–difference operator 𝐿 on 𝑆(𝐺):

(𝐿𝑓)(𝑥) =
∑︁

𝛼∈Z𝑛
+:|𝛼|⩽𝑚

𝑎𝛼(𝐷
𝛼𝑓)(𝑥+ ℎ𝛼), 𝑥 ∈ 𝑈.

It is obvious that 𝐿𝑓 ∈ 𝑆(𝑈) for each 𝑓 ∈ 𝑆(𝐺) and the operator 𝐿 is linear and continuous.
Moreover,

𝐹 = 𝑃, ℎ𝑃 (𝑧) = 𝐻𝐾(Im 𝑧) for 𝑧 ∈ C𝑛.

By (4.3), 𝐹 satisfies the assumptions of Theorem 4.1. Thus, by Theorem 4.1 we have the
following corollary.
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Corollary 4.1. The operator 𝐿 acts surjectively from 𝑆(𝐺) into 𝑆(𝑈).

Theorem 4.3. Let

𝑃 (𝑧) =
∑︁
|𝛼|⩽𝑁

𝑎𝛼𝑧
𝛼

be a polynomial of degree 𝑁 ,

𝑃 (𝐷) =
∑︁
|𝛼|⩽𝑁

𝑎𝛼𝐷
𝛼

be the differential operator of finite order associated with the polynomial 𝑃 . Then the operator

𝑃 (𝐷) is surjective in the space 𝑆(𝑈).

Theorem 4.3 can be proved by the same scheme as Theorem 4.1. Here the following lemma
known as the Malgrange — Ehrenpreis lemma plays an important role, see, for instance, [8].

Lemma 4.3. Let 𝑝 be a polynomial of degree 𝑚. Then there exists a number 𝑐 > 0 such that

for all 𝑟 > 0, 𝑧 ∈ C𝑛 and each function 𝑓 ∈ 𝐻(𝐵(𝑧, 𝑟)) such that

𝑓(·)
𝑝(·)

∈ 𝐻(𝐵(𝑧, 𝑟))

the inequality holds ⃒⃒⃒⃒
𝑓(𝑧)

𝑝(𝑧)

⃒⃒⃒⃒
⩽ 𝑐𝑟−𝑚 sup

𝜁∈𝐵(𝑧,𝑟)

|𝑓(𝜁)|.
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